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STOCHASTIC CONVERGENCE OF REGULARIZED SOLUTIONS
AND THEIR FINITE ELEMENT APPROXIMATIONS TO INVERSE
SOURCE PROBLEMS*

ZHIMING CHENT, WENLONG ZHANG?!, AND JUN ZOU$

Abstract. In this work, we investigate the regularized solutions and their finite element solu-
tions to the inverse source problems governed by partial differential equations, and we establish the
stochastic convergence and optimal finite element convergence rates of these solutions under point-
wise measurement data with random noise. The regularization error estimates and the finite element
error estimates are derived with explicit dependence on the noise level, regularization parameter,
mesh size, and time step size, which can guide practical choices among these key parameters in real
applications. The error estimates also suggest an iterative algorithm for determining an optimal
regularization parameter. Numerical experiments are presented to demonstrate the effectiveness of
the analytical results.
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1. Introduction. This work presents a quantitative understanding of stochastic
convergence of the regularized solutions and their finite element approximations to
the inverse source problems governed by partial differential equations under the mea-
surement data with random noise. The inverse source problems may arise from very
different applications and modeling, e.g., diffusion or groundwater flow processes [1,
4,6, 21, 5,27, 28], heat conduction or convection-diffusion processes [3, 20, 21, 31, 39],
or acoustic problems [7, 35]. Pollutant source inversion can find many applications,
e.g., indoor and outdoor air pollution, and detecting and monitoring underground
water pollution. Physical, chemical, and biological measures have been developed for
the identification of sources and source strengths [4, 47, 48]. Due to the important ap-
plications of ill-posed inverse source problems, stable numerical solutions have been
widely studied, both deterministically and statistically [32, 38, 37]. A popular ap-
proach for inverse source problems is the least-squares optimization with appropriate
regularizations [3, 21, 46], which will also be the formulation we take in this work.

Our first main result is the establishment of the optimal stochastic error estimates
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between the exact solution and the regularized solution in a weaker topology of the
regularization space, in terms of the statistical property of the data noise rather than
the norm of the noise in some Hilbert space. We remark that regularization and con-
vergence of regularized solutions in the strong norm of the regularization space have
been widely studied under various source conditions. The classical source condition
requires the existence of a small source function [15]. One source condition was pro-
posed in [16] for an inverse conductivity problem to relax the restrictive requirement
on the smallness of the source function in the classical convergence theory [15]. A vari-
ational source condition was proposed in [23] and was further extended in [9, 19, 22].
How the classical or variational source conditions can be verified is still a hot topic.
It appears that the analytical techniques in all existing verifications of source condi-
tions are quite different for each concrete inverse problem [10, 11, 24, 25, 29]. The
current work makes a very promising first attempt to achieve the error estimates of
regularized solutions in a weaker topology without any source conditions.

The second main contribution of this work is to derive the stochastic convergence
and error estimates of finite element approximations to the inverse source problems.
The error estimates of finite element solutions to inverse problems have been known
to be quite challenging and still open to most practically important inverse prob-
lems. There have been various efforts on error estimates of finite element solutions
for inverse problems, especially for inverse elliptic and parabolic equations. But most
existing studies have been carried out only for some not so frequently used mathe-
matical formulations of inverse problems; see [44] for a detailed review and related
references therein. We are not aware of any error estimates of finite element solutions
to the frequently used least-squares formulations with Tikhonov regularizations, es-
pecially when the observation data are treated as random variables. We had a recent
study in [26] for a modified regularization formulation for an inverse stationary source
problem, where error estimates were achieved under some negative norms. One of our
main focuses in this work is to make an attempt to fill the gap, to provide error
estimates of finite element solutions to the least-squares formulations with Tikhonov
regularizations; more importantly, the observation data will be treated fully as ran-
dom variables in the entire analysis. As we shall demonstrate, the new error estimates
are not only optimal but also present explicit dependence on the critical parameters
like noise level, regularization parameter, mesh size, and time step size. Results of
this type are highly desirable in real applications as they can provide explicit guidance
in choosing these key parameters and are also the major challenge and difficulty in
error estimates of finite element solutions to regularized inverse problems.

We would like to mention a very important by-product from our convergence
analysis, namely, it suggests a deterministic iterative algorithm for finding an effec-
tive regularization parameter. The choice of an effective regularization parameter
is essential to the success of all output least-squares minimization approaches with
Tikhonov regularizations, but finding an effective regularization parameter for most
inverse problems has remained a big challenge.

Another feature of this work is that the entire analysis is carried out for a very
practical scenario, i.e., the scattered data. We shall assume the measurement data
is collected pointwise, with noise; otherwise no additional regularity assumption is
made. This is unlike analyses and results in most existing regularization theories. We
refer the reader to [29] for the study under the same regularization functional with
scattering data as in this paper, but in a deterministic linear setting.

We studied in a recent work [12] the stochastic convergence of a nonconform-
ing finite element method for the thin plate spline smoother for observational data.
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The spline model for scattered data has attracted considerable attention in the liter-
ature. The convergence rate in expectation of the error between the solution of the
spline model and the true solution was established in [41]. Under the condition that
measurement noise is sub-Gaussian random variables, the stochastic convergence of
the empirical error was obtained by the peeling argument in [42] (d = 1) and [12]
(d = 2,3). In subsection 2.1 we shall borrow some analytical tools from [12, 41]
to study the stochastic convergence in expectation when the measurement noise is
random variables having bounded variance. The peeling argument is used in sub-
section 2.2 to show that the empirical error has an exponential decaying tail when
the measurement noise is sub-Gaussian random variables. The discretization and its
error estimates are considered in section 2.3, both in the expectation and in the Orlicz
norm for sub-Gaussian measurement noise. The general results developed in section 2
are applied to study an inverse nonstationary source problem in section 3. Numerical
examples are presented in section 4 to demonstrate the effectiveness of our analytical
results.

2. Inverse source problem. Let 2 be a bounded domain in R (d = 1,2,3),
and let X and Y be two real Hilbert spaces such that Y is continuously embedded
in C(Q) and compactly embedded in L?(€2). The inner product and the norm of a
Hilbert space H are denoted by (-,-)y and || - ||m, respectively, but (-,-) is used if
H = L*(Q). Throughout the paper, we shall use C, with or without subscript, to
denote a generic constant independent of the mesh size h and the time step size T,
and it may take a different value at each occurrence.

Let S be a linear bounded operator from X to Y whose null space N(S) = {0},
and let f* € X be an unknown source. We are interested in the inverse source problem
of the general form:

(SIP) Given the measurement data of Sf*, recover the source f*.

There are many examples of inverse source problems of this type. Our studies
will focus on a very important physical scenario, assuming that the pointwise mea-
surement data is collected on a set of distributed sensors located at {z;}7_; (z; # x;
for ¢ # j) inside the physical domain 2 [3, 20, 5, 27, 33, 35, 36]. We assume that the
measurements come with noise and take the form

(2.1) m; = (S () +ey, i=1,2,...,n,

where e = (ey,ea,...,e,)T is the data noise vector, with {e; »_, being independent
and identically distributed random variables on a probability space (%, F,P). We
shall denote m = (m1,ma,...,my,)T to be the vector of scattering data. Throughout
this work, we write E[A] for the expectation of a random variable A.

We look for an approximate solution f,, of the unknown source function f*
through the least-squares regularized minimization:

1 n
2.2 in — S i) —mail> + Al £
(2.2) ?él;?n;K D) =mil” + Al fllx
where )\, > 0 is called a regularization parameter.
We shall consider that the set of discrete points {z;}" ; are scattered but quasi-
uniformly distributed in 2; i.e., there exists a constant B > 0 such that dpax/dmin <
B, where dp,.x and dp;, are defined by

(2.3) Amax = 21618 1%?£n |z —z;] and dpin = 1S117ré1§§n |z; — ;).
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For any u,v € C(Q2) and y € R™, we define

n

Zu(xi)v(mi),

i=1

S|

(Y, v)n = %Zyiv(xi% (u, v)n =
i=1

and the empirical seminorm [|ull,, = (31—, u?(z;)/n)*/? for any u € C(1).
Throughout the work, we consider two kinds of random noises {e;} 4,

(R1) {e;}™, are independent random variables satisfying E[e;] = 0 and E[e?] < o

(R2) {e;}}_, are independent sub-Gaussian random variables with parameter o,

and provide two different techniques to analyze the stochastic convergence and a
practical approach to choose the parameter A, in each case. We study the convergence
under the expectation E in the case (R1) and establish a stronger convergence in the
case (R2), where the errors have exponential decay tails.

