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Abstract
We prove that the solution to the SU(3) Toda system

Au+2e" —e’ =0 in R?,
Av —e% +2e¥ =0 in R?,

e’ < 00, e’ < o0,
R2 R2

is nondegenerate, i.e., the kernel of the linearized operator is exactly
eight-dimensional.

1 Introduction

Of concern is the nondegeneracy of solutions of the following two-dimensional
SU(3) Toda system

Au+2e* —e’"=0 in R?,
Av—e*+2e" =0 in R?, (1)

e < oo, e’ < oo,
R2 R2
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where A = 68—;2 + % is the usual Euclidean Laplacian in R?. System (1) is
1 2

a natural generalization of the Liouville equation
Au+e* =0 inR? / e’ < o0. (2)
R2

The Liouville equation (2) and the Toda system (1) arise in many physical
models and geometrical problems. In Chern-Simons theories, the Liouville
equation is related to Abelian models, while the Toda system is related to
Non-Abelian models. We refer to the books by Dunne [2], Yang [10] for
physical backgrounds. The SU(3) Chern-Simons model has been studied
in many papers. We refer to Jost-Wang [4], Jost-Lin-Wang [3], Li-Li [6],
Malchiodi-Ndiaye [8], Ohtsuka-Suzuki [9] and the references therein.

Using algebraic geometry results, Jost and Wang [5] classified all solu-
tions to (1). More precisely, when N = 2, all solutions to (1) can be written
as follows:

4 (ala3 + a?|2z + c[* + a3|2? + 2bz + bc — d|?)
(a2 + a2lz + b2 + |22 + cz + dP?)°
16a3a3 (af + a3|z + b|* + |22 + cz + d|?)
(a2a3 + 02|22 + ¢|? + a2|22 + 2bz + be — dJ2)”

u(z) = log (3)

v(z) = log (4)

where z = 1 +iz9 € C, and a1 > 0, as > 0 are real numbers and b =
by +iby € C, c =c1 +icy € C, d = dy +ids € C. Note that in the above
representation there are eight parameters (a1, ag, b1, be, ¢1,co,d1,d2) € R8.

In the study of the blow-up behaviors for solutions of SU(3)—Toda sys-
tem, a crucial question is the nondegeneracy of solutions. More precisely,
we need to study the elements in the kernel of the associated linearized
operator, i.e. the following linear system

{Acm + 2e%p; —e’p2 =0 in R?, (5)

A(pg - €u§01 + 2€U(p2 =0 in RQ.
Here (u,v) are solutions to (1) given by (3)-(4). Certainly there are at least
eight-dimensional kernels, since any differentiation of (u,v) with respect to
the eight parameters satisfies (5).

The following theorems shows that the converse is also true, which shows
that the solution (u,v) is nondegenerate.

Theorem 1.1. Let (p1,p2) satisfy (5). Assume that

lo1] < C(L+ |27, g2l < C(A+|z)"  fore € R%and some T € (0,1).



Then (i;) belongs to the following linear space

N Og, U Oy U Op, U Op, 1 O, U Ocy U Og, u Od, U
spa 0a,v) \Oayv ) \Op,v ) \Opyv ) \Oeyv ) \Oeyv ) \Ogyv) \Oayv/) )~

In the case of nondegeneracy of solutions of Liouville equation (2), the
problem becomes to a single linear equation

Ap+etp =0 inR> (6)

Using conformal transformations, one can assume that u is radially sym-
metric. Then one can use the separation of variables to obtain the nonde-
generacy result. See Lemma 2.3 of Chen-Lin [1]. Here we are dealing with
a system. Firstly, we can not find a conformal transformation to transform
any solution (u,v) to radially symmetric solution. Second, even if (u,v) is
radially symmetric, the new system is still too complicated to study. To
overcome these difficulties, we employ the invariants of the system (1). Us-
ing the invariants of (1), we also obtain invariants for (5) and thus prove
Theorem 1.1.

For convenience, the language of complex variable is used in this paper.
We refer Z = x1 —ix9 to the usual conjugate of z = z1+ixy € C. In addition,
U, :=0.U = %(% - z'g—g), Us .= 0:U = %(3—{% + ig—g). Notation C' is a
generic constant which may be different from line to line.

We believe that our method may be used to deal with the general case
SU(N +1). The major problem is how to obtain higher-order invariants as
in Section 2.

2 Invariants of (1)

In this section, we derive some invariants for (1). For more discussions,
we refer to Section 5.5 of the book by Leznov-Saveliev [7].

