NEW SOLUTIONS FOR NONLINEAR SCHRÖDINGER EQUATIONS WITH CRITICAL NONLINEARITY

JUNCHENG WEI AND SHUSEN YAN

Abstract. We consider the following nonlinear Schrödinger equations in R^n

æ_{ε2Δu − V (r)u + up = 0 in} R_{n ;}

u > 0 in R^n and u ∈ H^1(R^n ) where V (r) is a radially symmetric positive function. In [2], Ambrosetti, Malchiodi and Ni proved that if M(r) = r^n�^1(V (r))^{p+1p}�^1 �^{12} has a nondegenerate critical point r_0 ≠ 0, then a layered solution concentrating near r_0 exists. In this paper, we show that if p =^{n+2}_n�_2 and the dimension n = 3, 4 or 5, another new type of solution exists: this solution has a layer near r_0 and a bubble at the origin.

1. Introduction

We consider standing waves for a nonlinear Schrödinger equation in R^n of the form (1.1) −iε ∂ψ ∂t = ε^2Δψ − Q(y)ψ + |ψ|^{p−1}ψ where p > 1, namely solutions of the form ψ(t, y) = exp(iλε^{−1}t)u(y). Assuming that the amplitude u(y) is positive and vanishes at infinity, we see that this ψ satisfies (1.1) if and only if u solves the nonlinear elliptic problem

(1.2) ε^2Δu − V (y)u + u^p = 0, u > 0, u ∈ H^1(R^n ),

where V (y) = Q(y) + λ. In the rest of this paper we will assume that V is a smooth function with inf_{y∈} R^n V (y) > 0 . Considerable attention has been paid in recent years to the problem of construction of standing waves in the so-called semi-classical limit of (1.1) ε → 0. In the pioneering work [18], Floer and Weinstein constructed positive solutions to this problem when p = 3 and n = 1 with concentration taking place near a given point y_0 with V^′(y_0) = 0, V^{′′}(y_0) ≠ 0,

1991 Mathematics Subject Classification. Primary 35B40, 35B45; Secondary 35J40. Key words and phrases. Bubbles, Nonlinear Schrödinger Equations, Layers. 1

2 JUNCHENG WEI AND SHUSEN YAN

being exponentially small in ε outside any neighborhood of y_0. More precisely, they established the existence of a solution u_ε such that u_ε(y) ∼ V (y_0)^{1p−1} w( V (y_0)^{12} ε^{−1}(y − y_0) ) where w is the unique solution of (1.3) w^{′′} − w + w^p = 0 , u > 0, w^′(0) = 0, w(±∞) = 0 . This result has been subsequently extended to higher dimensions to the construction of solutions exhibiting high concentration around one or more points of space under various assumptions on the potential and the nonlinearity by many authors. We refer the reader for instance to [1], [4], [8]-[16], [19, 22, 23, 27, 28, 31, 32, 33, 34]. In most of the papers, a subcriticality on p is assumed, namely p <^{n+2}_{n−2} .

When p =^{n+2}_{n−2} , there are very few results. Benci and Cerami [6] proved that if ‖ε^{−2}V (x)‖_L^n_{2 (}R_{n)} is small enough, there exists a solution. (That is to say that ε is large.) Concerning the existence of point concentrations (or bubbles) in the case of ε small, Cingolani and Pistoia [9] proved that if n ≥ 5, V (x) ∈ L^n2 (R^n ), then there are no single bubble solutions. Ding and Lin [12] considered (1.2) by adding a subcritical term, namely the following equation

(1.4) ε^2Δu − V (x)u + P (x)u^q + K(x)u^{N+2N−2} = 0, 1 < q <

N + 2 N − 2 , u > 0, u ∈ H^1(R^n ).

They proved the existence of one solution for ε small. Therefore, in general, it seems difficult to construct bubbling solutions for (1.2) with critical exponent.

In another direction, Ambrosetti, Malchiodi and Ni [2] have considered the case of V = V (|y|), also treated in [5, 7], and constructed radial solutions u_ε(|y|) exhibiting concentration on a sphere |y| = r_0 in the form u_ε(r) ∼ V (r_0)^{1p−1} w(V (r_0)^{12} ε^{−1}(r − r_0)) , under the assumption that r_0 > 0 is a non-degenerate (or topologically nontrivial) critical point of (1.5) M(r) = r^{n−1}V^σ(r) where (1.6) σ = p + 1 p − 1 − 1 2 , and w is again the unique solution of (1.3).

NONLINEAR SCHÖDINGER EQUATIONS 3

In this paper, we show that under the same condition as in [2], another new type of solutions exists in the critical exponent case, i.e., p =^{n+2}_{n−2} . This new type of solution is a superposition of the layered solutions constructed in [2] and a bubble at the origin. This kind of solutions only appears in the dimensions n = 3, 4 or 5. It represents a new phenomena for the critical exponent problems–the addition of a layered solution can produce a bubble in the interior.

More precisely, we consider the following singularly perturbed problem

(1.7) { ε^2Δu − V (|x|)u + n(n − 2)u^{n+2n−2} = 0, u > 0 in R^n , u ∈ H^1(R^n ), u > 0 where V (|x|) > 0 is such that

(1.8) M(r) has a nondegenerate critical point r_0 > 0.

It is well-known ([11]) that the functions U_{a,μ}(x) = ( μ 1 + μ^2|x − a|^2 ) n−2_2 , μ > 0, a ∈ R^n are the only solutions to the problem

Δu + n(n − 2)u^{n+2n−2} = 0, u > 0 in R^n .

Our main result in this paper can be stated as follows:

Theorem 1.1. Let n = 3, 4, or 5. Suppose that V (r) satisfies (1.8). Then for ε sufficiently small, problem (1.7) has solutions of the following form:

ε^{n−22} U_{0,με} (r) + u_ε(r) + o(1)

where μ_ε ∼ e^{(dn+o(1))/ε} for some positive constant d_n > 0 and u_ε is the layered solution constructed in [2].

The proof of Theorem 1.1 is divided into two steps:

Step 1: We show that the layered solutions u_ε constructed in [2] is nondegenerate, with spectrum gap ≥ Cε^2.

Step 2: We add an interior bubble ε^{n−2}2 U_{0,μ} to u_ε. To obtain a real solution to (1.7), we adjust μ so that a small perturbation of ε^{(n−2)/2}U_{0,μ}+u_ε satisfies (1.7). This is done by a socalled “Localized Energy Method”-a combination of Liapunov-Schmidt finite dimensional

4 JUNCHENG WEI AND SHUSEN YAN

reduction and variational methods-which has been used in [2]-[3] and successfully in many papers, see e.g. [20], [21], [25], [29], [30] and the references therein.

Throughout this paper, unless otherwise stated, the letter C will always denote various generic constants which are independent of ε, for ε sufficiently small. The notation A_ε = O(B_ε) means that |^{Aε}_{Bε} | ≤ C, while A_ε = o(B_ε) means that lim_{ε→0}^{|Aε|}_{|Bε|} = 0.

Acknowledgment. The research of the first author (J.W.) is supported by an Earmarked Grant from RGC of Hong Kong.

2. Properties of Layered Solutions

In this section, we study the spectrum properties of the layered solutions constructed in [2].

Let u_ε be the layered solution constructed in [2]. A standard argument (similar to the proof of Claim 1 of Theorem 2.1 of [26]) shows that u_ε has a unique maximum point r_ε where r_ε → r_0 with M^′ (r_0) = 0. By a scaling argument, we may assume that V (r_0) = 1. Let x = r_ε + εy and f(u) = n(n − 2)u^{n+2n−2} .

Let w be the unique solution of

(2.1) w^{′′} − w + f(w) = 0 in R^1 , w(0) = max R^1 w(y), w(y) → 0 as |y| → +∞. The main result in this section is the following theorem, which contains elements of independent interest.

Theorem 2.1. Consider the following eigenvalue problem

(2.2) ε^2Δψ − V (r)ψ + f^′ (u_ε)ψ = λψ, ψ ∈ H^1(R^n ).

If (ψ̄_ε, λ̄_ε), ψ̄_ε ≠ 0, is a solution of the above problem, then we have

(2.3) |λ̄_ε| ≥ Cε^2.