2.1. Stochastic convergence for noisy data of variables with bounded
variance. We consider the measurement data of type (R1) in this subsection and
study the stochastic convergence of the error under the expectation E.

ASSUMPTION 2.1. We assume the following:
(1) There exists a constant 8 > 1 such that for allu €Y,

(2.4) lullfziy < Cluly +n " lullf), llullz < C(lulFaq) +n"llullf).
(2) The eigenvalues, 0 < n1 <y < ---, of the eigenvalue problem
(2.5) (¥, v)x =n(S¢,Sv) YveX

satisfy that n, > Ck®, k = 1,2,..., for some constant C' depending only on the
operator S : X — Y. The constant « satisfies 1 < a < .

We remark that the eigenvalue problem (2.5) is equivalent to the eigenvalue prob-
lem S*Sy = A\ in X with A = =1, where S* : L?(2) — X is the adjoint operator
of $: X — L?(). Since Y is assumed to be compactly embedded into L?(2), the
operator S is compact. By means of the spectral theorem of compact self-adjoint op-
erators (see, e.g., [30, Theorem 3, sect. 28] and [34, Theorem 2.36]) and the fact that
the null space N(S) = {0}, there exist the eigenvalues A\; > Ay > --- for the compact
operator S*S : X — X, counted according to possible multiplicity, and the corre-
sponding eigenfunctions {¢y}52, such that {¢;}%2, forms a complete orthonormal
basis of X, that is,

(2.6) S* S = Mo in X, (dn,d1)x = Ort, (Séw, Sé1) = M, k,1=1,2,...,

where 6x; is the Kronecker delta function. The condition o > 1 in Assumption
2.1 then implies that S : X — L?(Q) is a Hilbert-Schmidt operator (see, e.g., [30,
section 30.8]).

We also remark that the restriction a <  in Assumption 2.1 can be removed
by checking the detailed proof of Theorem 2.3 since we only need a lower bound of
pr > Cmin{k® nP} from Lemma 2.2 to prove the variance bound. In this case,
Theorem 2.3 will depend on 8 consequently.

The following observation is inspired by [41], where it was shown that the solution
of a thin plate spline smoother model is attained in a finite-dimensional subset.
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LEMMA 2.1. For a given m € R™, let f be the solution to the optimization problem

(2.7) 1115

min
FeX,(Sf)(xi)=m;

then f € V,,, where V,, is an n-dimensional subset of X.

Proof. Let V be a subset of X such that
V={veX:(Sv)(z;) =0,i=1,2,...,n}.
Define the projection operator Py : X — V|

(Pvifl,v)x = (f,v)x YveV.

Choose ¢; € X such that (S¢;)(xz;) = d;;. Let ¢, = —Pyl¢;] + ¢; and V,, =
span{t¢n,...,¥,}. We can easily check that (Sv;)(x;) = 0;; also holds. For any
f € X, define the interpolation operator I:

n

If = (Sf) ().

i=1
We can easily see that If € V,, and f — If € V, and hence we derive

n

(f=Tf1f)x = (F =11, (S (@i)(¢i — Pvei)x

i=1

=N "(SH@)(f — If, i — Prid)x =0,
=1

where we have used the fact that (v,¢; — Py[¢;])x =0 for allv € V.
We see directly from the above equality that (If,1f)x < (f, f)x, and hence we
have

: 2 : 2
min = min .
vy A= minlFlx

This completes the proof. 0

LEMMA 2.2. Let Assumption 2.1 be fulfilled, and let V,, be defined as in Lemma
2.1. Then the eigenvalue problem

(2.8) (V,v)x = p(SY,Sv), YveV,

has n eigenvalues p1 < py < -+ < py, and all the eigenfunctions form an orthogonal
basis of Vi, with respect to the norm ||S - ||,,. Moreover, there exists a constant C' > 0
independent of k such that pp > Ck® for k=1,2,...,n.

Proof. Consider V,, = span{t;}?; as defined in the proof of Lemma 2.1, and
(Sv¢;)(z;) = 6;5. We can write ¢ = > | (S¢)(z;)1; for any ¢ € V,,. This implies
IS - |l» is a norm of V,,. Therefore, the eigenvalue problem (2.8) is equivalent to a
matrix eigenvalue problem AV = pBY for ¥ € R", where A|B € R™ " are two
symmetric positive definite matrices. Thus the eigenvalue problem (2.8) has n finite
eigenvalues p; < ps < --- < p,, and all eigenfunctions form an orthogonal basis of V,,
with respect to the norm [|S - ||,.
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We are now ready to give a lower bound of the eigenvalues pj. Using the min-max
principle of the Rayleigh quotient for the eigenvalues and (2.4), we can derive

= min ma; 7(%/&))(
Pk dim(X)=k,XCV, ueX (Su, Su),

: (’LL, U)X
>C
- dim(XI)IEI?,XCVn pre (Su, Su) +n=-8(u,u)x

: (uv u)X
>C
- dim(X)iIllcl,r)l(CLQ(Q) prb (Su, Su) +n=b8(u,u)x
1 1
>C
mpl+n B T ket nh

where we have used the fact that n, > Ck® by Assumption 2.1. Now kon=8 <
n®= 8 <1 for all k <n and a < 5. We conclude that pr > Ck®. This completes the
proof. 0

THEOREM 2.3. Let Assumption 2.1 be fulfilled, and let f, € X be the unique
solution of (2.2). Then there exist constants Ag > 0 and C > 0 such that for any
)\n < )\0;

(29) E[ISfa = SS*112] < Chull £ 1% + Co®/(nAY),
(2.10) E[lfa = £I%] < CIS* I + O /(nAg /).

Proof. By deriving the necessary condition of the quadratic minimization (2.2),
we can readily see that the unique minimizer f,, € X satisfies the variational equation

(2.11) An(fr,0)x + (Sfn, Sv)n = (M, Sv), Yve X.

For any v € X, we introduce the energy norm [||v[|3 = := A(v,v)x +[|Sv||3. By taking
v = fn— f*in (2.11), along with (2.1), we obtain

(e, Sv),

(2.12) I fn = £l < A2IF I+ sup :
veL2(Q) o]l x,.

It remains to estimate the supremum term in (2.12). Using Lemma 2.1, we can
rewrite this supremum term equivalently as

o (502 (e S0
vex [IWIR,  vex An(v,v)x + [|Sv[2
(e, Sv)2
< sup -
veX An Milye X Su(z;)=Sv(z:) (U u)x + [[Sv[|2
(e, Sv)2
= sup -
veX Ap MiNyey; Su(zi):Sv(zi)(uvu)X + HSUH%

S 2
p o (0SUR
veEV, )‘R(U’U)X + ||S”U||n

Let p1 < pg < --- < p, be the eigenvalues of the problem

(2.13) (Y, v)x = p(SY, Sv), Vv eV,
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with the corresponding eigenfunctions {¢x}}_,, which is an orthonormal basis of
V,, under the inner product (S-,S+),. Thus (S¢g,S¢;), = ik and, consequently,
({lpkﬂl)l)X = pkéklv k7l =12,...,n

Now for any v € V,,, we have the expansion v(z) = >, _; vi(x), where vy, =
(Sv, Stp)p for k=1,2,...,n. Thus [|[v]|3 = >_;(Anpk + 1)v}. By the Cauchy—
Schwarz inequality we can readily get

(6751})% = 712 Zez <Z 'qu;bk L ) = ka (Z 6zwk xz))

1=1

2
1 & n n

< 2 Z(l + )\nPk)vi . Z (L+ Anpr)™ <Z e;(Svy)(z; > .
k=1 k=1 i=1

This, along with the fact that ||Sv¢y|, = 1, implies

2
S n

Elsup (e, Sv) < 221+)\npk (Ze, Sv,) xz>
i=1

VeV, H|U|||)\
n

<o’ (14 o)
k=1

where we have used in the last estimate the fact that the random variables {e;}?;
are independent and identically distributed, i.e., E[e;e;] = d;;.
Now by Assumption 2.1 we readily derive

2
5 [Sup (e, Sv)2

< Co?n '3 (14 Ake) L < ca%—l/ (14 Ant™)~Ldt.
1

2 _—
[ 2

vex [I[vllIX

It is easy to see that

oo o0
/ (1+)\nt“)_1dt:/\;1/“/ (14 s*)tds < OA; Y.
1 A

1o
!

