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ABSTRACT. We construct solutions for the fractional Yamabe problem that are singular at a pre-
scribed number of isolated points. This seems to be the first time that a gluing method is successfully
applied to a non-local problem. The main step is an infinite-dimensional Lyapunov-Schmidt reduc-
tion method, that reduces the problem to an (infinite dimensional) Toda type system.

1. INTRODUCTION

In this paper, we consider the problem of finding solutions for the fractional Yamabe problem in
R™ n > 2 for v € (0,1) with isolated singularities at a prescribed finite number of points. This is,
to find positive solutions for the equation

(—Agn)Tu = cnﬂuﬁ in R™\X,

(1.1)
u— +00 as xr — X,

where ¥ = {p1, - ,pr} and
3= n+ 2y
n — 2y

is the critical exponent in dimension n. Remark that we are using the notation #° to denote the power
nonlinearity |t|®~'¢, but this does not constitute any abuse of notation since any solution must be
positive thanks to the maximum principle. ¢, > 0 is a normalization constant and can be chosen
arbitrarily.

Problem (1.1) can be formulated in geometric terms: given the Euclidean metric |dx|? on R", we
are looking for a conformal metric

Ju = un%ﬂdx\z, u >0,

with positive constant fractional curvature Q9" = ¢, 4 > 0. This is known as the fractional Yamabe
problem (positive case), and smooth solutions have been considered in [7, 6, 15, 17, 20, 13, 19] for
instance. We remark that the nonlinearity in the right hand side of the equation is critical for the
Sobolev embedding, a common feature of all Yamabe-type problems.

Instead, one could look at the singular version. Here the sign of @), is related to the size of the
singular set . For instance, when ¥ is a smooth submanifold, [14] shows that the positivity of
fractional curvature imposes some geometric and topological restrictions, while [30] considers very
general singular sets in the case v € (1,2), with the additional assumption of positive fractional
curvature. See also [18] for some capacitary arguments on the local behavior of singularities.
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But all these results give necessary conditions for the existence of such metrics. On the contrary, the
question of sufficiency is expected to have only partial answers, requiring that X has a very particular
structure. Here we initiate the study of this issue, looking at the singular Yamabe problem with
prescribed isolated singularities at the points {p1,...,px}.

Thus our main theorem is:

Theorem 1.1. Fized any configuration ¥ = {py1,--- ,px} of k different points in R™, there exists a
smooth, positive solution to (1.1).

As a corollary, we also obtain existence of conformal metrics on the unit sphere S™ of constant
fractional curvature with a finite number of isolated singularities. Note that our results will imply
that this metric is complete.

It is shown in [4] that non-removable isolated singularities for the problem

{ (—Agn)Yu = u? in R"\{0},

(1.2)
u— +00 as * — 0, u >0,

must satisfy the asymptotic behavior

n—2y n—2y

car” 2 <wu(z)<cor” 2 , r—0,

where ¢, ¢y are positive constants and r = |z|.

The geometric interpretation of (1.2) was considered in [9]. Indeed, it corresponds to the fractional
Yamabe problem in a cylinder, which motivates the change (1.3) below. In the paper [10] the authors
show, using a variational approach, the existence of “Delaunay”-type solutions for (1.2), i.e, solutions
of the form

(1.3) ur(r) = =" vy (~logr) on R" \ {0},

for some smooth function vy, that is periodic in the variable ¢t = —log r, for any period L > Lg. Lg is
known as the minimal period and has been completely characterized.

Radially symmetric singular solutions, known as Delaunay, for local problems have been known for
a long time. For instance, for constant mean curvature surfaces, this construction is classical and goes
back to [11], while for the scalar curvature case v = 1, which is the classical Yamabe problem, a good
reference [28].

Delaunay-type of solutions are useful in gluing problems, since they model isolated singularities: we
cite, for instance, [25, 26, 29] for the construction of constant mean curvature surfaces with Delaunay
ends, or [24, 27] for solutions to (1.1) in the local case v = 1. However, these classical constructions
exploit the local nature of the problem and, above all, the fact that (1.2) reduces to a standard second
ODE in the radial case. There the space of solutions of this ODE can be explicitly written in terms
of two given parameters, which is not the case for a non-local equation.

Here we are able to use the gluing method for the non-local problem (1.1). This seems to be the
first paper where this construction is successfully applied in a non-local setting. The first difficulty
is obvious: one needs to make sure that the errors created by the cut-and-glue procedure are not
propagated by the non-locality of the problem but, instead, they can be handled through careful
estimates.

Nevertheless, the main obstacle we find is the lack of a standard ODE for the calculation of model
radial solutions with an isolated singularity, as one does in the classical cases. As we have mentioned
this is the starting point of [24] or [25]. Thus, even though a Delaunay solution is our basic model for
an isolated singularity, we construct bubble towers at each singular point that consist of perturbed
half-Delaunay solutions (also known as half-Dancer solutions).
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Our source of inspiration for this approach is [21], where the author constructs new entire solutions
for a semilinear equation with subcritical exponent, different from the spike solutions that were known
for a long time. Malchiodi’s new solutions do not tend to zero at infinity, but decay to zero away from
three half lines; the method is to construct a half Dancer solution along each half-line.

The idea of gluing bubble towers allows to construct a suitable approximate solution for (1.1) with
an infinite number of parameters to be chosen. Note that the linearization at this approximate solution
is not injective due to the presence of an infinite dimensional kernel, so we use a Lyapunov-Schimdt
reduction procedure. It is well known that one single bubble is non-degenerate [8], and the kernel can
be explicitly characterized. However, for our problem we perturb each bubble in the bubble tower
separately; we find an infinite dimensional system of compatibility conditions, of Toda type, that
allows to solve the original problem from the perturbed one.

These compatibility conditions do not impose any restrictions on the location of the singularity
points p1, ..., pk, but only on the Delaunay parameter (the neck size) at each point. We also remark
that the first compatibility condition is analogous to that of the local case v = 1 of [24], this is due
to the strong influence of the underlying geometry, while the rest of the configuration depends on
the Toda type system. On the other hand, in the local setting a similar procedure to remove the
resonances of the linearized problem was considered in [1] and the references therein. However, in
their case the Toda type system is finite dimensional.

We remark here that in all our results we do not use the well known extension problem for the
fractional Laplacian [5]. Instead we are inspired to the previous paper [10] to rewrite the fractional
Laplacian in radial coordinates in terms of a new integro-differential operator in the variable ¢. In any
case, if we write our problem in the extension, at least for the linear theory, it provides an example
of an edge boundary value problem of the type considered in [22, 23].

There are still many open problems. For instance, to find radially symmetric solutions for the
fourth order Q-curvature equation. Here the difficulty is the lack of maximum principle, which one
may be able to handle using [16]. We hope to return to this problem elsewhere.

The next natural question is to look at problem (5.7) when the singular set ¥ has larger Hausdorff
dimension N. In this case, in order to have a solution one needs to impose some necessary conditions
(see [14, 30]). The existence of singular solutions with larger Hausdorff dimension singular set will be
studied separately [2].

The paper will be structured as follows: in Section 2 we recall some results about Delaunay solutions
for (1.2) from [10], while in Section 3 we use those as models to construct a suitable approximate
solution for our problem. Sections 4 and 5 are of technical nature. Finally, the proof of Theorem 1.1
is contained in Section 6.

2. DELAUNAY-TYPE SOLUTIONS
In this section we recall some recent results in [9, 10] on the Delaunay solutions of
(2.1) (—Agn)Tu = ¢, ,u” in R™\{0}.
We may reduce (2.1) by writing

n—

u(z) =r 22WU(—log |z|)

and using t = — log |z|.
There are two distinguished solutions to (2.1):
n—2y

i. The cylinder, which is v(t) = C, that corresponds to the singular solution u(z) = Cr~
it. The standard sphere (also known as “bubble”)

n—2~y

v(t) = (cosh(t —tg))” 2 ,

for any to € R, which is regular at the origin.




4 A. DELATORRE, W. AO, M.D.M. GONZALEZ, AND J. WEI
Moreover, it is well-known that all the smooth solutions to problem (1.1) are of the form

v@ = (52

For the standard bubble solution we have the following non-degeneracy result (Theorem 1 in [8]):

n—2y
Pl

Lemma 2.1. The solution w(z) = (ﬁ)nf7
bounded solutions of equation

of (1.1) is non-degenerate in the sense that all

(=AY — cp P~ =0 in R"
are linear combinations of the functions

n— 2y

w+z-Vw, and Opw, 1 <i<n.

Note that we normalize the constant ¢, , in (2.1) such that the standard bubble is a solution. The
exact value of the constants may be found in [9] but in this paper this is not important.

In [10], the authors consider the existence of solutions v(t) which are periodic in ¢. Using the change
of variable t = —log |z|, the equation (2.1) can be written as
(2.2) Lyv= cnﬁvﬁ, teR, v>0,

where £, is the linear operator defined by
+oo
Lyv = kp PV / (v(t) —v(1))K(t — 7)dT + cpyv(t)

for K a singular kernel given in (2.13) of [10] and

Rn,~ = 7'('7%2271—‘(? +,Y)

One has the following asymptotic behaviour for K:

Lemma 2.2 (Lemma 2.5 in [10]). The asymptotic expansion of the kernel K is given by

€712, gl =0,

K(&) ~ { e ML je] 5 oo

Since we are looking for periodic solutions of (2.2), we assume that v(t + L) = v(¢); in this case,
equation (2.2) becomes

Eﬁ(v) = cnﬁvﬁ, v >0,

where
Eﬁ( /@nA,PV/L ()KLt —7)dr + cp v
z

for the singular kernel
L(t—r1) Z K(t—7—-jL).
JjE€EZ
We are going to consider the problem

55(1}):0”’“,1)5 in (—%,%)7
2.3
= {w—g):v/(g):o.
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For this we shall work with the norm given by
L/2 L/2 L/2 1/2
ol = ([ [ 00 —oat-myarars [ )"
L/2 L/2 —L/2

and the following functional space
H] = {v : (—%, %) —-R; ’Ul(—%) = UI(%) =0 and ”UHHZ < OO}

Proposition 2.3. Consider problem (2.3). Then for L large there exists a unique positive solution
vg, in H] with the following properties

(a) vp is even in t;

(b) v =3 e v(t = jL) + ¥, where [[$p]lgr — 0 as L — oo,

where
n—2~

v(t) := (coshpt)~
corresponds to the standard bubble solution.
More precisely, for v € (0,1), and for L large we have the following Holder estimates on 1y, :

(n—29)L
||1/)L||C2'Y+a(_L/2,L/2) < 06_%(1-"—5)

for some a € (0,1), and £ > 0 independent of L large.

As an immediate consequence of Proposition 2.3 we obtain periodic solutions for the original equa-
tion (2.2):
Corollary 2.4. For L large there exists a unique positive solution vy, of (2.2) with the following
properties
(a) vy is periodic and even in t;
(b) vp =3 550t — jL) + 1, where ||| gy — 0 as L — oo in (—L/2,L/2).
More precisely, for v € (0,1), and for L large we have the following Holder estimates on r,:

1 |e2ria < Ce™ “F2201+8)

for some a € (0,1), and £ > 0 independent of L.

Proof of Proposition 2.3. We denote the function

oo

(2.4) von(t)= Y v;(t),

j=—o0

where v;(t) = v(t — jL) = (cosh(t — jL))~"Z". By symmetry, this function satisfies the boundary
condition at t = :i:é. We consider next the functional

L/2 L/2 . L/2 . L/2
/ / (7)) KL (t —7)drdt + ””/ v? dt — / vt dt,
L2 L/2 2 J_rp B+1J_ 1

ve H), H)={veH], v(t)=uv(-t)}.