To prove Theorem 2.1, we first need some asymptotic behavior of the layered solution u_ε. Let

ũ_ε(y) = V (r_ε)^{− 1p−1} u_ε ( ε_1y + r_ε ) , ε_1 = ε √ V (r_ε) ,

NONLINEAR SCHÖDINGER EQUATIONS 5 and (2.4) Δ^′_εu = u^{′′} + ε_1(n − 1) r_ε + ε_1y u^′ , where y ∈ I_ε = [ − r_ε ε_1 , +∞ ) . We have

Lemma 2.2. (1) r_ε = r_0 + o(ε);

(2) ũ_ε(y) = w(y) + ε_1ϕ_1(y) + ε^2_1ϕ_2(y) + o(ε^2), where ϕ_1(y) is the unique (odd) solution of (2.5) ϕ^{′′}_1 − ϕ_1 + f^′ (w)ϕ_1 + n − 1 r_0 w^′ − V^′ (r_0)yw(y) = 0, ϕ^′_1(0) = 0,

and ϕ_2(y) is the unique (even) solution of (2.6) ϕ^{′′}_2 − ϕ_2 + f^′ (w)ϕ_2 − n − 1 r^2_0 w^′ y − 1 2 V^{′′} (r_0)y^2w(y) + n − 1 r_0 ϕ^′_1 − V^′ (r_0)yϕ_1 + 1 2 f^{′′} (w)ϕ^2_1 = 0.

Remark: Since M^′ (r_0) = 0, V (r_0) = 1, we obtain that σV^′ (r_0) = −^{n−1}_{r0} . Hence ∫ R[^{n−1}r0 w^′ − V^′ (r^0)yw(y)]w^′ = 0 and the problem (2.5) admits a unique odd solution with ϕ^′_1(0) = 0. Proof: Let

V_ε(r) = V (r) V (r_ε) . Then, V_ε(r_ε) = 1, and ũ_ε satisfies

ũ^{′′}_ε + ε_1(n − 1) r_ε + ε_1y ũ^′_ε − V_ε(ε_1y + r_ε)ũ_ε + ũ^p_ε = 0.

Let ũ_ε(y) = w(y) + ε_1ϕ_ε(y). Then ϕ_ε(y) satisfies ϕ^{′′}_ε + ε_1(n − 1) r_ε + ε_1y ϕ^′_ε − ϕ_ε + f^′ (w)ϕ_ε + ε_1 2 f^{′′} (w)ϕ^2_ε + o(ε|f^{′′} (w)||ϕ_ε|^2)

(2.7) = −

(n − 1) r_ε + ε_1y w^′ + ε_1(n − 1) r^2_ε yw^′ + V^′_ε (r_ε)yw + ε_1 2 V^{′′}_ε (r_ε)y^2w + O(ε^2(1 + |y|)^3w).

We first claim that ‖ϕ_ε‖_L∞ < +∞. In fact, suppose not. We may assume that max_{y∈Iε} ϕ_ε(y) → +∞. Note that ũ_ε(y) → w(y) uniformly R as ε → 0. So, ε_1‖ϕ_ε‖_L∞ → 0 as ε → 0. We set ϕ̂_ε =^{ϕε}_{‖ϕε‖L∞} and ϕ(y_ε) = max_{y∈Iε} ϕ_ε(y). Then |y_ε| ≤ C. (If not, we evaluate (2.7) at y = y_ε. Using the fact that ϕ^{′′}_ε (y_ε) ≤ 0, ϕ^′_ε(y_ε) = 0 and that f^′ (u_ε(y_ε)) <^1_2 ,

6 JUNCHENG WEI AND SHUSEN YAN

we arrive at ϕ_ε(y_ε) ≤ C, which contradicts with our assumption.) Since |ϕ̂_ε| ≤ 1, standard regularity argument shows that ϕ̂_ε → ϕ_0 as ε → 0 in C^2_{loc}(R) and ϕ_0 satisfies ϕ^{′′}_0 − ϕ_0 + f^′ (w)ϕ_0 = 0. So ϕ_0 = cw^′ for some constant c. Since u^′_ε(r_ε) = 0, w^′ (0) = 0, we have ϕ^′_ε(0) = 0, which implies cw^{′′} (0) = 0 and hence c = 0. On the other hand ϕ̂_ε(y_ε) = 1 → ϕ_0(y_0) as y_ε → y_0. A contradiction.

Now we multiply (2.7) by w^′ and integrate over R, we have that

(2.8) − ∫ R (n − 1) r_ε + ε_1y

(w^′ )^2 + V^′_ε (r_ε) ∫ R yww^′ = ∫ R ε_1(n − 1) r_ε + ε_1y ϕ^′_εw^′ + ε_1 2 ∫ R f^{′′} (w)ϕ^2_εw^′ + o(ε),

which, together with ∫ R |w^′|^2y = 0, implies that (2.9) − n − 1 r_ε ∫ R (w^′ )^2 − 1 2 V^′_ε (r_ε) ∫ R w^2 = ∫ R ε_1(n − 1) r_ε + ε_1y ϕ^′_εw^′ + ε_1 2 ∫ R f^{′′} (w)ϕ^2_εw^′ + o(ε).

Since ∫ R(w^′ )^2 =^{p−1}p+3 ∫ R w^2 =^12σ ∫ R w^2 and M^′(r) = r^{n−1}V^{σ−1}(^{(n−1)}r V (r) + σV^′ (r)), we deduce from (2.9) the following rough estimate (2.10) M^′ (r_ε) = O(ε), and thus,

r_ε = r_0 + O(ε), since M^{′′} (r_0) ≠ 0.

Since ϕ_ε = O(1), ϕ_ε → ϕ_1 as ε → 0, where ϕ_1 satisfies the equation in (2.5). Since ϕ^′_ε(0) = 0, we deduce ϕ^′_1(0) = 0. Moreover, noting that^{n−1}_{r0} w^′ − V^′(r_0)yw is an odd function, we know that ϕ_1 is an odd function. We then set ϕ_ε = ϕ_1(y) + ε_1ϕ_{ε,2}. The same argument as before gives ϕ_{ε,2} = O(1). Because ϕ_1 is odd, we see ∫ R ϕ^′_1w^′ = 0, ∫ R f^{′′} (w)ϕ^2_1w^′ = 0.

Using (2.9) again, we obtain that M^′ (r_ε) = o(ε), r_ε = r_0 + o(ε). This proves (1).

Since r_ε = r_0 +o(ε), we see that^1_{rε} =^1_{r0} +o(ε), V^′ (r_ε) = V^′ (r_0)+o(ε). Similar argument proves that ϕ_{ε,2} → ϕ_2 where ϕ_2 satisfies (2.6). This proved (2). � We are now ready to prove Theorem 2.1.

Proof of Theorem 2.1: Let us assume that there exists (ψ̄_ε, λ̄_ε) satisfying (2.2) such that λ̄_ε = o(ε^2). We shall derive a contradiction. Let

NONLINEAR SCHÖDINGER EQUATIONS 7

ψ_ε(y) = ψ̄_ε ( ε_1y + r_ε ) , ε_1 = ε √ V (r_ε) , and

λ_ε = 1 V (r_ε) λ̄_ε. Then

−Δ^′_{ε1} ψ_ε − V_ε(ε_1y + r_ε)ψ_ε + f^′(ũ_ε)ψ_ε = λ_εψ_ε, and λ_ε = o(ε^2).

By direct computations, we have

Δ^′_{ε1} w^′ − V_ε(ε_1y + r_ε)w^′ + f^′ (ũ_ε)w^′ = w^{′′′} + ε_1(n − 1) r_ε + ε_1y w^{′′} − V_ε(r_ε + ε_1y)w^′ + f^′ (ũ_ε)w^′ = ε_1[

(n − 1) r_0 w^{′′} − V^′ (r_0)yw^′ + f^{′′} (w)ϕ_1w^′ ] +ε^2_1[− n − 1 r^2_ε yw^{′′} − 1 2 V^{′′} (r_0)y^2w^′ + 1 2 f^{′′′} (w)ϕ^2_1w^′ + f^{′′} (w)ϕ_2w^′ ] + o(ε^2).

Now we let ψ_1 be the unique even function of (2.11) ψ^{′′}_1 − ψ_1 + f^′ (w)ψ_1 = −

(n − 1) r_0 w^{′′} + V^′ (r_0)yw^′ − f^{′′} (w)ϕ_1w^′ .

Note that (2.12) ψ_1 = ϕ^′_1 + ψ̂_1 where ψ̂_1 is the unique even solution of ψ̂^{′′}_1 − ψ̂_1 + f^′ (w)ψ̂_1 + V^′ (r_0)w = 0, which is given by (2.13) ψ̂_1(y) = −V^′ (r_0)( 1 p − 1 w + 1 2 yw^′ ) Set (2.14) Ψ(y) = w^′ (y) + ε_1ψ_1(y).