This completes the proof by using (2.12). 0

We can observe that Theorem 2.3 presents the expectational convergence of the
output error Sf, — Sf*, but only the expectational boundedness of the source error
fn — f* in the X-norm. Next, we shall show that we can achieve the expectational
convergence of the source error f, — f* in a weaker topology. To do so, we consider the
eigensystem {(\r, = 1, ', ¢r)}7, of the compact operator S*S : X — X satisfying
(2.6) and define a subspace of X:

(2.14) W= {U €X: iﬁi/z(vﬂbk)%( < oo}

k=1

with the norm |[v|lw = (3> 17]1/2( ,0r)%)/? for all v € W. One can see that
W = R[(5*S)/4], i.e., the range of the operator (S*S)*/4. We recall that for § > 0,
X = R[(S*9)?] is called the source sets in the literature [14, p. 58].

COROLLARY 2.4. Let Assumption 2.1 be satisfied and let A\, > n=" for alln > 1.
Then

E[||fn — f*IE0] < CAY2F 1% + Co?/(nAY 2T ™),



758 ZHIMING CHEN, WENLONG ZHANG, AND JUN ZOU

where W' is the dual space of W with respect to X.

Proof. By (2.6), for any v € X, we have the expansion v = Y~ vx¢) with v, =
(v, k) x. We can directly check that ||v||% = Y 7, vi and ||Sv||2L2(Q) =30 0 R,
Then for any g € X, g = > 7o, 9xPr, With gx = (g, dx)x, we can obtain by the
Cauchy—Schwarz inequality that

Mk k L2(Q)HU||X .
k=1

lgllw: = sup

1/2
1(9,v) x| — su \ZZL Ik V| < = —1/21]2 < ||SU||1/2 1/2
ozvez |lgllw ozgez  lgllw T -

Taking g = f* — f, in the above inequality, we obtain

(2.15) 175 = fallr < NSF* = SFallzollf* = fallx-
From Assumption 2.1 (1), the boundedness of the operator S : X — Y, and the
assumption that A, > n~?, we deduce
11" = Sfallage < CUST* = Stalln + 0 I1f* = full%)
< CISF = Shalln + AallF* = Fall)-

Using this estimate, we derive from (2.15) that
(2.16) 1F* = fallfyr < ON2F™ = fallk + CATY2NS£* = Sl
which, together with (2.9) and (2.10), completes the proof of the corollary. 0

2.2. Stochastic convergence for noisy data being sub-Gaussian random
variables. We consider in this section the case (R2) for the data (2.1), that is,

(2.17) E|exp(\(e; — E[ei]))} < exp(%a2)\2) VAER,

and study the stochastic convergence of the error ||Sf* — Sfn|ln and || f* — follw-.
We first give a brief introduction of sub-Gaussian random variables and the theory
of empirical processes that will be used in our subsequent analysis; see [12, 43, 42] for
more details. The probability distribution function of a sub-Gaussian random variable
Z has an exponentially decaying tail, that is,
2

(2.18) P(|Z - E[Z]| > 2) §2€xp(—;7> V2> 0.

We shall also use the Orlicz norm. For a monotonically increasing convex function
1 satisfying 1(0) = 0, the Orlicz norm || Z||,, of a random variable Z is defined as

(2.19) 1Z]l = inf {o >0: EP('XCN < 1} .

For most of our analyses, we will use the Orlicz norm || Z||y,, with 92 (t) = et” —1 for
t > 0. Through some calculations, we have the estimate (see, e.g., [12, (4.5)])

2
(2.20) P(|Z| > z) < 2exp <_||ZZ||2> Vz>0.
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Consider a semimetric space T with a semimetric d and the random process
{Z; : t € T} indexed by T. The random process {Z; : t € T} is called sub-Gaussian if

22

. . — < L~
(2.21) P(|Zs — Z¢| > z) < 2exp < 2d(s,1)?

> Vs, teT, z>0.

For a semimetric space (T,d) and € > 0, the covering number N (e, T,d) is the mini-
mum number of e-balls that cover T, and log N (e, T, d) is called the covering entropy
that is a crucial quantity to characterize the complexity of space T. We assume the
following.

ASSUMPTION 2.2. For a unit ball SY in'Y and any € > 0, there exists a constant
v < 2 such that the covering entropy is controlled by
log N (e, SY, || - | () < Ce™ 7.
Important estimates of the covering entropy for Sobolev spaces can be found in
[8]. We shall often need the following maximal inequality [43, section 2.2.1].

LEMMA 2.5. If {Z; : t € T} is a separable sub-Gaussian random process, then it
holds for some constant K > 0 that

diam T c
| sup | Zs — Zi| ||y, gK/ 1/10gN(7,T,d> de .
s,teT 0 2

The useful results in the following two lemmas can be found in [12].

LEMMA 2.6. {E,(f) = (e,Sf)n : f € X} is a sub-Gaussian random process with
respect to the semidistance d(f,v) = on=/2||Sf — Sv||,, for any f,v € X.

LEMMA 2.7. Let C7 > 0 and K1 > 0 be two constants, and let Z be any random

variable satisfying
52
P(|Z] > a(l1+ z)) < Cyrexp <_K2) Ya>0, z>1.
1

Then there exists a constant C(Cy, K1) > 0 depending on C1 and K, such that
1Z]ly, < C(C1, K1) .

THEOREM 2.8. Let Assumption 2.2 be fulfilled, let po = || f*||x +on~'/2, and let

fn € X be the solution of problem (2.2). If we take AL/FHA O(on=2pyh), then
there exists a constant C > 0 such that

B(|Sfu = SFlln = A/%p02) <2¢7 and (|l fullx > poz) < 2¢79%.
Proof. By using the estimate (2.20), it suffices to prove
(2.22) 1S fn = Sf*lInlly, < CA/2po and |[[|fallx Iy, < Cpo.

Because of their similarity, we will prove only the first estimate in (2.22) by the peeling
argument. It follows from (2.2) that

(2.23) 1Sfn = SENZ + MallfalXx < 2(e S — SF)n + Nl f* %
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Let 6 > 0, p > 0 be two constants to be determined later, and we set for ,j > 1
(2.24) Ay =1[0,8), A;=[2"716,2'5), Bo=1[0,p), Bj=1[2""p,27p).
For i,j > 0, we further define

Fy={veX: ||Sv]. A, [v]x € B,}.

Then we can readily see
o0

(2:25) P([Sfn = SFlln>0) <D D P(fo— f* € Fyj).

i=1 j=0

Now we estimate P(f,, — f* € Fj;) for each pair {i,j}. By Lemma 2.6, we know
{(e, Sv), : v € X} is a sub-Gaussian random process with respect to the semidistance
d(f,v). With this semidistance, it is easy to see that diam(F;;) < 20n~1/2.2!§. Then
we can deduce by using Lemma 2.5 that

on~1/2.9t+1s c
| s l(eSTSFlli < K [ Jlow (5. Fid) de
0

f—f*€Fi;
on~1/2.2it1s -
= K/ \/ng <W7sz’ 1S ||n> de.
0

By Assumption 2.2, we have the estimate for the covering entropy,

€ €
log N (W’Fija S Hn) <log N (W,Fm‘, S HL"O(Q)>
€ 20m~ 12 . 27p v
=log N (WaS(Fij)a [ - ||L°°(Q)) <C (5) )

where we have used the fact that S(F;;) is included in the ball in Y of radius C(27p)
since S : X — Y is a bounded operator. Using this, we can further derive

20m~1/2. 2jp>w2 i
_ e
€

on~1/2.21t1s
| o e8F =8l < K [ (
0

f—f*€Fi;
(2.26) = Con= Y227 p)v/2(205)1 /2,
Then by using the estimates (2.23) and (2.20), we have for i,j > 1,

P(f,— f* € Fi;) <P <22<“>62 0220702 <2 sup (e, f — f)ul + w%)
f—f*€Fi;

=P(2 sup |(e,Sf—Sf*),]>2207D52 4 )\, 220-Dp2 _ )\ o2
f—f*eFi;

2(i—1) §2 20j—1) 2 _ 2\ 2
< 2exp |- 1 2 1) ‘+)\n2 _ P° — Anpg .
Co?n—1 (216)1=7/2(24 p)7/2
Now for z > 1, we take 62 = )\npg(l +2)%, p = po. Then with the choice that

1,7
PR - O(on=1/2py ") and by direct computing, we readily obtain for 4,5 > 1 that

22(i-1)2(1 + z) + 2261 ) 2]

(2.27) P(f, — f* € F;j) < 2exp [—C’ ( G 1 2)) 72202
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To simplify the above estimate, we use Young’s inequality that ab < aP/p + b?/q
for any a,b > 0 and p,q > 1 such that p~! + ¢~ = 1 to obtain
(21(1 + 2)) 72 (20)/2 < O((1 + 2)2° + 29).
Therefore we get from (2.27) for ¢, > 1 that
P(f, — f* € F;;) < 2exp [-C(2%'2% 4 2%)].
Similarly, one can show for ¢ > 1,7 = 0 that
P(fn — f* € Fy) < 2exp [—C(2%27)].