Solutions of equation (2.3) are critical points of F. Moreover, we have

in the space

L2
F1 (vo,n)[e] = <££(UO,L),<P> - Cn;y/L/ Uo redt = (S(vo,), ¢)
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for every test function ¢, where (, ) is defined by

p L)2 L/2
(L- (1), ) = 22 PV, / / (M) (p(t) — p(r) Kt — ) dtdr

L2 L/2
L/2

+ Cny / vnggp(t) dt
-L/2

and
S(vo.L) = L3 (vo.L) ~ €nyp
Yo,L) - ~\Y0,L CnyY, -
Therefore, using Holder’s inequality, we easily get

Izl < ClIS(vo.L)lz2,

where C is independent of L large. Hence, we need to estimate the L? norm of S(vo 1) in (—L/2,L/2).
Recalling (2.4) and the definition of v;, we have

oo oo

Swor) =cny|[ D vf = (> v)?] in(-L/2,L/2).

j=—o0 j=—o0
For t > 0, since v_; < vj;, by symmetry, for L large,
B—1 B
[S(vo.c)l < Cug D v+ Y v
570 770
As a consequence, we have
L/2 L/ /2
| stapasc / ZED(S )2 / (S ),
—L/2 L/2 ‘70 L/2 57

In order to estimate the first term, we divide the domain into two subsets, {|t| < 2&} and {[¢| > %}

. (n—2+)
for @ € (0,1). In these two sets we have the estimates Z#O v; < Ce~ 5 (2-e) and Z#O v; <
(n=27)L . . .
Ce~ 1, respectively, by the exponential decay of vy. Hence one easily finds
L/2 (n=2v)L (n=2v)L (n—=27) oL
/ vg(ﬁfl)(z v;)?dt < Ce 2 (2-a) L O3 ¢ 2(8-1) 5%
—L/2 J#0
= O EE @) | o ()

and
L/2
(n—2~4)LB
/ - ofydt < cem T
—L/2 o
In conclusion, we have
_ ("—E’Y)L (14¢)

1S (vo, )l L2 (=L /2,0/2) < Ce

for some £ > 0 independent of L large.
Next we claim that the operator F} (vo, ) is invertible in the space HJ(—L/2,L/2). This follows
from the non-degeneracy of the standard bubble and the fact that we are working in the subspace

of even functions in t. This allows us to solve the problem via local inversion. In fact, we write
v, = vo,r, + ¢ and we have F} (v, + 1) = 0 if and only if ¢ € H](—L/2, L/2) satisfies

¥ = —(Fr(vo,))"[Fr(vo,L) + N(¥)],
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where N(¢) = ¢y~ [(vo.r + )% — ng — ngzlw] is superlinear in . We can apply the contraction
mapping theorem, obtaining a solution 1 which satisfies

_(n—29)L
]|y < ClFL(vo,L)llay < ClIS(vo,c)llpe < Cem ™ (1F9),

For v € (0,1), by the regularity estimates given in [10] and summarized in Remark 3.12 in the same
paper (see also [12]), it follows that v is smooth and we have the following estimate:

[]|czr+a < Ce™ gk (1+8) |

The maximum principle of [10] concludes the proof of the proposition.
|

Remark 2.5. Since the equation for v is translational invariant, if v(t) is a solution of (2.2), then
v(t —tg) s also a solution. In the following, we will use the periodic solution vy, with period L which
attains its minimum at the points t = jL, j € Z. By Corollary 2.4, this periodic solution can be
expressed as a perturbation of a bubble tower (or Dancer solution)

o0

v(t)= > w(t—%—jL) +vL(t),
j=—0o0
where ||Yr]|czrte < Ce— "= (146) for some € > 0 independent of L. For the rest of the paper we
write
ti=%+jL, jez,
and

n—

2" teR.

vj(t) == v(t —t;) = cosh(t —t;)~

Now we consider only half a bubble tower; this is needed in order to have fast decay far from the
singularity (¢t — —o0). We define
in(t)=> v(t—%—jL) + (1),
§=0
then one has the following asymptotic behaviour of vy,:

(n—29)L

op(0) =e T (140(1)),
(this is the neck size). And for t <0, i.e. |z| > 1, using the fact that v is exponential decaying,

n—2y n—2y _ (n—2y)L

or(t) =vo(t) (L +0(1)) = (Cosh(t - %))7 2 (140(1)=z|" "2 e T (1+0(1)),

—2v

and the corresponding solution @iy, = |a:|_” 2 9y, satisfies
(2.5) ar (@) = o] T op = ||~ em T (1 4 (1)),
3. CONSTRUCTION OF THE APPROXIMATE SOLUTIONS

We now proceed to define a family of approximate solutions to the problem using the Delaunay
solutions from the previous section. We know that the Delaunay solution with period L has the form
of a bubble tower, i.e,

o0

uL(x) = |x‘—"_227 ( Z 1}( — log |x‘ — % —jL) + 1/)L(— log “’ED)
(3.1) o e
- j;oo (7A§ —|—j|x|2) + o),
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where
(3.2) Aj:e—“?jb and ¢ (z) = |z|~ "= ¢r(~ log|z|),

for vy, the perturbation function constructed in Corollary 2.4.

As we have mentioned, one of the main ideas is that, although we would like the approximate
solution to have Delaunay-type singularities around each point of ¥, it should have a fast decay once
we are away from X in order to glue to the background manifold R™. To this end, we will only take
half a Delaunay solution (this is, only values j = 0,1,...).

In addition, we would like to introduce some perturbation parameters R € R, a € R”, since each
standard bubble has n + 1 free parameters which correspond to scaling and translations. This is done
for each bubble in the bubble tower independently, thus we will have an infinite dimensional set of
perturbations.

Keeping both aspects in mind, let us give the precise construction of our approximate solution .
First, one can always assume that all the B(p;,2) balls are disjoint, since we may dilate the problem
by some factor £ > 0 that will change the set ¥ into kX and a function u defined in R™\X into
k= "2 u(z/k) defined in R™\kX.

Let x be a cut-off function such that

and set yi(z) = x( - pi).
Given L > 0 large enough, we will fix

L=(Ly,--,Ly)

to be the Delaunay parameters, which also are related to the neck sizes of each Delaunay solution.
They will be chosen (large enough) in the proof. They will satisfy the following conditions:

|L; — L| < C.
More precisely, they will be related by the following:
(3.3) gie” R o S , i=1,...,k

Also, fori=1,...,k, 7 =0,1,..., set aé € R™ and R;- = Ri(1+ T;) € R to be the perturbation
parameters. Define the approximate solution @ as

k 9]
Z[Z —pi — a7 (= log|w — p; — al| — & — jL; + log )]
i=1  j=0
n—2~ i
+ (@)l = p; 7T u(log | — pil + log BY)|
(34) 0 )\i n—2y

[§(|A§|2+|xjpi—a§.|2) ’ +Xi(a:)¢i(x_pi)]

[Zw JFXZ Qb?(x*pl)}

where we have set
(420,
2

_ pi
= Rje
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Next we will explain in detall the perturbation parameters g¢;, a Ri First fix a set of positive

numbers g%, - - - ,qk, and let ao' R"" be determined by the following balancing conditions:
(3.5) .—@E:%meb) pu|” T =1, k,
l#1
and
ag’ As pr —pi 4
3.6 % _ _ 3 A—J——L——”R”Hb L di=1,...,k
(3.6) (AG")2 0 lpir — pi|" =272 g} ( ) 7 ’
i,b ib 7M b b -
where A" = R"%e =, and the L; are defined from the ¢;, ¢ = 1,...,%k and the constants

Ag,As > 0, A3 < 0 are defined in the appendix.

Remark 3.1. It has been shown in Remark 3 of [24] that for § = (¢4, ..., q,l;) in the positive octant,
there exists a solution R*’ to equation (3.5). Once R“" is chosen, then we can use equation (3.6) to
determine aé’b.

Although the meaning of these compatibility conditions will become clear in the next sections,
we have just seen that they are the analogous to those of [24] for the local case. The idea is that,
at the base level, perturbations should be very close to those for a single bubble. This also shows,
in particular, that although our problem is non-local, very near the singularity it presents a local
behavior due to the strong influence of the underlying geometry.

However, for the rest of the parameters a} R;, i=1,...k, 7 =0,1,..., we will have to solve an

infinite dimensional system of equations. First let R?, g; be 2k parameters which satisfy

(3.7) |[R' = RY|<C, |gi—q]| <C.

A+24)L;
2

and let )\é’o = R'e~
. i,0 .
Set also af, given by (;1070)2 = a(, be k parameters satisfying
0

(3.8) lah —ag’| < C,

b al®
where a;° = —%—.
O (\5")2

Last we define the parameters RZ a by

(3.9) Ry=R(+47), myp=s=a+d, i=L..k j=0..0c0
J

where 7"], ; satisfy

(3.10) ri] < Ce™™, |al| < Ce™h,

for some 7 > 0, where t§ = (% +7)L;. The exact value of the parameters will be determined in Section
6.

Let us give some explanation about the choice of parameters. Given the k(n + 2) balancing pa-
rameters q?, R*? &é‘b satisfying the balancing conditions (3.5)-(3.6), we first choose k(n + 2) initial
perturbation parameters g;, R%, a{, which are close to the balancing parameters, i.e (3.7)-(3.8). Af-
ter that, we introduce infinitely many other perturbation parameters a;,r; which are exponential
decaying in t}, i.e. (3.9)-(3.10).

We will prove next some quantitative estimates on the function @, and in particular on its behaviour
near the singular points. Before that we need to introduce the function spaces we will work with.
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Definition 3.2. We set the weighted norm

llullce = || dist(z, )" " ullca(s, 2y + [lz]"ullca®n\ B, ()

Y1,72

In other words, to check if u is an element of some C5, ., it is sufficient to check that u is bounded
by a constant times |x — p;|?* and has its ¢-th order partial derivatives bounded by a constant times
|z — p;|"* ¢ for £ < a near each singular point p;. Away from the singular set ¥, u is bounded by
|z|72 and has its /-th order partial derivatives bounded by a constant times |z|72~¢ for £ < a (note

that here we are implicitly assuming that 0 € 3, in order to simplify the notation).

First, we define Z;,l to be the (normalized) approximate kernels

i 0 i % 0 i % 0
Zio = 5.7 W)» _)\Jaz = Ngm W 1=Lon
J
Without loss of generality, assume in the followmg that p; = 0. For | = 0 we will repeatedly use
the following estimates

- ‘Zi @ <1,
. 0 n2y
2] P09l 2 1.
In addition, for [ =1,...,n, we have
) 2 . _n—2y i
(3.12) G = (= 29)(v) T o —ay —pi| T2 N (@ ay -,
where we have used the obvious notation w} = |z — p; — aé—\_ngzw v%. Then one has the following

orthogonality conditions (recentering at p; = 0):

/ (w;)5712§7lZ;/,l/ dx

4(TL n—2y+42 n— 2'y

—27)? _ 1 _n=2
A E g [ el e ) Tl

4(n —27)? 2 2
= A s [ el ) ) e+ o)
R

= 4(”%27)2(5“, +o(1))e”

n—2v42

n—2~
v dx + o(1)

(3.13)

n—2v+2 1,0 i
Bl 1l

.

Similar estimates also hold true for [ = 0. Indeed,
w178 7 de = (14 o(1 T —pi| P 1v’v’,dx
( J 3,04,0 p g
n ]R’n

_ _n—22~,|t;_t;‘_/|
Co(1+o(1))e

(3.14)

for some Cy > 0.

From now on, we choose —”7227 <m < min{—% + 2v,0}. Define also

ol =Wl Wl =l
and denote by C, and C,. the corresponding weighted Hélder spaces. Here 7 (small enough) is given
in the definition of the perturbation parameters (3.9)-(3.10). Remark that, to simplify the notation,
many times we will ignore the small 7 perturbation and just the weight near the singular set as
dist(x, £)~", dist(z, )~ =27 respectively.

Our main result in this section is the following proposition:
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Proposition 3.3. Suppose the parameters satisfy (3.7)-(3.10), and let @ be as in (3.4). Then for L
large enough, there exists a function ¢ and a sequence {c;l} which satisfies the following properties:

z(wﬁ-)ﬁ_lZ;,z,

k oo n
SO NSRS 302
Jon @WHP1ZE  de =0 fori

|

_
=1
<

|
L

c,00, 1 =0,---,n.

Moreover, one has

(3.16) 6]l < Ce™ 2040,
for some f% << min{f% + 27,0} and £ > 0 independent of L large.

The proof is technically involved, so we prove some preliminary lemmas. We first show a result
involving the auxiliary linear equation

k oo n
(“AV 6 —cnBEP TN =ho+ 33D e () T,
i=1 j=0 [=0
fRn¢(w;)B_1Z;aldx:0 fori::l?..- 7k7 ]:07 7007 l:07 7774,

(3.17)

Lemma 3.4. Suppose the parameters satisfy (3.7)-(3.10). Then there exists a weight v1 satisfying
"_227 <m < min{f”_z27 + 27,0} such that, given h with ||h||« < 00, equation (3.17) has a unique

solution ¢ in the space C.. Moreover, there exists a constant C' independent of L such that

(3.18) @]« < CllAllxx-

Note that Fredholm properties for the problem (3.17) in weighted spaces have been shown in
[22, 23], since it is an example of an edge boundary value problem when we look at the usual extension
formulation for the fractional Laplacian from [5]. However, in Lemma 3.4 we show, in addition, that
the estimates are independent of the choice of Delaunay parameters (L, ..., Lg).