8 JUNCHENG WEI AND SHUSEN YAN

For later use, we need to compute

Δ^′_{ε1} Ψ − V_ε(ε_1y + r_ε)Ψ + f^′ (ũ_ε)Ψ

(2.15)

= Δ^′_{ε1} w^′ − V_ε(ε_1y + r_ε)w^′ + f^′ (ũ_ε)w^′ + ε_1[Δ^′ ψ_1 − V_ε(ε_1y + r_ε)ψ_1 + f^′ (ũ_ε)ψ_1] = ε^2_1[− n − 1 r^2_0 yw^{′′} − 1 2 V^{′′} (r_0)y^2w^′ ] + ε^2_1[ n − 1 r_0 ψ^′_1 − V^′ (r_0)yψ_1] + ε^2_1[f^{′′} (w)ψ_1ϕ_1 + 1 2 f^{′′′} (w)ϕ^2_1w^′ + f^{′′} (w)ϕ_2w^′ ] + o(ε^2).

We decompose (2.16) ψ_ε = c_εΨ(y) + ψ^⊥_ε , ∫ Iε Ψ(y)ψ^⊥_ε = 0, where ψ^⊥_ε satisfies (2.17) −Δ^′_{ε1} ψ^⊥_ε + V_ε(ε_1y + r_ε)ψ^⊥_ε − f^′ (ũ_ε)ψ^⊥_ε = c_ε ( Δ^′_{ε1} Ψ − V_ε(ε_1y + r_ε)Ψ + f^′ (ũ_ε)Ψ ) − λ_εψ_ε in I_ε, and ∫ Iε Ψ(y)ψ^⊥_ε = 0.

Then by the same argument as in of [2], we have that (2.18) |ψ^⊥_ε | ≤ Cε^2|c_ε|. Now we multiply (2.17) by w^′ , integrate over I_ε and use (2.18) to obtain (2.19) c_ε ∫ Iε (Δ^′_{ε1} Ψ − V_ε(ε_1y + r_ε)Ψ + f^′ (ũ_ε)Ψ)w^′ = λ_εc_ε( ∫ Iε Ψw^′ ) + O(ε^3|c_ε|).

We now analyze both sides of (2.19). The right hand side is relatively easy to understand since (2.20) ∫ Iε Ψw^′ = ∫ R (w^′ )^2 + O(ε).

We use (2.15) to compute (2.21) ε^{−2}_1 ∫ Iε (Δ^′_{ε1} Ψ − V_ε(ε_1y + r_ε)Ψ + f^′ (u_ε)Ψ)w^′ = ∫ R w^′ [− n − 1 r^2_0 yw^{′′} − 1 2 V^{′′} (r_0)y^2w^′ ]

+ ∫ R w^′ [ n − 1 r_0 ψ^′_1 − V^′ (r_0)yψ_1] + ∫ R w^′ [f^{′′} (w)ψ_1ϕ_1 + 1 2 f^{′′′} (w)ϕ^2_1w^′ + f^{′′} (w)ϕ_2w^′ ] + o(1).

NONLINEAR SCHÖDINGER EQUATIONS 9

Note that (w^{′′} )^{′′} − w^{′′} + f^′ (w)w^{′′} + f^{′′} (w)(w^′ )^2 = 0. We derive that ∫ R f^{′′} (w)(w^′ )^2ϕ_2 = − ∫ R [(w^{′′} )^{′′} − w^{′′} + f^′ (w)w^{′′} ]ϕ_2

= − ∫ R [ϕ^{′′}_2 − ϕ_2 + f^′ (w)ϕ_2]w^{′′} (2.22) = ∫ R [− n − 1 r^2_0 w^′ y− 1 2 V^{′′} (r_0)y^2w]w^{′′} + ∫ R [ n − 1 r_0 ϕ^′_1w^{′′} +V^′ (r_0)(yϕ^′_1+ϕ_1)w^′ ]+ ∫ R [ 1 2 f^{′′} (w)ϕ^2_1]w^{′′}

Substituting (2.22) into (2.21) and using (2.12), we obtain

(2.23) ε^{−2}_1 ∫ Iε (Δ^′_{ε1} Ψ − V_ε(ε_1y + r_ε)Ψ + f^′ (ũ_ε)Ψ)w^′ = n − 1 r^2_0 ∫ R (w^′ )^2 − 1 2 V^{′′} (r_0) ∫ R w^2

+ ∫ R [f^{′′} (w)ϕ_1w^′ψ̂_1 + V^′ (r_0)ϕ_1w^′ − n − 1 r_0 w^{′′}ψ̂_1 − V^′ (r_0)yw^′ψ̂_1] + o(1).

Using the equation for ψ̂_1, we obtain (ψ̂^′_1)^{′′} − ψ̂^′_1 + f^′ (w)ψ̂^′_1 + f^{′′} (w)w^′ψ̂_1 + V^′ (r_0)w^′ = 0. Hence ∫ R [f^{′′} (w)ϕ_1w^′ψ̂_1 + V^′ (r_0)ϕ_1w^′ − n − 1 r_0 w^{′′}ψ̂_1 − V^′ (r_0)yw^′ψ̂_1] = ∫ R [ n − 1 r_0 w^′ψ̂^′_1 − V^′ (r_0)ywψ̂^′_1 − n − 1 r_0 w^{′′}ψ̂_1 − V^′ (r_0)yw^′ψ̂_1] = − 2(n − 1)

r_0 ∫ R w^{′′}ψ̂_1 + V^′ (r_0) ∫ R wψ̂_1 = 2(n − 1)

r_0

V^′ (r_0) ∫ R w^{′′} ( 1 p − 1 w + 1 2 yw^′ ) + (V^′ (r_0))^2 ∫ R w(− 1 p − 1 w − 1 2 yw^′ ) = 2(n − 1)

r_0

V^′ (r_0) ∫ R (− 1 p − 1 − 1 4 )|w^′ |^2 + (V^′ (r_0))^2 ∫ R (− 1 p − 1 + 1 4 )w^2 = 1 2 (V^′ (r_0))^2 ∫ R w^2,

since ∫ R(w^′ )^2 =^{p−1}p+3 ∫ R w^2 =^12σ ∫ R w^2 and σV^′ (r^0) = −^{(n−1)}r0 V (r^0) = −^{(n−1)}r0 .

Substituting the above identity to (2.23), we obtain

(2.24) ε^{−2}_1 ∫ Iε (Δ^′_ε′ Ψ − V_ε(ε_1y + r_ε)Ψ + f^′ (u_ε)Ψ)w^′

= n − 1 r^2_0 ∫ R (w^′ )^2 + 1 2 (V^′ (r_0))^2 ∫ R w^2 − 1 2 V^{′′} (r_0) ∫ R w^2 + o(1).

10 JUNCHENG WEI AND SHUSEN YAN

Thus, we obtain (2.25) ε^{−2}_1 ∫ Iε (Δ^′_{ε1} Ψ − V_ε(ε_1y + r_ε)Ψ + f^′ (u_ε))w^′ = B_0M^{′′} (r_0) + o(1) where

B_0 = −r^{1−n}_0 ∫ R w^2, M^{′′} (r_0) = (n − 1)(n − 2)r^{n−3}_0 + 2σ(n − 1)r^{n−2}_0 V^′ (r_0) + r^{n−1}_0 (σ(σ − 1)(V^′ (r_0))^2 + σV^{′′} (r_0)) = r^{n−1}_0 [(n − 1)(n − 2)r^{−2}_0 − σ(σ + 1)(V^′ (r_0))^2 + σV^{′′} (r_0) = r^{n−1}_0 [−(n − 1)r^{−2}_0 − σ(V^′ (r_0))^2 + σV^{′′} (r_0)].

Here we have used the fact that σV^′ (r_0) = −(n − 1)r^{−1}_0 .

Substituting (2.25) into (2.19) we obtain (2.26) B_0c_εM^{′′} (r_0)ε^2_1 + o(ε^2c_ε) = λ_εc_ε (∫ R (w^′)^2 + O(ε) ) , which, together with λ_ε = o(ε^2), implies that (2.27) c_ε = 0. This forces ψ^⊥_ε ≡ 0, by (2.18). Thus, ψ_ε ≡ 0. A contradiction.

