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ABSTRACT. We present some new a priori estimates of the solutions to three-
dimensional elliptic interface problems and static Maxwell interface system
with variable coefficients. Different from the classical a priori estimates, the
physical coefficients of the interface problems appear in these new estimates
explicitly.

1. Introduction. Interface problems arise in many application areas, such as ma-
terial sciences, fluid dynamics and electromagnetics. It is the case when different
materials, fluids and media with different physical properties are involved. In this
paper we are interested in the interface problems which may be modeled by the
second-order elliptic equation

= V- (B@)Vu(x)) = f(z) n Q (1.1)
cf. [9, I0))

—~

or by the following static Maxwell interface system

VxE=0 in Q (1.2)
VxH=J in 9, (1.3)
V-(ex)E)=p in Q, (1.4)
V-(uzH)=0 in Q (1.5)
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where () is an open simply-connected bounded domain in R3, and is assumed to
be either a convex polyhedron or a domain with C2-smooth boundary. We shall
consider that Q is occupied by two different physical media (or materials) €; and
0y, see Fig. 1 for a two-dimensional sample. The coefficient 5(z) in () may
represent physical parameters (e.g., diffusion, heat conductivity) of different mate-
rials in different applications, hence is only piecewise smooth in 2. The coefficients
g(z) and p(x) in (L) and (CH) represent the electric permittivity and magnetic
permeability of two different media occupying the physical domain 2, thus may
have large jumps across the interface I' between two different media Q7 and 29
(cf. Fig. 1). Due to the importance of interface problems in applications, extensive
studies have been devoted to the mathematical behaviors and numerical solutions
of the systems ([LTl) and (C2)-([LH) in the past few decades. The regularities of the
solutions to the problem ([CI)) and various a priori estimates of the solutions have
been widely investigated (cf. [ [T, 20}, 23]), while regularities and edge/corner sin-
gularities of solutions were also studied, for instance, in [8, 28] for time-dependent
and time-harmonic Maxwell equations, and in [2, [[2 [4] for the static Maxwell
system.

The primary interest of this paper is to study the mathematical behaviors of
solutions to the interface systems ([Il) and (C2)-(CH) in terms of the discontinu-
ous physical coefficients and how the solutions depend on the coefficients and their
jumps across the interfaces, especially when the jumps are large. We shall achieve
the goal through establishing some new a priori estimates of the interface solutions,
in which the physical coefficients of the PDEs and their jumps appear explicitly,
called uniform a priori estimates (with respect to the coefficients). Such uniform a
priori estimates are essentially different from the existing estimates where physical
coefficients are hidden and no any effects of coefficients on the solutions can be seen
from the estimates. The new uniform a priori estimates are not only interesting
mathematically, but may also provide more insights into physical behaviors of in-
terface solutions. Moreover, a priori estimates are needed in convergence analysis of
every numerical method [, [ [, 23], so the new a priori estimates may help estab-
lish more accurate error estimates where one can see clearly how the convergence
of numerical methods depends on and is affected by the physical coeflicients and
their jumps. It may further help construct more effective numerical methods for
interface problems. Very little has been done in the literature about this topic. To
our knowledge, the first such uniform a priori estimates were established in [I5] for
the elliptic interface problem ([IZIl) with piecewise constant coefficients.

In this paper, we shall establish the uniform a priori estimates for the system
([CI) with general variable coefficients, and this is much more difficult than the
piecewise constant case treated in our early work [IH]. The uniform a priori esti-
mates are achieved by using some novel techniques, or an elegant combination of the
theory of single and double layer potentials, Sobolev theory, maximum principle for
elliptic equations, integral representation of piecewise harmonic functions and “for-
mal” asymptotic expansions. The basic idea is to first reduce the a priori estimates
of solutions to interface problems with variable coefficients into the estimates of
piecewise harmonic solutions which are incorporated with the interface conditions
of the original interface system; then the piecewise harmonic solutions will be rep-
resented by the single and double layer potentials through some integral interface
equations. It is this new and elegant representation that enables us to trace closely
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Fia. 1. domain €, its subregions Oy (shaded region), Qs (white
region) and interface T' (boundary of the shaded region)

the changes of coefficients from PDEs in every step of our estimates. Due to vari-
able coefficients, the justification of representation of piecewise harmonic solutions
by single and double layer potentials is done through two newly established unique-
ness theorems for piecewise harmonic functions satisfying interface conditions; The
well-posedness of the integral interface equation is demonstrated through Fredholm
index theory, potential and Sobolev embedding theory as well as Hopf’s maximum
principles. The uniform a priori estimates obtained up to this stage are not yet
optimal in terms of the jumps of coefficients in PDEs. These estimates are further
improved by means of a new and powerful “formal” asymptotic expansions in terms
of the jumps of coefficients. We emphasize that the final a priori estimates derived
here are not only valid for variable coefficients, but also have greatly improved the
results we obtained earlier in [IH] for piecewise constant cases.

The new uniform a priori estimates for elliptic interface problems will be then
applied to establish similar uniform estimates for the solutions to the static Maxwell
interface system (C2)-([LCH).

It is very interesting for us to notice a recent related work. Some uniform a priori
estimates were obtained in [23] for the H?-smooth part of the solution to elliptic
interface problems with most general interfaces allowed but piecewise constant co-
efficients. The methodology there is completely different from ours, and can not
be extended to deal with piecewise variable coefficients as the cases treated in the
current work.

The usual notations on Sobolev spaces (cf. [I3, 22]) will be adopted in the sequel.
For any m > 0, H™(f2) denotes the standard Sobolev spaces of m-th order while
H~—™(Q) stands for the dual space of HJ"(£2). The norms and semi-norms of H™ ()

are denoted by | - ||m,0 and | - | o respectively. We shall write < -,- >p for the
dual product between H~/2(I') and H/?(T); similarly for < -,- >5q.

For the ease of exposition, we will frequently use the notation “< ---” to denote
“< C--.7 for some generic constant C' > 0 which depends only on the geometric

properties of €7 and s.

2. Interface problems. In this section we shall introduce a three-dimensional
elliptic interface problem and static Maxwell interface system, which will be studied.
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2.1. Elliptic interface problems. The elliptic interface problem to be considered
is of the form

— V- (B@)Vu(z)) = f(x) in Q (2.1)
where  is an open simply-connected bounded domain in R?, and is assumed to
be either a convex polyhedron or a domain with C?-smooth boundary. We will
consider that € is occupied by two different materials 2; and s, with 7 strictly
lying inside 2, see Fig. 1. The major case of our interest is that the coefficient
B(x) represents physical parameters of two different materials in ©; and Q2, so will
be only piecewise smooth and possibly may have large jumps across the interface
T" between € and 5. With such background, we assume that §; € Cl(Qi) for
i = 1,2, and satisfies the conditions

coBi < Bilw) < 1By Vx e, (2.2)

where 3; and [, are two positive constants measuring the magnitude of 3;(z) and
B2(x) in ©; and Qo respectively. For the interface problem, one is often more
interested in the case that the magnitudes of 51 (x) and Sz (z) are of different scales,
so it is reasonable to assume that 01 (x) # G2(x) for all x € T

The interface I' = 9Q; can be of arbitrary shape but is assumed to be C?-
smooth. For any vector-valued function v in €2, we shall use vy and vy to denote its
restrictions to €7 and s respectively. The same convention is adopted for a scalar
function v. And for definiteness, we shall define [v](z) = va(z) — vi(z) for z € T.

Physically, the solution u needs to satisfy certain interface conditions. The fre-
quently encountered interface conditions are of the form:

[u] =0, [BOnul=¢g on T (2.3)
where n is the unit outward normal to 9§2;. On the exterior boundary 02, we shall
consider both the Dirichlet boundary condition

u(x)=0 on 09, (2.4)
and the Neumann boundary condition (with v being the unit outward normal to
o)

dpu(r) =0 on 00N. (2.5)
To ensure the solvability of the problem Z1I)-([23) with Neumann boundary con-
dition (ZH), the prescribed functions f and g must satisfy the consistency condition

/Qfdac:/rgdo.