We will postpone the proof of this lemma, instead we will show first some quantitative estimates
on the function % and in particular its behaviour near the singular set ¥ and at infinity.

Lemma 3.5. Let S(u) = (—A)"4 — ¢, ,@”. Then if the parameters satisfy (3.7)-(3.10), we have the
following estimate on S(u):

(3.19) IS (@) < Co 2050
for some € > 0 independent of L large.

Proof. As usual, for simplicity, we prove the estimates in (3.19) for the L° norm, namely, we prove
the following estimates:

(320) S@(@)] < Cla — pynm= 52— 2 (14
near each singular point p; and
(3.21) 15(@)(x)| < Cla|~(+2M e~ =722 (148
for dist(z,X) > 1. o
L, r% are zero. Let ug

First we show the estimates for the particular case that all the parameters a, r;
be the approximate solution from (3.4) in this case. Without loss of generality, assume p; = 0 and we
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consider in the region dist(x,¥) > 1. In this region, y; = 0 for all 4, one has

k oo k oo
S(to) = (—=A) g — cnqilhy = (— ZZ ) cnﬁ(Zsz‘-)ﬁ
i=1 j=0 i=1 j=0
= —Cnpl Zw Z )6] + (_A)’Y(Z Xi¢i) = I + L.
i, i=1
First, using the fact that
, S omezy o

il ~ ()77 |7,

and recalling the relation between L and L; from (3.3) we have

UES 213 (n+29)L
4

I <C(e”
For Iy, recall that by Corollary 2.4

|| ("2 < Ce ||~ (27,

n— (n— )Lz
= |z —p; i = |z —pi| IO (10,

we have for |z| large,

(=A) (xidi)(z) = P'V'/n Xi(7)9i(®) — xi(y)di(y) dy = P.V./ —Xi(y)¢i(y) dy

|z — y[mt2y B |l =yt

(n—2~)L;
4

= ||~ O(e”
Thus one has for dist(z,X) > 1

(146,

1S (i) < C|z|7(n+2v)e*W(l+£)_

Next, we consider the region % < |z —p;| < 1. In this case, it is easy to check that

(n—24)L
S ()| < Ce™ (19,
Last we consider the region |z| < % In this region we have x; =1 and x; = 0 for i # 1, so

-1

ﬁOZUL1*(1*X1)¢1+Z Zw;-JrXifbi - Z w}.

i#l \ j=0 j=—o0

Hence

n— 27 L B n—2v)L
S(ao) = (=A) ur, — cm(Zw +py + O(e EHE )) 4 O~ )

_(n=2yL
1

(n—2v)L
= —Cny[(uz, +O(e )P —ul ]+ O(e- R+

< Cuf e U L O P04

> B—1 n—2y n—2y
< Clal™ (Y wi(-loglal)) e T 4 0@ O

Jj=—00
< Clal a7 (3 vi(—loglal)) e

j=—00

(n—2y)L
P

+O(e~ EHE )

_ _(n—2'y)L
< C|x|’71 27e 1 (1+f)’
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where for the last inequality we have used (3.24) below in the region |z| < 1. We have also denoted

vi(t) ;=0 t—@—le, for t= —loglz|.
3 2

In any case, for t = —log |z| < &, we have
> (n—2y)L4
(3.22) 3 w(—logle]) < Ce "5, Ja| < C,
j=—00

and for ¢t > %, we have
L o0
(3.23) @] < Ce™ 3, Y wi(—logla]) < C.

j=—oc0

Combining the above two estimates, we have for v; < 0,

[ee]

(3.24) e[ (Y v~ logla]))’ Tt < CeE
j=—o00
So for |z| < 1, one has
1S (10)| < C|x|71—276—7("757”(1+€).

Thus we get estimates (3.20) and (3.21) in this particular case.

Now we consider the case of a general configuration r;'-, a;'-. First we differentiate S(@g) with respect
to these parameters. Since the variation is linear in the displacements of the parameters, we vary the
parameter of one point at one time. Varying 7%, we obtain

o) = (—A) = ¢, BaftT - iyi-1 _ 112
3@, S(uo) = (=4) 8r§ Cn By ort 5Cnﬁ[(w3) Ug ] art

From the estimate on ¢; and the condition on 7“3-, we have the following estimates:
For dist(z, %) > 1,

()P — a2 < e T g2 R LRI g (-2

- _ =29k _ott
< Cz| (n+27) ¢ T (I8 e—at;

for a suitable choice of o > 0. Next, when |z — p;| < 1 for ¢ # 1, for instance, similar to the estimates
(3.22) and (3.23), one has

o s 0w P 1 _(nar s
[(w})*™ a5 < Cla—pil /(Y vy(=log o —pif)*~Tem e 4D
7=0

J

_ _(n=29)L i
<Clz—pi| e T (A48 e—at;
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while for [z —pi| <1, if [t — | < LL it is true that
ow

iNB—1 _ p—1 (n2r
[(w;)ﬁ 1‘“5 ]61"? ﬁ 1 Zw +e ]
J I#j
< Ofle| =5 3 o) o+ fof 0] e ]
1#j
CUM—#e—n\t—nl Z o= (2r—m)lt—ti] = 22 [t—t]]

I#5

T A L P e

]

lt—tt o~y _gtin _(n=2nL
et tjl+‘x|v1 27, ot]]e 1 (1+§)7

n+42y
2

< Cllz|~

if we choose 0 < 7 < 27. On the other hand, if |t — t}| < % for some [ # j, one has

. ow' ) ow’
_ _B-1 _
[(wh)? =" —ap ](%Z < C(w})? 18r£
J
< Cla|~ "5 0 Ly
<C|x‘— n2y —n|t—t;\en|t—t;\e—";”\t—me—zwt—th

_ ; _W(H{)’

e

ifn < "_22” which is chosen small enough. Combining the above two estimates yields, for |z| <1,

(n—2v)L
P

(A46) | g1 P24,

) owt .
[(w))? =t —ag "] Hrj| < Cla
J

Moreover, recalling (3.9), one can get that for dist(z, ) > 1

7 )
"~ I}l < O]~ (n 2N = B2 (140 =0t

i\B—1 _ =B—
[(wj)ﬂ — Uy ]37‘§
and for dist(z,¥) <1
) owt
iy\f—1 —B—1 i
" = 21

< Cldist(z, %)~ (2, )7 + dist(z, £) 7 =2 e~ T (040
< CdlSt(;C Z)mm{_n_zh +rm} =2y~ F0E (14¢)
2

2l

for some f"_zﬁ <71 < min{0, — + 2v} and 7 small enough.
Similar estimates hold for %S (). We conclude from the above that
g5l

o M ) ow ) owt .
(i) —ag ] z| U [(wh)P =t —ag 2 el
ZZ‘ J 0 ori VI J 0 aajyl J:l

1j=0i=1

Oz~ +2m = CFE040) | if dist(z,T) > 1
Cdis’c(sc,Z)r‘“in{“’_n;zv“‘T}_Qwe_w(l'*‘g)7 if dist(z,X) <1

|15 (@) = S(@o)]

M;r

7

IN

Thus we have ;
IS (@)l < Cem 20+,
as desired.
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O

Proof of Lemma 3.4. The proof relies on a standard finite-dimensional Lyapunov-Schmidt reduc-
tion.
Step 1: Preliminary calculations. Multiply equation (3.17) by Z’:: v and integrate over R"; we have

(325) / [(7A),Y¢ — Cn77/6’l_14371¢] i1 dr = /R hZ i’ dx + Z _7 l / 1ZZ ’L:i,l/ dx.

i,7,l
By the orthogonality condition satisfied by ¢, we have that the left hand side of (3.25) is

/ A 6=y faTIZ p du = enn | [(w5)7T =002 do

(3.26)
- [/ B(pys, 1) »/;(pz, /w\ uk_

Without loss of generality, assume that i = 1 and p; = 0. First we consider the case I’ = 0. Recalling
the estimates for Z;’,O from (3.11),

= I + 1+ I.
pul)

’L =1

11—/3 [(w;,)ﬂ— e 1]¢Z/l,dx<||¢\|*/ |(w ’l/)ﬂ—l—aﬁ-1||x|%z;?i,l,dx
1
(3.27) < 16l / 2= S vy da < Ol / BT S

J#5’ J#5’
< Q|| e~ TEE (O e~ k=T

and notice that ; > —”722“’. Next,

-/

I = Z/ [(wi)P = —aPYpZY, , da
B(p“ )

i#1
< ¢l Z/ (wi)P =t =@ Z0, o — pi " da
i#£1 (Pul)
_ -/ n—=2y .
<Clo). S / = paP () (3 v da
i#1 (pis1 j

S C||¢||* (A;I/) “ 22’\{ 6_(n+71—2"y)%

< O], ety — FH LB L= (n+ 1

< C||¢||* e~ =2t (1+E)€*(71+“;2”té,
and

I3 = / [(wi)P = — @Yzl da
Rﬂ/ub (p“l)

n—2y
2

< O]l |z|f(nf2v)|z|f(n+2v)(>\§’,) e L dr

R"\U; B(pi,1)

< O||g| 7ty ~TEem On Ty

n— Z'y)

’
7,

< Ofjgl. e~ =R 0+

_92 _o
where we have used —"5= <y < =25 4 27.
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n—2y -/ 1+ 2
2 (’U;") n=2y )7

On the other hand, for I’ =1,--- ,n, recalling from (3.12) that Z;:,l, =O(lz—p;|~
then one can get similar estimates as above. In conclusion, one has

_2 i
n 5 ’Y)t;/

/ [(—A)') — cnr B8 19| 2L dae < C@l| e T (H et ,

for every I’ =0,...,n, which gives a good control of the left hand side of (3.25).
Now, for the first term in the right hand side of (3.25),

. (n—27v) ;7
/ hZi ,dx < C 1| ||~ T2 ||~ (2 e T
n R"’\UiB(pi)
R R LA

Jr/ 1Bllss J& = por V|2 = pu |72 e
B(p,)

2 i
e [ o e

< C[lfs e”rF

_2 i
n 5 al )t;/ )

The next step is to isolate the term c;l in (3.25), by inverting the matrix [, (wé)ﬂ_lZJi’lZ;j’l/ dz.
For this, recall the orthogonality estimates from (3.13)-(3.14), which yield, for all [ =0,...,n,

w178, 78 de = Codyp and wi)P1Zi 74 de = O(e™ "2 1ty if j#5',
N gl ) LT Jb 301

J ail
plus a tiny error. Then using Lemma A.6 in [21] for the inversion of a Toepliz-type operator, one has

from (3.25) that

|c§',l| < C[@, (n—zw)L(1+§)||¢”* + ”hH**]e,(%Jrn—?zv)t;
+0 S (e O gL, + [l Jem T It byl (a2,
J'#J
< C[e_«nfiw)L(l-&-&)H(bH* + ”hH**]e_(,h_i_n;z”tj.

From the estimates for Z;,l from (3.11)-(3.12) and the previous bound for c}l one can check that in

Bl(pi)7
H

o2y i
22t -t

. L ‘ s
|C;',l(w;')ﬁ YZ3 <Ol e —pil 7 e
< Clz —pi|" e (nfiwL(Hé)”qS”* +

Bl

o
n+2 A

, — 2 i —2
e~ mAEF G (AT -

(n—24)L gt g
< COlz —pi e 7 ||, + ||| i]e1 5]

for some o > 0.
For x € R™\ U; By(p;), one has
¢ (wh)P 123 | < C(A))
< Cla| ) [~ TFE 4O |, + [|h|.Je 5.

2 ||~ (nH2) k]

Combining the above two estimates yields

(3.28) 1> c )12 ||, < Cle™ T, + [1h]].].
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Step 2: A priori estimates. We are going to prove the a priori estimate (3.18) by a contradiction
argument. First let us recall the problem we are going to consider:

(—A)7¢ - Cn,'yﬁaﬁ_l(b = il,

p(wi)P 12 de =0, i=1,...,k j=01,...,1=0,...,n,
]Rn

where have we denoted h := h + > e (w

(3.29)

N

2]l < C([1A]ls + 0(D)I9]])-

and which satisfies, by (3.28), that

We are going to prove that
(3.30) 1llx < CllAll s,
for where (3.18) follows immediately.
Assume that there exist sequences {LE")} with LE") — 00, {r;’("), a;’(n)}, {n(mY, {c;f’g")} and the
corresponding solution {¢(™} such that
(3.31) 1R e =0, o™ = 1.