Collecting the above estimates for all ¢, > 0 and using the facts that

i=1

Zexp(fC’(QQJ)) <exp(—C) <1 and Zexp(fC(ZziZQ)) < exp(—Cz?),
j=1
we come to the conclusion that
SN P(fa—freF;) <2) ) exp(—C(2%22 +2%)) +2) exp(—C(2%27)).
i=1j=0 i=1 j=1 i=1

The above estimate can be further bounded by 4exp(—C2?). Using this, we get from
(2.25) that

(2.28) P(|Sfn — S|l > AY2p0(1 + 2)) < dexp(—C2?)  Vz>1.

This, along with Lemma 2.7, implies that ||||.Sfr, — Sf*||n|lw, < C A/ po, which is the
first estimate in (2.22). The second estimate is similar to the first one by taking i > 0
and j > 1 in the summation above (2.28). |

Using the subspace W defined in (2.14), we can derive the following stochastic
convergence of the error ||f, — f*||lw-.

COROLLARY 2.9. Let Assumptions 2.1 and 2.2 be satisfied. If \,, > n~?, we have

2

P(Ifu = f*llwr = X/ *poz) < 26797
Proof. By (2.16) and (2.22), we readily deduce
LS~ = fallwllps < ONANS = fallxlls + CATVANSF* = Sfallalls < Coodi/™.

Then the desired estimate is a direct consequence of (2.20). d

2.3. Convergence of the discrete solutions. In this section we consider the
approximation to the optimal control problem (2.2), i.e.,

inl||Sf—ml?+ M\l fl%.
;rgggll f=mll + Al flIx

We can directly verify that the solution f,, € X satisfies the weak formulation
(2.29) An(frs0)x + (Sfn, Sv)p = (m, Sv), YveX.

Let V;, C X and Y}, C C(f) be two discrete function spaces (e.g., finite element
spaces) with dimensions Nj and My, respectively, and let S, : X — Y}, be the
discrete approximation of the operator S : X — Y. We make the following standard
assumptions on the discretization space V}, and the approximation operator Sj.
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ASSUMPTION 2.3. For the discrete operator Sy : X — Y}, the following hold:
(1) There exists an error estimate e(h) such that the discrete operator Sy, satisfies

ISf = Sufllz < CeMIfIIx VFeX.
(2) For any f € X, there exists v, € Vi, such that
Mallf = vnllX + 1Shf = Swunll < COw + e(M)If1%-
We can now look for the discrete solution to problem (2.2):

f{nln’ 1Shfn = mll% + Xall full%-

Obviously, f;, satisfies the weak formulation:
(2.30) )\n(fh,vh)X + (Shfh, Shvh)n = (m, Shvh)n Yo, € Vi

2.3.1. Convergence for noisy data from random variables with bounded
variance. We study in this section the expectational convergence of the discrete
solution to (2.30) in the case (R1) for the data (2.1), with the main results stated
below.

THEOREM 2.10. Let Assumptions 2.1 and 2.3 be fulfilled, and let f, € V}, be the
solution of (2.30). Then there exist constants Ao > 0 and C > 0 such that for any
)\n S )\0;

(231) E[ISS* = Sufall2] < COw + em)f I +C [1 O Nhe(h)] §

An ATV [ e
23 B[l - Alk) <2t Wy o1 D DB _o
n n L nAL
In particular, if e(h) < CA, and Nye(h) < Chn "/, we have
(2.33) E[|ISS* = Sufulln] < Challf* 15 + Co®/(nA)*),
(2.34) E[llf* = fullX] < ClIF % + Co?/(nA ).
Proof. For any f,v € X, we denote an(f,v) = A\(f,v)x + (Suf, Shv), and

I £112, = an(f, f). For any wy, € Vi, by taking v = wy, in (2.29) and vy = wy, in
(2.30), we readily obtain

an(frn — vn,wn) = an(fo — vn, wn) + ((S = Su) fr, Shwn)n + (Sf* = Sfa, (Sh — S)wn)n
+ (e, (Sh = S)wn)n := an(fn — vn,wn) + F(wn)  Vou, wp € Vi,

By the triangle inequality, we can further derive

F
(2.35) I~ Sallen <€ 0 2~y + € sup 1L
wp €V Hwh| ap

But from Assumption 2.3 (1), we have

|((S = Sh) fr, Shwn)nl

(2.36) sup < NS fn = Shfnlln < Ce(W) 2| fullx,
woneVi [whla,
Sf* =S fn, (Sh = S)wn)n h)1/2
(2.37) sup |( f f ( h ) }) | < CHSf _ an”n ( 1)/2
wpEVh ||wh||ah )\
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Now we estimate E(sup,,, cy, | (e, Swn — Spwn)n|?/|wn]2,). Let {1 }n", be the
orthogonal basis of V3, (with N}, = dim(V},)) such that (wi,wj) = 0;;. Then for any

N, N .
wp, € Vi, we have wy, = Zj:hl (whawj)¢jv and ”wh”%Z(Q) = Zj:hl (wha 1/fj)2~ Applying
the Cauchy—Schwarz inequality,

Ny, N, / n 2
(e, (S — Sp)wn)? < th,wn?}j( ei(S — Sn); :m))
=1 i=1

1 Np, n 2
= n2||wh||2L2(Q)Z< ei(S — Sn)v; l‘z)> :

we derive

|(e, Swp, — Spwp)nl = ’
(2.38)IE( sup IIhwhlla}: h ) <t n2 ZE (Ze (S — Sh)wj(xz)>

wp €V,

Ni
1 9 9 o2
—3 — Sl < CZ— Nye(n).
- jzla 1(S = Sh)vllz < C)\nn ne(h)

This completes the desired estimates by substituting (2.36), (2.37), (2.38) into (2.35)
and using Assumption 2.3 (2) and Theorem 2.3. 0

COROLLARY 2.11. Let W be defined as in (2.14). Then it holds under Assump-
tions 2.1-2.3 and \, > n~P that

)\Jre()

E[lf* = falliv] < CONW2 +e/2(R)) 1 1%

1/2 1/2 (h) Npe(h) o’
+ OO+ e () |14 + i | e

Moreover, if e(h) < CA, and Npe(h) < CATY it holds that
E[If* = fulliv] < CNPIF IR + Co? (A2,
Proof. By (2.15) and Assumption 2.1 (1), we can derive that
£ = falliv: < NSF* = Shallrelf* — fullx
< C (I8 = Shulln+n" 215 = fallx ) 15 = fullx
< C (ISF* = Sufulln + 1Snfn = Sfulln + X5 = fullx ) 15 = fullx-

Then the corollary follows by applying the estimates (2.31), (2.32) and Assumption
2.3 (1) to the above estimate. 0

2.3.2. Convergence for noisy data being sub-Gaussian random vari-
ables. We consider in this subsection the convergence of the discrete solution in the
case (R2) for the data (2.1). We start by recalling the following lemma in [42, Corol-
lary 2.6] about the estimation of the covering entropy of finite-dimensional subsets.

LEMMA 2.12. Let G be a finite-dimensional subspace of X of dimension Ng > 0
and Gr ={f € G : ||f|llx < R}. Then it holds that

N(g,Gr, |- llx) < (1 +4R/e)Ne Ve > 0.
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LEMMA 2.13. Let Assumption 2.3 be fulfilled, and let G, = {wn, € Vi, : |Jwh|la, <
1}. Assume that e(h) < CA,, and Npe(h) < CAY2. Then it holds that

| sup (e, Swi — Shwn)nl [y, < Con™ /2N /4,
wpE€GH

Proof. By Lemma 2.6 we know that {En(vh) = (e, Swy, — Spwp)n Ywp, € Gp}
is a sub-Gaussian random process with respect to the semidistance a(vh,wh) =
on~2||(Svp, — Shun) — (Swy, — Spwp)||n. By Assumption 2.3 and the condition that
e(h) < C\,, we derive for any wy, € G, that ||Swy — Spwn|ln < Ce'/?(h)||wn|x <
C’el/Q(h))\;l/2 < C. This implies that the diameter of G}, is bounded by Con~1/2.
Now we deduce by the maximal inequality in Lemma 2.5 that

Con~1/2
(2.39) I sup |(e, Swp — Shwn)n| |y, < K/ \/logN (E,Gh,d) de.
wpEGH 0 2

By Assumption 2.3, we know
a(vh,wh) < C’Un_l/Qel/Q(h)th —wp|lx Vop,wp € V.
Thus we can see that

3

€ ~
(2.40) log N <§7Gh,d) = log N <C’an—1/261/2(h)’Gh’ I ”X) :

Now we estimate the covering entropy of Gj,. First, we have ||wg||x < A\n 2 for any
wp, € Gy, Noting the dimension Ny, of V},, we obtain by Lemma 2.12 and (2.40) that

log N (E,Gh,a) < ONu(1+on™ 22 (RN 12 /e).