2.2. Static Maxwell interface system. Another system to be studied in this
work is the following static Maxwell interface problem:

VxE=0 in Q (2.6)
VxH=J in Q (2.7)
V-(ex)E)=p in Q, (2.8)
V-(uz)H)=0 in Q (2.9)

where () is an open simply-connected bounded domain in R3, and is assumed to
be either a convex polyhedron or a domain with C?-smooth boundary. We will
consider that €2 is occupied by two dielectric materials 2 and €, with Q; strictly
lying inside €, see Fig. 1. E and H are the electric and magnetic fields, and J
and p the current and charge density. The major case of our interest is that the
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magnetic permeability u(z) and the electric permittivity e(x) of the medium are
discontinuous across the interface I' between medium €7 and medium 5. Hence,
we may write

_ [ a(x) inQy, f m(x) inQy,

e(z) = { ga(x) in Qo, ) = { pa(z) in Qg (2.10)
where ¢;(z) and p;(z) are C'-smooth in the individual subregion Q; (i = 1,2). As
illustrated for the elliptic interface problem in Subsection EZIl, we may assume the
following conditions for the parameters ¢;(z) and p;(x) (i = 1,2):

cofi <€i(x) <&, cofts < pir) <caipy Yoo ey, (2.11)
where &; and [i; are positive constants, and e1(x) # ea(x), pi(x) # pe(z) for all
zel.

It is well-known (cf. [9,[I0]) that the electric and magnetic fields E and H should
satisfy the jump conditions across the interface I' :

[Exn]=0, [E-n]=pr, (2.12)
[Hxn]=0, [gH-n]=0, (2.13)

where pr is the surface charge density. We supplement the system Z8])-@3) with
the perfect conductor boundary conditions

vxE=0, v-(uH)=0 on 99, (2.14)

where v is the unit outward normal to 0f2.

3. Preliminaries. In this section, we shall present some fundamental results from
the theory of single and double layer potentials, uniqueness theorems on piecewise
harmonic functions and integral representations of piecewise harmonic functions
with different boundary conditions. These serve important tools in our subsequent
efforts of establishing uniform a priori estimates for the solution to the elliptic

interface problem ZII)- 3.

3.1. Some fundamental results about single and double layer potentials.
We begin with some basic results on single and double layer potentials. Given a
simply connected domain D with Lipschitz continuous boundary 9D, let n, be the
unit outward normal to D at x. Then the single and double layer potentials of
any density function ¢ are respectively defined by

Spq(x) = E(z —y)q(y)doy, =z € R3,

oD
Dpq(z) = / On, E(x —y)q(y)doy, € R3,

oD

where E(z) is the fundamental solution associated with the Laplacian:
1 1
Ex—-y)=———"—

(@—y)= -1 P
and do, the surface measure. Note that Spq (resp. Dpq) is defined in the entire
space R3, but we will also frequently use Spq (resp. Dpq), restricted on 9D, as a

boundary integral operator on 0D when there is no confusion caused. For a function
v defined in R? and any x € D, we shall adopt

+ o . — o . T T
v (z) = y_)w)l;renRS\Dv(y), v (z) = y_}l;gleDv(y), Opzxv(z) = tl_l}r(])ﬂ+ n, Vu(ztin,)



150 JIANGUO HUANG AND JUN ZOU

whenever the limits exist. We have the following classical trace formulas (cf. |5, I8,
26 ):

(SDQ)i(x) = Spq(x), (3.1)
OnsSpalz) = (251 + Kp)a(o), (3.2
(Dpa)*(x) = (F57 + Kp)a(a), (3.3)
8n+DDQ(x) = 8n*DDq(x)7 (34)

where Kp is the integral operator given by

Kpa(z) = ip-v/ wqw)day,

and K% is the L2-adjoint of Kp,

1 <nxa z— y>
Kpa(x) = —p.v./ ———=a(y)doy.
P 4w op |z —yl? !
The following two lemmas collect some properties about the operators Sp, Dp
and K7y:

Lemma 3.1. If D is a bounded domain with Lipschitz boundary, we have

1. Sp maps L?(0D) into H*(0D), and has a bounded inverse (cf. [I8, p. 56]).
2. For any q € L?(0D), there holds (cf. B, p. 259 and p. 280])
1 1
lim S =0(—), lim D =0(—).
\z\inioo pq(z) ( x|) \z\inioo pa(@) (|:1:|2)
Lemma 3.2. If 0D is of class C**" with some r € (0,1), we have (cf. |25, pp.
165-169])

1. Sp is an isomorphism from H'(OD) onto H*Y(OD) for —r <t <r.

2. Both Kp and K%, are two linear bounded operators from H*(0D) into H'**(dD)
for0<t<r —r<s<ao.

3. 31+ Kp is an isomorphism on W*P(9D) for —r < s <r, 1 < p < oc.

We shall need the boundedness of the single and double layer potentials as stated
in the following two lemmas.

Lemma 3.3. If D is a bounded (not necessarily convex) polyhedron or a bounded
domain with a boundary of class C2, then Spq is a bounded function in R3 for any
function g € HY?(OD).

Proof. We first consider the case where D is a bounded domain with a boundary of
class C2. For any q € HY/?(9D), it follows from Lemma B2 that Spq € H3/?(0D)
and hence continuous on 0D by the Sobolev embedding theorem (cf. [I, B]). Since
Spq is harmonic in D, this implies the boundedness of Spq in D by the maximum
principle on harmonic functions (cf. [I1], [24, p. 64]). To see the boundedness of
Spgq in R*\D, it suffices to show its boundedness in D\ D with D being a suitably
large domain (containing D), due to the fact that limj,— o Spg(z) = O(7). But

[«]/
the conclusion follows directly from the infinite differentiability of Spg on 9D and
the harmonicity of Spg in D\D.
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We now consider the case where D is a bounded polyhedron. We start to show
the single layer Spq is well-defined for each € dD. For any ¢ such that 0 < e < 1,
let

I'. ={z€0D;|z— x| <e}.

Then for all €1 and €5 satisfying 0 < €1 < g9 < 1, we easily see

< / Bz — 2)q(2)|do.

e2
(3.5)
Noting ¢ € HY/?(9D), we know ¢ € L*(9D) by the Sobolev embedding theorem.
Thus we derive by the Holder inequality that

| 1BG = 2o < 1

€2

/aD\FE1 E(x — z)q(z)do, — / E(x — z)q(z)do,

OD\T.,

1

—|I_Z|HL4/3(F52)HQHL4(8D)- (3.6)

As D is a polyhedron, there are only three possible locations for the point z: in the
interior of a face, or on an edge or at a vertex of D. In all three cases, we can easily
show by direct computations that

1 | 3
- - < _ — 2/3
/r Iw—ZI‘*/?’dUZ”/o aadr =g
c2

Applying this to the inequality ), we obtain

[ 1B = 2a@do. & lalmvmon 3.)

r.,

Now this, along with &), ensures the existence of the limit

lim E(z — 2)q(z)do ,

=0+ Jop\r.
i.e., Spq is well-defined for every z € dD. Finally, applying the technique in |5, p.
226] and the estimate [B1), we immediately get

Lim Spq(y) = Spa(x).

This shows Spq is continuous in R3, which with the decay property of Spq (cf.
Lemma BI) leads to the boundedness of Spq in R3. O

Lemma 3.4. If D is a bounded (not necessarily convex) polyhedron or a bounded
domain with a boundary of class C?, then Dpq is a bounded function in R3 for any
q, which is the restriction of some function v € H*(D) on dD.