In the following we will drop the index n if needed. First by the Green’s representation formula for
the first equation in (3.29) we have

(332) 6@) = [ (enyt® 16+ B)W)Glr,y) dy = s + Lo
where G is the Green’s function for the fractional Laplacian (—A)7, given by ([5])

G(z,y) = Clz —y|~ =27,
First we consider the region {dist(x,¥) > 1}. Here, for I,

L= [ h)GG.y)dy

Jusmren ™, “ <
{dist(y,2)<1} {1<dist(y,2)< 21} {12l <dist(y,z) <2|=|} {dist(y,2)>2|z|}

=: Ioy + Iog + Io3 + o4,

IN

h(y)G(z,y) dy

one has
1

I21 S/ T n—o~
{dist(y,X)<1} |‘T - y|n72'y

1 7 —(n
be < [ g [y~ dy
{1<dist(y,2)<12l} lz -yl

< C||B||**|5C\_("_27)/ ) ly|~ 29 dy < C||h] || =2,
{1<dist(y,2) <12y

17l sy =27 dy < CllRllalz] =727,

1
Izs < / Ty
2l <dist(y,2) <2|z] |z —yl v
< Vllafal- 2 _ 1
** (o—y|<Blely |z —y[" 727

1
T4 S/ [P
{dist(y,D)>2[2[} [T —y["™*7

1 aslyl =2 dy
dy < O[] =727,

1l sy =2 dy < O[] e ] =727
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Putting all together,
(3.33) Iy < C|| sz~

Next for Iy,

I = l/ +/ ] Cn,«/ﬁﬂﬁilﬁbG(Ly) dy =: Iy + I1».
(dist(y. <1} {dist(,2)>1}

"ZQWL)\ZIA n—2y) (recall (2.5)), then

Since for dist(y, ¥) > 1 it holds that @ = O(e~

Ly < Ce 79| ly| "G (2, y) dy,
{dist(y,2)>1}

and similar to the estimate above we get that

Lz < o(1)[ @]l |z~ 727

Moreover,
k %)
n<d [ =2 2> 0Pl ly — pil e — o1~ dy
{ly—ps| <1} =

gcwmer*”/

{ly—pil<1}

§C||¢||*|w|f(nf2v)/ e~ (nty11—-27)t Z” B-1 g4
0
7=0

o
,p|’h Q’Y Zv ﬁ 1dy
7=0

gCe_("+71_2"’)2||¢|| 2|~ (n—27)

Since y1 > — ";27, by the above estimates one has
(3.34) I < o(1)|[| ] =27,
Summarizing, from (3.33) and (3.34) we obtain that, for dist(z, %) > 1

d?%>{mnﬁw 2)[} < C([Aflex + o(D)[[¢]l.) >0 as L — oo,
ist(x,

by our initial hypothesis (3.31). Moreover, because of the same reason, we know that there exists p;
such that

(3.35) sup  { |z —pi ()|} > 3.

|z—p;|<1

The next step is to consider the region {|z —p;| < 1}. In order to simplify the notation, we assume
that p; = 0, |z| < 1. Again, we use Green’s representation formula (3.32), and we estimate both
integrals I7, Is. On the one hand,

Y S B |
(=1} Jwi<3ly  Jil<pyi<2fay  J{2lzl<|yl<1}

G(m,y)ﬁ dy =: Is1 + Iz9 + Io3 + Iy,
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where

1 } o )
Iy <C g IRl yl 20 dy < Ch|ala| ™
{ly=1} 1 =Yl

1 _ _ _ 1 - ~
bz = /{, i, =g el dy < O /{ o T T Ay S el
YI<= YiI<=

1 -
—_— Y1 —27
o = /{§<|y|<2|gg|} \x—y\"—2'y||hH**|y| dy

< Ol [ dy < Clllulal™,

fla—yl<2y |7 = yl"™>
1 _ B _ o _
Iy < / Ty el My < Cllhll**/ ly| "2 Y dy < O[]z
(2lz|<lyl<2} T Y {2lz|<|y|<2}

Thus one has B
I < Clhll,.|a".
On the other hand, for Iy,

I = [/ +/ ‘| Cn,75a5_1¢G(x7y) dy =: In + L2
{lyl>1}  J{lyl<1}

Similar to the estimates for h,

_ _ 1 (-
I, <C ey e 191l ly T2 dy < o(1) 0|2
{dist(y,%)>1} |z —y|

The final step is to estimate I12. For this we consider ¢ in the region A; := ,/)\éﬂ)\; < |z| <
\/A4As_, and define a scaled function ¢;(&) = (\i) "7 ¢(AiF) defined in the region A; = f\‘—j — (0,00)

as n — 0o. Then gsz will satisfy the following equation

~ 1
(_A)’Y(Zsj — Cn,FyB(l T |i‘7|2

)Wt o(0); = (7RO n A,

/Rn b (wh)PH(Xiz) ZE (Ni3) dE = 0.

Since |h| < COf|hflwx| NiZ[ 127 as n — oo, ¢; — ¢ in any compact set + <|Z| < R for R large enough
(to be determined later), where ¢ is a solution of the following equation

(_A)’Ya) - Cn,wﬁwﬁilqgj =0,

owP1Z,dx =0,
Rn

where w is the standard bubble solution and Z;, I =0, -- ,n, are the corresponding kernels mentioned
in Lemma 2.1. By the non-degeneracy of the bubble, one has ¢ =0, i.e. ¢; — 01in % < |Z| < R. If we
consider the original ¢, this is equivalent to that |z|~"¢(z) — 0 in Uj{% < |z| < RAj} as n — oo.
Using this result, we now consider I15:

Il2 - / Cn,'yﬁ’aﬁ_1¢G('ray) dy
{lyl<1}

< Z Aé +/ Al v ﬂ5_1¢G($7y) dy =: I1o1 + I129.
J } Jyl<in\u {5 <[z <XiR}

{%<\w|<R)\§
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n—2vy 0o

Recalling (3.4), we have that in {Jy| < 1}, 2 = |y|7 2z (O
{lyl < 1}\ Y, {%J < |z] < X;R}, one has > vt < Ce™ “5 R which can be small enough choosing R

large enough but independent of n. Using this estimate we can assert that

L1ss < Ce~2R / W12 [l

lyl<1

7o v5)(1 +0(1)). Then in the region

—2R Y1
Ty dy < Ce ="|z|".

In addition, by the previous argument we know that |z|~" ¢(x) — 0 in Uj{%’ <|z| < R)\g»}, and one
has

R (D, 0h)P !
Io, < CZ i |[ly|~™ 7137237 dy
TG <lyl<BAL} 2 =l
W[ My <oar
<o(1 ————dy < o(1)|x|".
{lyl<1y [z =yl

Combining all the above estimates yields that in the set {|z| < 1} we must have |z|" " ¢(z) = o(1) as
n — oo, which is a contradiction to (3.35). This completes the proof of the a priori estimate (3.30),
as desired.

Step 8: Existence and uniqueness. Consider the space
H = {u € H'(R), /
Notice that the problem (3.17) in ¢ gets rewritten as

(3.36) b+ K(¢)=hinH,

where h is defined by duality and K : H — H is a linear compact operator. Using Fredholm’s
alternative, showing that equation (3.36) has a unique solution for each h is equivalent to showing
that the equation has a unique solution for A = 0, which in turn follows from the previous a priori
estimate. This concludes the proof of Lemma 3.4.

u(w§)ﬂ_1Z;’l dm = O fOr aH 27]71}

n

|
Proof of Proposition 3.3. The proof relies on the contraction mapping in the above weighted
norms. We set
S(@) = (—A)a — cppu”,
and also define the linear operator
L(¢) = (=A)7¢ — cn , 52" 6.
We have that @+ ¢, ¢ € C, solves equation (3.15) if and only if ¢ satisfies

(3.37) ¢ =G(d)
where
G(¢) = L7 (S(@) + cny L7 (N(9)).
Here we have defined
N(9) := (a+¢) —a’ — g’ '¢.
Also, by L™!, we are denoting the linear operator which, according to Lemma 3.4, associates with
h € C,. the function ¢ € C, solving (3.17).

We find a solution for (3.37) by a standard contraction mapping argument. First by the definition
of G, one has

1G@)]l« < C(IS(@)[|xx + [N (D)) -
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Fixing a large C7 > 0, we define the set

(n—

_ 27)L iNB—1 rri .o
Bcl = {¢ € C* : ||¢||* = Cle ! (1+€)7 R™ ¢(wj)ﬁ 1Zj,l de = O,Vl,j,l}~

Note that

u’ 2%, if lu > 3¢,
¢°, if[al < 3¢.
Now, let ¢ € Be,. By our construction, we have that if dist(z,¥) < 1,

IN(¢)] < C(a’2¢* + ¢°)

(@ + ¢)° —a® — pa’~'g| < C{

k
<Oy (10128 2e = pi + [|6]1Z ]2 — pil 1]

=1
k 2
— n—2y — —
< CY o121z — pil 2w — pa T 4 @)1 — pil 2 — i P
=1
k
< C3 (117 + 16012] = — pil 27,
=1

and for dist(z,%) > 1,
IN(@)] < ClIgIPa 22|22 4 |g]|3]a] =2V

_ _(p_oy(n—2y)L
< Ola| =20 [e= P27 1g )12 + [l 2],

Combining the above two estimates, one has

(n—2

(A YL
IN@)l+x < Cle™ P27 1612 + [1912] < o(1)| ¢l
Now we consider two functions ¢1, ¢2 € B¢, , it is easy to see that for L large,

IN(61) = N(¢2)[l+x < 0(1)]|d1 — -

Therefore, by the above estimates for N(¢) and (3.19), G is a contraction mapping in Bg,, thus it
has a fixed point in this set. This completes the proof of the Proposition. |

4. ESTIMATES ON THE COEFFICIENTS c;'. .

In this section we prove some estimates related to the coefficients C;‘,l obtained in the last section,
first in the special case of the configuration (r%,a%) = (0,0) and then for a general configuration of
parameters satisfying (3.7)-(3.10). These are studied in subsections 4.1 and 4.2 respectively. Later
on, in the next section, we study also the derivative with respect to a variation of the parameters.
4.1. Estimates on the ¢}, for (a},7}) = (0,0). In this subsection, we prove the decay of ¢/ ; when
the parameters (a§7 r;) = (0,0). We denote g to be the approximate solution and ¢ the perturbation
function found in Proposition 3.3 for this particular case. Define the numbers 3, as

0= [ (A7 G0+ ) = cun (i + )

Then we have the following estimates on B;z
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Lemma 4.1. Given {R'} satisfying (3.7) and let Gy be the function defined in (3.4) for the parameters

(rj,a]) (0,0). Let ¢ and (c;l) be given in Proposition 3.3. Then the coefficients ﬂ;,l satisfy

BOO_ Cn’sz|:A2Z|p;/ — | (n— 27)(R1RZ’)n 2wq1_qi:| _ (n— 2w) (1+0( ))_1_0(6_%(14_5))7
i’
Bl = Cany A [A3 Z %(RiRi’)"‘?*quﬁ*%L n 0(67%(1%))} forl=1,---,n
Dir —
/7571

For j > 1, we have
_. (n—2+)L i
o= O™ SE0+0 0t
,;..J _ O(e,W(prg)ef(lJra)t;)7

n2'yn2'y

where Ay > 0, A3 < 0 are two constants independent of L and o = min{~y; + } independent

of L large.
Proof. With some manipulation and the orthogonality condition satisfied by ¢, we find that
lez = 55,1,1 + B},l,z + B;,l,&

for

Biaa = [ 1AV 0~ s (10)°) 2 do,

Btz = / Lo(¢)Z], dx = —cup [ [(70)"F = (w])"~ 2], da,

n ]Rn

i = oo [ [0 +0)° = (1) = B(a) 612}, do

where we have defined Lo (¢) = (—A)7¢ — ¢, B(lo)’ ¢

Step 1: Estimate for /B;‘,l,Q and B;l?, By the estimates in the proof of Lemma 3.4 and the bounds
satisfied by ¢, one has

‘B; 12l < Ce~ “FE 48 g~ (n+27)1

B [ V@)

=/ +Z/ +/ = Ji+ Jo 4 J3.
B(p;i,1) i’ 4 B(p;s,1) R™\U; B(p;,1)

