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Abstract We propose a discrete weighted Helmholtz decomposition for edge
element functions. The decomposition is orthogonal in a weighted L? inner product
and stable uniformly with respect to the jumps in the discontinuous weight function.
As an application, the new Helmholtz decomposition is applied to demonstrate the
quasi-optimality of a preconditioned edge element system for solving a saddle-point
Maxwell system in non-homogeneous media by a non-overlapping domain decom-
position preconditioner, i.e., the condition number grows only as the logarithm of the
dimension of the local subproblem associated with an individual subdomain, and more
importantly, it is independent of the jumps of the physical coefficients across the inter-
faces between any two subdomains of different media. Numerical experiments are
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presented to validate the effectiveness of the non-overlapping domain decomposition
preconditioner.

Mathematics Subject Classification 65N30, 65N55

1 Introduction

The numerical simulation of electromagnetic wave propagation often involves, at each
time step, the solution of the following saddle-point Maxwell system [14,23,27-29]:

curl(x curlu) + ypfu=£f in Q, (1.1)
div(fu) =g in Q, (1.2)

where Q is a simply-connected open polyhedral domain in R3 with boundary 92,
occupied often by more than one physical medium. Coefficients o (x) and 8(x) are two
physical parameters, which may have jumps (possibly very large) across the interface
between any two neighboring different media in Q2. f and g are two source functions
satisfying the compatibility condition yp ¢ = divf. The coefficient yp in (1.1) is a
constant, taking either value 1 or 0, which is added here deliberately so that the system
(1.1)—(1.2) covers more physical cases. System (1.1)—(1.2) with yp = 0 appears in
the Darwin model for Maxwell’s equations [10, 12] and the vector potential model for
magneto static fields [3]. When yp = 0 in (1.1) or when yp = 1 but the coefficient
B in the zero-th order term is much smaller in magnitude than the coefficient « in
the higher order term, system (1.1)—(1.2) becomes more challenging numerically as
the divergence equation in (1.2) must be explicitly reinforced in the discretization in
order to avoid the spurious non-physical solutions. We shall complement the system
(1.1)—(1.2) with the following boundary condition:

uxn=0 on 09, (1.3)

where n is the unit outward normal direction on 9€2.

Efficient preconditioning-type solvers such as multigrid and domain decomposition
methods have been well developed for second order elliptic problems in H!'-Sobolev
space, in particular non-overlapping domain decomposition methods have proved also
to be robust and efficient when the elliptic equations have large jumps in coefficients,
see, e.g., [24,29,30]. However, the construction of such efficient solvers for ellip-
tic equations in the H '-space fails to work for the Maxwell equations (1.1)—(1.2) in
the H (curl)-space, especially in three dimensions. One of the reasons for the failure
is due to the type of finite element methods used in the discretizations. Contrary
to the popularity of classical nodal elements in the discretization of elliptic equa-
tions, Nédélec edge elements have been more widely used for the discretization of
the Maxwell system (1.1)—(1.2), see, e.g., [15,25] and the references therein. And the
resulting algebraic systems arising from the discretization of the Maxwell system by
edge element methods is of essentially different nature from the ones arising from
the discretization of elliptic problems by standard nodal element methods. Another
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ingredient causing the failure comes from the fact that the curl operator involved in the
Maxwell system has a much larger null space than the one for the gradient in elliptic
problems. A fundamental tool, which may treat the larger null space and at the same
time take the advantage of some existing methodologies in developing effective multi-
grid and domain decomposition methods for elliptic equations, is the Helmholtz-type
decompositions (see, e.g., [2,15,25]). Based on these decompositions, many variants
of efficient multigrid and domain decomposition methods have been constructed and
analyzed for the edge element systems arising from the discretization of the Maxwell
equations; see [2,14,15,20,21,28,30,31] and the references therein.

However, all the existing Helmholtz-type decompositions do not involve any coef-
ficients in the Maxwell system (1.1)—(1.2), so they can not help analyze in general
how the convergence of the existing methods depend on the coefficients or their jumps
across interfaces between different media. In this work we shall establish a discrete
weighted Helmholtz decomposition based on a decomposition of the global domain
2 into a set of nonoverlapping subdomains so that the Helmholtz decomposition is
stable uniformly with respect to the discontinuous coefficients or their jumps across the
interface between any two subdomains. To the best of our knowledge, this is the first
discrete weighted Helmholtz decomposition of the kind in the literature. Considering
the complexity of the construction of such a decomposition, one can imagine that the
subsequent analysis is rather technical and delicate. The new (weighted) Helmholtz
decomposition can be used to analyze convergence of various preconditioners for
Maxwell’s equations with large jumps in coefficients. As an example, we will show
with the help of such a weighted Helmholtz decomposition that the substructuring
preconditioner constructed in [21] converges not only nearly optimally in terms of the
subdomain diameter and the finite element mesh size, but also independently of the
jumps in the coefficients across the interfaces between any two subdomains of different
media.

The outline of the paper is as follows. In Sect. 2 we describe the decomposition of
the original domain into subdomains, the triangulation of the subdomains and some
basic Sobolev and edge element spaces. The results on the new weighted Helmholtz
decomposition and several variants of discrete Helmholtz decomposition are presented
in Sects. 3—4. The new weighted Helmholtz decomposition is constructed for general
edge element functions in Sect. 5 and analysed in Sect. 6. A direct application of the
new discrete weighted Helmholtz decomposition is discussed in Sect. 7.

2 Domain decomposition, finite elements and subspaces

This section shall introduce some Soboleve spaces and edge elements, that are most
frequently used for the discretization and analysis of the system (1.1)—(1.2), as well
as subdomain decompositions and some fundamental edge element subspaces and
concepts to be used in the construction and analysis of a discrete weighted Helmholtz
decomposition.

We will need the following spaces associated with an open bounded domain O
in R3:
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H(curl; O) = {v e L*(0)3; curlv e L2(0)3},

Hoy(curl; ©O) = {v € H(curl; O); vxn=0o0n0d0},
H(div; 0) = {v € L*(0)%; divv e L*(0)*},
Hy(div; O) = {v e H(div; O); v-n=00nd0}.

2.1 Subdomains and edge elements

The central aim of the work is to construct a discrete weighted Helmholtz decompo-
sition based on a decomposition of the global domain €2 into a set of nonoverlapping
subdomains so that the Helmholtz decomposition is stable uniformly with respect to a
desired discontinuous weight function. For this purpose, we first decompose the entire
domain 2 into subdomains based on the discontinuity of the weight function, which
plays a role as the coefficient §(x) of (1.2) in applications.

Domain decomposition based on the distribution of coefficients. Associated with
the coefficient 8(x) in (1.2), we assume that the entire domain 2 can be decomposed

into Ny open convex polyhedral subdomains ¥, Qg, ey Q%,O such that Q = U,N:OI 5_2?
and B(x) is constant on each subdomain, namely forr = 1,2, ..., N,
Bx)=ph Vxe’ .1

where each f; is a positive constant. Such a convex decomposition is possible in many
applications when €2 is formed by multiple media. In some cases when a medium forms
an irregular nonconvex subregion in €2, one may need to further split such nonconvex
medium subregion into smaller convex subdomains. In this sense our assumption is
not restrictive and does cover many practical cases.

Remark 2.1 The subdomains {Q?}fl 9, are of different nature from those in the context

of the standard domain decomposition methods: {Q?}fvzol is decomposed based only
on the distribution of the jumps of the coefficient B(x) (so Ny is a fixed integer).
Therefore the size of every such subdomain Q(r) is basically irrelevant to the finite
element mesh size or the subdomain size meant in the standard domain decomposition
methods. When applying our results in this work to domain decomposition methods
(see Sect. 7), each subdomain 529 should be divided into several smaller subdomains.

Edge and nodal element spaces. Next, we further divide each Q¥ into smaller tetra-
hedral elements of size & so that the restrictions of the triangulations from any two
neighboring subdomains on their common face match each other. Let 7;, be the result-
ing triangulation of the domain 2, which we assume is quasi-uniform. By &£, and N},
we denote the set of edges of 7, and the set of nodes in 7j, respectively. Then the
Nédélec edge element space, of the lowest order, is a subspace of piecewise linear
polynomials defined on 7j,:

Vih(R2) = {v € Hy(curl; Q); v|g € R(K), VK € 771},
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where R(K) is a subset of all linear polynomials on the element K of the form:
R(K) = {a+b xx; a,beR? xe K}

It is known that for any v € V;(2), its tangential components are continuous on
all edges of each element in the triangulation 7, and v is uniquely determined by its
moments on each edge e of 7,:

My (v) = {Ae(v) = /v ~teds; e € Eh}

e

where t, denotes the unit vector on edge e, and this convention will be used for any
edge or union of edges, either from an element K € 7, or from a subdomain. For a
vector-valued function v with appropriate smoothness, we introduce its edge element
interpolation r,v such that r,v € V;,(2), and r;,v and v have the same moments as
in M} (v). The interpolation operator 7 will be needed in the construction of a stable
decomposition for any function v;, € V},(€2) in Sect. 5.

As we will see, the edge element analysis involves also frequently the nodal element
space. For this purpose we introduce Zj (£2) to be the standard continuous piecewise
linear finite element space in HO1 (£2) associated with the triangulation 7j,.

