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ELLIPTIC VARIATIONAL INEQUALITIES OF SECOND KIND*
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Abstract. This paper is concerned with the analysis of an adaptive edge element method for
solving elliptic curl-curl variational inequalities of second kind. We derive a posteriori error estima-
tors based on a special combination of the Moreau—Yosida regularization and Nédélec’s edge elements
of first family. With the help of these a posteriori error estimators, an AFEM algorithm is proposed
and studied. We are able to establish both the reliability and the efficiency of these estimators, by
means of a special linear auxiliary problem involving the discrete Moreau—Yosida-regularized dual for-
mulation, along with a local regular decomposition for H(curl)-functions and the bubble functions.
Furthermore, we demonstrate the strong convergence of the sequence of the edge element solutions
generated by the adaptive algorithm toward the solution of a limiting problem, by first achieving
the convergence of the maximal error indicator and the residual corresponding to the sequence of
the adaptive edge element solutions, under a reasonable condition on the regularization parameter
in terms of the adaptive mesh size. Three-dimensional numerical experiments are presented to verify
the robustness and effectiveness of the adaptive algorithm when it is applied to a problem arising
from the type-II (high-temperature) superconductivity.
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1. Introduction. The adaptive finite element method (AFEM) based on a pos-
teriori error estimators is a useful technique to increase the numerical accuracy of
solutions to PDE problems in certain sensitive regions of the concerned domain. For
variational inequalities (VIs) of the first kind or obstacle problems, these regions are
typically the (a priori unknown) free boundaries which correspond to the interfaces
between the active and inactive areas of the obstacle. AFEM consists of a repeating
execution of the loop:

SOLVE — ESTIMATE — MARK — REFINE.

Typically, when dealing with obstacle problems, AFEM refines the mesh adaptively
where the solution is close to the obstacle, whereas the mesh on the remaining do-
main stays relatively coarse. This procedure yields a practically important feature to
predict and detect the free boundaries without a priori knowledge. For H'(£2)-elliptic
obstacle problems, earlier results go back to [23, 27|, and wide studies can be found in
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this direction; see [9, 12, 14, 33] and the references therein. However, many important
physical phenomena, including Bingham fluid, friction, and high-temperature super-
conductivity (HTS), cannot be modeled by obstacle problems, hence leading to VIs
of second kind. Bostan, Han, and Reddy [7] were the first to propose a duality ap-
proach to derive reliable a posteriori error estimators for H!(Q)-elliptic Vs of second
kind. Some years later, Wang and Han [39] adapted the idea by Braess [8] to prove
the efficiency of the proposed estimators by considering an auxiliary linear equation
taking the associated discrete dual variable into account.

The first contribution toward residual-type a posteriori error estimators for edge
element methods in H(curl)-elliptic equations go back to Beck et al. [6]. Schéoberl [35]
established some stability estimates for a Clément-type quasi-interpolation operator,
which turned out to be a very useful tool in the a posteriori error analysis of Max-
well’s equations. The strong convergence of AFEM algorithms for various Maxwell-
type equations with edge elements was analyzed in [10, 11, 13, 15, 24, 41]. Some of
these developments relied on a key strategy with limiting spaces, which was initially
adopted by Babuska and Vogelius [3] for a one-dimensional boundary value problem
and then extended to several higher-dimensional problems by Morin, Siebert, and
Veeser [31]. We refer the reader to [43, 46] for edge element methods for optimal
control problems.

To the best of the authors’ knowledge, a posteriori error analysis and adaptive
edge element methods for elliptic curl-curl VIs still remain an open research area (see
[42] for recent mathematical results on (full) hyperbolic Maxwell VIs). In particular,
such a class of problems works with the space H(curl) (instead of H') and features
various special singularities [16, 17, 18]. These facts, along with the main difficulties
arising from the VI character, make the numerical analysis, especially the rigorous a
posteriori error analysis of the resulting AFEM, rather challenging.

In this work, we propose and analyze a posteriori error estimators and an AFEM
algorithm for H(curl)-elliptic VIs of second kind. Due to the curl-curl structure in-
volved, our a posteriori error estimators require a local divergence regularity property
of the dual variable. For this reason, unlike all the aforementioned contributions, we
make use of a special combination of the Moreau—Yosida regularization and Nédélec’s
edge elements of first family [32]. We are able to demonstrate that the proposed error
estimators are both reliable and efficient. More important, under a certain condi-
tion on the regularization parameter depending on the adaptive mesh, we can even
establish the strong convergence of the AFEM algorithm. Let us point out that the
Moreau—Yosida regularization is a key feature which is not only crucial to our theoret-
ical analysis but also brings a significant advantage to the numerical implementation
of our new AFEM. In fact, it makes our implementation much more realistic and effi-
cient. Our numerical realizations are carried out by means of the efficient and robust
semismooth Newton method [25] that demands a certain regularity of the dual formu-
lation. This regularity property is well satisfied by the Moreau—Yosida approximation
but in general not by the original VI of second kind (cf. [19]). This work appears to be
the first contribution that makes full use of the Moreau—Yosida regularization with its
great flexibility and advantage in the a posteriori error analysis. The regularization
strategy is very different from the finite element discretization of the VIs as was done
in the previous studies [7, 39] for H(Q)-elliptic VIs of second kind.

We end this section by introducing the H(curl)-elliptic VIs of second kind of
our interest and outlining the main results of this work. We consider the VI of the
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following form: Find E € Hy(curl) such that
(VI) a(E,v —E) + ¢(v) — ¢o(E) > /Qf- (v—E)dx Vv e Hp(curl),
where a: Hy(curl) x Hp(curl) — R is a bilinear form defined by
a(v,w) = /Qev -wdx + /Q p~teurlv - curlwdx
and ¢: L?(Q) — R is a nonlinear and nonsmooth functional of the form

(11) p(v) = / Jol)|v(@)| da

The specific assumptions on ¢, p, j. and f are stated in Assumption 2.1. The re-
mainder of this work is structured as follows. First, we introduce the Moreau—Yosida
regularization for the dual formulation of (VI) (see (3.3)). After showing a crucial
regularity property for the dual variable of the regularized problem, we propose the a
posteriori error estimator (3.17). Thereafter, its reliability is proven in Theorem 3.6
by considering the linear auxiliary problem (3.5) and using the Schéberl local regular
decomposition (cf. Lemma 3.5). The efficiency of the estimators, stated in Theo-
rem 3.7, follows from a standard argumentation with bubble functions (cf. [1]). With
the help of these essential properties, we present the adaptive edge element algorithm
for (VI). The main result is a strong convergence theorem (see Theorem 4.10) of the
sequence of adaptive solutions generated by Algorithm 4.1 toward the unique solu-
tion of (VI). Therefore, the limiting space (4.6) as well as the corresponding limiting
variational inequality (VI ) are the starting points for all that follows. First, the
strong convergence toward this limiting problem is established. Hereafter, under a
specific condition on the regularization parameter depending on the adaptive mesh
(Assumption 4.6), we derive convergence results for the maximal error indicator and
the residual corresponding to the sequence of adaptive solutions (Lemmas 4.7 and 4.8).
By means of these convergence properties, we are able to prove that the solution to
the limiting problem (VI) coincides with the one to (VI). Hence, strong conver-
gence of Algorithm 4.1 follows as an immediate consequence. We conclude the work
by presenting numerical results for an important physical application in the type-II
(high-temperature) superconductivity [40, 44, 45].