Inserting this estimate into (2.39), we obtain

Con~1/2
| sup [(e,0n — pvn)n| g, < C/ \/CNh(l +on=12e1/2(h)A; 2 fe) de
0

vh€Gh
< C\/Nypon= Y22 (h)A;1/2.

This completes the proof using the condition that Npe(h) < ONTY2, |

The following theorem presents the main results of this subsection, where W is
the subspace defined in (2.14).

THEOREM 2.14. Let Assumptions 2.2 and 2.3 be fulfilled, and let fr, € V}, be
the solution of (2.30). Denote py = ||f*||x + on~Y2. If we take e(h) < C\,,

Npe(h) < CAT2 and NPT = O(on=12pyh), then there exists a constant C > 0
such that for any z > 0,

B(|Snfu = Sl > Ai/%p0z) <2e79" and B(|fullx > po2) < 2¢7C7.
Moreover, if Assumption 2.1 is satisfied and \,, > n~"?, it holds that

P(|| fn — [ llw > A% poz) < 27
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Proof. We first derive from (2.35) that

+CH sup |F(wn)] ‘

_ <CH inf —v
0= kol < ©| iE 1150 ol s ()

¥ 2
But we know sup,,, ey, |F(wn)|/[[whlla, = supy, cq, |F(wn)| from the proof of Theo-
rem 2.10, and hence it suffices to estimate || sup,,, cc, (e, Swn — Shwp)n||ly,. Then
the first two estimates of the theorem follow readily from (2.22), Lemma 2.13, the
assumption that on~=1/? = O()\%L/2+7/4p0), and (2.20).

To show the estimate of ||f* — fu||lw+, we use the last inequality in the proof of
Corollary 2.11 to obtain

1 = Fullwe < CXLAE* = fullx + CAAISS = Snfulln + 1Snfn = Sfulln).
Then the desired estimate follows by using (2.20). We omit the details. a

3. An inverse nonstationary source problem. In this section, we apply the
theory developed in the previous section to study the regularized solutions to an
inverse nonstationary source problem associated with the heat conduction system

(3.1) ut + Lu = F(z,t) in Qx (0,T),
. u(z,t) =0 on I x (0,T), u(x,0)=0 inQ,
where L is a second order elliptic operator of the form Lu = —V-(a(z)Vu)+c(z)u, and

Q c RY (d=1,2,3) is a bounded domain with C? boundary or a convex polyhedral
domain. We assume a € C1(Q2), ¢ € C(Q) with ¢(z) > 0 in €, and that the source is
of the separable form F(z,t) = f(z)g(t) for (x,t) € Q x (0,T), where the temporal
component g € H'(0,7T) is known and satisfies that g(t) > 0 for all ¢ € (0,T), while
f(z) is an unknown to be recovered.

For the subsequent analysis, we first recall some standard results for parabolic
equations (cf., e.g., [17, section 7.1]). For F € H'(0,T; L*(Q)), we know the solution
u to (3.1) satisfies dyu € C([0,T); L2(2)) N L2(0,T; HE(Q)) and the a priori estimate

0:ull o,z < ClF| a1 0.1:L2(0) < Cllfllz2(0)-

It follows then from (3.1) and the regularity theory of elliptic equations that u €
C([0,T); H*(Q)) and there exists a constant C such that
(3.2) llulleqo,m;az @) < Cllfllz2)-

Let X = L?(Q), Y = H?(), and the forward operator S : X — Y be defined by
Sf=u(-,T). By (3.2) we know that S : X — Y is a bounded operator

1S fllmz0) < Cllfllze@) ¥ f € LX),
We are mainly interested in the following inverse nonstationary source problem:

(TIP) Given the measurement data of u(-,t) at the terminal ¢ = T, recover the
spatial source distribution f*(z) in the entire domain §2.

We focus on an important physical scenario, i.e., measurement data is collected
pointwise on a set of distributed sensors located at {x;}? ; inside the domain 2
[3, 20, 5, 27, 33, 35, 36]. Again, we assume the data is of the noisy form (2.1), where
{z;} is quasi-uniformly distributed in the sense of (2.3).

We then look for an approximate solution of the true source f* through the
following least-squares regularized minimization:

(3-3) J{Yg)f(l||5f—m”i+)\n||f||§('
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3.1. Stochastic convergence for the inverse heat source problem. In this
subsection we apply the results in section 2 to study the stochastic convergence of the
solution of problem (3.3) to the exact source f*. We first recall an important property
about the eigenvalue distribution for the elliptic operator L [2, 18].

LEMMA 3.1. Suppose Q is a bounded domain in R% and a,c € C°(Q), ¢ > 0.
Then the eigenvalue problem

(3.4) Ly=py inf, =0 ondd

has a countable set of positive eigenvalues p1 < po < ---, with its corresponding
eigenfunctions {¢y }32, forming an orthonormal basis of L*(). Moreover, there exist
constants Cy,Co > 0 such that C1k%/4 < pre < Cok?/e for all k =1,2,. ...

With Lemma 3.1, we can derive the important spectral property of operator S.

THEOREM 3.2. Let g € HY(0,T), g > 0 but g # 0 in (0,T). Then the null space
N(S) = {0} and the eigenvalue problem

(3.5) (,v) = p(SY,Sv) VveX

has a countable set of positive eigenvalues 0 < p1 < po < ---. Moreover, there exists
a constant C' > 0 such that py, > Ck*® for all k =1,2,....

Proof. We first consider the eigenvalue problem

(3.6) P =15

Let {¢r}52, be eigenfunctions of problem (3.4) which forms an orthogonal basis of
L*(Q). We write f = > po, fxdr for a set of coefficients fi. Let u = Y7o uk(t)gy
be the solution of problem (3.1). Plugging these two expressions of f and u into the
first equation of (3.1), we get by noting the fact that Loy = prdr and comparing the
coefficients of ¢, on both sides of the equation that wuy(0) = 0 and

uy,(t) + prur, = frg(t) in (0,7).

We can write the solution as ug(T) = oy fr, with ap = e #7T fOT etrsg(s)ds. Since
g>0in (0,T), we know a; > ag > --- > 0. Now if Sf = 0 for some f € L?(f2), then
ug(T) = ag fr, = 0 for all k > 1, which implies fx, = 0 for all k > 1. Hence f = 0, that
is, the null space of S is zero.

Moreover, we can easily see that |ay| < Cp,'. Noting that Sf = u(-,T) =
> e uk(T)dr, we can formally write

S (Z fkqﬁk) = Zakfkéﬁk.
k=1 k=1

Since {¢y}?2, is an orthogonal basis of L?(f2), we can readily see that the eigenvalue
problem (3.6) has a countable set of positive eigenvalues {n; = o, '} |, with {¢5}32,
being their corresponding eigenfunctions. By Lemma 3.1, we have 7, = a,;l > Cuy >
C1k?/¢. Therefore, the eigenvalue problem (3.5) has a countable set of eigenvalues
{pr}32, that satisfies p, = n? > Ck*/4. This completes the proof. 0

Within the setting of this section, the abstract subspace W in (2.14) is given by