2.2 Edge- and face-related finite element subspaces

For the subsequent analysis, we need the subspaces of the global edge element space
Vi (Q2) restncted on a subdomain or the boundary or part of the boundary of 2.
Let Q be any of the subdomains Q7, .. SZO of Q. We will often use F, E and V to

denote a general face, , edge and vertex of © respectwely, but use e to denote a general
edge of 7, lying on ' = 9. Associated with €2, we write the natural restriction of
Vi (L2) on Q by Vi (Q) Let G be either the entire boundary [' = 9 or a face F of F
then we define the restrictions of the tangential components of functions in V},(€2) on
G as

Vi(G) = {Ip € L3(G)3; v =vxn on G forsome v e Vh(Q)}.
The following local subspaces of Vh(ﬁ) and Vj, (F) will be important to our analysis:
Vo(fz)—{vev Q) — i
P = h(2); vxn=0on I'},
VOE) = {q> —vxneVyE): () =0, VecC amgh}.

Similarly, the restrlcnons of Z,(£2) in subdomain €2, oniits boundary r and onafaceF,
are written as Zj, (Q) Zy (F) and Zj, (F), respectively. For a subset G of F we define
a “local” subspace
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ZS(G) ={ve Zh(f‘); v = 0 at all nodes on f‘\G}.

Finally we introduce the discrete curl curl-extension operator R, : V, (f) —
Vi (€2). We define Ry, as follows: for any @ € V,(I'), R, ® € V() satisfies R, ® x
n=>®onl and

(curl R, @, curl v;,) + (R, @, v;) =0, Vv, € V().

3 A stable weighted Helmholtz-type decomposition

As is well known, the Helmholtz decomposition plays an essential role in the
convergence analysis of the multigrid and non-overlapping domain decomposition
methods for solving the Maxwell system (1.1)—(1.2) by edge element methods; see,
e.g., [2,14,15,20,21]. Any edge element function v;, from V},(€2) admits a Helmholtz
decomposition of the form

Vi = Vpn +wp 3.1)

for some py € Z;(2) and wy, € V,(R2), and pj and wy, are orthogonal in the inner
product of L2(2), namely (wy,, V py) = 0, and have the following stability estimates

IVerlo.e = Clivello.e.  lIwnllo.e < Clleurlvy|lo,o. (3.2)

But in order to effectively deal with the divergence constraint in (1.2), one needs the
decomposition (3.1) to be orthogonal with respect to the weight function 8, namely
(Bwp, V pp) = 0. This can be done naturally, with the stability estimates (3.2) holding.
But unfortunately, it is unclear how the coefficient C appearing in the two stability
estimates in (3.2) depends on the coefficient g, especially for the practically important
case where f is discontinuous in 2 and may have large jumps across the interface
between any two different physical media. For this reason, although there are many
multigrid or domain decomposition methods available in the literature for the Maxwell
system (1.1)—(1.2), with optimal or nearly optimal convergence in terms of the mesh
size and subdomain size, it is still unclear how their convergence depend on the jumps
of the coefficients @ (x) and B(x) in (1.1)—(1.2).

The aim of this work is to fill in this gap and construct a discrete weighted
Helmbholtz-type decomposition, that is stable uniformly with respect to the jumps
of the weight coefficient B(x). The new (weighted) Helmholtz decomposition can be
used to analyze convergence of various preconditioners for Maxwell’s equations with
large jumps in coefficients. For an application, we will show in Sect. 7 with the help
of such a weighted Helmholtz decomposition that the substructuring preconditioner
constructed in [21] converges not only nearly optimally in terms of the subdomain
diameter and the finite element mesh size, but also independently of the jumps in the
coefficients a(x) and B(x) in (1.1)—(1.2).

From now on, we shall frequently use the notations < and Z. For any two non-
negative quantities x and y, x < y means that x < Cy for some constant C indepen-
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dent of mesh size &, subdomain size d and the possible large jumps of some related
coefficient functions across the interface between any two subdomains. x — y means
x <yandy < x.

We need to introduce a few concepts in order to describe the relation between
different subdomains from {Q? f;" 1» which are described in Sect. 2.1, based on the
distribution of the discontinuity of the coefficient function 8(x) in (1.2).

Definition 3.1 For a subdomain ¥, another subdomain Q(r), is called a “child” of Q¥
if OS_Z(r), N S_Z(r) # ¢ and B,» < By. In this case, the subdomain Q? is called a “parent” of
QY.

r

Now we make an assumption on the coefficient 8(x). From now on, when we say
two subdomains Q0 and Q?, do not intersect if Q0N S_Z(r), = {J; otherwise we say the two
subdomains intersect each other. So based on this definition, two subdomains sharing
only a common vertex are also said to intersect each other. For any subdomain Q(r)
(1 <r < Np), we assume that it satisfies one of the following two conditions:

Condition A. At most two “ parent ” subdomains of ¥ do not intersect each other.
Here a “ parent ” subdomain may be the union of all parent subdomains of Q(,) on
which B(x) takes the same value.

Condition B. The intersection of Q¥ with the union of all parent subdomains of Q¥
is a connected set.

In many applications, one may encounter only two or three different media involved
in the entire physical domain, and in this case Condition A or B should be fulfilled
naturally. In general, these two conditions are also mild and reasonable, and cover a
lot of practical applications with complicated multiple medium cases; see Fig. 1 for an
example with 7 to 12 media, where each block with a different number is a different
medium, and the relation i > j means that the physical coefficients in the two blocks
satisfy B; > Bj, so the medium domain i is a parent of medium j if they intersect
each other. One can readily check that the left medium example in Fig. 1 satisfies
Condition A, while the right one satisfies Condition B. Clearly all the cubic blocks
can be of curved shape as well.

The following theorem provides an auxiliary result which is essential to the deriva-
tion of the desired weighted Helmholtz decomposition. The proof of the theorem is
delayed to Sect. 6.

Theorem 3.1 Assume that either Condition A or Condition B holds for each subdo-
main 99(1 < r < Np). Then for any edge element function wj, € V,(2) satisfying

(Bwn, Van) =0, Van € Zp(R2), (3-3)

we have the following estimate
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Fig.1 A domain Q with multiple media satisfying Condition A (left) or B (right)

1 1
1B2Wall§.q < Clog™ ™ (1/h)|| B2 curlw, 1§ g (3.4)

where constants m and C are independent of h and the jumps of the coefficient B.
The following theorem presents the main result of this paper.

Theorem 3.2 Assume that either Condition A or Condition B holds for each sub-
domain 529 (1 <r < No). Then any vy, € V,(2) admits a decomposition of the
form

Vi = Vph + Wy (3.5)
for some py, € Z,(Q) and wy, € V,(2), and wy, satisfies
Bwn, Van) =0, Vg, € Z,(2). (3.6)

Moreover, py, and wy, have the estimates

1 1 1 1
182V pullg.o < 1B2VllG.q. 1B2Walgq < Clog" T (1/h)lI2curlv, |5 (3.7)

where constants m and C are independent of h and the jumps of the coefficient B.

Proof For any vy, € V;,(R2), let p;, € Z;,(R2) be the solution of the problem

(BVpn, Van) = (Bvi, Van), Yqn € Zp(L2).

Then the first estimate in (3.7) follows directly from the above definition of p;, and the
Cauchy—Schwarz inequality. Now setting w, = v;, — V p;, then relations (3.5) and
(3.6) follow immediately also from the definition of pj,, while the second estimate in
(3.7) is a direct consequence of (3.6) and Theorem 3.1. O

The remaining part of this work is devoted to the demonstration of Theorem 3.1
and the application of the new discrete weighted Helmholtz decomposition. To this
end, we need to prepare quite a few technical tools and results.
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4 Several variants of the Helmholtz decomposition

This section is a preparatory section for the establishment of a stable discrete Helmholtz
decomposition as stated in Theorem 3.2. Throughout this subsection, we shall consider
a convex polyhedron 2 with its diameter of size O (1) (see Remark 2.1), which repre-
sents a generic convex polyhedron from the medium subdomains Q9, Qg, cee Q?VO.

_ Let Zh(fz) and Vh(fZ) be the standard nodal and Nédélec finite element space on
Q2 respectively as defined in Sect. 2.1.

Lemma 4.1 Let [ be either an empty set or a (closed) face of Qor the union of several
faces on and vy, be a function in Vy, (Q) satisfying vy, xn = 0 on f. Then vy, admits
a decomposition v, = V pp + Wy, for some pj, € Zh(Q) and wy, € Vh(SZ) such that
pr=0,wp xn=0o0n [, and wy, satisfies ||Wh||0,§ = |lcurl vy ||0’Q.