This completes the proof of Theorem 2.1. � From Theorem 2.1, we deduce the following corollary Corollary 2.3. The linearized operator ε^2Δψ − V (r)ψ + f^′ (u_ε)ψ is an invertible operator from H^2_r (R^n ) = H^2(R^2 ) ∩ {u = u(r)} to L^2_r(R^n ) = L^2(R^n ) ∩ {u = u(r)}. Furthermore, we have (2.28) ‖ϕ‖_L∞_(Rn_) ≤ Cε^{−β}‖ε^2Δϕ − V ϕ + f^′ (u_ε)ϕ‖_L∞_(Rn_) where β > 4 is some fixed constant. Proof: From Theorem 2.1, we have that (2.29) ‖ϕ‖_L2_(Rn_) ≤ Cε^{−2}‖ε^2Δϕ − V ϕ + f^′ (u_ε)ϕ‖_L2_(Rn_). But

NONLINEAR SCHÖDINGER EQUATIONS 11

‖Δϕ‖_L2_(Rn_) ≤ ε^{−2}‖ε^2Δϕ − V ϕ + f^′ (u_ε)ϕ‖_L2_(Rn_) + Cε^{−2}‖ϕ‖_L2_(Rn_). Hence (2.30) ‖ϕ‖_H2_(Rn_) ≤ C‖Δϕ‖_L2_(Rn_) + C‖ϕ‖_L2_(Rn_) ≤ Cε^{−4}‖ε^2Δϕ − V ϕ + f^′ (u_ε)ϕ‖_L2_(Rn_). By a bootstrapping argument, we obtain (2.28). �

3. Energy and Error Estimates

Let u_ε be the layered solutions constructed in [2]. In this section, we are going to add an interior bubble to u_ε and compute the induced energy and errors.

We first study the asymptotic behavior of u_ε(r) for r < r_0. To this end, we consider the following function (3.1) ε^2Δh_{ε,R} − V (r)h_{ε,R} = 0 in B_R, h_{ε,R} = 1 on ∂B_R. By the following transformation, h_{ε,R} = e^{− ψε,R}ε , we see that ψ_{ε,R} satisfies (3.2) εΔψ_{ε,R} − |∇ψ_{ε,R}|^2 + V (r) = 0 in B_R, ψ_{ε,R} = 0 on ∂B_R.

The solutions to the limiting problem |∇ψ|^2 = V (r) are c±ρ(r) where ρ(r) = ∫_r 0 √ V (s)ds. By the method of viscosity solutions ([24]), we conclude that as ε → 0, ψ_{ε,R}(r) → ρ(R) − ρ(r). Since ε^2Δu_ε −V (r)u_ε < 0 and u_ε(r_ε) ≥ c_0 > 0, it is easy to see that u_ε ≥ Ch_{ε,rε} . On the other hand, u_ε satisfies ε^2Δu_ε − (1 − δ)^2u_ε ≥ 0 for r < r_0(1 − δ). Thus u_ε ≤ Ch^ε_{1−δ ,r0(1−δ)} for any δ small. Therefore we have for r < r_0, −ε log u_ε → ρ(r_0) − ρ(r). That is we have

Lemma 3.1. As ε → 0, we have −ε log u_ε → ρ(r_0) − ρ(r) for any r < r_0. Moreover, the convergence is uniform when r ≤ r_0(1 − δ).

Recall that U_μ := U_{0,μ} is the unique family of radial solutions of ΔU + n(n − 2)U^{n+2n−2} = 0, U > 0 in R^n . Now we choose μ such that (3.3) μ ∈ Λ := ( e^{an−δε} , e^{an+δε} ) , where a_3 = a_5 = 2ρ(r_0), a_4 = ρ(r_0), and 0 < δ <^1_{100} ρ(r_0) is a fixed small number. Then by the following scaling u(x) = (με)^{n−2}2 û(y), x =^1_μ y, problem (1.7) becomes the following

S[u] := Δu − (με)^{−2}V ( |y| μ )u + n(n − 2)u^{n+2n−2}_+ = 0.

(3.4)

12 JUNCHENG WEI AND SHUSEN YAN

Solutions to (1.7) can be found as critical points of the following energy functional (3.5) J_ε[u] = 1 2 ∫ R^n ( |∇u|^2 + (με)^{−2}V ( |y| μ )u^2 ) − (n − 2)^2 2 ∫ R^n u^{2nn−2}_+ .

We consider a linear problem which can be viewed as a projection of U_μ: (3.6) ΔV_μ − ε^{−2}V (|x|)V_μ + n(n − 2)U^{n+2n−2}μ = 0 in R^n .

Define (3.7) W_1 := μ^{− n−22} V_μ( |y| μ ), W_2 := (με)^{− n−22} u_ε( |y| μ ), W := W_1 + W_2.

By the Maximum Principle, it holds (3.8) 0 < W_1 ≤ U_{0,1}.

We first need to analyze the projection V_μ(r). This will depend on the dimension. When n = 3, we write V_μ as V_μ(|x|) = U_μ(|x|) − 1 μ^{1/2} 1 |x| ( 1 − ψ_ε(|x|) ) + φ_{μ,ε}(|x|), where ψ_ε(r) satisfies (3.9) ψ^{′′}_ε − ε^{−2}V (r)ψ_ε = 0, ψ_ε(0) = 1, ψ_ε(∞) = 0.

It is easy to see that (3.10) −ε log(ψ_ε) → ρ(r), e^{− C1rε} ≤ ψ_ε ≤ e^{− C2rε} , where C_1 and C_2 are two fixed constants. Another property we need is that εψ^′_ε(0) → − √ V (0).

Then φ_{μ,ε}(|x|) satisfies (3.11) Δφ_{μ,ε} − ε^{−2}V (|x|)φ_{μ,ε} + ε^{−2}V (|x|)(U_μ − μ^{−1/2} |x| ) = 0 in R^n .

By comparison principle, it is easy to see that (see e.g. estimate (2.10) of [29]) (3.12) |φ_{μ,ε}(|x|)| ≤ C ( 1 ε^2μ^{3/2}(1 + μ|x|) ) . Hence for n = 3 we obtain the following estimates for W_1 (3.13) W_1(y) = U_{0,1}(y) − 1 |y| (1 − ψ_ε( |y| μ )) + O( 1 ε^2μ^2(1 + |y|) ). When n = 4 or 5, we write (3.14) W_1(y) = U_{0,1}(y) − (με)^{−2}φ_μ(y),

NONLINEAR SCHÖDINGER EQUATIONS 13

where φ_μ(y) satisfies

(3.15) Δφ_μ − (με)^{−2}V ( |y| μ )φ_μ + V ( |y| μ )( 1 1 + |y|^2

)^{n−22} = 0 in R^n .

The study of the asymptotic behavior of φ_μ is given by the following lemma, whose proof is provided in Appendix A.

Lemma 3.2. (a) When n = 4, we have (3.16) C_1(ln(εμ)^2−ln(1+|y|^2)+O(1)) ≤ φ_μ(|y|) ≤ C_2(ln(εμ)^2−ln(1+|y|^2)+O(1)) for |y| ≤ θεμ where θ is a small but fixed number.

(b) When n = 5, we have

(3.17) 0 < φ_μ(y) ≤ C 1 + |y| (c) It holds that (3.18) V_μ(|x|) ≤ C_1ε^{−2}μ^{− n+22} , for |x| > δ.

Next we define two Sobolev norms. (See [17] and [30].) Let (3.19) ‖ϕ‖_∗ = sup_{y∈} R^n (1 + |y|)^{(n−2)/2+δ}|ϕ(y)|, ‖f‖_{∗∗} = sup_{y∈} R^n ((1 + |y|)^{(n+2)/2+δ}|f(y)|). Finally we state the following important lemma on the error estimates. The proof of it is delayed to Appendix B.

Lemma 3.3. (a) It holds that (3.20) ‖S[W ]‖_{∗∗} ≤ Cμ^{− βn+2δ2} where β_n = 1 when n = 3, and β_n = 2 when n ≥ 4, and

(3.21) J_ε(W_1) = (n − 2) ∫ R^n

U^{2nn−2}_{0,1} +

A_3+o(1)

με , when n = 3,

(A_4+o(1)) log μ μ^2ε^2 , when n = 4, A_5+o(1)

μ^2ε^2 , when n = 5,

where A_i is some positive constant, i = 3, 4, 5.

(b) For n = 3, we have (3.22) J_ε[W_1 + W_2] = J_ε[W_2] + ∫ R^3

U^6_{0,1} + (A_3 + o(1))ε^{−1}μ^{−1} − 3ε^{−1/2} ∫ |x|≤δ u_εV^5_μ + O(e^{−c1/ε}μ^{−1}).

14 JUNCHENG WEI AND SHUSEN YAN

(c) For n ≥ 4, we obtain J_ε ( W_1 + W_2 ) = J_ε(W_2) + (n − 2) ∫ R^n U^{2n/(n−2)} 0,1 +

(A_n + o(1))(log μ)^m

μ^2ε^2

(3.23) −n(n − 2)ε^{−(n−2)/2} ∫ |x|≤δ u_εV^{n+2n−2}μ + O(e^{−c1/ε}μ^{−2}) where m = 1 for n = 4 and m = 0 for n = 5.