Proof. We first consider the case that D is a bounded domain with a C?-smooth
boundary. By the trace theorem, it is clear that ¢ € H3/2(9D) and thus embedded
in W'4(0D). Noting that WH4(dD) — W3/44(@D) and the last statement of
Lemma B2 we know Kpgq is in W3/44(9D), thus continuous on 0D by Sobolev
embedding theorem. This further implies the continuity of (Dpq)~ (x) on D using
the evaluation formula [B3). Then using the harmonicity of Dpg(x) in D, Dpq(z)
must be bounded in D by the maximum principle on harmonic functions. Applying
the same argument in the domain R3\D, and noting the evaluation formula B23)

and the last statement of Lemma Bl we can show the boundedness of Dpq in
R3\D.
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Now consider the domain D to be a bounded polyhedron. As v € H?(D), we
know v € C%'/2(D) by the Sobolev embedding theorem (cf. [I]). Here Cc%1/2(D)
(cf. [II]) consists of all continuous functions such that for all =, y € D,

[o(z) = v()| S |z =y [|vllconr ),

with || - [|co./2(p) being the Hélder norm. Therefore, () € C(dD). Let {F;}}X; be
M disjoint faces of D, then

Kpa(x Zp / Bt =2 aty)doy, (3.8)

Using a similar argument as for proving Theorem 6.5.2 in [A, pp. 231-236], we find
that each function on the right-hand side of [X) is continuous in R?, so is the
function Kpq. Now the desired boundedness follows from the same argument as
used in the first part. O

3.2. Uniqueness about piecewise harmonic functions. In this subsection, we
present two uniqueness results, which will play an important role in the justification
of an integral representation of piecewise harmonic functions.

Theorem 3.1. Let v be a function in R3 with ¥, and vy being its restrictions to
Q1 and R3\Qy respectively. Assume 0y € H*(Q), and ¥y, ¥ solve the problem:

A’f)l =0 in Ql,
Ay =0 in R*\(y,
O1(w) = v2(x), B2(2)0nl2 = B1(x)0nt1 on T, (3.9)
1
1 =0(—). 3.10
i fe@)] =0(r) (3.10)

Then v is identically zero in R3.

Proof. Let p(x) = #1(z) = Da(x) on T'. As &1 € H?(), so p(z) € H3*(T). By
virtue of Lemma B2 there exists a unique density function ¢(x) in H'/?(T") such
that

Sa,q(x) =p(x) onT.
Then we get

v(z) = S, q(x) in R3,
since a harmonic function is uniquely determined by its boundary values. Now using
the evaluation formula ([B2), we can write the second interface condition in ([B3) as

Bol@){gale) + K, a()} — B () {—a(x) + K, a(a)} =0,
which implies
_ 2(51(x) — Ba(w))
i) = Bi(x) + Pa(x)
Noting ¢(x) € HY/?(T') — L?(T), we know from Lemma B2 that
Kiyale) € HUT), Vi€ o)

which, together with Il and the regularity assumptions on (1(x) and Ba(z),
yields

Ko, q(x) onT. (3.11)

q(x) € HY(T), Vte[o,1).
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Using this and Lemma B2 we know on the interface T,
p(x) = Sa,q(x) € HI(T), Vtel0,1).
Taking t =t* = %, then by the Sobolev embedding theorem we have
Sa,q € H' (D) = W2t —2)2(1) — w2 ()
with s* = 18 > 3.
Now applying the regularity theory for elliptic problems (cf. [TIl, p. 241]), we
obtain
Sa,q € W5 ().
Then by the Sobolev embedding theorem again we know
v = Squ S Cl’r* (Ql)

with 7* = 1—3/s*. In the same manner, we can show that @, = Sq,q € C*"" (D\Q1)
for any domain D such that Q; CC D by noting the infinite differentiability of Sq, ¢
in D\Ql

We are now ready to show the desired result, using the classical maximum prin-
ciple. We first assume that both functions ©7 and o2 are not constant functions.
By the maximum principle on harmonic functions, both 7 and v, must take their
maxima at a common point z¢g on I'. But by the Hopf’s maximum principle on
harmonic functions (cf. [I], |24, p. 65]), we further have

8n171 (,To) >0, (9,1’[)2(5[:0) <0,

which contradicts with the second interface condition in ). Hence it is possible
that either ©; or U5 is a constant function.

If ¥; is constant in 1, then the second interface condition in ) gives 02 =0
on I'. This with the decay condition @I0) implies 72 = 0 in R3\Qy, since ¥y is
harmonic in R3\Ql. Then the first interface condition also tells 77 = 0 on I'. But
01 is harmonic in 4, that proves o7 =0 in €.

On the other hand, if 75 is constant, then 75 = 0 in R3\Ql by the decay condition
@BI0). Clearly we also have 973 = 0 on T from the first interface condition, then o;
must be identically zero as it is harmonic in ;. O

Borrowing the proof of Theorem Bl we can now show the unique solvability of
the following integral equation, which will be essential to our subsequent analysis:

Lemma 3.5. The integral equation

ﬁl +ﬁ2 % _
(gt )=

is uniquely solvable on L*(T") and H'Y*(T).

Proof. By LemmaE2 and noting that H'(T') ( 3 < ¢ < 1) is compactly embedded in
H'2(T') and L*(T), K3, is a compact operator on L*(T') and H'/2(T) respectively.

Hence, by the Fredholm theory for linear operators (cf. [, p. 111]), %I— Ko,
is a Fredholm operator with zero index. Therefore, for Lemma B3 it suffices to prove
b1+ B2 >
Ker | —————I - K, | ={0}.

(s ) = ©

Assume that ¢ is an element in the above kernel and let v = Sq, ¢, then one can
derive v = 0 following the same argument as used in the proof of Theorem Bl (see



154 JIANGUO HUANG AND JUN ZOU

the derivations there starting from @III)). Now, ¢ = 0 is a consequence of the
isomorphism of Sq, (cf. Lemma BZ). O

We end up this subsection with another uniqueness result about piecewise har-
monic functions, which is a direct consequence of Theorem Bl

Theorem 3.2. Let v € H'(R?) be a bounded function in R*, with 01, Uy and v3
being its restrictions respectively to 1, Qo and R3\Q. Assume that ©; € H?(£y),
U1, U2 and U3 solve the following interface problem:

Av=0 inQ UQU(R\Q), (3.12)
’l~)1 (JJ) = ’52(&[:), ﬁg(l‘)anf)z = ﬁl (x)@nﬁl on F, (313)
’52(1‘) = ’53(&[:), 81,’{)3 = (91,’[)2 on BQ, (314)
; _o(~
Jmo@) =0(): (3.15)

Then v is identically zero in R>.

Proof. By the usual arguments for removable singularity on harmonic functions
(cf. 24, pp. 101-102]) and noting the interface conditions [BI4l), we know that v
is actually harmonic in the domain R3\Q;. This fact, along with (1), [(13) and
BIH) shows v = 0 in R? by virtue of Theorem Bl O

3.3. Integral representation. Using the uniqueness results in Subsection B2 we
are now able to give an integral representation of the solution to the elliptic interface

problem:
Given a function h(x) € H'/2(T), find v € H}(Q) such that

Av=0 in UQy, (3.16)
[v] =0, [B(x)0pv] =h on T. (3.17)
Theorem 3.3. The solution v of the problem (ZI8)-([3-14) can be characterized as
v(z) = (Sa,0)(x) — (Sav)(z), =€, (3.18)

where ¢ = 0, v on O, and ¢ € HY?(T) solves the integral equation:
(%I - icg‘h) ¢ = —0u(Sa1p) + ﬁh on T. (3.19)

Proof. Tt is easy to see that the right-hand side of [EIH) lies in HY?(T). By
Lemma B3, there exists a unique solution ¢ € HY/ 2(T) to the integral equation
BEI9.