2. Preliminaries. We consider a bounded, polyhedral and simply connected
domain Q C R? with a connected Lipschitz boundary. For a given Banach space
X, we denote its norm by || - | x and the duality pairing with the corresponding dual
space X* by (-,-). If X is a Hilbert space, then (-, -)x stands for its scalar product and
|- [|x for the induced norm. In the case of X = R™, we renounce the subscript in the
(Euclidean) norm and write |- |. The Euclidean scalar product is denoted by a dot. In
the case that X = L?(w) for some w C £, its norm is denoted by || - ||o... Hereinafter
a bold type always indicates a vector-valued function or a vector-valued space. Now
let us introduce the most basic Hilbert spaces that will be used throughout this work:

H(curl):= {veL?(Q):curlveL?(Q)} and H(div):= {veL?*(Q):divveL?*(Q)},

where curl and div are understood in the distributional sense. As usual, C5°(f2)
denotes the space of all infinitely differentiable functions with compact support in 2.
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The space Hy(curl) stands for the closure of C3°(€2) with respect to the H(curl)-
norm.

Next, we present all the necessary assumptions for the material parameters and
the given data in (VI).

Assumption 2.1 (material parameters and given data).
(A1) There are polyhedral Lipschitz subdomains ; in Q, j =1,..., M, such that

M
NQ; =0 fori+#jand Q:UQJ'

j=1
Furthermore, the material parameters €, u, j. satisfy

and p(x) = and jo(x)=d° VeeQ;,ie{l,..., M}

e(x) = ¢ i i

3

for positive constants cf, cé‘
ie{l,...,M}.

(A2) The source f of (VI) lies in L2(2) and satisfies the divergence-free condition:

> 0 and a nonnegative constant cgc > 0 for all

(£,Vo)oq =0 Vo€ Hy(9).

Under Assumption 2.1 the bilinear form a is continuous and coercive; i.e., there
are positive constants 0 < ¥ < K depending only on € and p such that

(2.1) la(v, w)| < E[|V|lacur) |W]HEcur) Vv, w € Ho(curl),
(2'2) a(v,v) 2 EHVH%—I(curl) Vv e HQ(CUI‘]).

Due to (2.1), (2.2), and its symmetry, the bilinear form a defines a scalar product
whose induced norm || - ||, = /a(-,-) is equivalent to || - | (cury). Furthermore, the
induced norm over an arbitrary measurable set w C € is denoted by || - |4 .-

We close this section by introducing the discrete approximation to (VI). Let To
be a shape-regular triangulation of Q such that e, u, and j. are constant in every
T € 7o, and let T be the set of all possible conforming triangulations obtained from
To by successive bisection. One key property of the refinement process ensures that all
constants depending only on the shape regularity of any 7 € T are uniformly bounded
by a constant depending only on the initial mesh 7y (cf. [37]). For any 7 € T the
finite element space of Nédélec’s first family of edge elements is defined by

V7= {vy € Hy(curl) : vr|r = ar + by x x with ap, by € R®, VT € T}.

We are now ready to formulate the edge element approximation to (VI).
Find E+ € V7 such that

(VIr) a(Br,vr — Er) + ¢(vr) — p(Er) > /Q £-(vr — Er)de Wy € V7.

Existence and uniqueness of the solutions to (VI) and (V1) follow by the classical
theory of elliptic VIs (cf. [28, Theorem 2.2]).
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3. A posteriori error analysis. As already pointed out in the introduction,
our adaptive algorithm is based on efficient and reliable a posteriori error estimators.
In order to establish this, we introduce some additional notation: By F7, we denote
the set of all faces in 7 € T, and Fr(Q2) stands for the set of all interior faces. Let
hy = diam(T) for T € T and hp = diam(F) for F' € Fr. Furthermore, we use D
(resp., Dp) to denote the union of all elements that have a nonempty intersection
with T € T (resp., F' € Fr). Finally, for T € T, we define the patch set wr as the
union of all elements sharing a common face with 7', and for any face F' € F7 shared
by two elements K, K € T, we set wp = K UK.

A classical result from the theory of VIs yields the existence of a Lagrange-
multiplier for (VI) (cf. [22]). Let E € Hg(curl) be the unique solution to (VI).
Then there exists a unique A € L>°(£2) such that

a(E,v) +/ A-vdr = / f-vdx Vv e Hpy(curl)
(3.1) Q Q
A(@)] < je(x), A(x)- E(x) = jo(x)|E(x)| for a.e. & € Q.
For (3.1), we denote the active and inactive sets by

A={zecQ: |Ex)| >0 and T=Q\A

Next, we introduce the Moreau-Yosida regularization . : R®* — R of | - | by

1
lz| — — for |x| > —,
2 Y
Vy(x) = ~
§\w|2 for |z| < —

and consider the regularized version of (VIr): Find EJ € V7 such that

(32)  a(E},vr —E}) + oy (vr) — ¢ (E]) > /Q £ (vr—E})dz Vvr € Vr,

where @, (v):= [, je(2) (v(x)) de for v € L*(Q) and v > 0. The next lemma states
some helpful properties of the Moreau—Yosida regularization (see [34, Lemma 5.17]).

LEMMA 3.1. Let {v,},>0 C L?(Q) and v € L*(Q). For every v > 0 it holds that
0y (V) < p(v) and the following convergence properties are satisfied:

v, = v weakly in L*(Q) = liminfp,(v,) > o(v),
y—00

v, — v strongly in L?(Q) = limsup ¢, (v,) < p(v).

Y—00

Moreover, ¢, : L*(Q) — R is Gateaua-differentiable for every v > 0.

Thanks to the Gateaux-differentiability of ¢, (3.2) is equivalent to finding E7J- €
V7 such that

a(E'?y_va)Jr/Q)\’?Y_.dem:/Qf~dea: VvreVr

VET(z)
{1,/ [EF @]}

(3.3)
for a.e. © € Q.

A (@) = je()
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In this context, the active and inactive sets are given by
(3.4) A, ={z e Q: y[EX(z)|>1} and IZ,:=Q\A,.

Since A and )\} are essentially bounded in {2, we may interpret them as elements in
Hj(curl)* with the operator norm

IA ]+, = sup {/ A-vdx : veHy(curl), [|v],= 1} .
Q
As a starting point for a posteriori error analysis, we consider the auxiliary problem
(3.5) (z,Vv) / Ay -vde = / f-vdx Vv e Hy(curl),

which admits a unique solution z € Hy(curl).