Remark: A scaling argument shows that J_ε[W_2] is independent of μ: in fact,

(3.24) J_ε[W_2] = ε^{−n} [ ε^2 2 ∫ R^n

|∇u_ε|^2 + 1 2 ∫ R^n

V u^2_ε −

(n − 2)^2 2 ∫ R^n u^{2nn−2}ε ]

4. Finite-dimensional Reduction

In this section, we perform a finite-dimensional reduction procedure which is similar to that of [29] and [30].

Let z =^{n−2}_2 U_{0,1} + y∇U_{0,1}. Let η(r) be a smooth cut-off function such that η(r) = 1 for r <^1_{20} r_0μ and η(r) = 0 for r >^1_{10} r_0μ, |Dη| ≤ Cμ^{−1}, and |D^2η| ≤ Cμ^{−2}. Set Z = Δ(zη). We first consider the following linear problem: Given h = h(r), find a pair (ϕ, c) satisfying (4.1) Δϕ − (με)^{−2}V (|y| μ ) ϕ + f^′ (W )ϕ = h + cZ, in R^n , ϕ = ϕ(|y|), ϕ ∈ H^1(R^n ), ∫ R^n ϕZ = 0. We have the following a priori estimates.

Lemma 4.1. Let (ϕ, c) satisfy (4.1). Then for ε sufficiently small, there holds ‖ϕ‖_∗ ≤ Cε^{−β}‖h‖_{∗∗}, where β > 0 is given in Corollary 2.3.

Proof: Our main idea is to decompose problem (4.1) into two problems: one in the bubble region and another one in the layer region. The constant Cε^{−β} comes from consideration in the layer region.

We argue by contradiction. Suppose there exists a sequence of μ_k, ε_k, ϕ_k, h_k such that ‖ϕ_k‖_∗ = 1, ‖h_k‖_{∗∗} = o(ε^β). For the sake of simplicity, we omit the dependence of k.

We first estimate the constant c in (4.1). Multiplying (4.1) by zη and integrating by parts, we obtain

(4.2) c ∫ R^n zZη = ∫ R^n ( Δϕ + f^′(W )ϕ ) zη − (με)^{−2} ∫ R^n V (|y| μ ) ϕzη + O(‖h‖_{∗∗}) = o(ε^β), since

NONLINEAR SCHÖDINGER EQUATIONS 15 ∫ R^n ( Δϕ + f^′(W )ϕ ) zη = ∫ R^n ( Δ(zη) + f^′(W )zη ) ϕ = ∫ R^n ( zΔη + 2DzDη + ( f^′(W ) − f^′(U_{0,1}) ) zη ) ϕ = o(ε^β). But ∫ R^n zZη = ∫ R^n |∇z|^2 + o(1). So, we obtain

c = o(ε^β). Let ψ_1 be such that Δψ_1 − ε^{−2}V (r)ψ_1 = 0 in B 3_{10 r0} and ψ_1(r) = 1 on ∂B 3_{10 r0} . We consider the new function ϕ_1 = ϕ − dψ_1(μ^{−1}|y|) where d = ϕ(^{3r0μ}_{10} ). Since ‖ϕ‖_∗ = 1, we derive that |d| = O(μ^{−(n−2)/2−δ}). Then ϕ_1 satisfies

(4.3) Δϕ_1 − (με)^{−2}V (|y| μ ) ϕ_1 + f^′ (W_1)ϕ_1 = g̃ + cZ, ∫ R^n ϕ_1Z = d ∫ R^n ψ_1Z, ϕ_1( 3 10 r_0μ) = 0,

where g̃ satisfies

(4.4) g̃ = h + df^′ (W )ψ_1 + (f^′ (W_1) − f^′ (W ))ϕ_1.

Note that for |y| ≤^3_{10} r_0μ,

|f^′ (W_1) − f^′ (W )||ϕ_1| ≤ C‖ϕ_1‖_∗(1 + |y|)^{−( n−22 +δ)}(CW^{4n−2}_2 + f^{′′} (W_1)W_2) ≤ C‖ϕ_1‖_∗(1 + |y|)^{−( n−22 +δ)} ( (με)^{−2}u^{4/(n−2)} ε (|y| μ ) + (με)^{−(n−2)/2}u_ε (|y| μ ) 1 (1 + |y|)^{6−n} )

≤ Ce^{−δ/ε}(1 + |y|)^{−((n+2)/2+δ)} ( 1 + 1 μ^{(n−2)/2}(1 + |y|)^{4−n} ) ≤ Ce^{−δ/ε}(1 + |y|)^{−((n+2)/2+δ)}. Similarly, we can show that for |y| ≤^3_{10} r_0μ, |d||W^{4n−2} ||ψ_1(μ^{−1}y)| ≤ Ce^{−δ/ε}(1 + |y|)^{−((n+2)/2+δ)}. Moreover, since

|Z| = |Δzη + 2DzDη + Δηz| ≤ C(1 + |y|)^{−n} + Cμ^{−1}(1 + |y|)^{n−1} + Cμ^{−2}(1 + |y|)^{n−2},

16 JUNCHENG WEI AND SHUSEN YAN

we obtain that for |y| ≤^3_{10} r_0μ, |cZ| = o(ε^β)(1 + |y|)^{−n}. Thus we have (4.5) sup_{|y|≤ 3}

10 μr_0

(1 + |y|)^{(n+2)/2+δ} ( |g̃| + c|Z| ) ≤ Cε^β. Observe also that the Green’s function of ΔG − (με)^{−2}V (^{|y|}_μ )G + δ_y = 0 in B 3_{10 μr0} , G = 0 on ∂B 3_{10 μr0} has the following decay property: (4.6) G(x, y) ≤ C |x − y|^{n−2} . Then as in the proof of Proposition 3.1 of [29], we have that (4.7) sup_{|y|≤ 3}

10 μr_0 (1 + |y|)^{(n−2)/2+δ}|ϕ_1| ≤ Cε^β, which implies that (4.8) sup_{|y|≤ 1}

5 μr_0 (1 + |y|)^{(n−2)/2+δ}|ϕ| ≤ Cε^β + sup_{|y|≤ 1} 5 μr_0 (1 + |y|)^{(n−2)/2+δ}|d||ψ_1(μ^{−1}y)| ≤ Cε^β, since |d| ≤ Cμ^{−(n−2)/2−δ}, and |ψ_1(y)| ≤ e^{−δ/ε} if |y| ≤^1_5 r_0.

Similarly, we let ψ_2 be such that Δψ_2 − ε^{−2}V (r)ψ_2 = 0, r >^1_{10} r_0, ψ_2(^1_{10} r_0) = 1, and consider the function ϕ_2 = ϕ − d_2ψ_2(μ^{−1}y) with d_2 = ϕ

(_1 10 r_0μ ) ∼ μ^{−(n−2)/2−δ}. Then in the x coordinate, we have (4.9) ε^2Δϕ_2 − V (|x|)ϕ_2 + f^′ (u_ε)ϕ_2 = g̃_2 where

g̃_2(|x|) = (με)^2h(μ|x|) + d_2f^′ (u_ε)ψ_2 + (f^′ (ε^{(n−2)/2}V_μ(|x|) + u_ε) − f^′ (u_ε))ϕ. For |y| ≥^1_{10} r_0μ, or |x| ≥^1_{10} r_0, we have |(με)^2h(μ|x|)| = o(ε^β)(με)^2μ^{−(n+2)/2−δ} = o(ε^{2+β})μ^{−(n−2)/2−δ},

|d_2f^′ (u_ε)ψ_2| ≤ C|u_ε|^{4/(n−2)}|ψ_2|μ^{−(n−2)/2−δ} ≤ Ce^{−δ/ε}μ^{−(n−2)/2−δ}, and |(f^′ (ε^{(n−2)/2}V_μ(|x|) + u_ε) − f^′ (u_ε))ϕ|

NONLINEAR SCHÖDINGER EQUATIONS 17 ≤ Cμ^{−(n−2)/2−δ} ( |ε^{(n−2)/2}V_μ(|x|)|^{4/(n−2)} + |f^{′′}(u_ε)||ε^{(n−2)/2}V_μ(|x|)| ) ≤ Cμ^{−(n−2)/2−δ}(ε^2μ^{−2} + ε^{(n−2)/2}μ^{−(n−2)/2}) = o(ε^{2+β})μ^{−(n−2)/2−δ}. Thus, we have proved that

‖g̃_2‖_L∞_(Rn_{\B 110 r0 )} ≤ o(ε^{2+β})μ^{−(n−2)/2−δ}. By Corollary 2.3, we have that for |x| ≥^1_{10} r_0,

(4.10) |ϕ_2(|x|)| ≤ Cε^{−β}‖g̃_2‖_L∞_(Rn_{\B 110 r0 )} ≤ o(1)μ^{−(n−2)/2−δ}.