Applying Theorem B2 we know that the following interface problem has at most
one bounded solution in H*(R3) with v; € H?(;) :

Av=0 in QU U(R*\Q), (3.20)
vi(2) = va(x), B2(x)Onve = B1(x)Onv1 +h on T, (3.21)
vy = w3, Oy =0,v3+1 on IN. (3.22)

But by the evaluation formulas B1))-B2) and equation BI9), one can check di-
rectly that

Ry(z) = Sq,¢(x) — Sap(z)
is a solution to the system @Z)-@ZJ). Noting ¢ = 9, v, and v1 € H?(;) and
vg € H?(Qs) by the regularity theory for elliptic interface problems (cf. [I5]), we
know ¢ € H'/2(9Q). This with the fact that ¢ € H'/?(T") shows R; () is a bounded
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function in R* by Lemma B3 and its restriction to € lies in H?(£2;) by Lemma B2
and the trace theorem. On the other hand, one can easily verify that

Ro(a) :{ v(z) in Q,

0 otherwise,

is also a solution to the system B2Z0)-@ZF). As v; € H?(Q;) and v2 € H?(Q2),
Ry(z) is a bounded function in R3. Thus Rp(z) is another bounded solution to
EZ0)-@ZA) with its restriction to Q) lying in H2(;). By the uniqueness of solu-
tions to (B20)-(B22), we have R1 = Ry in R?, and this confirms the relation ([FI5).
O

Following the same arguments as used in Theorem B3 and making use of Lem-
mas BIIHEA and evaluation formulas BI))-@2), we can also establish an integral
representation of the solution to the next elliptic interface problem:

Given a function h(z) € HY?(Q), find v € H'(Q) such that d,v = 0 on I and

Av=0 in Q3 UQs, (323)
[v] =0, [B(2)0pv] =h onT. (3.24)
Theorem 3.4. The solution v of the problem (ZZ3)-([3-2Z4)) can be characterized as
v(z) = (Sa,0)(x) + (Do) (x), =« €,
where Y = v on 0, and ¢ € H1/2(1") solves the integral equation
B+ e )
—= T —K§ =0n(D +——h
(505" i) 0 = 0P+ 52
Remark 3.1. The integral representations in Theorems were initiated by
[16], where the representation in the piecewise constant coefficient case was dis-

cussed, and served as an essential tool in a different context, i.e., numerical identi-
fication of piecewise constant conductivity coeflicients.

on I'.

4. Uniform a priori estimates for elliptic interface problems. With prepa-
rations in Subsections B-IHEAl we are now ready to establish the main results of
this paper, i.e., uniform a priori estimates for the solutions to the elliptic interface
problem (1))-(@3) with both Dirichlet and Neumann boundary conditions (24
and (). We shall derive the a priori H'-estimates in the next subsection and the
H?-estimates in Subsection

4.1. H'-estimates. We first present an auxiliary lemma which will be important
to our subsequent analysis.

Lemma 4.1. Let v be a function in H(Q) such that [, vdo =0 and it satisfies
= V- (Bi(®)Vuvi) =0in (4.1)

fori=1,2, then it holds that
Vuillo.ar S Ve, - (4.2)

Proof. When the coefficient 3(z) is piecewise constant and v € HE (), the estimate
[E2) follows immediately from the basic harmonic extension property (cf. [27]). For
the general case, since the function v has zero integral average over 02, we have by
the trace theorem and the Poincaré inequality (cf. [1]) that

Joxlojar S loahro, £ 19ealoss +| [ _vado| = Voo, 03
o0
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On the other hand, using the inverse trace inequality (cf. [I]), we can find a
function ¢, € H' (Q41) such that it equals v; on T' and admits the estimate
[91]l1,0, < llvilliyz,r- (4.4)
Noting @) for v1, we see vy — 91 € H}(Q1) and solves
-V (ﬁlv ('Ul - @1)) =V (51Vf}1) in Ql,
or equivalently,
BV (vy — 1) -Verdr = | BiViy-Verdr Ve € Hy(Q). (4.5)
Ql Q1
Taking e; = v1 — 01 in @3), then using [Z2) and ), we obtain
Brlvr —o1lra, S BillVarlloa, S Billoilliyer,
hence
lilL0, <forhe, +[or —dilia S oillyer-
The combination of this, (3] and the fact that v; = v on ' implies [2)) imme-
diately. O

Remark 4.1. Tt is important to remark that inequality @2 does not hold when
v1 and vy are swapped. This can be verified from the following simple example: let
v be a function in H}(Q) such that v1(x) = 1 in Q; and vy is the solution of the
following problem:

=V (f2(x)Vuv2) =0 in Q9 wve(x)=1 on T.

We are now ready to establish the desired a priori estimates in H'-norm. For
this, we introduce a constant k(3) = (B2/F;. Clearly, k() measures the discrepancy
between the coefficients (1(x) and fB2(x). When no confusion is caused, we shall
write k for k(3), and for any w € H~1(Q2) or w € (H*(Q))’, we may write the norm
of w simply as |Jw| -1 -

Theorem 4.1. Assume that w is a solution to the interface problem (Z1)-(Z3)
with Dirichlet boundary condition ([2)) or Neumann boundary condition (Z2), g €
H=Y2(T), and f € H~Y() when (Z4) holds and f € (H*(R))" when (Z3) holds.
Then
Ba|Vuzllo.. < llgll-1/2r + 110, (4.6)
BilVuilloo, S Ifll-re0 + 57" (lgll-1/2,0 + [ fll-1.0)- (4.7)
Proof. We first prove for Neumann boundary condition ([2H). Observing that the

solution u is unique up to an additive constant, it suffices to derive the estimates
D) and D) for the solution w with vanishing average on 9

/mudo' = 0. (4.8)

By the Poincaré inequality, we have for all vo € H'(§)y) satisfying @X) that
[v2]l1,0. < IV v2llo,0.- (4.9)

Next, we assume f € L?(f2) and introduce two auxiliary functions @; € Hg (£2;)
satisfying
=V (Bi(@)V) = fi, i=12 (4.10)
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It is clear that u; € H2(£;) (cf. |11, [T3]) and there hold
/ ﬁz(l')vaz -Vuidx = / fz v;dx, Yuv; € H& (Ql), 1 =1,2.

Taking v; = 4; above and noting the assumption Z32), we have

Billaille: S I fill 1.0 (4.11)
Let 4; = u; — @y, ¢ = 1,2. It is easy to show from (EI0) that
-V - (Bi(x)Vu(z)) =0 inQ; i=1,2, (4.12)
[a] =0, [BOntu]l=g+g1 onT, (4.13)
B20,u(x) = —B20,42 on 01, (4.14)

where g1 = $10n01 — B20ntz. The variational form of [EI)-ETIL) is

2
Z/ BiV ;- Vvide = — < g+ g1,v > — < Bodyiin, v >p0 VYve HY(Q).
i=1 %

(4.15)
Taking v = u in the above equation and noting the fact that |, o U2do = 0, we have
by J) and the definition of norms of linear functionals that

Ba|Viielo,0, < llgll=1/2,0 + lg1ll=1/2,0 + [|B20v 2| -1 /2,1 (4.16)

To estimate the last two terms in (EI8), for any n € H/?(T') we introduce v, to
be a function in H}(2) satisfying

Avy =0 inQUQe; wvy,=n onl.
Owing to the Green’s formula (2.17) in [T2, p. 28] and ([EI0) we have
(g1, )1 =(B10nt1, vy)r — (B20nTa2, vy)r

= | {V- (B Vi), + Vi - Vo, da
Q1

+ {v- (62v'&2)1}n + 32V g - an}d:p
Qo

2
:_/fvnd:v—i—Z/ BiV ;- Vu,da.
Q i=17%%

Using (LT and the basic estimate [|vy |10 S [|9]l1/2,r (cf. [21), we are further led
to

2
gr,mrl S Ifl-rglloglie + IVegllog Y 18:Vailos;
=1

2
S l-ve+ Y BillVaaoo b

i=1

2
SU-ve + DI -vadally o S IFl-velnllyzr,
=1

|77||1/2,r

which implies
lgill-1/20 S I l-1.0- (4.17)
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Similarly, we can deduce

18200 t2]| -1 /2,0 S 1f-1.0- (4.18)
Combining the last two inequalities with {ZI1]) and ETH), we find

Bl Vuslloo, S llgl-1/2,r + 1 fll-1.0,
which proves ([E0l).
By Lemma BT and ([T6)-[IR) we derive

GV o, Sk B2l Vazlloo, S E " (lgll—12,r + 1 £1-1.0),

which, together with [ZT), proves ().
Now, the desired estimates for the general f € (H'(£2))" can be obtained by the

established results ([EH) and @) for f € L?(Q) and the usual density argument
(cf. ).