Proof Asvy, € V, (fZ), we have v, - n € L2(8f2). Consider p € Hl(fZ) satisfying

Ap =divy, in Q, 4.1
p = 0 on ﬁ, (42)

) .~

P _y,-n on a0\ (4.3)

on

and w = v, — Vp. Then we know w € H(curl, fZ) N H(div; Q), and w satisfies

curl w=curlv, in Q, “4.4)
wxn=20 on I, 4.5)
w-n=0 on IQ\T. (4.6)

As in the proof of Theorem 4.3 in [2], we can verify, with some natural modifications,
that

IWlly & < leurlwlly o = leurtvy [ 6. @.7)

where § € (%, 1] depends on the geometric shape of Q only. Now by applying the
edge element interpolation r;, on both sides of the decomposition v, = Vp + w, we
know how to take the desired functions p; and wj, in the lemma, i.e., w, = r;w and
Vpn = rpVp. Indeed, we have by the error estimate of the operator r;, (cf.[2,11]) and
(4.7) that

8
IWrllg o =Mrnwlloa IWly g+ 1rmw—wlly o SIIWlg o +h% Wl o < lleurdvy|, .

O

Lemma 4.2 For any face F OffZ, assume that vy, € V;(S2) satisfies vj, -ty = 0 on OF.
Then there exist p, € Z,(2) and wy, € V,(2) such that p, = 0, wy, - ty. = 0 on OF,
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and
vy, = Vpn + wp, 4.8)
with the following estimate
Wrllg.q < log(1/h)llcurlwy ||y . (4.9)

The conclusion is also valid for the case when F is replaced by a union of some faces.

Proof We separate the proof into two steps.
Step 1: Establish the desired decomposition. We first establish a Hodge-type decom-
position on the given two-dimensional face F. To do so, we introduce a space Wj,(F)
on F, consisting of tangential vectors:
Wi(F) = {n x (vp x m)|p; v, € Vi (2)},

and define a function v, € Wj,(F) such that

Vpp=nX(vyxn) onF; v,p,=0 on IQ\F.
Then there exist py, ¢ € Zn () and Wy € V() by Lemma 7.12 of [29] such that

Vig = Vs Pppp+ Wy onF,

where Vg is the two-dimensional surface gradient, p,  and wy,  satisfy p, =
0,w,=0o0n 8f2\F, and have the estimate

IWi.ello, o + leurl Wy glly o < lleurlsviell 1 g (4.10)
where curlg is the so-called surface curl; see [29] for its definition. Note that the
surface curl is just the tangential divergence, i.e., curlgv, p = dive(n X vy, p); see
[1,2,20].

Then we define
‘A'h,F =Vy — (Vppr+Wpp. (4.11)
We can check that ¥, . x n = 0 on F. By Lemma 4.1 ¥, . admits the decomposition

Vir = Vpn + W (4.12)

for some pj, € Zp(Q) and Wy, € V() such that pr=0,W, xn=0onF, and Wy,
satisfies

IWally & < leurlWylly ¢ (4.13)
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Now by defining
Ph = Ppy~+ Pn and Wy = Wy, o + Wy,
we get the expected decomposition
Vi, =Vpy+w, 4.14)

where pj and wy, satisfy p, = 0, wy, - t; = 0 on JF.
Step 2: Verify the desired estimate (4.9) for the decomposition (4.14).

By the definition of wj, and the triangle inequality, we have
IWallg., < IWnellg.q + 1Wally o-
This, along with (4.11), (4.12) and (4.13), leads to
IWallo, & = W ellg ¢ + leurdwy, llg o + leurlvy [l 6.
Then, we further get from (4.10) that

IWnllo, o < lleurlsvall 1 x + lleurlvylly ¢. (4.15)

On the other hand, using the known face H ’%—extension (cf. [17,29]) and the trace
theorem, we obtain

leurlsvall -y < log(l/Mllcurlsvpll 1 56 < log(1/h)llcurlvylly o.
Substituting this into (4.15), yields the desired result (4.9). ]

1 . . . .
Remark 4.1 The face H™ 2-extension used in the proof of Lemma 4.2 brings in an a
logarithmic factor in the estimate, thus an extra logarithmic factor in the main estimate

of Theorem 3.2. This face H~2 -extension, which seems to be sharp, can be regarded as
a dual result of the well-known face H 3 -extension (see, e.g., [32]). To our knowledge,
this kind of face H _%-extensions was first estimated in [17].

Lemma 4.3 Let E be a (closed) edge of Q, and vy, be a finite element function in
Vi (R2) such that vy, - tg = 0 on E. Then vy, admits a decomposition

Vi = Vi + W
for some pp, € Z, (Q) and wy, € Vh(SAZ) such that p, = wj, -t = 0 on E and

Wnllg.q < log(l/h)|lcurl Wi, o (4.16)
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Proof We separate the proof into three steps.
Step 1: Establish an edge-related decomposition.

Let F be a face containing the edge E. We first consider a decomposition of the
tangential component vy, - ty. of v; on dF. For convenience, we write E© = JF\E.

Let s be the arclength along E¢, taking values from O to [y, where [y is the total
length of E€. In terms of s, vj, - tge is piecewise linear on the interval [0, /y], denoted
by 0(s). Then we define

ly 1
cﬁ=}/ﬁ(s)ds, ¢E<t)=/(ﬁ(s>—CE)ds, V1 €10, lo].
0
0 0

Clearly we see ¢x(¢) vanishes at ¢ = 0 and l() Now we can extend ¢ and Cg naturally
by zero onto E, then extend by zero into 92 and €2 such that their extensions Pe €
Zp (Q) and G € V,, (Q). One can verify that (cf.[29]) that

Vi - top = (Vi) - tr + C -ty 4.17)
Step 2: Construct the desired decomposition in Lemma 4.3. For the purpose, we set
Ve = Vi — (Voe + Cp). (4.18)

By (4.17) we know Vy, i -t = 0 on 9F. For function ¥, i in (4.18), following the same
way as it was done in the proof of Lemma 4.2 one can find two functions p; € Z; ()
and w;, € V;,(2) such that p;, = 0, Wy, - tyr = 0 on 9F, and (see (4.14))

Ve = VPi + Wp,

with the following estimate (see (4.15))

Wil g < leurl Wl o + lleurlsVnell _y (4.19)
Now by defining
pn = e+ pn and wj, = Cg + W, ,
we get the final decomposition
Vi =Vpp+ W (4.20)

such that p, =0, wj, - t; = 0 on E.
Step 3: Derive the desired estimate in Lemma 4.3 for the decomposition (4.20).
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Noting that vj, - t; = 0 on E, so vy, - t;z = 0 on E, we have by the Green’s formula
on F and change of variables (cf. [29]) that (with [ being the total arclength of 9 F)

1
1 1
Cp = — / 0(s)ds = —/curlsvh - lds. (4.21)
ly lo
0 F

Let 119 1 be the face interpolant of 1, namely IS 1 € Z,(L) and takes value 1 at those

nodes in F, and zero at all other nodes on 9<2 and in 2. Similarly we define the edge
interpolant IE)OF 1. As in the analysis of the face H~1/2_extension (cf. [17,29])), we can
show

0 1 _1 0 1
||IF1||%‘3§2 Slog2(1/h), lleurlsvillor < h 2||curlSVh||7%’3§2, 510 < A2,

thus obtaining

|/curlsvh - 1ds| §log%(1/h)||curlsvh||_% 25 < log? (1/h)fleurl vi o 5

F

This, along with (4.21), leads to
|Cel < logZ (1/h)lleurd vyl .
By the definition of Cg, we further obtain
ICe - torllo or < ICel < log? (1/h)leurl vyl 4-
Using this estimate and the definition of Cy we obtain

~ l ~
leurlsCell_1 , < log? (1/W)ICs - tagllo or < log(1/h)[leurlvylly ¢ . (4.22)

F ~

~ ~ ~ 1
ICellg,q + leurl Celly o < I1Ce - togllo,or < log2 (1/h)|lcurlvylg o . (4.23)

where we have used Lemma 6.8 in [21] for the derivation of the first inequality in
(4.22). By the definition of v, g, combining the H _%—extension with (4.22), yields

leurls¥nell 1 o < lleurlsvpll_y o + llcurlsCe

1 :

29
=< log(l/h)llcurlsvh||_%_’3So2 +log(1/h)|lcurlvylly ¢ (4.24)
=< log(l/h)llcuerhHO, o

~

Now by the triangle inequality, we have

IWallo.g < 1Celly ¢ + 1Wnlly -
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which, together with (4.23), (4.19) and (4.24), leads to
IWallg & < log(1/h)llcurlvy iy o + [leurlWwy |l 6. (4.25)
Noting that
curl W;, = curl w;, — curl Ci = curlv;, — curl C;,
we obtain by using (4.23) that
llewrd Wy llg ¢ < lleurlvylly ¢ + lleurl Cellg ¢ < log(1/h)[leurd vyl ¢

Combining this with (4.25), we get the desired estimate (4.16). O

Lemma 4.4 Let V be a vertex of Q and vy a function in Vj, (fZ). Then we can write vy,
as

Vi = Vpr+ W
for some pp, € Z, (fZ) and wy, € V), (Q) satisfying p, (V) = 0 and
IWnllg.q < log(1/h)[lcurl Wyl ¢.
Proof Consider a face F containing V as a vertex, and let ¢ be a function that is linear
on each edge of F and continuous on 9F such that ¢,(V) = 0. Then as in the proof

of Lemma 4.3, we can follow [29] to decompose v, - t; on dF and build the desired
decomposition for v;,. O

Lemma 4.5 Let E be a (closed) edge of Q, and V be a vertex of Qburv ¢ E. Assume
that v, € Vi (2) satisfies ho.(vy) = 0 for all e C E. Then vy, can be decomposed as

Vi =Vpr+w
for some p € Zy, (Q) and wy, € 'V, (Q) such that
pn(V) =0, and p, =0 on E, Xt.(wp) =0 Ve CE,
and wy, has the following estimate

IWnlly o < log(1/h)|lcurlwy |, ¢. (4.26)

Proof Let F be a (closed) face, which has Vv as one of its vertices, but does not have E
as one of its edges. Let Cyp be the average of vj, - ty over dF, then we can split v, - t;;
into the sum qbé + Cy on JF such that ¢y is continuous on JF, and piecewise linear
on each edge of F and satisfies ¢5(V) = 0. Then we extend ¢, and Cy. naturally by
zero onto €2 such that their extensions ¢3F € Zh(SZ) and CJF eV, (Q)

We will treat the problem separately according to two different cases.
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(i) Thereis a (closed) face F/ such that F N'F = ¢ and F has E as one of its edges. It
is the case when €2 is a hexahedron.