Let us first define the following transformation in whole C,
_ 2u v u  2v
U(z,z)—§+§—log4, V(z,z)—3+ ) —log4. (7)

Note that A = 40,z. Then the Toda system (1) can be rewritten as

Uzg + €2U7V = 0, in (C,
Vis+e?V U =0 in C, (8)
fRQ eQU_V < 00, IRQ 62V—U < 0.

We prove now some preliminary lemmas.



Lemma 2.1. We have, in whole C, that

Uss + Vo = UZ = V2 + UV, =0,

Usz + Vaz —UZ = V2 + U:Vz =0,
Proof. The proof is a straightforward calculation. We only prove the first
identity because the second one can be dealt with similarly.

Let
f(2,2)=U..+ V., —U? - V2 4+ U.V,.

A straightforward computation and (8) show that in whole C,
Usez = =77V (2U. = V2), Vazz = =27V 2V, = ),
(-U2)z = 20>, (-V2)z =2vee® 7,
(UZ‘/;;)E — _62U7V‘/;; o €2V7UUZ.
Thus it holds that
fz=0, andthus f.;=0 inC.

Since f is smooth and goes to 0 at oo by (3)—(7), we have that, by Liouville’s
theorem,
f=0 inC.

The first identity is then concluded.
Simply exchanging Z and z in the above proof leads to the second identity.
The proof is then complete. ]

Lemma 2.2. We have
Uzzz - 3U2Uzz + US = 07 ‘/zzz - 3‘/2‘/&2 + ‘/;3 = 07 (9)
Uszz — 3UsUsz + U2 =0, Visz —3ViVez + V2 =0.  (10)

Proof. Since the proofs of (9) and (10) are similar, we will only check the
former. For convenience, we denote that

fl(zv 2) = Uzzz - 3UzUzz + Uga fZ(Za Z) = ‘/zzz - 3Vszz + ‘/;;3.

We claim that
f1,2 =0, f2,2 =0.

In fact, a direct calculation gives that

Usozz = _(eZU_v)zz = _[eQU_V(2Uz - ‘/z)]z



_ 62U7V(_4U22 + 4Uzvz _ Vz2 —_ 2Uzz + sz)7

—3(U.U..)s = —3U.sU.. — 3U.U..- = 3¢*V"VU,. + 3V VU, (2U, — V)
= ?UV(3U,, + 6UZ - 3U,V,),
and
(U2); = 3U2U.; = 2V7Y(-3U2).
So we have
fiz=V"V (U + Voo — U2 = V2 4+ U.VL).

Then Lemma 2.1 implies that f; ; = 0. Similarly we also have f3 z = 0. The
claim is proved.

Thus we know f1 .z = 0 and so does fy.:. Since fi — 0 and fo — 0
as |z| — oo, again by Liouville’s theorem, we get (9). This concludes the
proof. O

3 Proof of the main theorem

In what follows, we discuss the kernel of the corresponding linearized
operator of (8), which is equivalent to (5). All functions and equations
discussed here are defined in the whole plane C. Let ¢, 1 be functions
satisfy

¢z + V(20 —9) =0, Y+ (20 —9)=0. (1)
We prove the following proposition, which gives the proof of Theorem 1.1.

Proposition 3.1. Let (¢, ) satisfy (11). Assume that
lp| <C(1+12))", || <C(1+2))T for someT e (0,1).  (12)
Then (3) belongs to the following linear space
we{ () () Gov) o) (@) Gow) Gow) Giv) -
00,V ) ' \Oay V) \00, V) \O,V ) \Oc, V) \Oc, V) \Oa, V) \Du, V
Remark 3.2. Under the assumption (12), we know that all the derivatives

of ¢ and ¢ approach to 0 as |z| goes to co. Indeed, if we define that, for
x € R?,

3@) = 5 [ ogle = 91DV 25(5) — v

:871'

!



then |¢| < Clog(1 + |z|) and A(p — ¢) = 0. Therefore, ¢ = ¢ + C. The
potential theory implies that ¢’s derivatives vanish at infinity. So do the
derivatives of 1.

Lemma 3.3. Under the assumption of Proposition 3.1, it holds that

Pzz + Vzz — 2Uzpz — 2Vzhs + Uzz + Vzz = 0.