The situation with Dirichlet boundary condition {4 can be handled in a same
way as for the Neumann case. We first assume f € L?*(Q) and introduce two
auxiliary functions @; € Hg(;) (i = 1,2) satisfying ([EIT) and then define 4; =
u; — @; (1 = 1,2). Then following the same derivations as for getting [EIH), we can
show that u € H{ () satisfies the variational equation

2
Z/ 6iVﬁi-Vvid:c:—<g+gl,U>F V’UEH&(Q)
i=1 7

Letting v = 4 and using @) we know

32| Viazllo,0x S gll-1/2,0 + lgill-1/2,r, (4.19)
which, in combination with @TII) and EIT), leads to EH). E) follows from
Lemma BTl @), ETD) and @I9). The results for the general case f € H~1(Q)

can be obtained by the density argument. O

4.2. H’-estimates. This subsection is devoted to the uniform a priori H?-estimates
for the solution w to the interface problem Z1I)-(Z3), with either Dirichlet boundary
condition (4] or Neumann boundary condition ([ZH). To begin with, we introduce
two parameters
Bl co.00 _1B2l1,00,90
di(B) = —=++, d(f)=—=">
B Ba

to measure the relative oscillation of the coefficient 5(z) in each individual subre-
gion, 21 and Q5. For the ease of exposition, we shall assume that

di(B) < é1, d2(B) < &, (4.20)

where ¢; and é are two positive constants independent of 81 (x) and Ba(z). By the
mean value theorem, the assumption 20) implies

—|6z(_$)_6z(y)| <¢ Va,y € Q; with x £y
Bilz =yl
for ¢ = 1,2. So the relative oscillation of 5(z) in each subregion Q; and Qs is
bounded independent of 3(z). Assumption [Z20) only helps avoid some unnecessary
technical complications in the subsequent estimates. In fact, by slightly more careful
derivations, one can achieve explicit dependence on d;(8) and dz(3) in the a priori
estimates which follow.
The next estimates will be frequently used and can be checked directly according
to the definition of fractional Sobolev norms:
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Lemma 4.2. For any F € Wh°(T), Gy € HY?(T) and G2 € H-Y/*(T"), one has
FG, € HY?(T') and FGy € HY/(T'), and there hold the estimates:
[FGilli2r S FllveorlGillizr,  [FG2ll-1/2,r S I1F 1000 |Gall-1/2,r-

Now we start with the HZ-estimates for the interface system (EII)-E3) with
Neumann boundary condition (ZH). For the purpose, we introduce two auxiliary
functions w; and wq such that wy € H}(Q1) and satisfies

1
— Aw; = ﬁ_{fl + VB -Vur} in Q, (4.21)
1
while wy € H'(Qy) satisfies wy = 0 on T, d,we = 0 on 9 and
1
— Aw2 = 6_{f2 + Vﬁg . VUQ} in Qg, (4.22)
2

where u; and f; are restrictions of solution u and function f to Q; (i = 1,2) respec-
tively. By the standard a priori estimates for elliptic problems, we have

1 1
will2,0; S N {f+ VBi- Vuitlon, S E(Hf”o,m + |Bil1,00,0:

Let w; = U; — W; in Qz and g = 61(9“11)1 — 62811102 on F, it is easy to see that
Oywe = 0 on 02 and

V’u,i”o)gi). (423)

Aw; =0 in Qi i=12 (4.24)
[W] =0, [BOaw]=g+g onT. (4.25)
For uniqueness of the solution to ([EZ4)-[EZZH), we consider the solution satisfying
/ wodo = 0. (4.26)
r

We shall need the next estimate for g, which follows from Lemma and the trace
theorem:

2
13l /2,0 S D (Bi + 1Bil1,c000) lwillz (4.27)
i=1

Theorem 4.2. Assume that f € L*(Q), g € HY?(T), and u is the solution to
the interface problem (Z11)-(Z3) with Neumann boundary condition (Z1), then the
following a priori estimates hold:

Bullutllz, S (L+E71B) (I flloe + lgll1/2,r), (4.28)
Balluzllze, S (L+E71B)) (I flloe + llgll1/2,r) - (4.29)
Proof. By Theorem B4l we can represent w; and ws in ([24)-EZH) as
w(z) = (S, 0)(x) + (Dav)(x), Ve, (4.30)
where 1) = @ on 92, and ¢ € H'/?(T') solves the integral equation
(%1 - /cggl) 6 = Oa(Dat) + ﬁf i 952 on T. (4.31)

Noting that @ is harmonic in both € and s, we drive from [E30) that
[@1ll2,0, + [W2ll2.0. S N@lls/2r S 1S2,dlls/2,0 + [Pablls/2r- (4.32)
But for Sq, ¢ we get by Lemma that
S0, @llz/2,0 < 1@ll1/2.r- (4.33)
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To estimate D, we note for any C?-smooth surface IY CC Q and = € I, the
kernel function On, E(x — y) of the operator Dg is C*°-smooth. So it is easy to see
from the definition of Dg, that

1Datll3/2,r S IPatllzr S [¥llase, VaeR. (4.34)
Noting the fact that ¢ = @ on 99, we have by E32)-[E3) that
[@1]]2,0, + [[02]l2,0, S Dll1/2,0 + |©]]1/2,00 - (4.35)
It remains to bound ||¢||1/2 r .- We rewrite 3] as
2(61 = B2) _
= K + On(D + +g). 4.36
¢ = ﬁ1+ﬁ {Ql¢ m/)} ﬁ—i—ﬁ(g 9) ( )
By direct computations and [Z20) we derive
i 2(1 — 52)” er <14 18111,00,0: + [B2]1,00,0 <1 (4.37)
B1+ B2 B+ B2
and
2 1 50 o0 1
7= loor S =—— 111,000, +W22|1* SLRY (4.38)
B1+ B2 B1+ B2 (51 + B2) b1+ B2
Now it follows from Lemma 2, [30)-E38) that
81120 S I1KS, @ + Oa(Dat) 121 + (B + B2) " 'lg + llij2.r- (4.39)

On the other hand, since Dgq1) is harmonic and H2-smooth in any bounded domain
Q, with its interior boundary being I' and an exterior boundary being a C°-
smooth surface I’y such that €, strictly lies in €. Then by the regularity estimates
for harmonic functions, and the same argument as used for deriving (=34 we obtain

[00(Dat) 121 S 1Pallyq, S Pavlls/ar + [Patllz/er, S I¢li/2.00- (4.40)
We have by Lemma B2 and the Sobolev intermediate inequality (cf. [I} B]) that
1Ko, ¢l /2 S ollor S ¢z + 9ll-1/2r - (4.41)
But noting that ) = w on 0%, by Lemma B2 and the relation [E3) we derive
[él-1/20 S S0, @lli2r S @i/ + 1 Patlli/2r
Sllollyzr + 192,00 S 102 + [©l/2.00 S [Well10,
which with @39)-EZI) gives
[0l /2.0 S w210, + (Bi + B2)"Hlg + Gllij2.r- (4.42)
Combining this and E35) leads to
[will2,0, + [@2l2,0, S [@2ll1,0. + (61 + B2) " (gl /2.0 +Gll1/20)-  (4.43)
To estimate ||w2||1 o,, We know by the definition of wy that we = us —we € H(Q2)
satisfies
—Awy =0 inQy; wy=us onl; Jdyws =0 on .
Multiplying —Aws = 0 by ws and us respectively and integrating over s yield
||V’II}2||%7QZ = —<auﬂ}2,@2>r = —<(9VQI}2,U2>F = Vs - Vusdz,
Qo
thus we have [|[Vwz|lo.0, S [|Vuz|lo,q,. This with @Z3) leads to