In this case, we can directly decompose vy, - tge into the sum ¢ + Cg on E¢ = OF \E
as in Lemma 4.3,~then extend ¢ and Cg naturally by zero such that their extensions
¢e € Z,(2) and Cg € V;,(R2). Then we define

Vi =V — (VJ’GF + Ve + CBF + Cp).
Itis clear to see (V, - typ)|gr = (Vi -ty/) |y = 0. Now applying Lemma 4.2 for ¥, one

can get a decomposition of ¥, based on the two faces F and F', and further construct
the desired decomposition of vj,.

(ii)) The edAge E has a common vertex with a (closed) edge E’ of F. This is the case
when 2 is a tetrahedron. Then we set

Vi = Vi — (Vg + Cop).
By the assumption, we know ¥, -tr = 0on " = EUE’. Let F' be the face with E and E/
as two of its neighboring edges, and set ' = 9F \I". As in Lemma 4.3, we can build
a decomposition of vj, - tpe as follows:

Vi - tre = ¢+ Cr onT¢,

where ¢r vanishes at the two endpoints of I'“. Let &r € Zy (fZ) and Cr eV (fZ) be
the natural extensions of ¢r and Cr by zero, respectively, and set

‘A’h =Vp — (V¢~)BF + V(lgl" + CaF + Cl")’
one can easily check that (V;, - typ)|5r = (Vi - ty) |5z = 0. Now applying Lemma 4.2

for ¥;,, one can get a decomposition of v;, based on the two faces F and F/, and further
get the desired decomposition of v, as in Lemma 4.3. O

Following the same arguments as the ones in the proof of Lemma 4.5, we can show

Lemma 4.6 Let [ be the union of a set of neighboring (closed) edges and (closed)
faces of Q2 such Ehat it is connected and vy, be a function in V,(2) satisfying he (Vi)
=0 forall e C I'. Then vy, admits a decomposition

Vi = Vpp+ Wy

for some pp, € Zy, (fZ) and wy, € Vy, (fZ) such that pp, = 0 on [ and Ae(Wp) = 0 for
e C I', and wy, satisfies the estimate

Wnllg.q < log(1/h)|[curlwp |, &.
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5 A stable decomposition for any function v; in Vj (2)

With the help of the preliminary results from Sect. 4, we are now ready to address
the central task of this work, namely to construct a discrete weighted Helmholz-
type decomposition for any function v;, in V},(2). For the purpose, we start with a
classification of all the polyhedra { Q(r)}ﬁvil based on the values of B(x) in (2.1).

Let X1 be the set of all polyhedral subdomains Q(r) which do not have a parent
subdomain. Namely, Q(r) € ¥ if and only if it holds that for any subdomain Q?, with
r’ # r, either 529, N 5_29 = W or B, < B,. Clearly X is not empty, as it contains at
least all the subdomains Q(r) where it holds that §, = maxj<i<n, Bk-

Let 3> denote a subset of the children of all polyhedra belonging to X1 such that
each polyhedron in ¥ has no parent subdomain in {Q?}ﬁvi (\X1.1f X5 = 0, then there
are no subdomains where f(x) takes values less than its value in X, and we stop the
process.

Similarly, if ¥, # (@ we let X3 be a subset of the children of all polyhedra belonging
to X1 U X, such that each polyhedron in X3 has no parent subdomain in {Q?}ﬁ\;0 (21U
Yy). If ¥3 = 0, there are no subdomains where 8(x) takes values less than its values
in X1 and X,, then we stop the process.

We continue this procedure to classify a sequence of non-empty sets, X1, 2o, ...,
till we have ¥,,41 = @ for some m > 1, that is, there are no subdomains where §(x)
takes values less than its value in X,,. Clearly such integer m exists and m < Nj.

We can see from the above classifying process that the sequence X1, . . ., ¥, satisfy
the following conditions: (1) X; # @ for 1 <[ < m; (2) X; consists of some children
of polyhedra belonging to Ué;ll ¥;; (3) each polyhedron in ¥; has no parent subdomain

in {QS}ﬁV:‘Jl\(uﬁ;} 3;); (4) any two polyhedra in ¥; either do not intersect each other

or coefficient 8(x) takes the same value on both polyhedra; (5) {29, Qg, e, Q(I)V()} =
{(Z1, 22, ..., 2yl
Next, we set ng = 0. Without loss of generality, we assume that for/ =1, ..., m,

— 0 0 0
El - {anfl-‘rl’ Qn[71+2’ cec in}

and n; > nj_1. Clearly, we see n,, = Ng and that ¥; contains (n; — n;_1) polyhedra.
We are now ready to construct a desired decomposition for any vj, in V;,(2), and
try and achieve this by three steps.

Step 1: Decompose v, on all the polyhedra in 7.

We shall write vj, » = v|qo. Forr = 1,2, ..., n1, we can follow the arguments of
Lemma 4.1 to decompose vy, as follows:

Vir =Vpr +Wr =Vpp,+rpWe = Vpp,r+ W, (5.1

where p, € H'(QY), and w, € H(curl; Q%) N Hy(div; 2¥) and divw, = 0 in Q.
Moreover,

Wh.rllo,o + lleurlwp rllg oo < lleurd vy llg g0 Vr=1,....n1. (5.2)
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Let pn., € Z,(K2) be the standard extensions of py , by zero onto €2, and Wy, , €
Vi (€2) be the discrete curl curl-extension of wy, , in each Q? such that X, (Wy ) =0
for every e C 9Q\dQ0 for all I # r. Then we define

Vi, = Vpn, +Wp, forall r such that Q¥ € ;. (5.3)

We remark that if a subdomain 99 in X intersects one or more than one other sub-
domains in X1, then 8(x) must take the same values in all these subdomains. In this
case, we should take the union of all these subdomains to replace Q? when we do the
extensions for py , and Wy, , above.

Step 2: Decompose v, on all the polyhedra in 2.

Consider a subdomain QU from X,. By the assumption of Theorem 3.2, QU satisfies
either Condition A or Condition B. For the sake of exposition, we treat only one case
in each step, namely Condition A in this step, and Condition B in Step 3. The other
case in each step can be handled in a similar manner. As Q(,) satisfies Condition A, it
has at most two parent subdomains in X1, which do not intersect each other. Without
loss of generality, assume that 529 has two parent subdomains in X1, say 99| and 5292,

and Q) N QY = ¢, while Q2 N Q) = Vv (avertex) and Q0 N QY = E (an edge). Set

5 < 0
Vir =Vir — G + V) on 2.

It is easy to see that A, (v} ) = 0 for e C E. Then by Lemma 4.5, there exist pj, . €
Zp(QY) and wj; - € Vi () such that

Vi, =Vpp,+wi, on Q) (5.4)

and
Ph,(V)=0, p;,=0onE, and A, (w; ) =0 forall e CE. (5.5)
Moreover, forr =n; + 1, ..., no, i.e., for all indices r such that 529 € X, it follows

from (5.4) and (5.3) that

leurlw}; llo.qo = lleurdv},llg qo = llewrl(vi — (Whr, + W)l 0
2

< Nleurlvy llo.0 + D lleurh® , llo oo0- (5.6)
=1

We further get by (4.26) that

1w llo.qo < log(1/h)[leurl w} llo o

2
< log(1/h) (||curl Vir IIO’QQ + Z [lcurl wy, ,, IIO’QQ). 5.7

=1
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Now we can define the decomposition of v, on Q? € Xy as

2 2
Vor = V(PZJ + Zﬁh,r;) + W;;,r + Z";Vh,rg > (5.8)

=1 =1

where Wy, , = 0 on 7, by noting that Q° N 5_291 =V, with V being a common vertex.
For functions pj . and wy  in(5.4), we shall extend them onto the entire domain €.
Let pj; . € Z,(2) be the standard extension of p; by zero onto 2, and Wy . € V()

be an extension of w;  such that A.(W; ,) = 0 for every e C 89?\8 Q? with all [’s
such that [ # r, and WZ - is the discrete curl curl-extension on each Q?. Then we set

Vi . =Vpp,+ Wy, forallrsuch that Q € 2. (5.9)

We remark that if a subdomain Q¥ in X intersects one or more than one other sub-
domains in X, then B(x) must take the same value in all these subdomains. In this
case, we should take the union of all these subdomains to replace Q20 when we do the
extensions for p; . and VNVZJ above.

Step 3: Obtain the final desired decomposition of vj,.

We now consider the index / > 3, and assume that the decompositions of v; on all
polyhedra belonging to X1 X», ..., ¥;_; are done as in Steps 1 and 2. Next, we will
build up a decomposition of v in all subdomains Q(,) € X

Without loss of generality, we assume that 529 satisfies Condition B; see the remark
at the first part of Step 2. Then by Condition B, we use I', to denote the corresponding
connected set, which is the union of some edges and faces. For the ease of notation,
we introduce two index sets:

Al ={i; 1<i<njsuchthat 990 NaQY ¥},
ATV = (i mi+1<i<n_ysuchthat 920 NaQ° £ 7).