We estimate this expression term by term. For [ = 0, one has

In addition,

n=[  N@Zudr<c [ ol p ez de
(pis1) B(pi;1)

Pi|

<Clol2 [ o=
B(pi,1)

(n=2v)L . n—2 n—2 i
< Ce—%(“‘ﬁ)e— min{2(y1+"5 ’Y)aT‘Y}tj7

!/
%l da
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recalling (3.16). Similarly,

. 6~y —n .
Jo = Z/( )N(qﬁ) i dr < g2 Z/ |z — py [P e —po| T ZE, da
B pi/,l

i,;éi i/;é’i B(p,i/,l)

< Ogl> (N)"F* < Cem T (140~

and

Jsz = / N(¢)Z;, dx
R™\U, B(ps,1)
<clol? [ 2] 2= =2 71 g
R™\U; B(ps,1)

n—2~y

§C||¢||f/ |x|—2(n—2v)e—(ﬂ—2)7("7f”” |x|—(n—2v)(ﬁ—2)()\;'_) 2z~ (=2 gy
R™\U; B(p;,1)

< Ce 9 2,

Combining the above estimates, we have for [ = 0,

1850, + 1Bj08] < Ce™ e R L

For [ =1,--- ,n, by the estimate for ¢ given in (3.16) and the bounds for the term I; from (3.26) in
Section 3 one obtains a similar estimate as above. But this is not enough for our analysis; one needs
to be more precise. In order to do this, first recall the definition of @y from (3.4),

k
up = ZUi(L’C —pil),
i=1

where U; are radial functions in |z — p;|.
Near each singular point p;, we can decompose

g = Ui(|z = pil) + Di + O(Xg|x = pil),
where D; depends on p; — py for i/ # 4. And similarly, we can decompose S(%g) into two parts,
S(to) = E(|z — pi|) + &1(2),

where & is radial function in |z — p;| and can be controlled by Ce~ " T°=(1+8)|z — p;|1=27; the
(n—

second term can be controlled by Ce™ EV)L(H‘&)M — pi|11 7271 We now proceed as follows. Let
i = pi(]z — pi|) be the solution to

(=A)Y9i — enyBlU; + DiP L oixi = E(Ja — pil)xi + ZC§7o(w§)6_1Z;,o,
=0

/ (wé)ﬁ_lzio% dr =0 forj=0,---,00.

Note that the existence of such a ¢; can be proved similarly to the arguments in Section 3. Moreover,
as in (3.16) one has

il < Ce— =2t (1+8)

Then we decompose ¢ = Zle wiXi + ¢. In this case, since we have cancelled the radial part in the
error near each singular point p; by ;, then the extra error will have an extra factor |z — p;| and ¢
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will satisfy

o d SO i By, ),
Pl < (= zw)L(H_g)‘xl (n=27) ip R”\u B(pza )

Therefore, by the above decomposition of ¢ into radial and nonradial parts one deduces

Bup=- [ Lo@)Zjda
— [ (w0 = w20 ds

:/n[(UH—Di)ﬁ’l—(wé)ﬁ’l]Z;,@dx—l—/ [(40)° ™! — (Ui + D3P~ Z! 16 d.

n

Similar to the estimate of I; in the proof of Lemma 3.4, recalling the asymptotic behaviour of ¢ near
pi, we can get that the first term can be controlled by

e (40—t 251

in a ball B(p;,1) (see (3.27) and notice the extra factor A}). For the second term,
[l - @i D)2 ds
B(pi,1)

n— _2
< Cem " gl / a7 WZU’ T o
p

iyl

(n—2~)L —14
< C’e_%(“rg)/ |x|“’1_27+1vf e dx
(pi,1)

< Onle™ OO o~ 2

Combining the above two estimates,

/ Lo($)Zi, de = O(Nje™ "2 (140 = (n+ 55205,
B(pli )

Next, the asymptotic behaviour of Z]’ ; at infinity, given by

|Z§7z| = (Az‘,)";“+1|x|—<n—2v+1) if [x —pi| > 1,

yields that

/ Lo(¢) Jld:H/ Lo(¢)Z}, da < CA;e*(n_?)L(1+£)67(71+"‘227)tj.
£ B(p7l 1) R"\Ui/B(pi/,l)

Using similar argument, we obtain an analogous estimate for BJZ 13- Thusfor [ =1,--- ,n,
_. _. . (n—2+)L n—2y\,i

7 7 i, — 14+€) ,—(v1+ t"

18512l + 18513l < CXje™ 2 () e=m+557015

which completes the proof of Step 1.

Step 2: Estimate for B?l 1- Denote by E := S(ag) = (—A)ao — cnﬁﬂg. We compute

jll—/E dx—[/ +Z/ +/ ]dac
B(pi,1) ;Y B(pars1) R™\U;s B(p;/,1)

=l i+ 1250+ I35,



A GLUING APPROACH FOR THE FRACTIONAL YAMABE PROBLEM WITH ISOLATED SINGULARITIES 25

Recalling the estimate for F from (3.19) one has

(n—2v) (n—2v) n i
Iy 0 < Ce™ Bt Z/ |z — par| 270\1) dx < Ce FHE (14) o~ 252
i £i B(p;s,1)
and
I o0 < Ce—i(”ff””(lﬁ)/ |x‘—(n+2v)()\§)”*2” 2|~ dg < Co— U312 (14) - 224
" /Uy B(pys 1)

For | =1,---,n, we know that |Z} | = O(\})Z} , , which yields easily that

7,0

_2 i
n = 'Y)t}.

(n—2~)L
T2, 0] + |Ta 0 < Cem 2 (148 (F
Next, for I = 0,...,n, we consider I ;;: fixed i, j, substitute the expression for @ from (3.4),

E = (—A) g — ¢l

= wa AY s — Ben (WP Lg; + (—A) (1 = x:)n

— Cnyl Zw,+¢l+2w = (@i = Bwi) )

i/ #i i #£i
= —cm[(z wh 4+ ¢+ wl ) = (wh)? =Y (wi)? — B(w)) ' ¢]
j'=0 il i j=0 v F#i
+ Lo+ (=A) (1 = xi) ¢
:_Cn,y[ﬂﬁ_Z(w;’)B_Z(w;)ﬁ ﬁ( ﬁ 1 ¢z+zw +Zw/
j'= i £ i/ #i J'#J
+Bw) T (Y wf + Y wp)] + Ly + (—A) (1= xi)éi
i'#i J'#3

Here IL; denotes the linearized operator around w; Looking at the equation that ¢; satisfies and its
bounds (see formula (3.2) and Corollary 2.4), we have in general the following estimates:
On the one hand, for [ = 0, since Z’0 is odd in the variable t* — t;, where we have defined
—log |x — p;|, by the above expansion for E,

Ijo < O/ Lo (D wh + Y wh) de+ O(e RO 1
(pi’l) i J'#]
< CZ(Ag)”‘f”/ |22 (v})P~ )| dz + Z |z 7" (0}) P (vh) v da
i’;‘éi Bl Bl /
< Cem n;Q'YL/ o n—22wt(v?)5 dt +/ v, dt
i ) i ) DY

J'#j

n—2~y
2

FO(e= RO (A7)

”*"2”+Z/ % dt + Z / 4 dt.

j'<2j 3'>2j+1

< Ce~
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Let us bound the two terms in this expression:

/OO Zvldt
0

§1<2j

_ s INB—1[. i/ i

= Z v dt + 5 (v3)" 7 (vg) Z v} dt
0 §'<2j 5t §'<2j

r_

(' =t—1t)

= [ty 3 e+ / (W) Y ot
—t; 0<j/<2j >tz + 2 7'<2j

For the first integral, since v'(¢') is odd in ¢’ and <2 v , is an even function of ', this integral is 0.

In the meantime, thanks to the exponential decaying of v, the second integral is bounded by e~ R
and we may conclude that
o0
. . . n+2 i
/ (vi)P (i) Z vy dt < Ce™ Bl
0 J'<2j
In addition,
3 / (v})'0l, dt
§/>25+1
S Oe (n— 2"1 ‘t27+1 t | < Oe 727[/67%15;'
In conclusion, one has
I jo < Ce™ " Lem ™50 4 o= ™51
On the other hand, for [ =1,--- | n, since Z;:J is odd in x — p;, and both w;, ¢; are even in x — p;,
one has
L <C Z(w?)ﬁ_lZ;’lwé dx
B(pis1) 4
1+ 2 o m—
<C wi)? e pul T T () de
B(pi,1) /;.gt

< Ce L / R T e e I
By

_n—2y _ n—2vy\4i
< Qe " L5504,

From the above two estimates, when j > 1,

7 e EE ) =0t ] = 0,
BIES e R o)t =1

for some &, 0 > 0.

On the contrary, for j = 0 one has
Lioo=0( "2 %), Lo = ONpe™ 7L,

but can obtain more accurate estimates in this case. This is going to be the crucial step in the proof
of the Lemma since it gives the formula for the compatibility conditions.

2y
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First, if [ = 0,

iNG—1/ i i\ i —(n=29)L
Ii00=—cnyf (wo)ﬁ Hwy + Zwo )Z5,0dz + O(e 2 (HE))
R iy
=Tio+Too+ O(e= 520140y,
In this case, by expression (7.1),

X
Al Ad
TI,O = —Cnﬂ,F(| IOg TZ‘) )7/\2,
|log |
and by formula (7.2) and the relation that Zé 0= ?;\’S N RY,
Too = —Cany S Aslpy — il "2 (AN 72 [1 + O(A)2).
i i
Combining the above two estimates yields
[17070 = Cnry |:F ZAz\pw 7pl‘ (n— 27)()\1 /\Z’)n 27:| 4 O(ei(n—;’w)L(l%f))
i/ £
- i 1;/ n—2y *(n*2’Y) (n—24)L ZW)L
= Cnni| ¢ — A2 Y qi(R'RY) 2 —pi| e (1+0(1))
i i

4 O(e= TEHEOH),
On the other hand, for i =1,--- ,n

T == | (wh)* (O wf) Zgdu+ O(e™ 301N,
R i i
and recall that Z} , = —C{;—Iu,;/\i- by the estimate (7.3), one has
(n—2v)L ZV)L

n—2+ i
In01 = cny Ay Z Ipz/ - In 2'y+2 ()‘6)‘6) 2 AFOND).
';ﬁ’b

Then combining the estimates for B;:_IJ, 357172, 7;:7l73, we achieve the proof of the Lemma.

J+0(e”

Remark 4.2. Fized i, if we consider the approzimate solution u with aé- =0, r;- =0forj=0,---,
then the same estimates for Bi-l in the above lemma hold.

7

4.2. Estimates for general parameters. Next we study the coeflicients c , for a general configu-
ration space satisfying (3.9) and (3.10). Most of the estimates of the previous bubsectlon will continue
to hold, but we need to be especially careful when considering 6; 11+ First, from Remark 4.2, one can
see that only the perturbations of aj,r; will affect the numbers 61- 15 L.e, we can get the same estimates

for 8}, for general parameters (agl, ;/) satisfying (3.9) and (3.10) if (a},7}) = ( 0). So fixing i = I,
we Would like to study the estimates for ,6” 1 when we vary the parameters a’

following estimates:

5,75 First we have the

Lemma 4.3. Suppose that the parameters R® satisfy (3.7). Let eJ be a vector in R™ and r§ be a real
number in R. We let X(t) be the configuration for which all the parameters (aj r ) are fized to be
(0,0) if j # J and where (al, RY) = (te}, RI(1+tr})). Assume that |e}| < C(\})? and |r}| < Ce~tr.
We also let w, = WRt (1441 (T — tel). Then we have the following:
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o Ifi=1,7#j,

e S(u) 2k, d
8t‘t:0 Rn (W) Zj dx
og 24
9 F(|log M PEN O(e—Z32E (148) g —rth g —olti=th ]y sr1 — o
ot [an (|log )\11_|) 37 ]+ (e 2 e e J ) if1=0,
J |log)\—g
i L n—2y n
“arlo A SN el
+O(A;6_%(1+f)e—7’t§€—o’|tj—tJ|) ifl=1,---,n
or some o > 0 independent of T an
f 0 independent of T and L
[ ] [fZ:I;J:]:(L
9 =\ 7t
9t im0 o S(ug)Z;, dx
0 Al log)‘;i
— — ; )\7’
o [A2 3l =il OGN E (o T
il i log <+ z
= +O(e” M“*ﬁ)) if1=0,
iya : n—2y teg
Cn’y)‘o |: 32 _ n— 2’y+2 ()\ A ) +A0mln{ z’7 % 1|2
ot L i |pz \ /\( );)L | max{Al,, AL }|
O(Nje™ "5 1+9) if1=1,.-- n.

o Ifi=1J=j=1,

0

ot

t=0 Jrn S(,L_Lt) ‘;-’l du
¢,
log =%
} + 0(67 (n—g'y)L (1+§)677t‘j) Zfl _ 0,

’728 |log X, )7A;/
J'#d |10g )\J@_
n=2y te; .