LEMMA 3.2. Under Assumption 2.1 and for C = max{5,6/jc| r1(q)}, there holds
that

1
IBY —BI 1 A AL|2. <C (||E?rz|§+7).

Proof. We begin by subtracting (3.1) from (3.5) to obtain

(3.6) a(z—E,v) = / (A=AF)-vdx Vv e Hgy(curl).
Q
Therefore,
(3.7) o(E} —E,v)=a(EL —z,v)+ /Q()\ —AT)-vdx Yv e Hy(curl).

Next, we exploit properties of A and AT-in (3.1) and (3.3) and prove that

1 .
(3.8) [ O=33)- (B ~B)do < il

To this aim, we divide © into AN A,, ANZ,, TN A, as well as T NZ, and show
pointwise estimates for the integrand in (3.8). For x € AN A,, (3.1) and (3.3) imply

)
2) + XH(z) - B(z) — A}(2) - B} (x)

(Ef(z) - E(z
= Az) - EX(z) — A(z) - E(
|

Forx € ANZ,, (3.1

) and (3.3) yleld jo(z)E7(z) = 77 A7 (2), Ap(@)] < je(),
B (z)[<y7, and [A(z)] = je(

x). Hence, we can derive

)
(A(@) = Ar(@)) - (Ex () — E(x))

— A(@) B} (x) — jo(@)|E(@)| - 7jo(@)[EX@)]? + N-(x) - E(z)
< %j (@) = je(@)B(x)| + jo(@)|E(@)] — 7je(@)| B2 < im z).

For x € TN A,, we have E(x) = 0 and thus

(A(@) = Ar(®@)) - (Ex(v) — E(x)) = (A(®) — Ap(@)) - Ex(z) <0.
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Finally, for # € Z NZ,, we have E(z) = 0,j.(z)E}(z) = 7*1)\;}(;8) as well as
|E7-(x)|<vy~'. This implies that
1. 1
(A(@) = A7 (z)) - (E7(z) — E(z)) < ;jc(a’) — Yje() | EF[* < ch( ).

After taking all the pointwise estimates above together, (3.8) follows by integration
over Q. Now, inserting v = E7 — E into (3.7), we get from (3.8) that

1.
1B — B2 < B — 2]l |E} - Ell. + §||JC||L1(Q) :
Further, the application of Young’s inequality yields
9t 2 9t 2, 2y
(3.9) |Er —E[; < HET_ZHa"_;”JcHLl(Q)'

Finally, (3.6), (3.9), and the triangle inequality give us

(3.10) IA= X720 < llz — ElZ < 2|z — BT +2|E} - E|

e

4 .
< 4|z —EZ|2+ ;HJcHLl(Q)

The desired assertion follows directly from (3.9) and (3.10). 0
The next lemma gives a local regularity property of the regularized dual variable.

LEMMA 3.3. Under Assumption 2.1, the dual variable from (3.3) enjoys the regu-
larity property X}-|r € H(div,T) for every T € T and the following stability estimate:

el o= ()
V2

Proof. Let T' € T be an arbitrarily fixed element. As EJ- € Vo, it holds that
EX |7 € C*(T), and thus max{1,v|EX ||} € W'>(T) (see [26, Corollary A.6]). For
this reason and the fact that j.|r is constant, AT-|p € W>(T) follows from (3.3).
Now we show that

|| diV)\’7Y’|T||O7T < H curl EY ||0 r VYT eT.

jc|T
(3.11) div AT = BT |r|? 7 (VE
0 inZ,NT,

|TE |T) E;—‘T in .A»YQT,

where VE7 Tlr = (VE |71 VEZ, Tlr2 VEY 7|7,3). Indeed, since j. is piecewise constant
(see (A1) and according to (3. 3) and (3 4), we may compute

(3.12)

T = Je|T0i ( VBT T >
"’ e max{1,v|ET|r[}

. ’Ya ET|T1 ’YET|T1 )
= Jc maxi{l.~v|E
/ 'T<max{1,vE Tlrl}  max{1,A[E [r[}2" Oi(max{1,7E7r[})

Additionally, thanks to [26, Corollary A.6], it holds that

YEX |7 - O;EX |
(3.13) os(max{1,7[E}|r[}) ={  [BFlr]
0 inZ,NT.

nA,NT,
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Thus, in view of (3.12), (3.13), the regularity X[z € W*(T), and divEL|r = 0,
it follows that

3 ]0|T
AivAFlr =Y 9AFlri =4  [ET]
=t 0 inZ,NT,

|3ZE 17,i (OE} |7 -EX|r) inA,NT,

which yields that (3.11) is valid. Note that according to (3.4), (3.11) implies that
divAT|r = 0 ae. in {z € T : y|EX|p(x)] = 1}. Next, (3.11) together with the
inequality |ET-(x )\>,Y for a.e. x € A, (see (3.4)) leads to

[VEF|r(z)|?

B

(314) [ Xplrlr = v X el ron,) < e [
<7 ||Jc||L°°(Q ||VE |T||0T

But, for every & € T, we know that ET|r(x) = ar x « + by for some ar,br € R3.
Thus,

0 —ar3 ary ar,1
El|r(x) = | args 0 —ag; and curlEL|r(z) =2 |arz|,
—ar ar1 0 ar 3

which implies that 2|VEY|r(z)| = |curl EX|r ()| for all z € T. Combining this
with (3.14) yields the desired estimate. O

Remark 3.4. Lemma 3.3 does not hold true in general for the unregularized dual
variable corresponding to (VIy) due to the lack of information in the inactive set.

Next, we start to investigate the a posterior error estimate of the edge element
solution (ET,AT) € V7 x L*°(Q) to the discrete system (3.3). To do so, we define
for (EX-, A7) the element residual Ry for every T' € T and the normal and tangential
jumps across every face ' € Fr:

(3.15) Ry = f|lp — €EX|r — curlp~ " curl EX |7 — AT |r,
(3.16) Jp1=[p 'curlE} xnp] and Jps = [(AT +€EY}) np|.

For any subset M of elements from 7, we define its error estimator

(3.17) N (ER N f M) = > 05 (B AT, T) + 07 (BT, AT, T),
TeM

where nr 1 (E7, AT, £,T) and ny2(EJ, AT, T) are given by

77'27_,1(E’7Y’a>‘77f7T) = h%HRT”g,T_F Z hF”JFJ”g,F?
FeoTnQ

n%’,z(EA/% )\;_, T) =

FeoTnQ
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We further define an oscillation term associated with the subset M, namely,

oscr?(EX, AT £, M) = Z oscr? (B, AT £,T)
TeM

with

oser? (BEY, AT, £,T) == h7||Ry — Ro[[§ 7 + b7 || div AT |7 — div AT 5 ¢
+ > helIen = Iealls e + hellJee — Teallf e

FedTNQ

where Ry, div AT T, Jr1, and Jp o denote the averages of Ry, div AT, Ipy, and Jpo
over T' € T and F € Fr, respectively, i.e.,

1 _ 1 - 1
Ry = —/ Rrdx, divAl|p = —/ divAlde, Jp; = —/ Jp1dS,
Tl Jy rlr =g [ VAT VS TE

and analogously for Jp2. In the case of M = T, we simply write n7-(EJ, AT, f,T) as
n1(ET, AT, f) and oscr(EJ, AT, f,T) as osc7(ET, AT, ). Let us now recall a quasi-
interpolation operator to relate Ho(curl) to the finite element space Vi (see [35,
Theorem 1]).