Define

Vi =Vir— D Vhni— > Vi, on Q. (5.10)

ieAl ienl™!

By the definitions of Vj ; and Vz’i, we know Ae(vz’r) = 0 for all e C T',. So by
Lemma 4.6, one can find pZ’r e’z (99) and Wz,r eV, (99) such that

vi.=Vpj,+wi, on Q) (5.11)
and

Phr=0on Iy and A.(w,, ) =0 foralle C T,. (5.12)
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Using (5.10) and (5.11), we have the following decomposition for v, on each Q? €y

* ~ ~% * ~ &k 0
Vi =V Pyt D it D B |+ Wi+ D Wit Y Wi on )
ien! ieal! ieA} ienl™!

(5.13)

By (5.11) and the estimate for w;;’r in Lemma 4.6, one can verify for all Q? € X that
(see Step 2)

leurlwy; [l g0 < lleurlvy g go+ > leurliyiflg o+ D lleurk¥j ;o oo

ieA} ienl™!
(5.14)
1w +llo.00 < log(1/h) { lleurl vy rllo 0o+ > lleurd Wi il oo
ieAl
+ > lleurl Wj 1o o | - (5.15)

ieAlf1

As it was done in Steps 1 and 2, we can extend pj . and wj . by zero onto the entire
domain 2 to get p; . and Wy, .. Then we define

Vi, =Vp,,+W,, forallrsuch that Q(r) €. (5.16)

By the definition of v Vh and the property (5.12), we know A (Vh )=0foralle € T,.
Continuing with the above procedure for all [’s till I = m, we will have built up the

decomposition of v;, over all the subdomains Q0. Qg, e, Q(])V() such that
N
Vh—ZVhr—i- > Vi =Vt w (5.17)
r=1 r=ni+1

where p, € Z,(2) and wy, € V;,(2) are given by

Nm

ph—thrJr Z Ph, and wj = thr+ Z W, . (5.18)

r=ni+1 r=ni+1

6 Proof of the key auxiliary result

This section is devoted to the proof of the key auxiliary result of this paper,
Theorem 3.1. For this purpose a few important concepts about the relation between
different subdomains are first introduced. It is reminded that all the subdomains
Q(l), Qg, e, Q(I)Vo below are the same as the ones described in Sect. 3.
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Definition 6.1 A parent of subdomain Q0 is called a level-1 ancestor of Q¥, and a
parent of a level-1 ancestor of 529 is called a level-2 ancestor of 99 In general, a parent
of a level-j ancestor of QU is called a level-(j + 1) ancestor of Q0.

Definition 6.2 A child of 529 is called a level-1 offspring of 529, and a child of a level-
1 offspring of 529 is called a level-2 offspring of 529 In general, a child of a level-/
offspring of Q? is called a level-(I + 1) offspring of SZ(,).

By Agj )(a) we shall denote the set of all level-j ancestors of Q(,), and L,(a) the
number of all the levels of the ancestors of Q(r). By Ag) (o) we shall denote the set of
all /-level offsprings of Q(r), and L, (o) the number of all the levels of the offsprings of
Q.

The following auxiliary estimate is needed in the proof of Theorem 3.1.

Lemma 6.1 For any subdomain Q(,) from X1 > 2), let w; . be defined as in Steps 2

and 3 for the construction of the decomposition of any vy, € Vi(R) in Sect. 5. Then
w} . admits the following estimate

Ly(a)
||curlwz’,||0799 = ||curlvh||0,g29 + Z log’ (1/h) Z ||curlvh||0’9?. 6.1)
j=1 ieAY (@)

Proof We prove by induction, and start with the case of / = 2. It follows from (5.6)
that

2
leurl w1 g0 < lleurl vy ,llg o + D lleurl Wy, g oo (6.2)
=1

As Wy, is the discrete curl curl-extension in ¥, we have (cf. Lemmata 4.5 and 6.10,
[20])

~ 1/2 ~
leurt®i,  llo.p < log'>(1/ ) [Wh,r, x nllo.e < 1og(1/ )l eurtwi,r llo.op,

= log(1/h)llcurlvy o qo . (6.3)

where E denotes the common edge of ¥ and 992 or the union of these common edges.
This, combining with (6.2) and the fact that wj, ,, = 0 on 529, yields

||curle’r||0’99 < lleurl vy o qo +10g(1/h)||curlvh||0)992

§||curlvh||0,99+log(l/h) Z ||curlvh||0’9?. (6.4)
ieAM (@)

So (6.1) is verified for all the subdomains Q? in .
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Now, assume that (6.1) is true for all subdomains Q? € X; with [ < n. Then we
need to verify (6.1) for all subdomains 529 € X,41. It follows from (5.14) that

leurl w} [l qo < lleurl vallg g0 + > leurl Wi illg.go + > lleurl Wy ;llg o
ieAl i€A}

(6.5)
Similarly as (6.3) was derived, one can check that for each i € A},
lleurl Wy, i[lo o < log(1/h)||curl Wh,illo.Qo = log(1/h)||curl Viillo,. Q0
leurd W ;1.0 < log"/>(1/m) Wy ; x mllo.e = log"*(1/ k)| wj; ; x mllox
< log(1/h)[leurlwy, ; Iy go,

where E denotes the common edge of Q(r) and Q? or the union of these common edges.
Combining these estimates with (6.5) gives

lleurl wj; . llg.q0 < lleurd vy [l qo + log(1/h) D lleurd vi,i g, g0
ieAl

+ log(1/h) > lleurl w1l go- (6.6)

7 n
€AY

Noting that for i € A”, we have Q? € % for some [ < n. Thus by the inductive
assumption,

D leurlwj il g0 < D lleurl vy g go

€A} €A}
Li@
+> > legl(/n) > lleurl vy g g0 (6.7)
ieAn j=1 ker? (@)

But for all subdomains Q? € Y41 and i € A

¥, we know L;(a) < L,(a) and

Al(j ) (a) =¥ for j > L;(a) by definition, so we have the relation

Li(a) Ly(a) Ly(a)

22 02 =22 2 =2 2 - 6

ieA! j=1 keAfj)(a) Jj=1 ieA” keAfj)(a) j=1 keAﬁjH)(a)

Combining this with the fact that Aﬁj +1)(a) =@ for j > L,(a), we get

Li(a) Lr(a)—1
22 2 =2 2
PEA! =1 ken D (a) J=1 kel g
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From this identity and (6.7) it follows that

Ly(a)
* < J
Z ||curlwh,i||0,Q?N z ||curlvh||0)Qlo+ Z log’ (1/h) Z ||curlvh||0’92.
ieA” icAn j=2 keA (@)
(6.9)
Substituting this into (6.6), and using the identity
IS IS SR L
ieAl  TEAT e ()
we can immediately derive that
Ly(a)
* < J
leurl wj; ,llo.0 < lleurl vy [lg g0 + Z log/ (1/h) Z lleurl vi g go-
j=1 keA (@)
(6.10)

This proves (6.1) for all subdomains 99 € X,+1, thus completes the proof of
Lemma 6.1 by the mathematical induction. O

Proof of Theorem 3.1 We are now ready to show Theorem 3.1. Letv;, € V;,(R2) satisfy
the orthogonality (3.3), then we can have the decomposition (5.17) for vy.
By means of (5.17) and the orthogonality (3.3), we first see

(Bvh, Vi) = (BVpn, Vpp) + (Bwi, W) + 2(BV pi, Wi)
= (BVpn, Vpp) + (Bwh, W) +2(BV pn, vi — V)
= (Bwn, wp) — (BVpu, Vpp) < (Bwi, wp) ,

which implies
No l
(B Vi) < D 182 Wallg - (6.11)
r=1

. . . 1 .
So it remains to estimate || 82 wy,|| for each subdomain Q(,).