(3.7 W = {v cL*(Q): v= ka¢k7 v = (v, ¢g), and Zpi/zvi < oo} ,

k=1 k=1
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and W' = H=1(Q) if g € H'(0,T) satisfying g > 0 in [0, T}, as indicated below.
LEMMA 3.3. Let g € H*(0,T), g >0 but g £ 0 in (0,T). Then W is a subspace
of Hy() and |[v| g1 (o) < Cillvllw for all v € W. If, in addition, g > 0 in [0,T],
then W = H§ () and |[v]|w < Cal|v]|gi(q) for all v e H(RQ).
Proof. Since the eigenfunctions {¢}$° ; form an orthonormal basis of L?({2), any
function v € L?(2) can be expanded as v = Y, vxdi, where vy = (v, ¢y). From
the definition of {¢x}72, in (3.4), we obtain by integrating by parts that

a((rbkaQ) = H“k(d)ka(I) VQ € H&(Q)v

where a(p, q) = (ap, q) + (cp, q). Thus we have a(¢px, 1) = prdx, and that [|[v]| g1 (o) <
C||v||lw, which is a consequence of the estimate by the ellipticity of the operator L:

oo o0
1/2
031 ) < Ca(v,v) = v} <C> g0k,
k=1 k=1

Next, since g € H(0,T), we know g € C[0,T]. Thus if g > 0 in [0,7], then
g > gmin > 01in [0, T] for some constant gni,. With the same notation as in the proof
of Theorem 3.2, we have

T —ppT —pu T
1— Mk 1— H1
ap = e""“T/ el 4g(s)ds > onin ————— > Gonin—————— > Cuy .
0 273 Mk
Thus p, > Cay ' = pi/2. This yields [|v||w < Cljv|| g1 () O

Verification of Assumptions 2.1 and 2.2. We first know Assumption 2.1 (1)
holds with 8 = 4/d from [41, Theorems 3.3 and 3.4]. This, along with Theorem 3.2,
verifies Assumption 2.1 (2) with « = § = 4/d. Assumption 2.2 (with v = d/2) is a
consequence of the following important estimate about the covering entropy [8].

LEMMA 3.4. Let Q be the unit cube in R?, and let SW*P(Q) be the unit sphere
of space WP (Q) for s >0 and p > 1. Then it holds for sufficiently small € > 0 that

1OgN(€a SW&p(Q)) || : HL‘I(Q)) < Ca_d/sa

where 1 < q < 0o for sp>d, and 1 < q < ¢* with ¢* = p(1 — sp/d)~* for sp < d.

Under Assumptions 2.1 and 2.2, the following two main results are direct conse-
quences of Theorems 2.3 and Corollary 2.4 for the noisy data of type (R1) (random
variables with bounded variance) and Theorem 2.8 and Corollary 2.9 for the noisy
data of type (R2) (sub-Gaussian random variables), respectively,

THEOREM 3.5. For the minimizer f, € L?(Q) to problem (3.3), there exist con-
stants \g > 0 and C' > 0 such that the following estimates hold for any A, < Ag:

E[[ISfn = ST IR] < CMallf*1I22 (@) + Co?/ (nA/Y),
B[l fall720)) < ClF172() + Co®/(nAstYY).
Moreover, if A\, > n~*% and g > 0 in [0,T), then

E[llfo = f*7-10)] < CNIF 22 ) + Co®/(nA/2H).
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THEOREM 3.6. Let f, € L*(Q) be the solution of (3.3) and po = ||f*||12(0) +

on~Y2. If we take \, such that A28 O(on=2pyh), then the following esti-
mates hold for some constant C > 0:

2

2
P([Sfn = SF*lIn > A/ p02) <2e79%, P(|| full2@) = poz) < 2e7 9.
Moreover, if Ay > n~*% and g > 0 in [0,T], then
P(|| fn — [ ler-1(0) = A/ poz) < 207"

We remark that Ay/>™® = O(on=1/2p;") implies A, > Cn=4/(@+9 Thus the
condition A, > n~%/4 is not very restrictive in the applications.

3.2. Finite element method for the inverse heat source problem. In this
section we consider a finite element approximation to the optimal control problem
(3.3) associated with the inverse heat source problem (TIP). For convenience, we
assume §? is a polygonal or polyhedral domain in R? (d = 2,3). Let M, be a family
of shape-regular and quasi-uniform finite element meshes over the domain €2, and let
Vi, € H}(Q) be the conforming linear finite element space over the mesh M;. We
divide the time interval (0,7) into a uniform grid with time step size 7 = T/N and
write t* = it for i = 0,1,...,N.

We will use the backward Euler scheme in time and the linear finite element
method in space to approximate the heat conduction problem (3.1): Find uﬁl € W,
i=1,2,..., N, such that

i — i—1 . .
(3.8) (uhTuh,Uh> + a(up,vp) = (fg',vn) Vo € Vi,
where a(v,w) = (aVv, Vw) + (cv,w) for any v,w € HE(2). We approximate the
forward solution Sf by S, f = ulY. The inverse problem (3.3) can be approximated
by the least-squares problem

(39 min (1S58 = ml+ Al £ 3.

We shall make use of the results in section 3.1 to study the stochastic convergence of
the solution f,, of the problem (3.9) to the true solution f* € L?(12).

Verification of Assumption 2.3. Let P, : L?(Q2) — Vj, be the orthogonal
projection operator in the L? inner product. For any f € X = L?(Q), we know from
(3.8) that S; nf = Sy n(Phf). Therefore, Assumption 2.3 (2) is trivially satisfied. It
remains to check Assumption 2.3 (1), which amounts to deriving the error estimate
of the fully discrete method (3.8). The classical theory for the implicit Euler scheme
in time and finite element method in space for solving parabolic equations requires
the regularity dyu € L1(0,T; L%(2)) of the solution of problem (3.1) (see, e.g., [40,
Chapter 1]). This regularity requires the compatibility condition F'(z,0) = f(z)g(0) =
0 on 912, which may not be convenient to meet in practice. Instead, we will derive
an error estimate in the remaining part of this section, without this compatibility
condition, by adapting some arguments in [40, Chapter 3] for the error estimates of
finite element solutions to parabolic equations with rough initial data.

We start with the weak W21(0,T; L?(2)) regularity for the solution to (3.1).
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LEMMA 3.7. Let F(xz,t) = f(x)g(t) for (z,t) € Q x (0,T), with g € H*(0,T).
Then there exists a generic constant C' such that the solution u to (3.1) satisfies

T
10vulleqorzz@y < CIFC0)| z2 + C / 100F | (s dt,

T
t0sullco,m:22()) < CIF(-,0)[22(q) + O/ ([0:F L2 () + tl| 0w Fl| 2 () dt -
0

Proof. The proof follows from the standard energy argument, so only an outline is
given here. We differentiate the first equation in (3.1) in time to see that v(z,t) = du
satisfies the conditions that v = 0 on 02 x (0,T") and v(z,0) = F(z,0) in €, and

(3.10) O+ Lv = 0, F(z,t) in Qx (0,T).
Then the first estimate in the lemma follows by multiplying both sides of (3.10) by v
and integrating by parts.

Next we multiply both sides of (3.10) by td;v, then integrate by parts and apply

the first estimate in the lemma to get
(3.11)

¢ T 2 T
/0 t|0p0]1 72y dt < CIIF(-,0)[[ 720y +C (/0 atF||L2(Q)d7f> +C/o t|0:F (|72 () dt-
Finally, we differentiate (3.10) in time to get

(9”1) + L(aﬂ)) = attF(.’L', t) in  x (O7 T)

By multiplying both sides of the equation by ¢20,v, integrating by parts again, and
applying (3.11), we obtain

T
towvl L2y < CIF (- 0)|[L2(0) + C/ (10eF (| 2 (0) + 0w Fll L2 (o)) dt
0

T 1/2
+C (/ tatF|2L2(Q)dt> :
0

which implies the second estimate of the lemma by noticing that

T T
/ t||6'tFH%2(Q)dt < sup ||t6tF||L2(Q) . / ||atF||L2(Q)dt
0 0

te(0,T)
T
: / 10,F | 120y dt
L2(Q) Jo

T T
/ (H(‘)tFHLz(Q)—|—t||8ttF||Lz(Q))dt-/ 10,F | e .
0 0

/t 0s(s0sF(s))ds
0

sup
te(0,T)

IA

This completes the proof. 0

LEMMA 3.8. Let up, € HY(0,T;V},) be the following semidiscrete finite element
solution of problem (3.1):

(3.12) (Orun,vp) + alup,vp) = (F,vp)  Yop € Vi, a.e. in (0,7T).
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Then there exists a constant C' independent of the mesh size h such that

lu — wnllego,r)p2(0)) < Ch? tgg);](||8tu||L2(S2)+||tattu||L2(Q)+||FHL2(Q)+||tatF||L2(Q))a

where h = maxgem hig and hi is the diameter of the element K € M.