LEMMA 3.5 (Schoberl interpolation operator).  Under Assumption 2.1, there
exists a quasi-interpolation operator I153-: Ho(curl) — V1 such that for every v €
Hy(curl) there exist ¢ € HY () and ¢ € HE () satisfying

v—-IIFv=¢+Vp

with the stability estimates

hrtll@llor + IV
hrtlellor + IVellor < Clvig 5,0

0,7 < CH CllI‘lVHOJ")T7

where the constant C' > 0 depends only on the shape of the elements in the enlarged
element patch Dy ={T" € T | T' N Dy # 0}.

We have now collected all the necessary preparations for the a posteriori error
analysis. Let us begin by proving the reliability of (3.17) in the following theorem.

THEOREM 3.6. Under Assumption 2.1, there exists a constant C > 0 depending
only on ), the shape-regularity of T, and the material parameters €, i as well as j.
such that the solutions (E,X) and (Er, A1) to (3.1) and (3.3) satisfy

1
IE—ELP 1 1A~ Arl2. <C (ni"r(E%A%f) n 7) .

Proof. We define v := z — EJ. € Hy(curl) and use Lemma 3.5 to decompose
v —II5v = ¢ + Vo with ¢ € H{(Q2) and ¢ € Hj(£). Then we take (A2), (3.3), and
(3.5) into account and use integration by parts, the stability estimates in Lemma 3.5,
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as well as the trace theorem (cf. [38, pp. 87]) to obtain

(3.18) [v]Z = a(v,v) =a(z,v) — a(ET,v) = (f — AT V)00 — o(ET, V)
=(f = AF,v—II7v), o + (f = AL TI7v) o — a(ET, V)
=(f - /\’77—7 v — %—V)QQ — CL(E:;—, v —II5v)
= - A1+ V) o —alBEr, ¢+ V)
(£ N )y 0 — a(EY &) — (N} + €BY. Vi),
=Y Rr,d)gr— > Tri.d)gp— NF + B} Vo))

TeT FeFr
_ 1/2 —-1/2
< 3" hrlRelozhz ldlor + > b2 13rillo.rhzlllo.r
TeT FeFr

— (AT + €ET, V(p)&Q

<O nraERNLE T (b [ @llor + [ Vellor)
TeT

— (AT +€ET, V<p)07Q

<CY (BN T)| curl v, 5 — () + €BT, Vo), o -
TeT

For the last term on the right-hand side of (3.18), we apply integration by parts, using
Lemma 3.3 and the fact that diveEJ}|p = 0 over every T € T, as well as the trace
theorem and the stability estimates from Lemma 3.5 to obtain

— (A7 +€E7, Vo) q
= > (@divA @)gr— > (Jra,9)op

TeT FeFr
<C Y bl divAFlorhz lelor + S A3 rsllo,hn l¢llo,r
(3'19) TeT FeFr
<O nra®Er Ar, T (hHlellor + 1Vello,r)
TeT
<C Y 2B ATV
TeT

Finally, by inserting (3.19) into (3.18) and making use of the finite overlapping prop-

erty of elements in D7 as well as the equivalence between || - || and || - |5 (cur1), We
deduce that

lz—EF2 < C > nr(ERNLE Tz — EX|, 5, < Cnr(EF, AL f)llz — EX |l
TeTk
Lemma 3.2

= 1
B EL2 4 |A- AP <C (ni"r(E%A%f) + 7) ,

where the constant C' > 0 depends only on €, €, u, j. and the shape-regularity of 7. 0O

The next theorem establishes the efficiency of the a posteriori error estimator.
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THEOREM 3.7. Under Assumption 2.1, there exists a constant C > 0 depending
only on the shape-regularity of T and the material parameters such that the solutions
(E,X) and (E7, A7) to (3.1) and (3.3) fulfill
(320) CnT(E;’v)‘”;” f T) < ||E E ”a ;W + ||>‘ A ||* a,wr

+ oser?(ET, AT, fLwr) VT €T.

Proof. To prove this result, we use the well-known tetrahedral bubble functions
by for every given T € T and their associated estimates (see [1, page 23]). We choose
v = vr = Rybr € HY(T) and obtain by means of (3.1) and integration by parts

CHRTHO < (RTaVT) or = (Rr — RT;VT)O’T + Rr,vr)o

- (f —curlp ! curl E} — eE} — AT, VT)O - (RT - Rr, VT)O.T
= ((BE—=E7),vr)p+ A= A5 vr) o
+ (/fl curl(E — ET), curl VT) + (RT — Ry, VT)O -
< CIE - Exflarlvrlaeu,r) + HA Arllcarllvrlaeur )
+ Ry —

Now the estimates for vy [1, Theorem 2.2] give us

(3.21) 1 < C|Rrllo,r,

which, together with the triangle inequality, implies that
(3.22) Chi|Rrllor < |IE - ar FIX=AFZ o + 17| Rr = Re |5 1

Next, we set v = vy = div AJ-|7 by € Hg(T) and obtain by (3.1) and div EX- |7 = 0
for every T' € T that

C|[div AT |72 1 < (dw AT|T,UT) -
= (div AT, vr)y g+ (div AT ]z - div AT UT)O’T
= (A}, Vor)yp + (div AT Iy - div AT, UT)O’T
= (A} = X Vor)y g+ (e(BY — B). Vor)y ; + (v XF|r —divAf,er)
Hence, the estimates for vy yield

(3.23) ChTHle)‘ ||0T<||E E; || 7 HIA=AT ”*aT

ha||div AT | — div E7|5 1

For a face F' € F7, we use the face bubble function bp [1] and set v =vp = jF,le €
H}(wr). Then similar arguments yield

ClIpallgr < (JF17VF)OF e vE)g e+ (Jrn —JF1,VF)OF
= (Rr,VvF)g, — (f — €Ex — }‘T’VF)O,wF + (,u curl E;—,curlvF)Ow

+ (Jp1— JF,17VF)O,F
= (Rr,VF)gu, — (€E—ET),vr) . — (A= A7, vr)

— (p " curl(E — E;’-),curlvF)OMF +(Ip1— JF,laVF)()’F :

O,wr
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We use the estimates for vp [1, Theorem 2.4] again, along with (3.22), to obtain

(3:20)  ChelIralfr < Y (1B~ Eflieunr) + 1A = A2

Tewr
+ 03[Ry~ Rel ) + hellTra = Irald r-
Next, we set ¢ = qp = Jpobp € H} (wr) to derive analogously
ClIpaligr < (JF2,QF)O r=r2,ar) ¢ + (Jr2 — JFQ»QF)O’F
= (e(E-E}),Var)y,, T A=A7,Var),,,, + (divAz,qr),,,,.