2
0,Q0

We start with the estimate of || ,B%WhHS o0 for each subdomain Q? in X, ie.,
1<r<n. o

By the definition of W;i in (5.18), we have A, (Wz’i) =0fore € 899. Moreover,
any two of the subdomains Q0 921 do not intersect, so we have

1 2 ts 2 2
||:32Wh”0,9(r) = ||:32Wh,r”0,g29 = ﬂr”wh,r”()’g(r)'
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This, along with (5.2), yields the following estimate forr =1, ..., ny,

10 2 3 2
1B>Wallg go < Brlicurl v llg go = | 87 curl Villg qo- (6.12)

Next, we consider all the subdomains 529 in X>. As in Step 2 of the construction of
the stable decomposition for v;,, we assume that SZ(,) satisfies Condition A and has just
two parent subdomains in X1, 5291 and 5292, which satisfy that Q0N Q(r)l =V (a vertex)

and Q0N 5_292 = E (an edge). Then we have
Wilgo = Wz’r + Wh,r2|99.
By the triangle inequality,
IWallo.eo < IIWp llo.0 + Wn.r, llo,o- (6.13)

Noting that Wy, ,, is the discrete curl curl-extension in ¥, we can deduce by using
Lemmata 4.5 and 6.10 in [20] that

- 1 .
Whrllo,.Q0 < log2(1/h)[[Wh.r, x mlo,e < log(1/h)]|curl Vhllo,ggz-
Using this estimate, (5.7) and (6.4) we derive from (6.13) that

IWnllo.qo < log(1/h)|lcurl vy go + 10g2(1/h)||curl Villo Qo - (6.14)
r ey »ery

Then by inserting the coefficient 8, we readily have for all subdomains Q¥ € ¥, that

1 1 1
183 Willo.qp < log(1/ M| A7 curd vy lo gp + log*(1/ M| A7 curd vyl gy

1 B 1
< log(1/m)|I B/ eurl vy llg g0 + log(1/h) —ﬁr |8/, curl Villo,qo, -
rn

(6.15)

Finally we consider all the subdomains 99 from the general class ¥; with [ > 3.
By the definition of wj, we can establish the same decomposition for wy [go as we did
forv, , = vy |99 in Sect. 5; see (5.10), which leads to the following decomposition in

QY for wy:

Wi =Wt D Wit D> Wi

ieAl iepl!
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In an analogous way as deriving (6.14), one can verify by using (5.15) that

IWhllo.0p < log(1/h)lleurd vy llg g9 +log”(1/h) > lleurl iy oo

ieAl
+ log>(1/h) Z lleurl wj ;llg qo- (6.16)
ieAﬁ’1
But it follows from Lemma 6.1 that
Li(a)
lleurl wj 1o, g0 < lleurl villg g0 + Z log/ (1/h) Z lleurl vyl go-
j=1 keA (@)
Then we further deduce from (6.16) that
Ly(a)
IWallo. < log(1/m)lleurlvillg g0 + D log/ ™ (1/h) D lleurl vally go.
j=1 ieAY ()
Inserting the coefficient 8 gives
1 1
1B2wnllo,0 < log(1/h)l|B2eurl villg oo
Ly(a)
+ Z log/ 1/ D ||ﬂ2curl Villo,go-

ieAY (@)

Summing up this estimate with the ones in (6.12) and (6.15), we come to

||,32Wh||0 o < log(1/m)|f>curl illg o

No Lr(a) ) ,3 |
+ > D logtasn > Fnﬁfcurlvhng’g?. (6.17)
r=ni+1 j=1 ierY) (@) !

By the definitions of L, (a), Aﬁj)(a) and Aﬁj)(o), we can verify that

No Ly(a)

S S gt Y 2’ 184 curt v
r=ni+1 j=1 ieAP@
No Ly (o)
=3 |67 D o/ D B |1 eurd vill g
r=1 Jj=1 ieAY (0)
No
<log""'(1/h) > C,[|Bcurl Vil o (6.18)
r=1

@ Springer



A discrete weighted Helmholtz decomposition and its application 177

where m = max<,<y, L,(0) and C, is a constant given by

Ly (o)
-1
C}" Zﬂr Z Z :Bl'
J=1ieaP (o)

Noting the facts that 8; < g, foralli € Agj ) (0), L,(0) is a finite number and the set

Aﬁj ) (0) contains only a few elements, the constant C,- must be uniformly bounded for
all r’s. Applying (6.18) to (6.17), we obtain

1 1
1B2wWall§ o < Clog™ ™ (1/h)||BZeurl v, if g

where C is a constant given by C = max;<,<n, C,. This completes the proof of
Theorem 3.1. ]

7 Application

In this section we shall apply the discrete weighted Helmholtz decomposition
(cf. Theorem 3.2) developed in Sect. 3 to analyse how the condition number of the
preconditioned edge element system by the non-overlapping domain decomposition
preconditioner proposed in [21] depends on the jumps of the coefficients in (1.1) and
(1.2) across the interfaces between any two subdomains of different media. We will
adopt the same notations below as the ones in Sect. 2.1.

Associated with the Maxwell system (1.1)—(1.2), we may consider (cf.[21]) the
following variational saddle-point formulation: Find (u, p) € Hp(curl; 2) x HO1 ()
such that

I (acurl u, curl v) + yo(Bu, v) + (Vp, Bv) = (f,v), Vv e Hy(curl; Q) a1
(Bu,Vq) = (g.9),  Vq € Hy() '

and its edge element approximation: Find (uy, pp) € V4 (2) x Z;,(2) such that

[(acurluh,cuerh)+J/o(/3Uh,Vh)+(Vph,ﬂVh)=(f,Vh), Vv, eVi(2) 7.2

(Buy, Vagp) = (g.qn),  Van € Zp(K2).

It is well known (cf.[11,15,25]) that the system (7.2) can be simplified to a
symmetric and positive definite one, namely we can set the Lagrange multiplier p; = 0
and remove the second equation, when yp = 1 or the zeroth order term is present in
the Maxwell equation (1.1). The most challenging case in the numerical solution of
system (7.2) is the real saddle-point case when yy = 0, where we have to keep pj, and
the second equation there. Still no efficient iterative methods have been proposed in the
literature for this saddle-point system by using non-overlapping domain decomposition
preconditioners, except the one developed in [21], in combination with a precondi-
tioned iterative Uzawa method. The preconditioned system using the substructuring
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preconditioner from [21] for the whole saddle-point system (7.2) was shown to be
nearly optimal in the sense that its condition number grows only as the logarithm
of the ratio between the subdomain diameter and the finite element mesh size, but
no conclusion was achieved in [21] about how the condition number of the global
preconditioned system depends on the jumps of the coefficients & and g in (7.2). We
are able to show in the rest of this section, with the help of the novel stable discrete
weighted Helmholtz decomposition developed in Sect. 3, that this condition number
is indeed also independent of the jumps of the coefficients.

7.1 Augmented saddle-point system and Uzawa methods

In this and next subsections, we shall recall the non-overlapping domain decomposition
preconditioner developed in [21] for the saddle-point system (7.2). We first write the
system into an equivalent operator form by introducing the operators A : V,(Q) —
Vr(R) and B : Z,(2) — Vi(2) by

(Aup, vy) = (acurl uy, curl vi),  (Bpu, vi) = (Vpu, BVn)

for all uy,, v, € V,(2) and py, € Z,(£2), and the dual operator B’ : V() — Z;(R2)
of B by

(B'up, qn) = (Bwy, Van), Van € Zp(Q). (7.3)

Letf, € Vi(R2), gn € Z,(S2) be the Lz-projections of f and g. Then we can rewrite
the system (7.2) into

(A+yBDuw, +Bpy, =f,, B'u,=g. (7.4)

Noting that A is singular, we can transform the system (7.4) into the following
equivalent augmented saddle-point problem:

Aw, + Bp, =f,, B'u, =g,. (7.5)
where A and f}, are given by [21]
A=A+yBI+BC'B" and f,=1,+ BC g, (7.6)

and C : Zp(2) — Zp(2) will be chosen to be a symmetric and positive definite
preconditioner for the discrete Laplace operator on Z;(2). Let Abea preconditioner
for operator A. Then the system (7.5) can be solved by many existing preconditioned
iterative methods, e.g., the nonlinear preconditioned Uzawa-type algorithm developed
in [19]. As shown in [19], the efficiency of the Uzawa-type algorithm is completely
determined by the condition numbers K(A_lA) and K(é ~IB'A~1B). Two efficient
preconditioners A and C were developed in [21], based on a domain decomposition
method. And it was shown that « (A_IA) and k (é‘l B! A~! B) are nearly optimal, i.e.
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nearly independent of the subdomain size d and fine mesh size £, but it is unclear
how they depend on the jumps of the coefficients in (1.1)—(1.2). The remaining part
of this work will clarify this important issue. We will propose an improved variant of
A introduced in [21], and demonstrate rigorously that the condition numbers of the
preconditioned systems is independent of the jumps in the coefficients.

7.2 Construction of a preconditioner for A

In this section we present a substructuring preconditioner for A that improves the
one proposed in [21]. First we recall the decomposition of the global domain €2 in
Sect. 2.1 into a set of medium subdomains Q?, Qg, R Q?\,O, based on the distribution

of the coefficient S(x). Then we further decompose each medium subdomain Q?
(1 < r < Np) into a set of smaller polyhedral subdomains of size d (see [4,32]),
thus leading to a domain decomposition of the global domain Q: 2, 21, ..., Qy.
We assume that each Q¢ (1 < k < N) is formed by a set of fine elements of the
triangulation 7;, over Q.

We will write the common face of two subdomains €2; and 2; by I';;, and set

F:Uij[‘,-j, Ii=IrnNnox;, Q,‘j ZQ,'UQ/‘UFU.
I" is called the interface associated with the domain decomposition 21, 1, ..., Qx.
For the definiteness, a unique unit normal direction n is assigned to each face F of I.
On each subdomain 2 (k =1, ..., N) let V;,(R2;) be the restriction of V},(£2) on 2.
Then we define operator Ag : V() — Vi (S2) by
(Arv, W), = (e curlu, curl v)g, + (Bu,v)g, Yu,ve V,(£2),
and a local subspace

Vk(Q) ={v e Vi(R2); A.(v) =0 for each e € Q\Q}.

We now introduce a subspace which is defined globally in € but is discrete
Ag-harmonic in each subdomain:

vi Q)= {v € Vi (2); visthe discrete Ag-extension of (v x n)[yq, ineach Qk}.