. A : LI O\
Cny fat OZ mm{ \ x., |max{A;.,,A§]}|2] Oy
ifl=1,---,n

CFE (146) =7t

Proof. Fix i = I. We first consider the case in which J # j. We have

) ow’ ,
1 _p—1 Jit
[ fwh 1—uf |23, do

%‘t:O R™
Jt
cn,n,ﬁ/ jldx

+ ey A [(w)?h + (w )"

=: Ml + Mg.

S’(z]t)Z;)l dz = cp 3

— Uy
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From the proof of the appendix, more precisely, (7.1) for [ = 0 and (7.5) for Il = 1,...,n, one can find
that

N Owy , i 0 iNB—1rpi i
My = —cp 50 (wj)ﬁ ! 8157 tdr = cn,yﬂat/ ( j)ﬁ 1Zji7lw“,’tdx
R’!L

K

0 A log/\—{

- JennF(Jlog X)) —-] if1=0,
gl P s 0 ]

8 . AL AL n—2y
_ imin{dz MVt _te
ot [CMAO)‘] min{ X Af,} ’ |max{A;.,Af,}P}

J

for a constant Ag > 0. Moreover,

. . ow
_ 1 -B-1
M= no [ [0+ ()" =T A da
O(e‘w(“f))e‘”ge_gltﬂl'_tg‘ for 1 =0,
T O RO et ol for = 1.,
which proves the assertion when J # j.
Now we consider the case J = j, for which we have
d 0
&t:O S( jtldm /ﬂ tldx"‘ RWS( )875 jtldx
_/ [(—A) c7L7[3(th51 Zw/+2w + ¢1,] g jtldz
8 i'#T i

7,3(571)%”/ (Wi P72 wh + > w4+ 6] ‘”thldx
R™

T i'#i
O(e= "7 (48~ if | =0,

+ . _(n=2L g YO
ONiem— 2 (945 if [ > 1.

From the equation satisfied by Z;;;, and taking derivative with respect to ¢, one can cancel the terms
containing ¢r,,, which yields

d )
|
@‘t:o RHS( ) Z; lclx-/}R —Cp (WY Zw,—i—Zw 6t Jtld:c

i i"Fi
~ BB - )%w/’uwu32§:w'+§:w 78 do
i# i
O(e= 54 0+0 ) if 1 =,
+ ( e _(n— ZV)L(1+§)67Tt ) if > 1,

anat / B(w lZJZ:’tJ[ Z w;‘-, + Zw;—l] dzr

J'#T i £
Ofe~ " 40 =T if | =,
+ (2L N S
O(Niem— 2z (045 if [ > 1,
=: N1+ Ny +O(---).
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Similar to the estimates before, one can get that for [ =1

,n, by estimate (7.5) in the Appendix,
= A 5(10' A= 1Z’tl Zw,dx

J'#J
, N, N\ mS te, i
= —4o min{ o il } s T ONje™ (1+8)e —TtJ)
’ JZ# Ay Ay | max{Xi,, A }|? J
and from (7.3),
= ﬂ(w 7121251210 dx
R i #i
iyi 2= 27 _(n—2y)L .
— X\ [Aggpl, = ‘n Mz (NN 2T 4 O(e= B 0+0)] i 7 =0,
- i #i
O()\;e (n— 2"/)L(1+£)e—7'tJ) lfJZ 1.
On the other hand, for [ = 0, by (7.1)
AL,
] 1 N IOg )\Ji‘
Ny = ﬁ(wf], 5 Zztlzw,dx—ZF(‘logT{l’)i/\i/’
. i'#d 3'#7 | log &
J
and using (7.2),

= B(w IZZ“Zw dx
Rn oy

Y Ipe — pil (NN
i i

e~ BRI Tt if g >1

L O(em TEFEOHO) g g — o,

Combining all the above estimates, the proof of the Lemma is completed

O

From Lemma 4.1 and Lemma 4.3, we find the decay estimate for the B; ; for general parameters
a’, % satisfying conditions (3.9) and (3.10):

Lemma 4.4. For the parameters (a}, R%) satisfying (3.9) and (3.10), we have the following estimates

i —(n— i i\ 2"’ RZ =
Boo = —Cnni [ A2 Y i = il RGRY) T g — (1)
i #£i

] (n—29)L 2~,)L (1 (1))
R%) gile “+ o0
+0(e™ (=gt (1+5))

B(l) L= Cn ’Y/\l [A3 Z pz’ pz

i i’y 22 R gl —al n—2y
PO R g+ o) T B g
) |p7/ - |n Iy +2 0o ’ RO (/\ )2

+OMe “TFEMO) o1 > 1,
; ‘{ Ofe= 22204000t |~

1), 1=0
;- . ¢ g ’ P> 1.
O(}\;e—%(wg)ewt; n )\§6_%677—t;71)’ > 1, forj >

gl T

where o is obtained in Lemma 4.1.
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Proof. Using the notation in the previous subsection, we first estimate ﬁ;hr Using Lemma 4.1 and
Lemma 4.3, and integrating in ¢ from 0 to 1, varying the parameters (a, R) = (0, R") to (a}, R}), and
using the estimates satisfied by the parameters. The integration yields

. _ r o n—2 RZ n2
Boo1 = ~Cnti [AQZU% —pil TN (RGRY) T i — (71)

—2
Qi}

i Ry
(n—27)L 2 YL (n—29)L
e E  (Lo(1) +0(em (),
plfp' . ;o n— R ¢ 70,7; n—=2
Bo41 = Cnn Ao [ABZW(RBRZ)) qir +A0(R11> o )21%}% z L
il i v 0
+ONe "EHEAOY for 1> 1,
o ot ety om I Ty i ] =, for i > 1
Biia = O(/\i-e*(nfv)L(Hf)e_”t; + )\i.e* (o2l i Y i1, orjy = 1.
Similarly to the estimates in subsection 4.1, 5 1,2 and B 1,3 can be bounded by
_ (n—2~y)L gt}
ol 4180, < 4 G 2 e,
j7l,2 j,l,?) — C)\i.e_ ("*;’Y)L (1_;’_5)6701;
tem 2 .
Hence we get the desired bounds on 3. O

5. DERIVATIVES OF THE COEFFICIENTS 6§l WITH RESPECT TO THE VARIATION OF {a§ ,} AND {r§ i

Here study the derivatives of the coefficients 8}, with respect to the parameters {ai‘yl} and {r! }.

As in the previous remark, we only need to care about the perturbation of aj,r] Thus we first

consider the derivatives of ﬁ’ 1 with respect to aj 7“z for the special configuration space that aj , rj =0
for fixed ¢. For this, we need to consider the Varlatlon of ¢ with respect to these parameters.

l

5.1. Derivatives of ,6’ , for a’ all equal to zero. In this section, we fix i and let @ to be the

approxunate solution Wlth aj,;“] j— 0. Given ¢ as in Proposition 3.3 for the approximate solution
@ = ), we introduce the operator
(5.1) L=(-A) - Cn,wﬂ(ﬁ? +¢)7 !
Denote by §’ , and § 1= a yforl=1,-
99

Lemma 5.1. For L large, let @) and ¢ be as above. Then we have the following estimates on
near p;:

as;‘.,l

(5.2) \ in B(p;, 1).

Ce= T4 =5 e’””i’t;" for1=0,
‘ = SRR | T e for 1 > 1,

85; .
Proof. We first consider the case [ = 0. If we differentiate the first equation in Proposition 3.3 with
respect to 77, after some manipulation, we obtain that

,\le

Y 8 oci,, . ;
L(ari):h+z o () T 2,
J 3,04 J
where
- oS (w? 8u i
63 h=-D0) e B+ 0 - @] o+ 2 Jzaz D1z
J
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‘We now introduce two new norms:

n—2y iy
1911, = 112 = il =7 €516 oy, a7y + D 1 = 2l 57 Bllcsra o
/#Z
2
2" (| or o mmyu, By 1)
and
_ n+2~y Uti—ti- n.+2A/
|0])sx, = H |z —pi| 2 e | ]|¢HC2’Y+O‘(B(Z77;71)) + z#: H |z — pir ¢HC2’Y+0¢(B(p1/,1))
i #£i
+2
+ H B 7¢||C27+"‘(R”\Ui/3(pi/,l))’
where t = —log |z — p;| and ¢ > 0 is a small positive constant to be determined later.

Similarly to the proof of Lemma 3.4, if we work in the above weighted norm spaces, one can check
that given ||hll., < 400, the following problem is solvable:

ILv—thZc 0z,
YRR
Jgn 0( BlZ’ldx—O j=0,1,...,1=0,...,n,

and the solution v satisfies [|v]|«, < C||h||+, where C only depends on O’ We would like to apply this
estimate to (5.1), but we do not have the orthogonality condition on 87‘ . This can be recovered by

j
adding some corrections.
For this, the L2-product of i and (w )'6 1Z’l can be estimated as follows: differentiating the

second equation in Proposition 3.3 with respect to rj, we obtain by the estimate satisfied by ¢ given
n (3.16) that

(5.4) ’/n )A- 1Zz,ldx’—‘—

for some o > 0 independent of L large.
Since for i’ # i, the orthogonality is satisfied, we set

[( L)P1ZE, ] da| < Cem SO0, ot

(5.5)

7 7
31250

for some O‘;,z € R. We would like to choose the numbers 0‘;‘,1 so that the new function dg will satisfy
the orthogonality condition. In order to have this, we need

d
a¢( wi) )~ 1Z’,l,dx+Z/ LZ (w2 dae = 0.
Rn rt

From estimate (5.4), one has
(5.6) jad| < Cem RO ot

Then g% will satisfy the following equation

_h+z ; w12,

/ l/ ;!
Jon B(w)P~ 1Z’, v dm =0,

where o o
h=h+cnyBY of Z0[(ad)P~ — (@) + ¢)" 7).

Jilyi
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In conclusion, to estimate ¢ and hence 2% it suffices to estimate h. So we now bound A term by

37”; ’
term.
Concerning ds(" ) , we have from the arguments in Section 3 that
=0
o T,
87“; koK o -

From the estimates satisfied by ¢, the same estimate holds for the second term in (5.3) if o <
v + "_227. For the third term, it contains the symbol d;;/, so the estimate follows by the bounds for
c;’-,l in the proof of Lemma 3.4. Moreover, from (5.6), one can get the same estimate for the fourth
term. In conclusion, one has

lflle, < Cem = 48),

(n—24)L 2'y)L

Hence by the above reasoning, [|¢||., < Ce~ (146 Formulas (5.5) and (5.6) yield

b=

Finally, by the definition of || - ||., norm, we obtain the first assertion in (5.2).

Ce— R0+

Similarly, differentiating the first equation in Proposition 3.3 with respect to a’ and arguing as

J
n— 2w

—pi|7 2 (vj—)nf?wﬂ, one can get that

- = (1)
)

|

which yields the second estimate in (5.2). O

— )\Ze

We now describe the asymptotic profile of the function . First of all, we consider the ideal case

85’

when there is only one point singularity at p = 0 and v = up, i.e., the exact Delaunay solution from
(3.1). By definition, uy, is a solution of (3.15) with ¢ = 0 and Vambhmg right hand side. For j > 1,
we assume that we are varying w; by a;,r;, and denote the corresponding approximate solution by
@r,. We are still able to perform the reduction in Proposition 3.3 to find a solution of the form @y, + ¢

of the following equation

(A (L + @) — cop(@p +)° =Y el 2,
(5.8) - il
i ¢wf‘1zj,l de = 0.

Note that an estimate similar to that of Lemma 5.1 will hold true for the corresponding ¢. But we

also need to control the derivative of c;; with respect to the perturbations. In order to do so, we first
introduce some notation. Define

Bja = /n[(—A)”(ﬂL +¢) — ey (UL + 6)°) 2, da.