[@1]l2.0, + [2ll2.0. S IVuzlloo. + (Br+ B2) " (lglhjzr + 1glhj20).  (4.44)
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We are now ready to prove ([E2])-[29). Using [23)) and Theorem EETl we know

Billwillz.on < Nl fillo.o + dl(ﬁ)gﬂfﬂml + k7 (gl =120 + If-1.0) }
Ballwzllz0. S 1f2llo.. +d2(B){Igll-1/2,0 + [ fl-1.0}-
(4.45)
Combining these estimates with ([E27) yields

2
13l 2,0 S D (L + di@)Billwillze S I flloe + (L +EB) 7 (1f 110 + llgll-1/2.0)-

i=1
(4.46)
Now, with direct computations, it follows from Theorem Bl ([LZ4]) and [ZH) that

Brl|wrllz,0, S A+E"D (gl 2,0+ flloe),  Bellzllz.e, S A+E~) (gl /2,04 fllo.2),

which, along with @ZH) and the relation u; = @; +w; lead directly to [E228)-(E2)).
O

Following the proof of Theorem but with f =0, w; = ws =0 and § = 0, we
come immediately to the following simple results:

Theorem 4.3. Assume that f =0, g € H/*(T') and the coefficient B(x) in (Z1)
is equal to constant (1 in 1 and constant B in Qs, then the solution u to the
interface problem (Z1)-(Z3) with Neumann boundary condition (ZI) admits the a

priori estimates:

Brllurllz.n S E T Bgllijers B2 lluzllze, S llgllyzr
For the Dirichlet boundary condition ([Z4), we have the following similar results.

Theorem 4.4. Assume that that f € L*(Q2), g € H/?(T), and u is the solution to
the interface problem (Z1)-(2Z3) with Dirichlet boundary condition (Z-4), then the
following a priori estimates hold:

Billurllz0, S (1+E713)(Ifllo.o + lgll/z.r), (4.47)
Baluzllz, S (L+E71B)) (I flloe + llgll1/2,r) - (4.48)

Proof. The proof is basically the same as the one for Neumann boundary condition
in Theorem BEZ, with some natural modifications. First, let w; € H3 () (i = 1,2)
be the two functions uniquely determined by E2]l) and E22), respectively. And
define w; = u; —w; in Q; and § = B10pw1 — P20nw2 on I'. Thus by means of a priori
estimates for elliptic problems and Theorem E] the estimates ([ZH) and (EZH)
still hold in the present case. Moreover, it is easy to see that ([E24]) and ([2H) are
also valid. Therefore, by Theorem we can write w as

w(z) = (S, 0)(x) — (Sev)(z), Vz e, (4.49)
where 1) = 0, on 99, and ¢ € H'/?(I") solves the integral equation
Pit+B2 o _ g+37
<7M1 L /cm) 0= 0u(Sa) + =0 on T (4.50)

Noting that wy = 0 on 99, it follows from (EZ9) that
(Sa,9)(z) = (Sav)(z) Va € 0.
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Using this identity, (L49), Lemmas B8 and the derivations as for getting @34,
we find

w1 l2,0, + [[W2]l2,0, S @lls/2r S S0, ¢lls/2,0 + 1Sa¥lls/2,r
S ollyz,r + 19]l0,00
S éllyzr + [1Sevll1,60
Sléllyzr + [1Sa dll00 < 1¢ll/2r- (4.51)

To further our estimates, we use the fact that wy € H' () satisfies
—Awy =0 inQy; wy=us onI and 09,

so we know by the standard a priori estimate for elliptic problems, the Sobolev trace
theorem and the Poincaré inequality that

[Wal[1.0, S lluzllyjzr + [lualli200 S IVuzllo.q, -
Using this and (&), and following the same arguments as for deriving ([Z22) from
E34), we obtain
1l /2.0 < l@2]l1.00 + (B +52) " Hlg + gllajer
S IVuzllo,e, + (B + B2) g + gl /2,rs (4.52)

Now, the estimates [EZ1)- AR follow from EZH)- @A), ERI)-ERD), and Theo-
rem L1l O

4.3. Improved a priori estimates. In this section, we shall study whether we
can improve the uniform a priori estimates established in Subsections EETHED for
the elliptic interface problem (I)-(3) with either Dirichlet boundary condition
(Z3) or Nerumann condition [H). A natural question is whether the factor k=*(3)
appearing in those estimates of Theorems ELTHEA] is necessary. By considering a
special example of the interface problem [I))-(Z3]) in spherical coordinates (cf. [T5,
p. 581]), we find that the factor k~!(3) appears necessary as long as the norms
used contain the L?-norm part, and unnecessary when the H' and H? semi-norms
are considered. The removal of this factor is of essential importance as it can be
very large if 81 (x) is much larger than B2(x) in magnitude. This may happen often
in applications and is in fact more interesting from the physical point of view.

Indeed, as we shall demonstrate, the factor k="' appearing in the a priori estimates
of Theorems EETHEA can be removed. The improvements will be achieved based on
the established a priori estimates in Theorems EEIHEA and by means of a novel
technique, which mimics the standard asymptotic analysis (cf. [21]) but is in fact
not an actual asymptotic expansion.

Dirichlet boundary condition. We start with the analysis on Dirichlet bound-
ary condition case. For simplicity, we shall write k for k(/3), and d; for d;(3) below.
Clearly for our purpose, we need only to consider the case where k(3) < 1.

Dividing both sides of equations (1) and &) by 31, we can rewrite &1I)-(223)
as follows: Find u € H} () such that

—-V- (31Vu1) = fl in Ql; —]%V . (BQVUQ) = fz in Qg; (453)
up =u1, kB2Onuz — frOnuy =§ on T, (4.54)
where § = g/f1, f = /B, Bi = Bi/Bis i =1,2.

Next, we expand the solution u formally in powers of k in the form
u~k a4 u® + O(k).
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Substituting it into the equations ([L33)-(E5T), then comparing the terms of same
power of k, we obtain

—V-(AhVur)=0 in Q; dqu;'=0 on T, (4.55)
— V- (6Vuz')=fo in Qo; uz'=wu;' on I'; u;'=0 on 99, (4.56)
V- (V) =fi in Q; 310qud = Boduu;' —§ on T /u?do =0,
(4.57)
—V-(3Vud) =0 in Q; uy=u! on I'; ud=0 on 99, (4.58)
where the condition [ u{do = 0 in ([@RD) is imposed to ensure the uniqueness of
1Y which is governed by a Neumann boundary value problem.

By a straightforward computation, we see from ([ER3))-(ES) that the error func-
tion

u =u— (ka4 4% in Q (4.59)

satisfies u”(z) = 0 on 90 and
VBV =0 in Q3 —kV-(FVul) =0 in Q; (4.60)
uly =ul, kBoOgul — B10qu] = —kBadpuy on T. (4.61)

Now we try to further simplify the functions uw~! and u®. It is easy to see
from [5H) that u;' = «, a constant, which with the interface condition in (E5H)
indicates u; ' = a on I'. Using this, we can express u; * in the form u; ' = wy ' +
avy !, where w, ' and vy ! solve respectively the systems

—V-(BoVuwy)=fo in Qu; wy'=0 onl; wy'=0 on 9Q, (4.62)
—V-(foVuy 1) =0 in Qy; vy;'=1 on T'; v; =0 on 9. (4.63)

Next, we try to determine the above constant @ = ul_l. Noting that problem
(EXD) is of Neumann type, we must have the consistency condition:

/ Blanu?da = — fld:c,
r

o
which with the interface condition in EXX1) implies

/Bganuglda = /gda— fld:c.
r r Q0

Using this relation and the expression u; ' = wy " + a vy ', we have

/ Bg@nwgldcf + o / Bg@nvglda = /gda — fld:c,
r r r o

which gives the formula to evaluate the constant a:

o= {/Ffida— o, fldx_/F@‘?“w;ldo}//rgzanv;ldo. (4.64)

Below we shall mention a few lemmas to present some a priori estimates for the

auxiliary functions vt u° and u".