+ (Jp2 — Jra2, QF)O’F

(‘”2 S B~ EHor + 1A — Ao

Tewr

+ 2 3T [ div Mo+ ) Tre — JF,2||07F> 1 Tr2ll0,F-

Tewr

Hence,

Chr|Jralsr < Z |E = EZ5 7 + 1A = X712 o r + 57 [div AT |7 — div AL[3 7

Tewr
+ hpllJr2 — Je2ll§ p-
This, along with (3.22)—(3.24), leads directly to the efficiency of the estimator (3.20). 0O

4. Adaptive algorithm and its convergence. This section is devoted to the
development of an adaptive mesh refinement algorithm for solving elliptic VIs of the
second kind and a rigorous convergence analysis thereof. The algorithm is based on
the reliable and efficient a posteriori error estimator (3.17).

While we were using the subscript 7 to indicate the finite element spaces in the
previous section, we will now work with triangulations generated by our new adaptive
mesh refinement algorithm. So it will be more convenient for us to indicate the
dependencies on the triangulations by the number of refinement steps k € Ny.

Algorithm 4.1 Adaptive mesh refinement algorithm.
1: Set k = 0, and choose an initial conforming mesh 7y
2: (SOLVE) Compute the solution (Ej, Ax) of (3.3) for T = Ty, v =
3: (ESTIMATE) Compute the error estimator 7 (Eg, Ag, f) defined in (3.17)
4: (MARK) Mark a subset My C T containing at least the element T € Tr, with
the largest error indicator, i.e.,

(4.1) M (Egy Ay, £,T) = max e (Ex, Ap, £, 7).

5: (REFINE) Refine each T' € M, by bisection to obtain 741
6: Set kK =k + 1 and go to step 2 unless a stopping criterion is satisfied
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Remark 4.1.

(i) The Moreau—Yosida regularization enables us to accomplish step 2 of Algo-
rithm 4.1 by using the semismooth Newton method [25].

(ii) We emphasize that many practical marking strategies satisfy (4.1), including
the maximum strategy [2], the equidistribution strategy [21], the modified
equidistribution strategy, as well as Dorfler’s strategy [20].

We shall choose the sequence of Moreau—Yosida regularization parameters such
that

(4.2) lim v, = oo.

k—o0

For instance, we may set v, = /|Ti| + Y0, where 7o > 0 and |7j| denotes the number
of elements in 7.

Our aim now is to prove the convergence of Algorithm 4.1. As a first result in
this section, we establish a stability estimate for the a posteriori error estimator.

LEMMA 4.2. Let Assumption 2.1 hold and {(Eg, Ak)}ren, be the sequence gener-
ated by Algorithm 4.1. Then there exists a constant C > 0 independent of k € Ny
such that for every T € T,

Mk (Bi, Ak, £, 7) < O Bllowr + (1+ hr) || eurl Exflowr + [Akllowr + ol

O,T)-
Proof. Using the fact that curl u~! curl E;|7 = 0 holds for all T' € T, we have
(4.3) hrlRerllor < Chr ([[fllo,r + [|Ekllor + [[Akllo,r) -

Further, by the trace theorem [38, page 87], we can estimate the tangential and normal
jump terms across a face F' € Fj(Q) shared by T, 7" € T, respectively, by

(4.4) Wi * 13 allo.r < Chi® (| curl Bz [lo, 7 + || curl Ex|z o, r)
< C| curl Egllo,wp
(4.5) B2 Tm2llo,p < CUIERllowr + IAkllowr)-
Now the desired estimate follows directly from (4.3)—(4.5) and Lemma 3.3. 0

To proceed with the convergence analysis, we introduce the following limiting
problem: Find E., € V, such that

(Vle) a(Ex,Veo — Exo) + ©(Voo) — 9(Eoo) > / f- (Voo —Ex)dx Vve € Vo,
Q

where V, is a limiting space formed by the discrete spaces Vi generated by Algo-
rithm 4.1, namely,

————— I llssenrn)
(4.6) Vo = U Vi

keNy

Since V, is a closed subspace of H(curl), the existence and uniqueness of the so-
lutions to (VI ) follows again by [28, Theorem 2.2]. The next lemma shows the
existence of a corresponding Lagrange multiplier.
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LEMMA 4.3. Under Assumption 2.1, there exists a corresponding Lagrange mul-
tiplier Aso € L () for the solution Es € Voo to (Vi) such that

0(Eoo,vo) +/

Q
Ae(@)] < jel@), Anc(®) - Boc(@) = ju(@)[Buc(@)] for a.e. € L.

Aoo-vooda::/f-voodw VVeo € Vo
(4.7) Q

Proof. For the convenience of the reader, we provide a quick proof for this result.
Choosing v, = 0 and v, = 2E, respectively, in (V) yields

(4.8) 0(Eoo, Exo) + 9(Es) = /Qf -Ey dx.

Applying this identity to (V) leads to
f voodr —a(Ex, Vo) = 1(Veo) < (Vo) = / Je|Vooldx VvVe € V.
/Q e

As V, C L(Q) is a subspace, | : Vo, — R is a linear functional, and ¢ : L?(Q) — R
is sublinear, the Hahn—Banach theorem implies the existence of a linear extension
F :L?(Q) — R such that

(4.9) F(Veo) =1(Vao) Woo € Vs |[F(V)| < @(v) ¥Yv € L3(Q).

By the boundedness of ¢ : L2(2) — R, the Riesz representation theorem yields the
existence of Ao, € L?(12) satisfying

F(v) = (Ase, V)12(0) Vv € L?(Q).

Thus, the equation in (4.9) is equivalent to

(4.10) a(Ens, Voo +/

Aoo'vood:c:/fvoodw Voo € Vo
Q Q

Assume now that there exists a measurable set w C Q with |w| # 0 such that

[Aoo(x)| > je(x) for a.e. & € w. By this assumption, the function v = &ﬁxw
belongs to L?(Q2). Then taking v = ¥ in the inequality in (4.9) leads readily to a
contradiction

/jcdm < / [Aoo| dx S/jcda:.
Thus,
(4.11) Ao (@) < je(x) ae. z € = A € L(Q).

Finally, inserting vo, = E into (4.10), we deduce from (4.8) that

/Q jo(@)| B (@)] = A (@) - B () d = 0

= Aoo(@) - Eoo(x) = jo(x)|Exo(x)] for ae. o € Q.
(4.11)

In conclusion, (Ex, Aso) € Voo X L>®(Q) satisfies (4.7). d
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Next, we prove the strong convergence of the edge element sequence {Eg}ren,
towards the unique solution of (VI).