Let A : V4 (2) — Vi (S2) be the self-adjoint operator defined by
(Au,v) = (e curlu, curl v) + (Bu,v) Vu,v e Vy(),

then one can easily see that V},(€2) has the following orthogonal decomposition with
respect to the inner product (A-, -):

N
Vi (Q) = Z vE©Q) e vHE(Q). (1.7
k=1
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For any face F of ©;, we use Fj, to denote the union of all 7;-induced (closed)
triangles on F, which have either one single vertex or one edge lying on 9F, and Fj to
denote the open set F\F,. Furthermore, we define two subspaces of V# (Q):

Vi) ={ve V(@) 1y =0 for each e € 2\2;},

VoQ) = {v e VH(Q): Au(v) =0 forecach e € Fy withF C r}.

The space V() is called the coarse subspace.
It is easy to see that the space V},(£2) has the following decomposition (not a direct
sum):

N
Vi) = D Vi@ & (V@) + D V(@) (7.8)

k=1 Ty

Next, we introduce a substructuring preconditioner for operator A, that improves
the one proposed in [21]. Corresponding to the decomposition (7.8), we will define the
local solvers and global coarse solver respectively on the subspaces V¥(Q2), V()
and VO(Q).

On each subdomain 2 and each face I';;, the local solver Ak S VEQ) —» VE(Q)
and A;j : VI (Q) — V() can be naturally defined such that

(Akv, V) = (Apv, Vg, YW e VEQ); (Ajjv,v) = (Aiv, V),
+(Ajv, Vg, Vv e VI(Q).

But the definition of an efficient global coarse solver on V9(£2) is much more tricky.
For the sake of exposition, we assume that the coefficients «(x) and g(x) in (1.2)
are piecewise constant with respect to the medium domain decomposition {Q?}f’:"l,
namely o(x) = «, and B(x) = B, forx € Q(r). Then we set o = a|q, and B =

Blg, . Clearly we have a,’f = oy and ﬂ,f = B for Q C Q?. For any subdomain

(k=1,..., N), we introduce an important set on its boundary:
Ay = U Fp.
FCI'k

Then we define the global coarse solver Ao on VO() as follows: for any v,w €
Vo),

N

(Agv, w) = h[1 +log(d/h)] > | {a,j(div, (v x )|, dive (W X 0)[r,) A,
k=1

+B; (Vv xn,w x n)Ak}.
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This is an improved coarse solver compared to the one proposed in [21], where B} is
taken to be the same as «;’. We note that the entries of the stiffness matrix associated
with Ao can be easily computed [21].

With the above preparations, we are ready to define our new preconditioner A
for A:

N
A=A e+ AT Qo+ DDA 0 (7.9
k=1 Fij
Whgre Ok, Qo and Q;; are the Lz-projections from V;(€2) onto Vk(Q), vo(Q) and
V' (L2) respectively.
In the subsequent analysis, we assume the coefficients «(x) and B(x) satisfy that

B P

*
1 <=L/—L <1 for each face I';; and Bf <af foreach Q, (7.10)
J

~

i
and for convenience, we introduce an operator J : Z;(2) — Z;(S2) by
(Jbn, ¥n) = (BVen, V), Vo, € Zp(Q). (7.11)
We will show the following estimate for the preconditioner A defined in (7.9).
Theorem 7.1 Let G(-) > 1 be some given function, and the operator c satisfy
(Jp.$) < (Ch.9) G/ (Jp,¢), V€ Zy(Q),
or equivalently,
€709 SU'9.9) SGE/MC P 9). VPeZy(@). (112
then we have the following estimate (with the integer m from Theorem 3.2)

cond(A~'A) < [G(d/h) +log" T (1/W)I[1 + log(d/ h)]>. (7.13)

A similar preconditioner to A in (7.9) was constructed in [21] and proved to be
nearly optimal: the condition number of the resulting preconditioned system grows
only as the logarithm of the dimension of the local subproblem associated with an
individual subdomain, but possibly depends on the jumps of the coefficients «(x) and
B(x) in (1.1)—(1.2). In the next subsection, we can show that the estimate (7.13) is
independent of possible large jumps in the coefficients «(x) and B(x).

Now we introduce a preconditioner for the Schur complement B A~! B associated
with the saddle-point system (7.5). Assume that Cisa preconditioner for the discrete
Laplacian and satisfies the condition (7.12), then we have
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Theorem 7.2 The condition number of the preconditioned Schur complement system
can be estimated by

cond(C™'B'A™'B) < G(d/h)[G(d/h) + log" T (1/h)]. (7.14)

Proof Using (7.12) we can show [21] that for any g € Z;,(2),

,Vq)?
(BA'Bg.q)= sup LYV (7.15)
VeV (@ (AVi, Vi)
Vq.Vqg)?
(B'ABq.q) = —PYEVD" > gy, v, (7.16)

(BC~'B'(Vq), Vq)
On the other hand, by means of Theorem 3.2 and (7.12) we can verify that (see (7.29)
and (7.31) in Sect. 7.3)
BV, Vi) < (BVpn, pn) + (BWh, Wi) < [G(d/h)
+1og "™V (1/m)I(Avh, Vi), Vi € V().

Now it follows from (7.15), the above estimate and the Cauchy—Schwarz inequality
that

1 2 1 2
2V 2V

(B A~ Bg. ) < [G@/h) +logm (1/my] sup VP ¥lo0 P2Vl o
VheVi(Q) (BVh, Vi)

< IG@d/h) +1og" ! (1/M1(BVq, Vg), Vg € Zy(Q).

The desired estimate is now a consequence of this estimate, (7.16) and (7.12). O

Remark 7.1 When C is chosen as the usual multigrid preconditioner and the substruc-
turing preconditioner (cf. [4,32]) for the Laplacian operator, the function G(d/h) in
(7.12) can be taken to be 1 and [1 + log(d/ )12 respectively. For these two standard
choices of C, the estimates (7.13) and (7.14) can be simplified respectively as (note
thatm > 1)

cond(A~'A) < log” ! (1/m)[1 + log(d/ h)]?

and

cond(C™'B'A™'B) < G(d/h)log" ' (1/h).

7.3 Proof of Theorem 7.1

We devote this section to the proof of our main theorem of this paper, Theorem 7.1.
We first present some important auxiliary results. On each subdomain 2, we define
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a norm on its boundary I'x:
1

. 2
@0y, = (e ldive@I” ) o+ A1, )T VO € Vi,

The proof of the next lemma 7.1 follows the one of lemma4.9 in [21] by means of
the assumption (7.10) and the inverse estimates for [|div; ®||§ 1, and || - , while
the proof of lemma 7.2 is a consequence of the Green formulae and the assumption
(7.10) (e.g., see [1]).

Lemma 7.1 Forany ® € V), (I'y), there exists an extension Ry ® € Vj, (), such that
% 2 * 2 = 2
o leurlRe @)l o, + B IRk Pllg, 0, < 1P - (7.17)
Lemma 7.2 For any v € V,(2), we have
v x n||%(rk < oflleurl v[ig o, + BEIVIG, o- (7.18)

The following lemma can be proved in nearly the same manner as it was done in
[21] (see pp. 52-56), with the help of condition (7.10) and Lemmas 7.1, 7.2.

Lemma 7.3 For any wy, € V,(2), we can write

N
wh=wy+ > wi+ > w/ (7.19)
k=1 Lij

for some w2 e VO(Q), wz € VK(Q) and vzj € Vi (Q) such that

N
(Aowj), wp) + D (Awwyp, wi) + D~ (Aiyw, w))) <11 +log(d/ ) (Awy, wh).
k=1 Tij
(7.20)

Throughout this section we will use F to denote a face of some subdomain €2, and
W the set of the (coarse) edges of all subdomains ;. For any given subset G of "
and a function ¢ € L*(G), we use ¥ (@) to denote the average value of ¢ on G. Then
for any function ¢ € Z;,(I"), we define 7% € Z,(I) as follows:

(), for x e WNN,,

0 _
Tlp(x) = v.(p), for xeFNN, (FCT).

(7.21)

For any p;, € Z,(R2), define pg € Zn(2) such that p2 = 7% pplr) on I and is
discrete harmonic in each subdomain 2. One can check that V p?l e V9(Q), and
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p2 meets the following estimate which can be proved using the definition of Ag (see
(5.17)—(5.18), [21]):

N

(Ao(Vpp). Vpi) <11 +1logd/mM1* D Bilpali g, (7.22)
k=1

Furthermore, for each I';; we define p;lj € Z;(2) such that p;lj = pn — pg on

Iij, pj/ =0on'\I';j, and p;/ is discrete harmonic in each Q; (1 < j < N). Also,

for each subdomain €2; we define pz € Zy(R2): pz = (pn — pg -> p;l])|§2k. Clearly
ij

Vp;lj € Vi (Q) and fol € Vk(Q). And by the standard arguments (see, e.g., [32])
we can show that p;l] and pﬁ satisfy

N N
> BV Vo) + D BV ), Vi) Z[1+logd/ W1 D Bilpali g, (7.23)
T k=1 k=1
Now for any Vg € V;?(SZ), we can verify (cf. (4.47), [21]) that
vy x nl%, < ALl + log(d/ MIBLIVE x nllg r,

o [[dive (v) x mIG ). YY) € V),

which implies

N
> lvi x n||%(rk < (AgvY), v)). (7.24)
k=1
Using the above preparations, we can now build up a stable decomposition for any vy,
€ V;,(2). First by Theorem 3.2 we have the following Helmholtz-type decomposition:
Vi, =Vpy+w, (7.25)
for some pj;, € Z;,(2) and wy, € V;,(2), and they are orthogonal in the sense of (3.6)

and satisfies the a priori estimates (3.7). For p;, and wj, in (7.25), let pg, pzj , pﬁ be

defined as above and wg, wzj , wz be the functions as those given in (7.19). Then we

set
Vi=Vph+wy e Vo), vi=Vpltwh e vi@), v/ =Vp/+w/ e vi(Q).