Lemma 4.3. For the function wy ' defined by [f.63), we have

lwy s S If2ll-r00s  lwy 200 < [1F2ll0.0.- (4.65)
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Proof. The first estimate in ([E6H) follows readily from the weak formulation of

[ELD). For the second estimate, by a direct computation, we know from (EEG2) that
—Awyt =By {fo+ V2 Vwy '}

Now by the standard estimates for elliptic problems (cf. [I3, 22]) and noting the
assumption (Z2) for 3, we can derive

wy 2,00 S 185 H{f2 + VB2 - Vwy o, S 11f2llo0.-
O

Lemma 4.4. For the function vy defined by ([{-03), we have

/ 32 anz’ 1 do
T

Proof. The proof of the last two estimates in {G0) are rather standard (cf. [IT]).
To see the first estimate in ([ELB0), using LG and applying the Green’s formula
to f2Vu, ! we obtain

1 S ) ||U51||1792 5 L, ||U51||2792 5 L. (466)

0=—(V-(62Voy), v; g, = B2|w;1|2dx+/326nv2—1da,
Qo T

which implies

/Bganugldo :/ Ba|Vvy ! 2d. (4.67)
T Q2

Then the desired estimate follows directly from (&), the fact that

_ . 1 >
J(vgt) = min J(z) = 3/, B2|V2|?dx
2

and 3y = (2/B2 > co by [E2), where Z is a set of functions given by

Z:{zeHl(Qg);z=10nI‘,z:Oon8§2}.

O
Lemma 4.5. For the constant o in [§64) and function uy ' defined by @50), we
have
ol S 11gl-1/20 + I Fllo.0, (4.68)
luz M0, S 11Gl-1/20 + I fllo.0; (4.69)
luz 2,00 S 11Gl-1/20 + I £llo.0- (4.70)

Proof. For the estimate [ZG8) of «, we easily see from (64, Lemmas and
the Sobolev trace theorem (cf. [Il [[3]) that

ol S 1111172, + [fillogs + 1wy llz.00 S 1G]1-1/2,0 + [ llo.0-

The estimates [EGY) and ET0) follow directly from the expression uy ' = wy ' +
avy !, Lemmas and the estimate of o. O

Lemma 4.6. For the function u$ defined by {@-571), we have
e S U3l-1/2.0 + 1 Fllo.g, (4.71)
2.0, < 1301720 + 11 Fllo.0- (4.72)
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Proof. By [EXD), we know uf € H* (1) solves the variational problem:

51Vu(1) . led:r = flwldx—l— < Bganugl — g,wl >r le S Hl(Ql).
Ql Q1
Taking w; = u{ above and using the Poincaré inequality with condition ([Z0) and
the trace theorem imply

S, < I filloss + [1B20nuy " = 3ll-1j2r
S Ifillo.en + 13l-1 /2,0 + 1820003 M| -1 /2.1 (4.73)

Next we estimate ||328nu2_1||,1/2)p by the duality argument. For all @ € HY?(T),
let ws be the harmonic extension of & into s such that ws = @ on I', and wy, = 0
on 0f2. Clearly, we know [|wal|1,0, < [|@]|1/2,r- Thus, it follows from (ESH) and the
Green’s formula that

/ fngdx = / BgVugl - Vwadz + / 52 Wo Bnugl do,
Q2 Qo T
so we can further derive

/ Bganuglwgda < BgVUz_l - Vwodx fgwgd:p
r

Qo

_|_

Q0
S (I f2llo.es + llug v, o]l 2,0
This indicates with Lemma B35 that
18a0miz 1o S I ellows + iz es S 13010+ UFlog  (474)

Now (EZTI) follows from this estimate and [EZ3).
To estimate the term |[ul]|2.o,, we first rewrite equations A1) as

AW =371+ V6 - Val} in Qr; 9aul = B GeOnuyt — G} on T
Then we deduce by virtue of Lemmas and L5, the estimate of ||u?]|1 o, that
1AW 0,0, = 187 {1 + V51 - Val}lloa,
S filloos + di]|gll =120 + (1 + da)?d1 | fllo, 0,
[0nul|l1 /2,0 = 187 H{BaOnuy t — Gtlj2r S 187 l1,00,04 | 320nus* — dlliy2,r
Salhyze + lug iz, S 1912 + 11 fllo.q-

Finally, the Poincaré inequality and standard a priori estimates for elliptic problems
lead to

lutllz.0 S 1AW N0, + [10ntt Iz S lgll/2e + 1 fllo.0-
This completes the proof of {72 O
The estimates in the following lemma about u$ follow from the standard a priori
estimates of elliptic problems and Lemma EGt

Lemma 4.7. For the function uS defined by [{F-53), we have
||ug||1192 S gll=1/2,0 + ||f||0,sz ; ||ug||2192 S gllyzr + ||f||0,sz-
Lemma 4.8. For the error function u” defined in [£.09), we have
Vuilloo, S N9ll-1/2,0 + ||f||0,(lv
luillz.) + K [ubll2.0. S 19120 + 1 o0
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Proof. By the same argument as for bounding (f29nu; ') in @Z4) and using Lemma
7 we obtain

||B28nug||—1/2,r S gll=1/2,0 + ||JE||0,Q- (4.75)
Now applying Theorem EETland Theorem EAlto the elliptic interface problem (ELE0)-
EXT) and noting k < 1, and &2), we derive
Vuilloo, S /571||E523nug||—1/2,r = ||528nug||—1/2,r7
[uillz0n S (14K DIkB20aud]l1 20 S | B20nub]1/2.r,
Ellubllz0, S (1+ k) kB20aud ]l 2.0 S [|B200ud]|1/2,r-

Then the desired estimates follow directly from [{H), the trace theorem and
Lemma 7 O

With the above preparations, we are now ready to present our improved a priori
estimates.

Theorem 4.5. For the solution to the interface problem (Z1)-(23) with Dirichlet
boundary condition (Z-4), there hold

BullVuillo.e, + B2l Vuzllo.o, S llgll—1/2,0 + 11f]-1.0 (4.76)
for f € HY(Q) and g € H-Y*(T"), and
Brlurlz,0, + Boluzla.o, S llgllijz,r + [ fllo.o (4.77)

for f € L2(Q) and g € H/2(T).
Proof. Observing that ul_l in (ERH) is a constant, and noting u” in ([RY) and the
definitions of g and f, we derive from Lemmas that
Bilurlze, S Biluflzg, + Billufllza, < lglhyjer + 1 fllog.
Boluzla.0, = Bik |uzl2.0, S Bifk|ullz.0, + [lug 2.0, + [udll20,}
< llglhyz,e + 1£llo.0;

which prove ([EZ7). The same reasoning as above gives
BillVurllog, < BilVuillog, + Billutlie, < lgll-1/2 + [1fllo.e- (4.78)

This is not the optimal estimate as required in ([ZZ6), where only the H~!-norm is
needed. To improve this estimate, we introduce two functions w; € Hg () (i = 1,2)
such that

By the standard duality argument as used for bounding (320qu; ') in EETA), we
deduce

| BiOnwill 12,0 S 18 Vwillo.o, + | fil -1, S I1fll-1.9;- (4.80)
Now letting v = u — w, we know from ZI)-@4), @A) that v = 0 on IN and
satisfies

-V- (61V’Ul) =0 in Ql; -V (62V’02) =0 in QQ;
[v] =0, [B0nv] =g+ P10nw1 — f20nw2 onT.