Thus (4.11) sup 1 5 μr_0≤|y|≤10μr_0 |ϕ|(1 + |y|)^{(n−2)/2+δ} ≤ Cμ^{(n−2)/2+δ} sup_1 5 μr_0≤|y| ( |ϕ_2| + d_2|ψ_2(μ^{−1}|y|) ) ≤ o(1). Finally, we estimate sup_{|y|≥10μr0} |ϕ|(1 + |y|)^{(n−2)/2+δ}. Recall the ϕ satisfies

Δϕ − (με)^{−2}V (|y| μ ) ϕ + f^′(W )ϕ = h, |y| ≥ 10μr_0. We have |h(|y|)| = o(ε^β)(1 + |y|)^{−(n+2)/2−δ}. On the other hand, for |y| ≥ 10μr_0, |f^′(W )| ≤ C(εμ)^{−2}u^{4/(n−2)}_ε (|y| μ ) + Cμ^{−2}V^{4/(n−2)} μ (|y| μ ) = o(μ^{−2}ε^{−2}).

Thus, |ϕ| is a subsolution of

Δv − 1 2 (με)^{−2}V (|y| μ ) v = o(ε^β)(1 + |y|)^{−(n+2)/2−δ}. But

Δ 1 |y|^{(n−2)/2+δ} − 1 2 (με)^{−2}V (|y| μ ) 1 |y|^{(n−2)/2+δ} ≤ −c_0 1 |y|^{(n+2)/2+δ} . Noting that |ϕ(|y|)| ≤ o(1)μ^{−(n−2)/2−δ} if |y| = 10r_0μ, by the comparison theorem, we obtain

18 JUNCHENG WEI AND SHUSEN YAN

|ϕ(|y|)| ≤ o(1) 1 |y|^{(n−2)/2+δ} , |y| ≥ 10r_0μ, which implies

(4.12) sup_{|y|≥10μr0} |y|^{(n−2)/2+δ}|ϕ(|y|)| = o(1). Combining (4.8), (4.11) and (4.12), we obtain ‖ϕ‖_∗ = o(1). This is a contradiction. � By Lemma 3.3, Lemma 4.1 and a contraction mapping principle similar to those of Proposition 3.2 of [29], we derive the following main reduction lemma: Lemma 4.2. There exists ε_0 > 0 such that for ε < ε_0, the following problem (4.13) Δ(W + ϕ) − (με)^{−2}V ( |y| μ )(W + ϕ) + f(W + ϕ) = c_μZ in R^n , ϕ ∈ H^1(R^n ), ∫ R^n ϕZ = 0 has a unique solution (ϕ_μ, c_μ). Moreover the map μ → ϕ_μ is C^1 and the following estimates hold (4.14) ‖ϕ_μ‖_∗ ≤ Cμ^{− βn+2δ2} , where δ > 0 is some fixed constant.

Now we define (4.15) M(μ) = J_ε[W + ϕ_μ] − J_ε[W_2] − (n − 2) ∫ R^n U^{2nn−2}_{0,1} Note that by the remark following Lemma 3.3, J_ε[W_2] is independent of μ. Then we also have (see Proposition 3.3 of [29]) Lemma 4.3. If μ = μ_ε is a critical point of M(μ) in μ, then w_ε = W + ϕ_{με} is a solution to (3.4).

Thus we are reduced to finding a critical point of M(μ).

NONLINEAR SCHÖDINGER EQUATIONS 19

5. Proof of Theorem 1.1

We first prove Theorem 1.1 when n = 3. To this end, we need to expand M(μ) : using Lemma 3.3 and Lemma 4.2, we deduce that

M(μ) = J_ε[W + ϕ_μ] − J_ε[W_2] − ∫ R^3

U^6_{0,1}

= J_ε[W ] + ∫ R^n

S_μ[W ]ϕ_μ + O(‖ϕ_μ‖^2_∗) − J_ε[W_2] − (n − 2) ∫ R^n U^{2nn−2}_{0,1} .

We use (3.22) to derive that

(5.1) M(μ) = ( A_3 + o(1) ) ε^{−1}μ^{−1} − 3ε^{−1/2} ∫ |x|<δ u_εV^5_μ + O ( μ^{−(1+2δ)} + e^{−c1/ε}μ^{−1} )

By Lemma 3.1, we obtain

(5.2) e^{−(ρ(r0)+δ)/ε}μ^{−1/2} ≤ ∫ |x|<δ u_εV^5_μ ≤ e^{−(ρ(r0)−δ)/ε}μ^{−1/2}.

Thus the function M(μ) attains its minimum at μ_ε ∼ e^{2ρ(r0)+o(1)}ε ∈ Λ. This minimum point must be a critical point of M(μ) since it stays inside the interior of Λ.

When n = 4 or 5, we have

(5.3) M(μ) =

(A_n + o(1))(log μ)^m μ^2ε^2 − n(n − 2) ∫ |x|≤δ u_εV^{n+2n−2}μ + O ( e^{−c1/ε}μ^{−2} )

where

(5.4) C_1e^{−(ρ(r0)+δ)/ε}μ^{−(n−2)/2} ≤ ∫ |x|≤δ u_εV^{n+2n−2}μ ≤ C_2e^{−(ρ(r0)−δ)/ε}μ^{−(n−2)/2}

Using (5.4), we find that the function M(μ) has a critical point μ̄_ε ∈ [e^{2ρ(r0)−δ(6−n)ε} , e^{2ρ(r0)+δ(6−n)ε} ] ⊂ Λ. Thus, the reduced energy functional M(μ) also has a critical point μ_ε ∼ e^{2+O(δ)(6−n)ε} .

By Lemma 4.3, W_1 + W_2 + ϕ_{με} is a solution to (3.4). Let u_ε(x) = W_1(μ_εr) + W_2(μ_εr) + ϕ_{με} (μ_εr). Then u_ε satisfies all the properties of Theorem 1.1. �

20 JUNCHENG WEI AND SHUSEN YAN

Appendix A: Proof of Lemma 3.2 Proof of (3.16):

When n = 4, we study φ_μ in {|y| ≤ εμ}. To this end, we let φ_4(|y|) be the unique solution of (5.5) Δφ_4 + U_{0,1} = 0 for |y| < εμ, φ_4(μ) = φ_μ(εμ). Note that from (3.8) it holds that 0 ≤ φ_μ(εμ) ≤ (με)^2U_{0,1}(εμ) ≤ C. Let ξ(|y|) =^1_4 ln(εμ)^2 −^1_4 ln(1 + |y|^2). Direct calculations show that

Δξ + U_{0,1} = − 1 (1 + |y|^2)^2 . Let ψ be the unique solution of Δψ = − 1 (1 + |y|^2)^2 in R^n , ψ(y) → 0 as |y| → +∞. Then, we have ψ(|y|) ≤ C(log(1 + |y|))(1 + |y|)^{−2}. It is easy to check that φ_4 − ξ − ψ is a harmonic function in B_{εμ}, which is bounded on |y| = εμ. So we have proved that

φ_4(y) = 1 4 ln(εμ)^2 − 1 4 ln(1 + |y|^2) + O(1), |y| ≤ εμ. Since φ_μ satisfies Δφ_μ + CU_{0,1} ≥ 0, where C > 0 is some constant, by the comparison theorem, we obtain (5.6) φ_μ(|y|) ≤ Cφ_4(|y|), |y| ≤ εμ. Next, we show that if we choose α > 0 small enough, αφ_4 is a sub-solution to equation (3.15) on the ball {|y| < θεμ}, where θ > 0 is a small constant. In fact, we have

αΔφ_4 − (με)^{−2}V ( |y| μ )αφ_4 + V ( |y| μ ) 1 1 + |y|^2 ≥ (c_0 − α)U_{0,1} − (με)^{−2}Cαφ_4

(5.7) ≥ (με)^{−2} ((c_0 − α)ε2μ2 1 + |y|^2 − Cα (1 4 ln(εμ)^2 − 1 4 ln(1 + |y|^2) + C^′ )) , where c_0 > 0, C > 0 and C^′ > 0 are some constants.

Denote g(t) = (c_0 − α)(εμ)^2

1 + t^2 − Cα (1 4 ln(εμ)^2 − 1 4 ln(1 + t^2) + C^′ ) .