We are interested in the derivatives of 8, ;7 with respect to {&;;} = {rj,a;1,--- ,a;,} forl=0,--- ,n
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Lemma 5.2. For L large, the following estimates hold:

98; -
P30 _ g, \F/(L) + O~ “THEOH0)

87’]‘
9Bj-10 _ o F' (L) + O(e—%m&))’
87’]‘ ’
W10 _ ., F(L)+ O~ “FE0+0),
87’j ’
9Bs0 _ O(e= “FHE WO =alts=t:1)  for | ] — j| > 2.
87"j
And forl=1,...,n,
8ﬂjl 1 _(n—zw)L(H_E)
= Cpy A 72 +O(e z )
Oaj, frry /\ )\ max{)\ 2, j}
9B As A 1 1 -2 —olty—t, L
=, [ A o(= (14+€) ,—olt s —t;] ]’ 7.
Do Cny AT mln{/\ Sy max{)\?],)\f}—k ()\ie 2 e ), ifj#
In addition,
aBJZ . ’
L0, ifl £l
96,1 fl#

Here the derivatives are evaluated at aj,r; = 0.

Proof. Differentiating the expression for 8;; with respect to r;, and recalling equation (5.8) one has

86J71 _ 8(1_5 8S(ﬂL) 8ZJl
(59) —_— = /n []L(i) + f] ZJJ dr + Z Cj//,l// U) 1 Z i1 ar s dx,

or; Or; or; o R

where we have defined
L=(-A) — cnyﬁyﬁulzfl7
since ¢ = 0 when @y, = ur,. We write

_ 0¢ o - O _ (2L Ep—
/n]L(arj)ZJ,ldx:/nLJ(ZJ,l)arjdx—i—/n(]L—LJ)(ZJ’l)arjd:v—i—O(e 7 (+8)gmelts—tily

_ _ 6_ (n—2+)L )
= eanf [ [0 = w2 75 du 4 O B ottt
/ Rn 67"]
— O(e~ T+ molta—ti]y
_ B-1
where L; = (—=A)Y — ¢, fw)
Since uy, is the exact solution, the corresponding c;»; = 0. Thus for the last term in (5.9) we have

oz
chnl/ w,/ an/ Ll dr = 0.
or;

//l "

In conclusion, one has

86Jl 8 _ _(n=29)L _ 4.
~=_— | S(ap)Zsdx+0O (148 g —alts—t5]
or; orj Jgn (@) Z s dv + Ol ’ € )

where we have used the fact that S(@z) =0 for @y, = ur.
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[‘)wJ

Similarly, recalling the definition of Z;; = A; , and the estimates for 837? from the previous
J

paragraphs,

0 0 A (n—27)L
bos O [ @)z, de+ 052 e T (40 gmolts—il).
Gaj aaj R™ J
Both variations above can be calculated from Lemma 4.3, with the obvious modifications as we just
have one singular point so there is no summation in ¢. Thus one has

0 log (n—27)L ,
géo = 2 5, [ (1108 35 )|10g i} Y O
J'#3’ by
The first four conclusions in Lemma 5.2 follow by taking different values of J and from the definition
of )‘j .
Very similarly, for [ = 1,...,n, applying Lemma 4.3 we obtain

B 0 (Q(%(Hs)ewltﬁtjl)

daj; Aj
9 Aj ajl e
CnirAi da;, Z {mm{ PYRPY? max{\?,, )\2-}} =7
+ sa]/;é J J
. aj,l . .
A —— QU fJ .
I Ba [m /\ AJ maX{Ag, A?}} i 77

In addition, by the symmetry of the problem, we have 365"_’11/ =0if [ #1'. This completes the proof of
75

the Lemma.

|
oB:,
o€} ,
as the limits of the derivatives of 3;; with respect to §;; as j — oo. We fix a point p = p; and a
Delaunay parameter L = L;. We denote @y, ¢; the pair that gives the solution to (5.8). Before we
9%,

state the result, we first need to compare the functions ai‘f and e for ¢ fixed, as in the lemma
3, 2y

below:

Lemma 5.3. Take 4) and ¢ as in Lemma 5.1. For i fived and j > 1 we have the following estimate:

D Ce= 499 for [ = 0,
H ogt,  o¢, Lo 079 for | > 1.
Proof. As before, we write down the equations satisfied by ¢ and d_)i,
(—A) (@ +¢)_Cnv<u "‘(/5'8_20, 1Zz

i’,7,0

and

(_A)’Y(/ELLi +¢§1) Cn,”/(uL +¢ chl B 1ZZ

We will differentiate both expressions with respect to 5;, ;; one has from the first equation that
ou? 0o ou? 0o

(=4) ( iZ i ) iz + 5z )

o, 0, o, 0¢,

80/
ZZ ]lagz ; JZ+Z:Z l

- Cnﬁﬁ(ﬂ? + ¢)'6_1(

ﬁ 1Z’L/l
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au)'
one knows that ag = 5e. l.

Here, by the definition of the approximate solution uY,

Next, differentiating the second equation,

dur, | 0 _ ~ g1, 0urn, | 99
A + —cn b Ly
A Gg, * gy, ol 0T g g )
> 86/1/ Z 0 5 1
,Z &{jl wi )P 7 + Z g, [wi=2;,].

j=—00

To simplify this expression, recall that when @y, = ur, is a exact solution, one has c¢;; = 0, ¢i = 0.
So when evaluating at §;; = 0, this equation becomes

a¢z B—1 3(51 6wj
_ " ] +(— v _
(=& 3N L 981 =8) 9Ej,1

oo
B—1 8wj aCj/ 4
CnnBug, =

= u) b=1gz
i 6§j,l = 86]7 ( ) gl

Denote Lyo = (—A)Y — ¢, u?)#~1. Taking the difference of the above two expressions we obtain
Y ) g

an equation for 65? a‘zfl:
Lo ( o¢  0¢; )
oL, 9
ow’ d¢; 99
=Cn,5[ @0+ ¢)P L — P £ a0)B1 — P }—l—cn,ﬁﬂ?-ﬁ-(ﬁﬁ 0y-17
Y (( ) L; )8£j,l (( ) L; )8fj,l vy [( ) ( ) ]85]-_’1
,31 i 60/1 ﬁl i = 503’1’ )81
+ZZN51 Zz+ZZ : Zin= 3 Zja
- 3 - 5]7 Pl 5”
_ - _p, 0w} _0\— 1, 09 _ - _o\g—17 O
= e B[((@ +6) 7 =l (@) = ul ) 2P|+ enn Bl + 9)7 T - (@)
afj,l afj,l 85 R
- ;0 i\B—1rri ey, B—1
+ ch,lii[(wj) Z5)+ Z e (wj)" ™ Zjrw
j=0 agl ] é‘],l
= 3'<0
60 il aCJ/ 1l . . 8Cz,/ ’ -/ -/
i \B—1rz7i 3’1 i \NB—1rzi
+ Z 3£;l T A > e P (i) " 2
5 il z’;ﬁz Js
Neglecting the terms in the last line, taking into account the estimates in Section 3, the estimates for
gfi in Lemma 5.1 and the estimates in Lemma 5.2, one can find that the right hand side of the above
J

,M(prg) 7a‘ti4

equation can be bounded by e in || - [|sx, norm.

We first consider the case [ = 0, i.e. § 1= 7‘ . In this case, to have control on gﬁ gf;, we can
J J

reason similarly as in Lemma 5.1. More precisely, we first set

n 8(25 a¢z 7
(,b 7‘, ar+za/l/Z/l/

7 7 il Gl

In order to get the orthogonality condition fRn (ﬁ(wf,)ﬁ_lZiL dx = 0 for every I, J, L. we need

o O, 1 / -1
(5.10) /n[ar; ar]() Zhde=3" ol | (wh) 2L, 2, de.

//l/
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Differentiating the orthogonality condition of ¢ and ¢; w.r.t 7%, in analogy with (5.4), we get

\/ «Nar Zf;k D 2y de = 30| [ (6 ¢zaz[(w§)ﬁ‘lZ§,L]da:

1,J.L
<) Ce O (146) g =0t if j =,
0 if j £ J,

where we have used the fact that ¢; = 0 for ur,. Therefore, from (5.10) we have the following
estimates:

Ce— (1) g0ty if i — i, j' = J,
(5.11) @G| < e TTPEHO o] p gy — it £,
0ifi # 4.

Moreover, ¢ solves

2 9 9 i o
Lo (¢) = Lao ( 0 ¢‘)+Lﬁ?(zaj’,l'zj’,l’)

i or;  0rj o
a9 0¢; P —0\B—
= Lag s — i)~ enoB e (@7 = i)' 2
J an
By estimate (5.11), we know that the second term is bounded by e~ R (14 g0t iy I ||4x, norm.
So the right hand side of the above equation can be controlled by e~ "5 (1+8) =7t} in || . ||+, norm,

and thus, applying Proposition 3.3 to ¢,

H(ZASH*(, < Ce~ <n_i’y>L (1+£)e*0t;.

Looking back at (5.5), from the estimates for a}; we have

H a¢l < 06—%(14-5)6—0%.
*G
A similar argument yields
[T i R
< )\Z
The proof of the Lemma is completed. O

From the previous lemma we can obtain estimates on derivatives of B; ; With respect to f; .-

Lemma 5.4. In the previous setting, we have the following estimates

iy OBy _ [ Com F i Htemeticmelimtil p =g, .
9, Ot | S| Ge RGOl sy, T2 T

Proof. Recall that by the definition of Bz 1 and B,
= [ A+ 0) = (i + 0712} o
Bia= [ A (aw, +63) = s fis, + 6712}, o
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Differentiating the above equations w.r.t f;,z and taking the difference, one has

0

o (= By0)
!
o6 0i .\, oya-1_ 51y 09i
= Lyo(sm — =) 2k 1 do — ¢, 43 ad)Pt — gt de
o For gy = 3y oo = [ (7 5
ow’ ~ B o1 0D
*Cny’yﬂ (Ug ( +¢) )8£Z 'l/ dx — C"v"/ﬂ [(u?+¢)ﬁ li(u?)ﬁ 1}851 Zj/7l’ dx
R R" gl

7 7 8 )
+cj’l/Rn( )z lagv Zhy da.

By oddness, one can first get that the term in the last line vanishes. Moreover, by the estimates in

Lemma 5.1 and 5.3, one can get that the first two lines can be controlled by e

(n—2+)L ot gl gl
when [ = 0 and %e’ 7= (148 et e =715t | when | > 1. Thus one has
j

0 Ce= "2 (148) g=ot o =olts =10 jr 1 — ¢
_— Y] ’qr n— i i 40 . ’ for ) > 1.
9%}, G =Pr)] < I Ca e ER A A T S A

The proof is completed.

5.2. Derivatives of the numbers 6’1 for the general parameters aJ, e

consider the derivatives of the iy ;s for the general parameters a],

—CS2DE (1) ottt —t,

i

O

In this subsection, we
¢ satisfying (3.7)-(3.10). We write

the counterpart of Lemmas 5.3 and 5.4, but we do not prove them since the methods are quite similar.

In the following, we assume that 7 < o.

Lemma 5.5. Suppose a’,r% satisfy (3.7)-(3.10). For L large, let @ and ¢ be as in Proposition 3.3,

A
then we have the following estimates for 85? — gf‘éi :
3l IR
H aéi C Oef(n_ihr)L(1+E)e_Tt;‘ ifl =0,
3 g, %e_([zw)L(l%)E_ﬁ; ifl>1,

for 7 > 1 if we choose T < 0.

Lemma 5.6. Suppose a®,rt satisfy (3.7) - (3.10). For L large, let i and ¢ be as in Proposition 3.3,

37
then we have the following estimates

(n—2~y)L ST A i 41 .

0 ﬂ ﬂ Ce_f(l‘i‘f)e the 0|t‘7 tj’l Zfl:O,
— (n—29)L i i i ]
ag;.l( e R R T I TR

’ J

for j > 1 where £ > 0 is a positive constant independent of L large.

6. PROOF OF THE MAIN THEOREM

In this section we prove our main results. We keep the notation and assumptions in the previous

sections. Before we start, we define some notation:

éi:(a67...’d§,’...)t7 vl = (ri,rh, - ,r;i’...)t7

T;@&") =T, T(r') =T,
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where

and

For 7 > 0, let us also introduce the weighted norm and space

|(2))] = sup e F DTz
J

and
= {(@j,r}) : 1@j)lr +[(r5)]- < +oo}.
At first glance, these inﬁmte dimensional matrices are not invertible, since they have the trivial
kernel (1,1,---)?, but they are indeed invertible in some suitable weighted norm, which is given in the
following:

Lemma 6.1. The operators Tg, T? have inverse, whose norm can be bounded by Ce™27.