We can easily verify that
N ..
vy = vg +2v2 +szj.
k=1 T

@ Springer



A discrete weighted Helmholtz decomposition and its application 185

Next we show the stability of this decomposition:

N
(Aovy, Vi) + D (Awvi, vi) + D (Agvi! vy
k=1 Ty
<[G(d/h) +log" ' (1/M][1 + log(d/ ) (AVi. Vi) (7.26)
But we obtain readily from (7.20) and (7.22)—(7.23) that
(Aovip, Vi) + D (Awvi, vi) + D (Aijv! v
k=1 Ty
<1 +1log(d/M*(BV pi. pr) + [1+log(d/ M (Awy, wy). (7.27)

Then (7.26) will follow if we can show

(BVpu, pr) < G(d/h)(Avy, vy) and (Awy, wy) < log" "1 (1/h)(Avy, vy).
(7.28)

The second estimate in (7.28) follows immediately from (7.25), (3.7) and (7.10):

(Awy,, wi) = (acurl vy, curl v;) + (Bwp, wp)
< (acurl vy, curl v;) + log" ! (1/h)(Beurl vy, curl v;)

< log" T (1/h)(Avp, va). (7.29)
Using (7.25) and the definitions of operators J in (7.11) and B’ in (7.3), we can write

(BV pr, Vpir) = (B, V) = (B'Vi, pi)
= (Jpn, 7' B'vy) = (BV pn, V(J "' B'vp))
= (Bvp, V(U 'B'vy)) = (B'vy,, J7'Blvy).

Using this relation and the estimate (3.7), we derive
(BT B'Nu, Vi) = (BV pi. Vpu) < (BVn. Vi) (7.30)
Combining this relation with (7.12) gives
(BVpn. Vi) < G(d/h)(BCT By, Vi) < G(d/h)(AVh, Vi), (1.31)

so the first estimate in (7.28) is proved. Now we readily get the estimate of the smallest
eigenvalue of the preconditioned system A~ A from (7.27):

Amin(A~1A) = 1/(IG(d/ h) + log" ™ (1/ W)I[1 + log(d/ h)1?).
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To estimate the largest eigenvalue, we use (7.12) and (7.30) to obtain that

(Avp, vp) = (acurl vy, carl vy) + vo(Bvp, Vi) + (BJ*IBch, Vi)

< (acurlvy, curlvy,) + (Bvy, vi) + (BVa, Vi)
< (Avi, Vi), Vv € V(). (7.32)

Let V2 e V9(Q). Since v2 is discrete Ag-harmonic in € for each k, it possesses the
minimum energy property on each ;. Then it follows from (7.32), Lemma 7.1 and
(7.24) that

N

0 0 10 0 02 02
(Avp, vi) < (Avp,vi) = D (eflleurlv) G o, + B IR IG o)
k=1

Mz

(et lleurl(Re (v x nlr)) G ., + AL IRE(V) X 1Ir) 5 o)
k:l

< (AgV), V), W) e V().
This, along with the following bounds directly from the definitions of Ay and A; s
(AVE VO < (AvE, vE)y whevh@); vl v <(Aivl, vy wil evii (@),

gives the estimate of the largest eigenvalue, Amax (A~'A) = 1, thus completes the
proof of Theorem 7.1. O

Remark 7.2 The key step in the proof of Theorem 7.1 is the derivation of (7.29),
by using the weighted discrete Helmholtz decomposition newly developed in Theo-
rem 3.2. If the standard Helmholtz decomposition is used, no conclusion can be made
about how the constant in the upper bound of (7.29) depends on the possible large
jumps of the coefficient B(x).

8 Numerical experiments

In this section we present some numerical experiments to verify the convergence of
the newly proposed preconditioner in Sect. 7.2. For the purpose we construct a test
example with an exact solution. We consider the most difficult saddle-point case of

system (1.1)—(1.2), namely 39 = 0, and the cubic domain 2 = (0, 1) x (0, 1) x (0, 1).
In order to test the case of non-homogeneous media, we take

1 17%, 71 37
D = FERS A )
ERYES
and choose the coefficients «(x) and S(x) to be
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«w=2p=|1" (S0

We will test g = 1 and ag = 10°. Clearly there are no jumps in the coefficients o (x)
and B(x) for g = 1, but there is a large jump in both coefficients and two cross-points
appear in Q for g = 10°. The source terms f and g are taken such that the exact
solution u = (uy, us, u3)’ of the system (1.1)—(1.2) is given by

uy =xyz(x — Dy — Dz —1),
uy = sin(wx) sin(wry) sin(mwrz) ,
us =1 -1 = Ha =1 = Ha — )1 = .

To generate the subdomain decomposition of the whole domain €2, we first partition
the three edges of €2 on the x-, y- and z-axis respectively into equally distributed n
subintervals, then we can naturally generate n> equal smaller cubes of size d = 1/n.
This yields the desired subdomain decomposition in our experiments: Qp, ..., Qy,
with N = n>.

To generate a fine triangulation 7j, of size h over the entire domain 2, we divide each
subdomain € into m> equal smaller cubes of size h = 1/(mn), in the same manner as
we generated the subdomains above. Then 7, is obtained by triangulating each small
cube into 6 tetrahedra. For the easy reference we shall denote the triangulation 7j, by
m3(n>) below.

Our numerical experiment is to solve the saddle-point system (7.5), which is equiv-
alent to the edge and nodal element saddle-point system (7.2), by the Nonlinear Inexact
Preconditioned Uzawa Algorithm mentioned in Sect. 7.1, with the preconditioners A
given in Sect. 7.2 and c being the standard multigrid preconditioner for the discrete
Laplacian (thus satisfying the condition (7.12) with G(d/ h) = 1;see Remark 7.1). For
any ¢ € V;,(2), let W(¢) be an approximation of the solution & to the system A§ = ¢
obtained by the PCG method with preconditioner A. Then the inexact Uzawa-type
algorithm for solving (7.5) can be described below (see [19]).

Nonlinear Inexact Preconditioned Uzawa Algorithm.

Step 1. Compute f; = fj, — (Aul, + Bp}) and W(f;), update u, ™ =+ w(f);
Step 2. Compute g; = B'uj*' — g;,d; = C~'g; and

1 (gi,di)
= ——" 1 for g #0; =1 for g =0.
T 3 (U (Bd). Bd) or g # T or g

Then update p}'fl = pﬁl + 1;d;.

Note that the above algorithm involves two inner iterations, namely computing
two approximations W ( f;) and W(Bd;) by the PCG method with preconditioner A.
However, the approximations W ( f;) and W(Bd;) are not required to be accurate and
suffice when the energy-norm errors are reduced respectively by a factor 1/2 and 1/3
(cf.[19]). The inexact Uzawa iteration will terminate when the global relative residual
(cf.[19])is less than 10~°, and the corresponding number of iterations will be reported;
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Table 1 Number of iterations of the inexact Uzawa algorithm

m\n ag =1 o) = 10°

4 8 4 8

Iter ng ng Iter ny ng Iter nyg ng Iter ny ng
4 17 4.7 3.4 18 53 3.0 22 4.8 32 23 5.2 35

19 6.8 5.0 18 6.4 43 25 7.1 4.7 24 6.8 5.0
16 19 9.8 6.7 19 8.5 5.8 25 9.9 6.4 25 9.5 6.8

see iter in Table 1. To show the efficiency of the preconditioner A, we will also report
the averaging number of iterations for the approximations W ( f;) and W (Bd,); see n ¢
and ny in Table 1.

We can see from Table 1 that the numerical results confirm our theoretical
predictions in Theorem 7.1: the preconditioner A is nearly optimal in the sense that
the condition number depends weakly on the ratio m = d/ h (see the growth of n y and
ng with respect to m in Table 1 when 7 is fixed) and is almost independent of n = 1/d
and the jumps of the coefficients in a(x) and B(x) (see the growth of n s and ny with
respect to n or o in Table 1 when m is fixed). In particular, the convergence rates for
the case with jumps in the coefficients deteriorate only slightly compared to the case
without jumps, namely, the condition number for the case with jumps is slightly more
sensitive to the ratio mn = 1/ h than the case without jumps.

Finally we would like to mention the very satisfactory convergence of the resulting
global inexact Uzawa algorithm, the maximum number of iterations is less than 25
iterations as we see from Table 1 for the very large discrete saddle-point system (7.2),
with a total number of degrees of freedom being 14,532,992 (whenn = 8 andm = 16).
In addition, we can see clearly from Table 1 that the resulting global inexact Uzawa
algorithm converges nearly optimally in terms of mesh size & (see the growth of Ifer
with respect to m in Table 1 when 7 is fixed) and subdomain size d (see the growth of
Iter with respect to n when m is fixed), and the convergence rate is affected slightly
by the jumps in the coefficients «(x) and S(x).
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