Proof. We follow the argument in [40, Chapter 3]. Define G : L*(Q) — H(Q)
and Gy, : L*(Q)) — Vj, such that for any w € L?(Q), Gw € H}(Q) and GrLw € V,
satisfy

a(Gw,v) = (w,v) Yv € Hy(Q); a(Grw,vs) = (w,vs) Yo, € Vi,
Equations (3.1) and (3.12) can be reformulated as
0¢(Gu) + u=GF, 0(Gpup)+ up = G, F.
Writing e = u — up,, then we know e satisfies
Gp(Oe) +e=p ae in (0,T), (Gpe)(-,0) =0 in £,

where p = (G, — G)(0wu) + (G — Gp)F. By the argument in the proof of Lemma 3.7
we can obtain (see [40, Lemma 3.4]) that
<C t toyp(t .
e, llell 2o < tg%(ﬂp( Mzz@) + 1t0:p() ]l 2(2))
This completes the proof by noting that |Gw — Grwl||r2(q) < Ch?||lw| 2 for all
w € L2(2), which follows by the Aubin-Nitsche argument since the domain € is

convex. O

The following lemma for the error estimate of the fully discrete finite element
method was not covered by the general results in [40, Chapter 8] since we do not have
the condition that F(z,0) = 0 on 9 here, which was critical in [40].

LEMMA 3.9. Let u;, € HY(0,T;V}) be the solution of problem (3.12), and let
ul € Vi =1,2,..., N, be the solution of problem (3.8). Then there exists a constant
C independent of h, T such that

max lun (- i) = upllr2) < CT(L+In N)(|Fllcqo,r)2@) + 10:F lleo,r):c2))-

Proof. Let {); }]A/il be the eigenvalues of the eigenvalue problem
a(dn,vn) = Mn,vn)  Yop € Vi,

and let {¢;}2, be the corresponding eigenfunctions which form an orthonormal basis
of V3, in the L?(Q)-norm. By the Poincaré inequality, we know that \; > C, j =
1,2,..., M, for some constant C' independent of the mesh size h.

We write up(z,t) = ZNil uj(t)¢p;(x) and F(z,t) = Z]Nil F;(t)¢;(z), where
w;(t) = (un(-t), é;) and Fy(1) = (F(-,t), ¢;). Then it follows from (3.12) that

’U,; (t) + )\juj = Fj (t) a.e. in (O,T),

whose solution can be written as

tz‘ ) ti ‘
(3.13) uj(t') = / M (s)ds = / e MR (' — t)dt.
0 0
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Similarly, we write u} = Zjvil Ulpj, where Ui = (uj,¢;), i = 1,2,...,N, j =
1,2,..., M. From (3.8) we know that

1 . . . ) )
;(U;fU;-_l)Jr)\jU;:Fj? =F(th), i=1,2,...,N,j=1,2,...

This implies that U] = T()\j)U;-'*l + 7r(\7)F}, where r(t) = (1 +t)~" for all t > 0,
and hence

(3.14) U = ZTT(AjT)kF;7k+1.
k=1

For any j =1,..., M, we distinguish two cases. If \;7 > 1, we know from (3.13) that

ti
lui ()| < [|1Fjllcpo.m /0 e Ntdt = AN (1 — e )| Fjllcor < TlIF lcpo,r-

On the other hand, we obtain from (3.14) that

|U;| < (Z 2"“) 71 Fjllcio,r < 27(1Fjl e, 71-
k=1

Therefore, we derive for A\;7 > 1 that
(3.15) |uf (') = Uj| < C7||Fjllcpo,m

Now we consider the case when A;7 < 1. By (3.13) we have

i tk
7 —)\ t 7 k—1 =\t pi—k+1
() Z/t —t)— F(t' —t ))dt+2/tk_1e e’
k=1
e N F(t i k-1 LN kAT ikl
_Z ; —t)— F(t' —t ))dt-l—ZTTe 8 s
k=1

which, together with (3.14), yields

i AT
i i eV =1 e i
u;(t') — Uj 227'()\_7_6 kA —r()\jT)k> F] s

k=1
1 e MUF(t —t) — F(t' —t*1))dt :=T+IL
(3.16) + Z/tk 1 t)— F(t — " Y))dt =T+

Recalling the following elementary estimate in [40, (7.22)],
le™™ —rt)*| < CE™' Vt>0,Vk=1,2,...

7

and using the fact that (t71(e? — 1) —1)/(1—e~?) is bounded for 0 < t < 1, we obtain

i AT 1
1| < ZT <€)\T — 1) eTFNT 4 (eTPMNT —r(NT)F)
k=1 J

N 1 1
-1 k!
< )\jT ) 1—e N7 +
k

=1
< O+ i) 7| Fyllcpo -

<Cr

1 Fllcpo,m)
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The term IT can be bounded by the standard argument as follows:

ti

11 < Crl|,Fy |l opour / eNtdt < OXST00F; lcpor < CTlI0F; oo
0

where we have used the fact that A\; > C for some constant C' independent of h.
Combining (3.15), (3.16) and the above two estimates, we obtain

Juj (t") = Uj| < Cr(1+ W N)(|Ejllcro,zy + [10:F; llcgo,r)-

This completes the proof. ]
By Lemmas 3.7-3.9, we know that under the condition g € H2(0,T),
(3.17) [1Srnf = Sfllrz) < C(W* + 7| In7|)|| fll 20

for some constant C' which depends possibly on T', ||g||z2(0,7) but is independent of
h and T.
Assumption 2.3 (1) is now a consequence of the following lemma.

LEMMA 3.10. If g € H?(0,T), S.pnf = uly with ul) being the solution of the
problem (3.8), then for any f € L?(Q), there exists a constant C independent of h
and T such that

ISF = Sraiflla < O+ 7| 2(c0)-

Proof. Let IIj, : C(Q) — V3, be the canonical finite element interpolant. Then we
know from the standard interpolation theory of finite element methods [13] that

1S = Ta(SH)llze(r) < CR*Y2|Sfl| 2y VK € My,
1S f = Ta(SHll 2y < CR?||Sfll b2 (i) VK € M.

Let Tk = {x; : ; € K,1 < i < n}. By the assumption that {z;}", is quasi-

=1
uniformly distributed and the mesh My, is quasi-uniform, we know that the cardinal
#Tx < Cnh®. Thus we have

1
ISF=TW(SHIR <~ > #TxlSF=Tn(SHFw sy < CHUIS S I ).
KeMy
On the other hand, we can derive by making use of inverse estimates that

1Senf ~T(SHIZ <+ 3 #TullSonf ~ TS Hre

KeMy

1 _
<~ Z #Tr | K| ISrnf = Ta(SH172x0)
KeMy

< ONSenf =T (SHII72 0
< C|ISrnf = 8fll720) + CITR(S) = SflZ2q)
< ClISrnf = 8fl 7@ + ChYISF 20y
Therefore,
ISf = Senflln < ClSrnf = Sfllrz) + CR®| fll2)-
This completes the proof by (3.17). d
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After the verification of Assumption 2.3, the following stochastic convergence of
the finite element method to the inverse heat source problem follows readily from
Theorem 2.10 and Corollary 2.11.

THEOREM 3.11. Let g € H%(0,T), and let the measurement data (2.1) be of the
type (R1). Then there exist constants Ao > 0 and C > 0 such that for any A, < Ao
and T|lnT| = O(h?), the following estimates hold for the solutions f, € L*(Q) to
(3.3) and fn € Vi, to (3.9):

. . ht o?
E[ISf* = Srnfullz] < CAn+hY)|f ||2L2(Q) +C (1 + /\n) A

* 2 h4 * |12 h4 0—2
E[lf* = fullf2(q)) <C 1+E 1 720 +C 1+E SN

Moreover, if A, > n~*% and g > 0 in [0, T], we have

* h4 % h4 0-2
{1~ ] SCOW20) (145 ) 1 By + OO0 (145 ) — T

Proof. Since the mesh is assumed to be quasi-uniform, the dimension NV, of the
linear finite element space V}, is bounded by Nj, < Ch~¢. By Theorem 3.2, we know
that o = 4/d. Take 7|In7| = O(h?); then we know from Theorem 2.10 that

pA paN 11 o2
L (> A
M\, \, nALTd/A

We can easily check that (h*/A,)'~% < 1for h*/\, <1, and (h*/A,) =5 < h*/\,, for
h4 /A, > 1. Therefore, we have (h*/),)'~% < 1+h*/\,. This leads to the conclusions
of Theorem 3.11. |

We end this section with the following convergence of the finite element method
to the inverse heat source problem (TIP), directly following from Theorem 2.14 by
noticing that N, < Ch~—% < C)\;V/Q with v = d/2.