Proof. Given (f;)i>1 with |(f;)]- < oo, our goal is to solve T%(a") = (fi);. Defining
o I—j—1
=y ( > 672Lis)fl,
l=j+1 s=0

one can easily check that the solution &é- satisfies the required conditions and that the operator is an

inverse of T both from the left and from the right (here the index for f starts from 1, while the index
for a starts from 0). Moreover, one has

0o l—j—1
@< Clple > (Y ethe)e G < ce i
I=j+1 s=0

which proves the result for 7%. The proof for the inverse for 7 has been given in Lemma 7.3 of [21].
The lemma is proved.
]

Recall that in Proposition 3.3 one has found a solution u = @ + ¢ for

(—A)u — ¢y uP Z cl B 1Z1
@5,

The solvability of the original problem (1.1) is reduced to the following system of equations:

! = / (=AY u — cnwuﬁ]Z;l dz =0,

forallt=1,--- )k, 7=0,--- ,400,and [ =0,--- ,n
Using the above lemma and a perturbation argument, we can prove the following result:
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Proposition 6.2. Given {R',a},q;} satisfying (3.7) and (3.8) with L sufficiently large, if we choose
T < min{¢, o}, there exist (a});; and (})i; such that (3.10) holds true with 5, = 0 for j > 1 and
all=0,---,n,i=1,---,k

Proof. For | = 0, consider

Go=| wglBo— Bl | —Tix)
and for /=1, -+ ,n,
i L N 20 ifxi
G| = T[ﬂ;’l - ;‘,l] — T3 (&),

0

where B;l correspond to the numbers f7; for the approximate solution @Y, i.e., the solution when a},

r§ are all zero.

One can easily see that ﬁ;l =0forj >1if

~q — M.Li Y 1
(6.1) al =T 1{ % i) +Gl}
and
(6.2) r' = —T;l{ o |+ Gg}.

Next we show that the terms on the right hand sides of (6.1)-(6.2) are contractions in an appropriate
sense. First, by Lemma 4.1, one has

(n—2)L; i
=i Ce— 5 a (1+§)e—o'tj lfl — 0, )
‘ﬁl| S . (n—2v)L, _oti . fOr Vi Z 1.
’ CXjem 2 et if | > 1,
n—2v . . . L
We write the j—th component of [£ ij aa i —Bi)] = Ti(a") as Gy + Gay j, where
! e 0 (et x)
e 2 1 5 7
Giay = [ — —A’] i r)dt
1,0, /0 Y En (@, r")
and
Gy =A' = T,(a")
for

[e%s) n—2yr
o e 2 86 T
AZ’(aZ7rl) = 7 —Jil’ ' [al"]a
; Ay day

J
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where (3;; is given before Lemma 5.2 and d;'- corresponds to the translation perturbation of the j—th
bubble in the Delaunay solution, see Lemma 5.2. Also observe that

T:(a%) = T5(a").

Let us begin by estimating G1,,;: using Lemma 5.4 for [ = 1,...,n, one finds
[e%} n—2y i
ez L OBt i CEL ) 7
Gradl < 2. 3| 5ar, ~ aar, |1+ O femmintonltl)
0

’Y)z

< Cem (n— 2w)LL§Ze_af, —oltj—t; /\|a |+O(
J’

5 — min{o, T}f )

(n— Z'Y)L

< C( 13 —mm{a T}t )
To estimate Ga,;, we apply Lemma 5.2 which gives
(n— 2-y)Ll P » ol —ti ||~
(Gauyl < Ce™ TR b @y + @) + D e la).
J'#IEL
Combining the above two estimates, one has for 7 < o,
(n=29L; . (n=27)L;
Gi L < Cete R 5 -r; +0(e” ER , forl=1,...,n
2

Similarly, for [ = 0, one can get that

YLy (n— 2’Y)L

) (n—2
|Gz < CeTem 2
2

€]z, + O™ TFE),

Next, with some abuse of notation, equations (6.1) and (6.2) are equivalent to

_(n— 2'7)L (n—2~)L;

T @, +O(e T )] = Ga(d)

and
) (n—2y)L,; . (n—2y)L; .
v =T e e e e, + O )] = G,
where the terms on the right hand sides of the above two equations are estimated in || - || rz; norm.
2
We now consider the set
(6.3) B={(@j.r}) : a'l|rz; + [Ix" -z, < Ce™T"}.

For 7 < £ small enough, it follows that (Ga,Gy) maps B into itself for L large. Furthermore, it is
a contraction mapping. So by fixed point theory, there exists a fixed point in set B. Thus we have
found dé, r§ such that 5},1 =0 for all 7 > 1, as desired.

a

We are now in the position to prove our existence result.

Proof of Theorem 1.1. By Proposition 6.2, we are reduced to find R?,a} and ¢; for which 58,1 =0.
For j =0, from Lemma 4.4, one has that equation 66}0 = 0 is reduced to

oo ()7 a)e S o)

B0 = ~cnnti[A2 3 b = pil =" (RORY) 5
i i
FO(e= 9y g,
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Recall that by the definition of R, i,e., Rj = R*(1+7}), and the estimate for % (6.3), then the above
equation can be rewritten as
(6.4) A2 [pir — pil T T(RIRT) T gy — g5 = o(1).

i

On the other hand, the equations [36 ;=0forl=1,--- ,n are reduced to

p ’ p) . S n—27y
Boq = Cnry [A3 > W(RBRB) > qy
1’7& v

R - n—
+40( Rzl> w )31 a:| e T 4 O(em 1) —
By the definition of a}, i.e. a} = (\!)?@’ and @} = af + a}, and the estimates satisfied by @} (6.3), the
above equation can be rewrltten as

p ’ p i i/ n—2~y ~i
(6.5) As Z#: W(R R") 2 qy + Aoapqi = o(1).

Our last step is to choose suitable @, R?, ¢; such that equations (6.4) and (6.5) are solvable. Re-
calling the balancing conditions (3.5)-(3.6) satisfied by a5”, R™?, ¢}, the solvability of (6.4)-(6.5) de-
pends on the following invertibility property of the linearized operator of the above equations around
~0b pib b
ag , R™, q;

Lemma 6.3. If we denote by

.F(Ri,% A2 Z |pz’ — i | (n—2v) (Rsz/)n 227 9 — ¢,
il £i

then the linearized operator of F around (R**,q?) is invertible.

Proof. From the definition of F, one has the following expression for the linearized operator

. 2k k
]:Riyqi|(Ri~b,q§’) :R™ = RY,

where
Fo. = (aij)
for
Qi =~ qij = Aolp; — ps| "IN (RIORIY) T i £
and
Fri = (Rij)
for
Ris= "2 S Aalpe — O (ROR) S,
i
Rij = n_ThﬁAalpj — il TTEN(RIRI) T b i

From the balancing condition (3.5) we know that
F(R™,q}) =0.

One can easily see that the matrix F,, is symmetric and has only one-dimensional kernel, which is
given by
Ker(F,,) = Span{(q7, - a)}-
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The balancing condition (3.5) also implies that

R I
r . _(n—2y)
L I I el B
Rk q,’i
Thus we conclude that the operator F Rivb b is surjective.
O

From Lemma 6.3 and the balancing condition (3.5), one can easily find (R?, ¢;) which solves (6.4) by
perturbing near (R’ ¢?). Looking at the second balancing condition (3.6), once (R’,q;) are known,
one can find @ around dé’b which solves (6.5).

In conclusion, we have chosen R', g;, Gy such that (6.4)-(6.5) are solved, i.e. 3j, = 0. The last step
in our argument is to use the maximum principle in [10] to show that v > 0. This concludes the proof

of the main Theorem.
O

7. APPENDIX

In this appendix we will derive some useful integrals which are important in our proof. All of the
following expressions may be found in A. Bahri’s book [3] for the special case v = 1. Below we derive
the estimates for general ~.

We define

o) ™ = (i) ™ o= i)™
w1 = A 5 Wy = _—_— s w3 = e —
AT+ Jzf? A3+ [z A3+ |z —pl?
Lemma 7.1. It holds

_ 8w1 1 1
(71) B o ’U)f 1U)287>\1 dx = )\71F(| log%")

where

P(0) = 5/ (B ot + O () dt = e~ T (1 + o(1)), € — oo,
R
Proof. By the relation between w and v, one has

wy = J2|~ "7 u(— log|a| + log A1), ws = o]~ v(~ log |z| + log A2).
Thus

10 _ ne 1 ne
gl wl lwgﬂ dx = b’/ 2|27 0P |~ - v —|z|” 2y dr
Rn 8)\1 Rn >\1

1
= 5}\71 VP71t + log A)v' (t + log A )v(t + log \o) dt
R

1

:671/Rvﬁ—l(t)v’(t)v(t+log%)dt

1 Ay log 32
= —F(|log — L,
A ( g)\1|)|log%|
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Lemma 7.2. If \3 = O(\1) then the following estimates hold:

Ip|~ (n—27)

_ ow n—2y
(7.2) B i w? 1w35X%dx__A244er44(A1Ag = [1+0(\)%,
1 Ow
(7.3) 5 wy 1w387l1 dz :Aguyffﬁ(mg) (14+00\2), I=1,....n,
and the constants are given by
2 2
A2 - Bty / ‘x| nt2~y+2 dx > 07
2 e (L[
) 2 2
Ay = (=27 / W”“+ﬂm<0
n e (L4 |22) 77

Proof. We calculate

B witws—=——tdr =

nt2y n—2~y
dwy N+27/ A 1<|x|2—A%>< As ) 7 e
]Rn

R™ oM 2 (|22 + )@"*;WH |z — p|2 + A2
n+2y nro nh / lz|? — 1 1
- 1 3 2 n+2"r+1 2 2\ = 2'7
rr (14 [z[?) 72 7 (| — p[P 4+ A3) 2
(n—27) |{17|2 -1 2

= T)\l |P| o de(l‘FO()w))v

where we have used the expansion
_n—2y —(n— /\1;0 -

(7.4) M+ Mz —p) 2 = p 7" 4 (n— QV)W +0(A\]).

Moreover, rescaling A; in the second step,

n+ 2y / |z — 1 d
2 Jrn (14 |af2) 2 8)\1

ot

n 27

dx
3)\1 / (1+ \:v|2 1+ |zf2) =
mn —
= ——dx > 0.
2 N%1+M|)“w
Next, by (7.4) again,
n+42vy

ow AN 2oz A n
B—1 1 1 3

Bw w3——dxr = —(n —2 - ( ) dzx
R ! 3 61‘[ ( 7) /Rn (}\% |x‘2) ”227 1 Ag

(Tl - 27)2 n—2y DI / ‘x|2 9
- _ LV 2 dx (1 4+ O(AY)).
n ()\1)\3) ‘p|n72'y+2 R™ (1 + |l‘|2) R 41 x( ( 1))
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Lemma 7.3. For |a| < max{\}, 3} << 1 and min{i—;, i—f} << 1, the following estimates hold:

Lol ™ () T

(7.5) :_Aomin{(%> ’ (%) : }m
i) 6T Vi)
()77

where

Ay = (n+2’y)(n72fy)/ 1 .
" B [z[r=2(1 4 [of2) T A

Proof. We consider the case Ao << A1.
1 / 0 ( A1 )7"*227 ( A2 )Lzh p
e — —- x
n+2y Jgn 0a\A\? + |z — al? A3+ |z|?

B A2 (z—a) A2 25
- 2 2 n+2“{+1 ()\2 +| |2) dm
v (V2 + |0 — a2) S N £ o
n+2y n—2y )\ 1
= )\1 ’ )\2 ’ / +2v+2 = n+2y n—2y )‘? dx
B AT (L 22) T (A A [+ af?)

n—2y n72'y/ €T 1 d
= 1 2 n+2 by . n—2 xZ
R (L [2f2) 550 (G2 4 o + 2 4 |5 2) ™57

Using the assumption that |a| < CA\? and Ay << A1, by Taylor’s expansion for the second term in the
integral, the above integral is

~ea () T [ o) o) R e

Fra ! aaf1+0(L) +0(22) L]

|

3

|
)

)
—
‘ >

[V}
N—

)

n A e fafre (1 Jo2) R i AR
(T ol TR )
n + 2’)/ )\1 )\1 )\1 )\1 )\1 )\1
One can deal similarly with the case \; << Ag; we leave this proof to the reader. O
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