THEOREM 4.4. Let Assumption 2.1 hold. Moreover, let Eo, € Vo be the unique
solution to (Vi) and {Ej}ren, be the sequence generated by Algorithm 4.1. Then
the following convergence holds:

lim |[Ex — Eoola = 0.
k—o0

Proof. Let us begin this proof by showing that the sequence {Ej }ren, C H(curl)
is bounded. Since Ej, solves (VIf), we obtain

(412) LL(Ek7 Ek) < (f7 E, — Vk)O,Q + G(Ek, Vk) + P, (Vk) — P (Ek) Vvi € V.
Then, setting v, = 0 in (4.12), we derive by Holder’s inequality and Lemma 3.1 that
IE:]Z < CUEella +1) = [[Exlla <C,

where the constant C' > 0 is independent of k. Hence, there exists a wo, € V, and
a subsequence of {Ey}ren,, still denoted by {Eg}ren,, such that

(4.13) Ej; — wo weakly in Hy(curl) as k — oo.
By exploiting the weak lower semicontinuity of the squared norm || - |2, we obtain
(4.14) A(Woo, Weo ) < likm inf a(Eg, Ey).

— 00

Now fix Voo € V. Thanks to (4.6), we may find a sequence {vy}ren, such that
v € Vy for every k € Ny and v — v in H(curl) as ¥ — oo. Thus, (3.2),
Lemma 3.1 with (4.2), (4.13), and (4.14) lead to

(f,voo — WOO)O)Q
= klggo (£, vi — Ek)o,Q
< lim sup [a(Ex, vie — Ex) + 9o, (Vi) — ¢ny, (Ex)]
—00

< limsup a(Eg, vi) — liminf a(Eg, Eg) + limsup ¢4, (vi) — liminf ¢, (Eg)
k— o0 k—o0 k—00 k—o0

< a(womvoo - Woo) + (P(Voo) - 90<W<>o)

Since Vo, € Vo, was chosen arbitrarily, the uniqueness of the solution to (VI.,) implies
that woo = E and E; — E in Hg(curl) as k£ — oo.

To further show the strong convergence, we consider {vy }ren, such that v € Vy,
for every k € Ny and v — Eo in H(curl) as K — oo. The existence of such a
sequence follows by the definition of V, in (4.6). Therefore, we deduce by means of
(4.12) that

0 < ||Ex — Exo|?2 < a(Ey,Er) — a(Ej, Exo) — a(Eoo, B, — E) < (£, Ef, — Vi)o.o
+ a(Ek.,vk.) + ©n, (Vk) — Py (Ek) — a(Ek,EOO) — a(EOO, E, — Eoo)

Ultimately, by passing to the lim sup in the previous estimate, the strong convergence
of {Eg}ren, follows readily from Lemma 3.1 and (4.13). d
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From Theorem 4.4, we can easily see the convergence of Algorithm 4.1 if we are
able to prove that E., is also the unique solution to (VI). To do so, let us first split
each 7T} as follows:

TE=T =T\, of = J Dr, 9= |J Dr.

1>k TeT TET?

That is, ’7?' consists of all elements that are not refined after the kth iteration,
whereas elements in 7;0 are refined at least once after the kth iteration. Obviously,
'7;+ C 7? for I < k, and we have M;, C T for the set of the marked elements
from Algorithm 4.1. Furthermore, we define a mesh-size function hy: Q@ — R, by
hi(x) = hr for x in the interior of an element T' € Ty and hi(x) = hp for « in the
relative interior of a face F' € Fi. This mesh-size function has a property that is
crucial for our further analysis (see [31, Corollary 4.1] and [36, Corollary 3.3]).

LEMMA 4.5. Let X% be the characteristic function of Qg. Then it holds that
khl{.lo 1Paxi Lo ) = 0.

In order to prove that the maximal error indicator in each loop of Algorithm 4.1
converges to zero, we need an additional assumption for the sequence of regularization
parameters {7V }ren,-

Assumption 4.6. There is a constant C' > 0 independent of k € Ny such that the
sequence of Moreau—Yosida regularization parameters {7 }ren, satisfies

(4.15) thfk < C Vk € Ny,

where T}, denotes the element with the largest error estimator in the kth refinement
step of Algorithm 4.1.

LEMMA 4.7. Let Assumptions 2.1 and 4.6 hold, and let {(Ti, Mg, Eg, Ak) tren,
be the sequence generated by Algorithm 4.1. Then it holds that

kl;ngo Trg%(k Nk (B, Ax, £,7) = 0.

Proof. For convenience, we denote the element with the largest error indicator in
My, by Tj. Since T, € 99, the local quasi-uniformity and Lemma 4.5 imply that

(4.16) wr, | < CITk| < ClhuxR |} (@) = 0 as k = oo
By using Lemma 4.2 and (3.3), (4.15), and (4.16), we obtain
1 (Ers A, £, e, Th)
<cC (HEkHO,wfk + (L+whg )l curlExllow,, + [ Allows, + thHfHO,Tk)
< C (|| curl(By — Eao) 0,0+ By — Bucllo.0 + || curl Bucllo.o,
o [Boollows, + B2 lellzc@) + iz, €07, ) -

Now Theorem 4.4 readily implies the convergence of the first two terms, and (4.16)
yields the convergence of the remaining terms, leading to the desired result. 0
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To proceed our analysis, we introduce the residual with respect to E; € Vy.:
(4.17) (R(Eg), v) = a(Bg,v) + (A, v)g o — (£,v)g o Vv € Ho(curl),
which satisfies the Galerkin orthogonality (as Ej, solves (3.3))

(4.18) (R(Eg),vi) =0 Vv, € Vi, ke Ng.

LEMMA 4.8. Under Assumptions 2.1 and 4.6, the following convergence holds for
the residual defined in (4.17) for the sequence {Eg }ren, generated by Algorithm 4.1:

lim (R(Ex),v) =0 Vv € Hy(curl).

k—o0

Proof. Let v € C°(Q2), and set w = v — II;v, where II;: Ho(curl) — Vi
denotes the curl-conforming Nédélec interpolant [30]. By virtue of Lemma 3.5, there
exist ¢ € H{(Q) and ¢ € H}(Q) such that

w—II;w = ¢+ Vo.
Hence, the Galerkin orthogonality (4.18) yields

(4.19) (R(Ep),v) = (R(Ey), v — ILv) = (R(E;), w — II}w)
= (R(Ek), &) + (R(Ex), Vo).