THEOREM 3.12. Let g € H?(0,T), let the measurement data (2.1) be of type
(R2), and let py = ||f*||r2(0) + on~ 2. If we take h = O( 711/4),T|1n7'\ = O( 3/2),
and N/ T8 = O(on='2pyh), then there exists a constant C > 0 such that for any
z >0,

E[|Sf* = Senfullz] < COn+ b f* 1720 + C

2

P(|Srnfu = SFlln > A 2p02) <2679 B(|| full 2y > po2) < 267
Moreover, if A, > n~*% and g > 0 in [0,T)], it holds that
B fu = £ N2y = M *p02) < 2677

4. Numerical examples. In this section, we present several numerical examples
to confirm the theoretical results in previous sections. We take the domain 2 =
(0,1) x (0,1) and a set of uniformly distributed measurement locations {z;}? ; in
Q. In all examples below, we take the coefficients a(x) = 1,¢(x) = 0, which fulfills
the uniform ellipticity condition, and g(¢t) = 1, T = 1. The finite element mesh My,
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of Q is constructed by first dividing € into h=! x h~! uniform rectangles and then
connecting the lower left and upper right vertices of each rectangle. We set the noise
€1,...,¢e, in the dataset (2.1) to be the normal random variables with variance o.

Motivated by Theorem 3.5, we propose a self-consistent algorithm to determine
the regularization parameter A, in (3.9) based on the following heuristic rule:

(4.1) AP = o2 £ 13

which balances the two terms in the error due to bias and variance, and also balances
the error between the exact solution and the reconstructed one in the H ~!-norm. This
choice requires the knowledge of the true source function f* and the noise level o.
We now propose a self-consistent algorithm to determine the parameter \,, without
knowing the true source function f* and the noise level . To do so, we estimate
1£l2@ by fallza@ and o by [Sepfu — mll since [SF* — mln = [le]ln. This is
expected to yield a good estimate of the variance by the law of large numbers.

ALGORITHM 4.1 (computing an estimate of the regularization parameter \;,).
1° Given an nitial guess of Ano; for j =0,1,..., do the following:
2° Solve (3.9) for fn with X\, replaced by A, ; over the mesh My,;
o 1/2+d/8 — _
3° Update My jpr: NS =07 2S00 — mlln || full 220y -

A natural choice of the initial guess is A, o = n~4/(@+4) since f* and o are
unknown, which is used in our numerical examples. In the following examples, the
negative norm ||f* — fu||g-1(q) is estimated using the same technique as developed
in [26, section 6] which estimates || f* — fullg-1(Q) by [|Pof* — fullu-1(q), where P,
is the L2-projection to the finite element space Vj,.

ExaMpLE 4.1. This example is used to verify the near optimality of the choice
of the smoothing parameter \, suggested by (4.1). We choose n = 10*, 0 = 0.1 or
o = 0.01, and the mesh size h = 0.05 and the time step size T = 0.01, which are
sufficiently small so that the finite element errors are negligible. We take the true
source f* to be the function whose surface is given as in Figure 4.1.

Example 4.1 demonstrates the near optimality of the choice of the smoothing
parameter )\, suggested by (4.1). In fact, we have ||f*[|z2(q) ~ 0.54; then (4.1)
suggests \, ~ 2.3 x 107% (for 0 = 0.1) and \,, = 1.1 x 107° (for ¢ = 0.01). These two
approximate \,’s are indeed very close to the optimal A, = 1 x 10~* (for o = 0.1)
and )\, = 1 x 1075 (for ¢ = 0.01), which we have estimated by computing the
errors ||Sf* — S pfrlln and || fo — f*[| -1(q) with 10 different choices of regularization
parameter: A\, = 107% (k = 1,2,...,10). In order to show the near optimality of
the choice (4.1) more clearly, we take partial data around the global minimum to plot
the dependence of the errors on k; see Figure 4.2.

EXAMPLE 4.2. This example is presented to verify whether the probability density
functions of the empirical error ||Sf* — Sz fulln and the error || fr, — f*||m-1(q) have
exponentially decaying tails. We set the variance o = 0.001, n = 25 x 10%, and
choose the mesh size h and time step size T to be small enough so that the finite
element errors are negligible. We take 10,000 samples and compute the empirical
error [|Sf* — Srnfnlln and the error || fu — f*||m-1(q) for each sampling.

In Example 4.2, we can compute that ||Sf*| 1) = 0.04, so the relative noise
level o /||Sf*| () is about 2.5% for this example. Figures 4.3(a) and (c) show the
histogram plot of the corresponding errors, while Figures 4.3(b) and (d) show the
quantile-quantile (Q-Q) plot to compare the sample distribution of the error with the
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standard normal distribution. The Q-Q plot is a standard graphic tool in statistics to
check the data distribution [45]. If the sample distribution is indeed normal, the Q-Q
plot should give a scattered plot, where the points show a linear relationship between
the sample and the theoretical quantiles. We can observe from Figure 4.3 (right) that
almost all the points are concentrated around the dotted line, which implies that the
overall distribution of the error is very close to a normal distribution. Moreover, the
points around the two ends are also not far from the line, which indicates that the tail
distribution of the error is also close to a Gaussian tail, as indicated in Theorem 3.12.
The probability density function is computed by the MATLAB function qgplot.
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3 X 10° QQ Plot of Sample Data versus Standard Normal
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Fic. 4.3. (a) and (b) are the histogram (left) and quantile-quantile (right) plots of the empirical
error ||Sr p frn—S f*||n with 10,000 samples. (c) and (d) are the histogram (left) and quantile-quantile
(right) plots of the error || fr, — f*||g—1(q) with 10,000 samples.

ExaMPLE 4.3. This example is to confirm Theorems 3.11 and 3.12, namely, to
verify if the empirical error ||Sf* — Sy fulln and the error || f* — fullg-1(q) depend
linearly on )\}/ 2 when the regularization parameter \, is taken by the optimal choice
(4.1). The mesh size h = N/t and the time step size T|ln7| = /2 are chosen
according to Theorems 3.11 and 3.12. We take the true source f* to be the function

given in Figure 4.1, and n to change from 25 x 10% to 25 x 10*.

We can see from Figure 4.4 clearly the linear dependences of the empirical error
[Sf* = Srnfnlln and the error ||f* — fullg-1(q) on A2 for o = 0.01 and 0.04. We
can compute that .S f*|| () = 0.04, so the relative noise levels o/[|Sf*| L (q) are
about 25% and 100% for ¢ = 0.01 and 0.04, respectively.

Through the previous 3 examples, we have verified the optimality of the choice
rule (4.1) for A,, the stochastic convergence (Theorem 3.12), and the convergence
order of the finite element method. But we do not know the exact solution and
the variance of the noise in most applications, so we use the next example to show
the efficiency of Algorithm 4.1 to determine an optimal regularization parameter A,
iteratively, without the knowledge of f* and o.

EXAMPLE 4.4. We choose n = 25 x 10* and set the noise e1, ..., e, in the dataset
(2.1) to be independent normal random variables with variance o = 0.001. Algorithm
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4.1 is terminated when the absolute difference between two consecutive iterates Ay i

and Ay k41 s less than 1010,

We can compute that ||Sf*| o) = 0.04, so the relative noise level o/||S f*|| L (q)
is about 2.5% in this example. Figure 4.5 shows clearly the convergence of the se-
quence {\, x} generated by Algorithm 4.1. The numerical computation gives A, 4 =
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\BARAR|
) (b) (c)

(a c (d)

Fi1c. 4.6. (a)—(d) are the computed solutions f, when T =1, 0.1 ,0.01, 0.001, respectively.

5.53 x 1078 that agrees very well with the optimal choice 5.33 x 10~% given by (4.1).
Furthermore, |[m — S, pfulln = 9.99 x 10~* provides also a good estimate of the
variance o.

EXAMPLE 4.5. In this example, we show the influence of T on the ill-posedness
of the inverse problem. We take T =1, 0.1, 0.01, 0.001, choose n = 25 x 10%, and
set the variance o = 0.01. We choose the regularization parameter X\, by the optimal
rule (4.1).

We observe from Figure4.6 that the numerical reconstruction deteriorates as T
decreases. This fact can be interpreted by using the notation in Theorem 3.2 as
follows: the singular value of S : L?(2) — L?(Q), which is the eigenvalue of (5*S5)*/2,

approaches 0 as T' — 0, i.e., p,?l/Q = < p,?l(l — e*“’“T)||g||C[0’T] — 0 for all k£ > 1.
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