NONLINEAR SCHÖDINGER EQUATIONS 21

Then, g^′(t) < 0 in (0, t_μ) with t_μ = √_{(c0−α)} Cα εμ ( 1 + o(1) ) . But if θ > 0 is small, then

g ( θεμ ) ≥ c_0 − α

θ^2 + Cα ln θ − C^{′′} > 0. So, g(t) > 0 if t ∈ [0, θεμ].

Using (5.7), we see that in if |y| ≤ θεμ,

αΔφ_4 − (με)^{−2}V ( |y| μ )αφ_4 + V ( |x| μ )( 1 1 + |y|^2

)^{n−22} > 0.

So, αφ_4 is a sub-solution of (3.15).

Since φ_4(θεμ) = −^1_2 ln θ + O(1), we can find a constant C_θ > 0, such that αφ_4(θεμ) ≤ C_θ. As a result, we deduce that φ_μ(θεμ) ≥ 0 ≥ αφ_4(θεμ) − C_θ. But αφ_4 − C_θ is also a sub-solution of (3.15). By the comparison theorem, we obtain (5.8) φ_μ(|y|) ≥ αφ_4(|y|) − C_θ, |y| ≤ θεμ. Combining (5.6) and (5.8), we obtain (3.16). �

Proof of (3.17): When n = 5, similar to estimates in Lemma A.1 of [30], we obtain (3.17). Furthermore, φ_μ(y) → φ_5 where φ_5 is the unique solution satisfying

Δφ_5 + V (0)U_{0,1} = 0 in R^n , φ_5 → 0 as |y| → +∞. �

Proof of (3.18): To prove (3.18), we first let ξ_μ(|x|) = V_μ(|x|) − U_{0,μ}(|x|) + 1 μ^{(n−2)/2}|x|^{n−2} . Then, ξ_μ satisfies

22 JUNCHENG WEI AND SHUSEN YAN

Δξ_μ − ε^{−2}V (|x|)ξ_μ + ε^{−2}V (|x|) ( U_{0,μ}(|x|) − 1 μ^{(n−2)/2}|x|^{n−2} ) = 0. For |x| ≥ δ > 0,

U_{0,μ}(|x|) − 1 μ^{(n−2)/2}|x|^{n−2} = O (μ(n−2)/2 (μ|x|)^n ) . Using the equation that ξ̄(|y|) := ξ_ε ( μ^{−1}|y| ) satisfies, we can prove

|ξ(|x|)| ≤ Cμ^{(n−2)/2} ε^2μ^2(1 + μ|x|)^{n−2} . So, (3.18) follows. �

Appendix B: Proof of Lemma 3.3 Proof of (3.20): It is easy to see that (5.9) |S[W ]| = n(n−2) | | | | (W_1+W_2)^{n+2n−2}_+ −W^{n+2n−2}_2 −U^{n+2n−2}_{0,1} | | | | ≤ CW^{4n−2}_1 W_2+CW^{4n−2}_2 W_1+CU^{4n−2}_{0,1} |W_1−U_{0,1}|.

The most difficult term in (5.9) is W^{4n−2}_2 W_1. When n = 3 and |y| < δμ, i.e., |x| < δ, we have

W^4_2 W_1 ≤ (εμ)^{−2}W_1u^4_ε ≤ (εμ)^{−2}(1 + |y|)^{−1}e^{−4(ρ(r0)−2δ)/ε} ≤ μ^{−3/2+3δ}(1 + |y|)^{−5/2},

since μ^{−2} ∼ e^{−4ρ(r0)/ε}.

For 2r_0μ ≥ |y| ≥ δμ, we use (3.18) to obtain

W^4_2 W_1 ≤ (εμ)^{−2}W_1u^4_ε ≤ C(εμ)^{−2}ε^{−2}μ^{−5/2} ≤ Cμ^{−1}(1 + |y|)^{−5/2}.

NONLINEAR SCHÖDINGER EQUATIONS 23

For |y| ≥ 2r_0μ, u^4_ε(|x|) ≤ Ce^{−c′|x|/ε} ≤ C|x|^{−5/2} ≤ Cμ^{5/2}(1 + |y|)^{−5/2}. Using (3.18) again, we obtain that for |y| ≥ 2r_0μ, W^4_2 W_1 ≤ (εμ)^{−2}W_1u^4_ε ≤ C(εμ)^{−2}ε^{−2}μ^{−5/2}u^4_ε ≤ μ^{−1}(1 + |y|)^{−5/2}.

Thus when n = 3 we have (5.10) ‖W^4_2 W_1‖_{∗∗} < μ^{−(1−δ)}.

Similarly, when n ≥ 4, we use (3.13), (3.14) and (3.18) to obtain (5.11) ‖W^{4n−2}_2 W_1‖_{∗∗} < μ^{−(βn−δ)}.

The other terms in (5.9) can be estimated by straightforward computations. We omit the details. �

Proof of (3.21): Observe that

J_ε[W_1] = −

(n − 2)^2 2 ∫ R^n

(U_{0,1} + W_1 − U_{0,1})^{2nn−2} + n(n − 2) 2 ∫ R^n

U^{n+2n−2}_{0,1} (U_{0,1} + W_1 − U_{0,1}) By (3.13) when n = 3 ∫ R^n

U^{n+2n−2}_{0,1} (W_1 − U_{0,1}) = ∫ R^n

U^5_{0,1} 1 |y| (1 − ψ_ε( |y| μ )) + O(μ^{−2})

(5.12) = −

A_3 + o(1) με , where A_3 = √ V^′(0) ∫ R^3 U^50,1 > 0.

When n = 4, we have J_ε[W_1] = −

(n − 2)^2 2 ∫ R^n

W^{2nn−2}_1 + n(n − 2) 2 ∫ R^n

U^{n+2n−2}_{0,1} W_1 = − (n − 2)^2 2 ∫ R^n∩{|y|≤θεμ} W^{2nn−2}_1 + n(n − 2) 2 ∫ R^n∩{|y|≤θεμ} U^{n+2n−2}_{0,1} W_1 + O((εμ)^{−4})

= (n − 2) ∫ R^n

U^{2nn−2}_{0,1} + (με)^{−2} n(n − 2) 2 ∫ R^n∩{|y|≤θεμ} U^{n+2n−2}_{0,1} φ_μ + O(μ^{−5/2}).

By (3.16), using ∫ R^n

U^{n+2n−2}_{0,1} ln(1 + |y|) ≤ C,

24 JUNCHENG WEI AND SHUSEN YAN

we deduce that (5.13) C_1 ln(εμ) ≤ ∫ R^n∩{|y|≤θεμ} U^{n+2n−2}_{0,1} φ_μ ≤ C_2 ln(εμ).

Hence we may write (5.14) ∫ R^n∩{|y|≤θεμ} U^{n+2n−2}_{0,1} φ_μ = (A_4 + o(1)) ln μ,

where A_4 is a constant bounded from below and above.

When n = 5, we have

J_ε[W_1] = −

(n − 2)^2 2 ∫ R^n

W^{2nn−2}_1 + n(n − 2) 2 ∫ R^n

U^{n+2n−2}_{0,1} W_1 = − (n − 2)^2 2 ∫ R^n∩{|y|≤μ} W^{2nn−2}_1 + n(n − 2) 2 ∫ R^n∩{|y|≤μ} U^{n+2n−2}_{0,1} W_1 + O(μ^{−5/2})

= (n − 2) ∫ R^n

U^{2nn−2}_{0,1} + (με)^{−2} n(n − 2) 2 ∫ R^n

U^{n+2n−2}_{0,1} φ_μ + O(μ^{−5/2}),

(5.15) = (n − 2) ∫ R^n

U^{2nn−2}_{0,1} − (A_5 + o(1))(με)^{−2}

where A_5 =^{n(n−2)}_2 ∫ R^n U n+2 n−2 0,1 φ_5 > 0.

So, (3.21) follows from estimates (5.12), (5.14) and (5.15). �

Proof of (3.22) and (3.23): Since u_ε is a solution to (1.7), we have J_ε(W_1 + W_2) = J_ε(W_1) + J_ε(W_2) − I_ε, where

I_ε =^{(n−2)2}_2 ∫ R^n ( (W_1 + W_2)^{2nn−2} − W^{2nn−2}_1 − W^{2nn−2}_2 −^{2n}_{n−2} W^{n+2n−2}_2 W_1 )

=^{(n−2)2}_2 ∫ R^n ( (W_1 + W_2)^{2nn−2} − W^{2nn−2}_1 − W^{2nn−2}_2 −^{2n}_{n−2} W^{n+2n−2}_2 W_1 −^{2n}_{n−2} W_2W^{n+2n−2}_1 )

+n(n − 2) ∫ R^n W^2W n+2 n−2 1 =: I_{ε,1} + I_{ε,2} where I_{ε,2} = n(n − 2) ∫ R^n

W_2W^{n+2n−2}_1 = n(n − 2)ε^{−(n−2)/2} ∫ R^n V^{n+2n−2}μ u_ε

(5.16) = n(n − 2)ε^{−(n−2)/2} ∫ |x|≤δ u_εV^{n+2n−2}μ + O ( ε^{−(n−2)/2}εμ^{− n+22} ) .