We will begin by estimating the first term on the right-hand side of (4.19). It follows
by integration by parts, the trace theorem [38, page 87], and the stability estimate
for ¢ (cf. Lemma 3.5) that

(R(Ey), @) = Z(R% o + Z Jr1, @

TeT: FeF Q)
< 3 helRelozhstdlor+ > w1 3rilorhyllo.r
TETk FeFL(Q)
<C N B A £, (g | llo.r + [V llo.r)
TETk
<C Z nk,l(Ek’ Ak f7T)|| curl(v - HkV)HO,ET'
TET

To estimate the second term on the right-hand side of (4.19), we use similar arguments
and the fact that diveEg|r = 0 in every T € T, the regularity of Ag|r € H(div,T)
from Lemma 3.3, as well as Lemma 3.5 to derive

(R(Er), V) = (Br + Ak, Vo) g =— Y (divAe@)lgr+ > (Jra.e
TETs FeF,(Q)

_ 1/2 —1/2
ellor+ 3 hl21dpllo.rhp?lello.F
TET FeFy

<C Y m2(Er A D) ellor + IVellor)
TET,

<C Y Mo (Br A, TV = Tv |l 5,
TeTk
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Thus, combining the above estimates with (4.19) yields

(420) ‘<,R‘(Ek)7 V>| < C Z Nk (Eka )‘kv f7 T)“V - Hkv”H(curl,DT)'
TeTk

Since the right-hand side of (4.20) depends on the enlarged element patch Dr, we
introduce a buffer layer of elements between T; and T}, for k,l € N with k > [ by

To ={TeT\T," : TNnT #0 VI'eT,*}.
The uniform shape regularity of {7 }ren and the fact that 7?' C 77:' C Ty yield
(4.21) T2 < CUT

with a constant C; > 0 depending only on Ty and Dy C QY for any T € T\ (7," UT)
(cf. [41]). We note that in this context, |M| denotes the number of elements contained
in M C Ti. With these preparations, we can split Ty into 7, UEI’J and Tp\ (7,7 Uﬁl’J)
and derive by (4.20) that

(4.22) (R(Eg),v)| < C(Wk(Ek» Ak, £, TN T U TV — TV || s eurtof)
0 (B A £, T U T Y = TVt ceur )

The stability estimate in Lemma 4.2 and Theorem 4.4 together with the error estimate
for Iy (see [30, Theorem 5.41]) yield

(4.23) ne(Bi, My £, TNT U TED Y = IV [ eurt,00) < Cllbxd o=@ lIv e 0)-

As before, Lemma 4.5 ensures that (4.23) becomes small for a (fixed) sufficiently large
I € N. Moreover, by using (4.1) and (4.21), we obtain

(4.24) e (Bre, X, £, THUTE) < A\ITFT T max (B, A, £, 7)
TET VT,

< C,+ D|T,T Ep, A, £, 7).
> ( l+ )|7; ‘Tné%/}l(knk( ky Nk, 1, )

In view of Lemma 4.7, this gets smaller and smaller for increasing k > kg with a
sufficiently large ko € N. Hence, we can combine (4.22)—(4.24) to obtain

lim (R(Ep),v) =0 v e C(9Q),

k—o0

which completes the proof by exploiting the density of C5°(€2) in Hy(curl). ]
With the help of Lemma 4.8, we are able to prove the following important result.

THEOREM 4.9. Under Assumptions 2.1 and 4.6, the solution Eo, € Hy(curl) of
(VIy) solves (VI), i.e.,

a(Eso, vV —Ex) + 0(v) — o(Ex) > /Qf- (v—Ey)dz Vv e Hy(curl).

Proof. Let v € Hy(curl). By virtue of (4.17), it holds for every k& € N that

(B, v —Ex) = (R(E), v —Ex) + (£,v—Ex)g o — (A, vV —Ex)g g
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from which we can derive
(4.25)
a(Eoo, v = Eoo) + ¢(v) — ¢(Eco)
= likminf [a(Eoo — Ej, v — Ex) + 0(v) — (Exo) + a(Eg, v — Eoo) |
—00
= likminf [a(Eoo — Ej, v — Ex) + (R(Ey),v — Exo)
—00
+(v) — o(Esx) — (Ag, v — EOO)o,Q] + (£, v — EOO)(),Q
> liminf [a(Es — Eg, v — Eo) + (R(Eg), v — Eo)]

k—o0

+liminf [p(v) = 9(Bo) = Ak, v~ Eao)g o] + (£,v — Bo)g g -

Using Theorem 4.4 and Lemma 4.8, we get the convergence of the first limit on the
right-hand side of (4.25):

(4.26) |a(Eeo — Eg, v —Ex) + (R(Eg), v — Ex)]
<||Ewx — EgllallVv — Exlla + [{R(Eg),v — Ex)| — 0 as k — oo.

In order to estimate the remaining terms on the right-hand side of (4.25), we subtract
(3.3) from (4.7) to obtain with v, = vy = Ej that

(4.27) CL(EOO — Ek,Ek) = / Ak — Ax) - Exdx VEk €N.
Q

Then all these remaining terms can be estimated (with |[Ag| < j. a.e. in Q) as follows:

(428)  liminf [p(v) = 9(Bac) = (Wt Vg0 + ks Boc g

> liminf (A, Eeo)g o = ¢(Eoo) = minf (Ax — Ao, Boc)g o
(4.7)
— liminf [ (s — Moo, Boo — Ex)g o + (A — Ao Ei)g o |
k— oo ’ ’
(4.27)
= hkmlnf [(Ak — AOO,EOO — Ek)O Q + (l(Eoo — Ek, Ek)} =0.
—00 ’

Finally, inserting (4.26) and (4.28) into (4.25) concludes that Eo, € Hy(curl) is the
unique solution to (VI). |

Theorems 4.4 and 4.9 lead to our main convergence result for Algorithm 4.1.

THEOREM 4.10. Let Assumptions 2.1 and 4.6 hold. Furthermore, let {Eg}ren,
be the sequence generated by Algorithm 4.1 and E € Hy(curl) denote the solution to
(VI). Then

(429) lim HEk - E”H(curl) =0 and lim ||)\k - )\oo”V;; =0
k— o0 k— o0

with the dual norm || Ay, — Allv; = sup {Ak =X v)oo/ IVl : v € Vi \{0}} for
all k € Np.

Proof. The first convergence in (4.29) follows by combining Theorems 4.4 and 4.9.
Furthermore, in view of (3.1) and (3.3), we have that

>\k7>\,v Q aE—Ek,V _

sp e AVI0n gy BB ZEOY) e I - Blageun)
veVi\{0} ||VHH(Curl) veVi\{0} ||VHH(cur1)

which implies the second convergence in (4.29) and concludes the proof. O
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5. Numerical results. As pointed out in the introduction, we apply Algo-
rithm 4.1 to confirm a physical phenomenon numerically from the type-II (high-
temperature) superconductivity. Type-II superconductors are characterized by the
loss of electrical resistance and the repulsion of weak magnetic fields when cooled
down below a certain critical temperature. The latter is known as the Meissner effect.
In order to describe the penetration and exit of the magnetic flux in a type-1I super-
conductor, Bean [4, 5] proposed a critical state model that relates the electrical field E
and the current density J. By combining his model with Maxwell’s equations, we ob-
tain a nonlinear hyperbolic mixed Maxwell system which is equivalent to a hyperbolic
mixed VI of second kind [44]. We can deduce a stationary mixed problem satisfied
by the electromagnetic field by considering, e.g., a semidiscretization in time, i.e.,

/6E-(V—E)+M_1B‘(W—B)d$
Q

—|—/,u_lcurlE-w—u_lB-curlvda:
(5.1) Q

+s0(V)—s0(E)2/Qf~(V—E)dw

for all (v, w) € Hy(curl) x L(Q),

where ¢, 4 and f satisfy Assumption 2.1. In (5.1), E denotes the electric field, B stands
for the magnetic induction, and the right-hand side f is the applied current source.
Moreover, € and u represent the electric permittivity and the magnetic permeability,
respectively.