Applying the estimate ([ZH) to the above interface problem and using [EXM), we
obtain

BullVuillo, S g + Bronws — Badnwal—1/21 S lgll—1j2,0 + 1] -1,0;
which, with [B0) and the relation u = v + w, gives
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BillVuillog, < lgll-1/zr + 1fl-1.0-
The combination of this and (f) implies @Z4). O

Remark 4.2. The estimates in Theorem EZH are sharp in terms of 8, and B, and
for general f and g. These have even greatly improved our previous results obtained
in [I5] for the case with piecewise constant coefficients.

Neumann boundary conditions. For the interface problem ZI)-E3) with
Neumann boundary condition ([H), we can also improve the uniform a priori esti-
mates established in Theorem BTl and Theorem EE2L We shall state only the results
below but omit the lengthy derivations. In fact, the derivations follow almost ex-
actly the same arguments as used earlier for the Dirichlet boundary condition (Z4),
with only some minor modifications, e.g., the boundary conditions us 1'= 0 and
ud = 0 on 99 in EIH) and ([ESN) should be changed into the Neumann boundary
conditions dyuy ' = 0 and 9, uy = 0 respectively.

Theorem 4.6. For the solution u to the interface problem (Z1)-(Z3) with Neu-
mann boundary condition (Z2), there hold

A1l Vuillo., + Bl Vuzlloe. S lgll—1/2r0 + I f]-1.0 (4.81)
for f € (HY(Q)) and g € H-'/*(T), and
Brlutlz,0, + Baluzlz,o, S llglljer + [1f]lo.0 (4.82)

for f € L*(Q) and g € H/?(I).

5. Uniform a priori estimates for static Maxwell interface problems. In
this section, we will present some uniform a priori estimates for the electric and
magnetic field E and H to the static Maxwell system. In this case, the electric and
magnetic fields E and H are uniquely determined by two independent systems, and
thus their estimates can be obtained separately. As showed in Subsection 2.2, we
assume that conditions [ZI0) and I hold for the material parameters (z) and

().

5.1. Electric field E. It follows from the equations ([H), [ZJ), and the interface
and boundary conditions [ZI2)-ET) that the electric field E satisfies the condition
n x E =0 on 99 and is governed by the following system:

V-(ex)E)=p, VXE=0 in ; (5.1)
[Exn]=0, [cE-n]j=pronl. (5.2)
Using V x E = 0, we know that there exists a scalar potential u € H}(Q) such that
(cf. 12, p. 31))
E=—-Vu. (5.3)
Substituting this into the first equation in (&1I) yields
-V (e(x)Vu)=p in Q.
On the other hand, by direct computations we find using (&2) and E3) that
[u] =0, [e(x)Onu] =—pr on T.
Now we can see that the potential function u € H}(12) satisfies the elliptic interface

problem I)-@3)) with f = p, 8 = ¢ and ¢ = —pr. Then an application of
Theorem leads directly to the following uniform a priori estimates on E:
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Theorem 5.1. For the electric field E governed by the system (G1)-IZ3), we have
E1|E1lo,0, + &2l|E2llo,0, S llorll-1/2,0 + lloll-1.0 (5.4)
for pr € H-Y2(T') and p € H*(Q), and
&1lEil0, + &2[Ez|10, S llorllyzr + [lollo.o (5.5)
for pr € HY2(T') and p € L*(Q).
5.2. Magnetic field H. From the equations ([Z1), 3), and the interface and

boundary conditions [ZI2)-ETId), we see that the magnetic field H satisfies the
condition v-(uH) = 0 on 99 and is governed by the following system:

VxH=J, V-(uH)=0 in Q; (5.6)

[Hxn]=0, [pH-n]=0on T. (5.7)

In general, the magnetic field H can be described by introducing a vector field
which satisfying some gauge conditions (cf. [9 [[0]). But we shall use a different

way to represent H (cf. [T9]). Noting the first equation in (&), we should have the
following consistency condition:

Vv .-J=0.

Since the domain 2 is a simply-connected convex polyhedron or a domain with a
smooth boundary, we know by Theorem 3.12 and Theorem 2.17 in [2] that there
exists a vector potential W in (H'(Q2))? satisfying that W - v = 0 on 952 and

J=VXW in Q, V-W=0 in Q, (5.8)
with the stability estimate
Wie < (191
Combining (BJ) with &8 yields
Vx(H-W)=0,

0,0 (5.9)

hence there exists (cf. Theorem 2.9, [I2Z, p. 31]) a scalar potential w € H(£2) such
that

H=W+Vw in Q. (5.10)

Substituting this into the second equation of (&8) and noting V-W = 0, we obtain
-V - (mVwi) =Vu - Wi in Q, (5.11)

—V - (u2Vwy) = Vs - Wa  in Q. (5.12)

On the other hand, using ([EI0), the interface and boundary conditions on H and W,
we can see that the potential function w satisfies the boundary condition d,w = 0
on 0f2 and the interface conditions

[w] =0, [pOaw]= (1 —p2)W-n on T.
Therefore, we find that the scalar potential w satisfies the elliptic interface problem
E)- ) with B(z) = p(x), f(x) = Vs - Wq in Qq, f(z) = Vg - Wy in Qs and
g9(x) = (1 — p2)W - .

Then applying Theorem EE6 and (&9)-(I0), we come immediately to the following
conclusion.
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Theorem 5.2. Assume that J € (L*(Q))2, and H is the solution to the system
@4)-[57). Then the following a priori estimates hold

14 11]1,00,01 + |12]1,00,0, + 1111 = p2]l0,00,1

|0 < HIlo.
M1
00,01 T 00,02 T - 00,
||H2||0,Qz < {1+ |u1|1oo 1 |M2|1007 2 ||N1 /142”0001"}”']”0197
M2
|H1|1191 < {1+ |,u1|1700791 + |,u2|1,00;92 + ”:ul _IUQHLOO’F}”JHO,SL
H1
00,0 00,0 T - 00,
|H2|1,92 < {1+|M1|1oo 1 |M2|1ooﬂ22 ||M1 /1’2”1001—‘}”.]”0)9'

When the magnetic permeability u(z) is piecewise constant, we have

Theorem 5.3. Assume that J € (L*(Q))3, and that the permeability parameter
w(x) is piecewise constant, equal to fi; in Q; (i = 1,2), then the magnetic field H
to the system [&A)-[54) admits the following a priori estimates

Hillo, S oo, [Hallio, S [Tloe  for iz > fi,

1Hi 0, S I13]l0.0: ||H2||1,925%||J||0,Q for fix > fis .
2

Proof. For fiz > [i1, we apply Theorem BTl (with f = 0) to the system (EII)-(ET2)
to obtain that

P2 (lwil1,0, + lwali,0,) S (1 — p2)W -nl|_1 o0 S (1 — p2l [Joq,
which gives

wilto + lwalio, S %HJHW < o

On the other hand, one can apply Theorem B3 to the system (BII)-(EID) and use
E3) to derive that

A2 (Jwil2,0, + |wal2,0,) S (1 — p2)W -l o0 S (2 — f1)[| I o0

thus we have
wilag + ol S 3l00 S 190
2

With these estimates, the results for the case that jio > 11 comes readily from

EI0).
To treat the case with fi; > [ia, we apply Theorem EEfl to the system (BI)-(BI2)

to obtain that

i1 wili,0, + 2 lwali0, S — p2)W -nl|_y o0 S (A1 — fi2) [T lo.,
fr |wil2,0, + 2 lw2l2.0, S I — p2)W -nll1or S (1 — f2)[|Io0,

now the desired estimate follows immediately from these and (EI0). O
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