NONLINEAR SCHÖDINGER EQUATIONS 25

We use (3.18) to estimate I_{ε,1} as follows (5.17) |I_{ε,1}| ≤ C ∫ R^n

(W^{4n−2}_2 W^2_1 + W^{4n−2}_1 W^2_2 ),

where ∫ R^n

W^{4n−2}_2 W^2_1 = ε^{−2} ∫ R^n

V^2_μ u^{4n−2}ε = ε^{−2} ∫ |x|<2δ V^2_μ u^{4n−2}ε + ε^{−2} ∫ |x|>2δ V^2_μ u^{4n−2}ε

(5.18) ≤ Ce^{−c1/ε}μ^{−2} + Cε^{−3}μ^{−(n+2)}.

Similarly, if n = 3, ∫ R^n

W^{4n−2}_1 W^2_2 = ε^{−(n−2)} ∫ R^n

V^{4n−2}μ u^2_ε = ε^{−(n−2)} ∫ |x|<2δ V^{4n−2}μ u^2_ε + ε^{−(n−2)} ∫ |x|>2δ V^{4n−2}μ u^2_ε

(5.19) ≤ Ce^{−c1/ε}μ^{−1}. If n = 4, 5,

(5.20) ∫ R^n

W^{4n−2}_1 W^2_2 ≤ Ce^{−c1/ε}μ^{−2}.

Substituting (5.16)–(5.20) into I_ε, we obtain (3.22) and (3.23). �

References

[1] A. Ambrosetti, M. Badiale, and S. Cingolani, Semiclassical states of nonlinear Schrödinger equations, Arch. Rational Mech. Anal. 140 (1997), 285–300.

[2] A. Ambrosetti, A. Malchiodi and W.-M. Ni Singularly perturbed elliptic equations with symmetry:

existence of solutions concentrating on spheres, Part I, Comm. Math. Phys. 235 (2003), 427-466. [3] A.Ambrosetti, A. Malchiodi and W.-M. Ni, Singularly perturbed elliptic equations with symmetry:

existence of solutions concentrating on spheres, Part II, Indiana Univ. Math. J. , 53 (2004), no.2, 297-329.

[4] A. Ambrosetti, A. Malchiodi, and S. Secchi, Multiplicity results for some nonlinear singularly perturbed elliptic problems on R^n, Arch. Rat. Mech. Anal. 159 (2001), 253–271.

[5] M. Badiale and T. D’Aprile, Concentration around a sphere for a singularly perturbed Schrödinger equation, Nonlin. Anal. T.M.A. 49 (2002) , 947–985.

[6] V. Benci and G. Cerami, Existence of positive solutions of the equation −Δu+a(x)u = u^{(N+2)/(N}�^{2)} in R^N , J. Funct. Anal. 88 (1990), no. 1, 90–117.

[7] V. Benci and T. D’Aprile, The semiclassical limit of the nonlinear Schrodinger equation in a radial potential, J. Differential Equations 184 (2002), 109–138.

[8] J. Byeon and Z.-Q. Wang, Standing waves with a critical frequency for nonlinear Schrödinger equations. Arch. Rat. Mech. Anal. 65(2002), 295–316.

[9] S. Cingolani and A. Pistoia, Nonexistence of single blow-up solutions for a nonlinear Schrodinger equation involving critical Schrodinger exponent, Z. Angew. Math. Phys. 55(2004), 201-215.

[10] S. Cingolani and M. Lazzo, Multiple positive solutions to nonlinear Schrödinger equations with competing potential functions, J. Differential Equations 160 (2000) 118–138.

26 JUNCHENG WEI AND SHUSEN YAN

[11] L. Caffarelli, B. Gidas and J. Spruck, Asymptotic symmetry and local behavior of semilinear elliptic equations with critical Sobolev growth, Comm. Pure Appl. Math. 42(1989), 271-297.

[12] Y. Ding and F.-H. Lin, Solutions of perturbed Schrödinger equations with critical nonlinearity, preprint.

[13] M. del Pino and P. Felmer, Local mountain passes for semilinear elliptic problems in unbounded domains, Calc. Var. Partial Differential Equations 4 (1996), 121–137.

[14] M. del Pino and P. Felmer, Semi-classcal states for nonlinear Schrödinger equations, J. Funct. Anal.

149(1997), 245–265.

[15] M. del Pino and P. Felmer, Semi-classical states of nonlinear Schrödinger equations: a variational reduction method. Math. Ann. 324 (2002), no. 1, 1–32.

[16] M. del Pino and P. Felmer, Multi-peak bound states for nonlinear Schrödinger equations. Ann. Inst.

H. Poincare Anal. Non Lineaire 15 (1998), no. 2, 127–149.

[17] M. del Pino, P. Felmer and M. Musso, Two-bubble solutions in the super-critical Bahri-Coron’s pronblem, Cal. var. PDE 16(2003), no. 2, 113-145.

[18] A. Floer, and M. A. Weinstein, Nonspreading wave packets for the cubic Schrödinger equation with a bounded potential, J. Funct. Anal. 69 (1986), 397–408.

[19] M. Grossi On the number of single-peak solutions of the nonlinear Schrödinger equation, Ann. I.

H. Poincare, Anal. non lineaire 19(2002) 261–280.

[20] E.N. Dancer and S. Yan, Multipeak solutions for a singular perturbed Neumann problem, Pacific J. Math. 189(1999), 241-262.

[21] C. Gui and J. Wei, On multiple mixed interior and boundary peak solutions for some singularly perturbed Neumann problems, Can. J. Math. 52(2000), 522-538.

[22] L. Jeanjean and K. Tanaka, Singularly perturbed elliptic problems with superlinear or asymptotically linear nonlinearities. Calc. Var. Partial Differential Equations 21 (2004), no. 3, 287–318.

[23] X. Kang and J. Wei, On interacting bumps of semi-classical states of nonlinear Schrödinger equations., Adv. Diff. Eqn. 5(7-9), 899–928 (2000).

[24] P. L. Lions, Generalized Solutions of Hamilton-Jacobi Equations, Pitman Research Notes Series, Pitman, London, 1982.

[25] A.Malchiodi, W.-M. Ni and J.-C. Wei, Multiple clustered layer solutions for semilinear Neumann problems on a ball, Ann. Inst. H. Poincaré Anal. Non Linéaire, 22(2005),no. 2, 143-163.

[26] W.-M. Ni and I. Takagi, On the shape of least-energy solution to a semilinear Neumann problem,Commun. Pure Appl. Math. 41, 819–851 (1991) [27] Y.-G. Oh, Stability of semiclassical bound states of nonlinear Schroedinger equations with potentials, Commun. Math. Phys. 121, 11–33 (1989) [28] Y.-G. Oh, On positive multibump states of nonlinear Schroedinger equation under multiple well potentials, Commun. Math. Phys. 131, 223–253 (1990) [29] O. Rey and J. Wei, Blowing up solutions for an elliptic Neumann problem with sub- or supercritical nonlinearity, I. J. Funct. Anal. 212 (2004), no. 2,472-499.

[30] O. Rey and J. Wei, Blowing up solutions for an elliptic Neumann problem with sub- or supercritical nonlinearity, II. N ≥ 4, Ann. Inst. H. Poincare Anal. Non Lineaire 22(2005), no. 4, 459-484.

[31] P. H. Rabinowitz, On a class of nonlinear Schrdinger equations, Z. Angew. Math. Phys. 43 (1992) 270–291 [32] B. Sirakov, Standing wave solutions of the nonlinear Schrödinger equation in R^n . Ann. Mat. Pura Appl. (4) 181 (2002), no. 1, 73–83.

[33] X. Wang, On concentration of positive bound states of nonlinear Schrodinger equations, Commun.

Math. Phys. 153, 229–243 (1993) [34] Z.-Q. Wang, Existence and symmetry of multi-bump solutions for nonlinear Schrödinger equations, J. Differential Equations 159 (1999), no. 1, 102–137

NONLINEAR SCHÖDINGER EQUATIONS 27

Department of Mathematics, The Chinese University of Hong Kong, Shatin, Hong Kong E-mail address: wei@math.cuhk.edu.hk

School of Mathematics, Statistics and Computer Science, The University of New England, Armidale, NSW 2351, Australia E-mail address: syan@turing.une.edu.au