Now we are able to decouple (5.1) by taking v = E. Hence, we have B = — curl E.
Using this and taking w = B in (5.1), we obtain

(5.2) a(E,v —E) + p(v) —¢(E) > / f-(v—E)dz VveHpcurl),
Q

which corresponds to the variational inequality (VI) of our interest. Then we can
use Algorithm 4.1 to compute the electrical field E from (5.2) and get the magnetic
induction from B = — curl E.

Let us now specify the numerical setup. We choose the computational domain
Q = (—2,2)3 and the right-hand side f € L2({2) that satisfies the divergence-free
condition (A2) as a circular current applied to a pipe coil €2, C Q with inner radius
rp, = 0.8, e.g.,

1/R (0, —xg/(:cg +x§)1/2, xz/(mg +x§)1/2) for (z1,x2,x3) € Qp,
0 for (z1,x2,23) ¢ Qp,

f(a1, 22, 23) =

where the constant R > 0 denotes the electrical resistance of the pipe coil €2, and
is set to be R = 103 in our experiments. The superconductor Qs C € is a ball
around the origin with the radius r,, = 0.5. The physical parameters € and p are
both taken to be 1. All implementations were realized with the open-source finite-
element computational software FENICS [29], and we used PARAVIEW to visualize the
numerical outcome. All the figures presented in this section are the two-dimensional
(2D) slices of the original three-dimensional plots.

We initialize Algorithm 4.1 with a coarse uniform mesh 7; consisting of 384 cells
and set

Ye(Te) = VITkl + 7, 7 =7 x 10
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TABLE 1
The degrees of freedom and a numerical verification of Assumption 4.6 (first ezample).

L+ T 2 [ 3 [ 4 [ 5 [ 6 [ 7 [ 8 [ 9 |

'Y’“hTUc 6.065e+4 | 4.953e+4 | 2.478et+4 | 1.518e+4 | 1.754e+4 | 6.213e+3 | 3.817e+3 | 1.920e+3

#DoF's 1236 2436 7486 14521 32837 97840 315675 1068215
TABLE 2

The degrees of freedom and a numerical verification of Assumption 4.6 (second example).

(L T [ 2 [ 38 [ 4 [ 5 [ 6 | 7 [ 8 |
why, || 1.213e5 | 6.065e+4 | 3.917e+d | 4.958e4 | 248lerd | 1.758e+d | 1.248e+4 | 1.930e+3
#DoF's 604 1670 5754 14882 35824 | 114620 | 443502 | 2045523

Ny

NN N
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.\I/I\l/\\l/
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F1a. 1. Evolution of the adaptive mesh (2D slice) for the first ezample in steps k = 6,7,8,9.

S S S SKA S SKASKASK

F1G. 2. Evolution of the adaptive mesh (2D slice) for the second example in steps k = 5,6,7, 8.

which apparently satisfies (4.2). Moreover, to verify Assumption 4.6 numerically, we
computed the factor yxhs, in every step of Algorithm 4.1 (see Tables 1 and 2). Our
numerical results confirmed Assumption 4.6 for the above choice of ;. Indeed, it
holds that

Yehg, < vihg,

for all iterations k. The very complicated structure of (VI) makes it practically im-
possible to find an analytical solution. Thus, we tested Algorithm 4.1 in a setup where
we would expect a certain behavior. For this purpose, we selected the critical current
density j.(x) = 0.1xq..(x), where we know the interface between the superconduct-
ing and the normal region a priori—due to the comparatively high critical current
density, there is no penetration of the superconductor at all. Hence, the interface
corresponds to the surface of the superconductor €2,.. In Figure 1 the evolution of the
adaptive mesh is shown, and the corresponding magnetic field lines are displayed in
Figure 4(a). Our expectations are confirmed since we can observe that Algorithm 4.1
adaptively refines the mesh around the surface of the superconductor and that there
is no magnetic field penetration.

Keeping the observations of the first example in mind, we choose a significantly
smaller critical current density j.(x) = 0.001xq, (z) as the second example. The
remaining parameters in the setup remain the same. In this case, we do not have

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/26/20 to 137.189.49.142. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1962 MALTE WINCKLER, IRWIN YOUSEPT, AND JUN ZOU

Fic. 3. 2D slices of the final meshes in total.

F1a. 4. 2D slices of the magnetic field lines.

any (a priori) knowledge of the approximate position and shape of the mentioned
interface. Therefore, this example is much more challenging, and the adaptivity is
necessary to extract this interface. Again, Algorithm 4.1 adaptively refines the mesh,
but it exhibits a wider interface than the first example, which indicates that the
superconductor is partially penetrated by the magnetic field lines (see Figure 2). This
is also confirmed by the magnetic field shown in Figure 4(b). Last but not least, we
compare the final meshes in Figure 3 and observe that in both the examples the coil
(2, is also refined. We justify this behavior with the fact that there is also a strong
change of the magnetic field strength around €2, (see also Figure 4).

5.1. Convergence rate tests. We close our paper by reporting the numerical
convergence order of Algorithm 4.1 for our numerical example. Since we do not know
the exact solution, we consider a reference solution E,..s at a very fine adaptive mesh
and test the convergence behavior of the adaptive solutions E; toward the reference
one. More precisely, this can be quantitatively clarified by evaluating the experimental
rate of convergence (ERC) using two consecutive adaptive solutions and #DoFs:

lOg(”Ek - ErefHH(curl)) - IOg(HEk—l - Eref”H(curl))
log(#DoFs;,) — log(#DoFs;_)

For our two examples, we computed the experimental rate of convergence at different
levels k and conclude a convergence order of around 0.15 for the first example and 0.35

ERCy, =
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TABLE 3
Experimental rates of convergence for the first example (left) and the second example (right).

L &~ 1 4 [ 5 [ 8 J[ k I 3 | 5 [ 8 |
[ERCy, ][ 0.1445 | 0.1558 | 0.1832 | [ ERCy ][ 0.3288 | 0.3698 | 0.3663 |

for the second one (see Table 3). The very sharp phase transition in the first example
implies that the corresponding solution is discontinuous around Q. (see Figure 4(a)).
On the other hand, for the second example, this transition is significantly smoother
(see Figure 4(b)). This fact may explain the difference in the convergence rates.
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