Proof. The proof is similar as that of Lemma 2.1, using Remark 3.2. O

Lemma 3.4. Under the assumption of Proposition 3.1, we have

Gzzz — 302U — 30U +3U2¢. = 0,
Gzzz — 302Uz — 30Uz + 3U52¢2 =0,
Vaze = 30022 Ve = 302V + 3V = 0,
zz — 3zzVz — 3¢z Vaz + 3Vih: = 0.
Proof. We only check the first one since the others are similar. By direct
computation, we get, using (8),
Gzzz = —[e 7 (20 — Y):
= [V 2U: — V2) (20 — ¥)]: — [V (20: — 42)]:
= VU, - V)220 — ) — 2VV(2U.., — V..) (20 — ¥)
—?TV2020; — V1) (20 — ¥2) — €277V (202 — 2z)
= PUV(—8UZ) + AU 48UV, — AU Vb — 2V26 + VE2p — AU 0
+ 20U +2Ve20 — Voop — 8U. ¢, + AU, + 4V, — 2V29),
— 202z + Vs2),

_3(¢ZZUZ)5 = 3[62U7V(2¢ - ¢)]ZUZ + 3€2U7V¢zz
=2V (12020 — 6U%) — 6U,V,¢ + 3U. Vo) + 6U, ¢,
—3U.y, + 3¢zz),

_3(¢2Uzz)2 = 62U7V(6Uzz¢ - 3Uzz¢ + 6Uz¢z - 3‘/;;¢Z)7
3(U2¢.)z = V7Y (=6U. ¢, — 6UZ¢ + 3UZ4)).



So it holds that

( zzz 3¢zzUz - 3¢ZUZZ + 3UZ2¢Z)2
— VU, + Voo — U2 — V2 UVL) (26 — )]

Then Lemma 2.1, Lemma 3.3 and Remark 3.2 yield that
22z — 302:Uz — 30U + 3UZg, = 0.
The proof is completed. O
Proof of Proposition 3.1. Let ¢ = e"U¢. Since we have easily that
G2z = 302:Us = 30:Usz + 3U2¢: = eV [$1,22 + (Uszz = 3U-Us: + U2)1]

using Lemma 2.2 and Lemma 3.4, we have ¢ .., = 0. Similarly, it also
holds that ¢1 :zz = 0. This implies that

2
$1= Y ap¥z’ (with all oy € C). (13)
k=0

Since ¢; is real, it must hold that
o, 11, a2 €ERand a1 = dip, o2 = ag, a2 = aog.

On the other hand, denote that 1; = e~"1). Similarly we can also obtain
that

P = Z ﬁkgzkfe (with all Bgp € C), (14)

where By, satisfy
Boos Bi1, Bz €R and  Bor = Pro, Boz = P20, Pi2 = P
Rewriting (11) in the term of ¢; and 11, we have

P12+ Ustr + Usopr s + (2 + UU) 1 — eVapr =0,  (15)
U1z 4+ Vathr. + Vb + (2 UV + VW) — eV =0, (16)

Substituting (13), (14) into (15) and using Mathematica, we find that

2 2 2 27 21712 2 - 7 2
1167 + apoas — aggash — aprash + ag1as|b|* + agolc|? — arpéd — apred + aq1ld]

)
22/33/a2a3

7

/800 =



23/2(a2002 + o + a3z |b|? — azod — apad + azald|?)

ﬂll — 5 a%a% )
By = (2203 + Q11 — Q21C — A12€ + agalc]?

2= T ’
,8 _ {q’/i(algaf — 04020,%6 + a12a§|b\2 + aogoC — alod — CYOQCJ+ 012|d|2)

01 — 3 a%a% )
B . _Oéoga% — Oélgba% — ap1Cc + a02|c|2 + aq1d — a12¢d

02 — 22/3m )

V2(a22bad + apr — ap2€ — azid + agsed)
612 = ) ;
ajaz

Bio = Bo1, Bao = Bo2s Bo1 = Pia.

Finally we insert all the above quantities into (16) again and thus obtain
another relation

—a11a? + agica? + ajata? — agoa3 + apadb + aprazb — agqa3|b|?
a2a3 + |c|2a? + a3|b|?|c|? — adbed — a3bed + a2|d|?
—appadbe — apealbe + az1a3|b|?c + a12a3|b|?¢ + asgadd + apgaid
a?a3 + |c|2a? + a2|b|?|c|?> — a2bed — adbed + a3|d|?
—Oém(l%gd — Oélga%bcz
a?a3 + |c|2a? + a|b|?|c|? — a2bed — adbed + a3|d|?’

Q22 =

_|_

from which we know that ¢ and v, actually depend on 8 real parameters
rather than formally 9. Therefore, the dimension of the space {(¢,v)} is
exactly 8. Since it is known that

00, U 04, U O, U O, U 0, U 0c, U 04, U 04, U
00,V ) \0a, V) \0p, V) \Op,V )\, V) \O, V) \O0s, V) \Du, V
are linearly independent and satisfy (11), we then complete the proof of
Proposition 3.1. O

Finally let
o1 =20 -1, Y2 =29 — ¢,

where ¢, ¢ satisfy (11). It is easy to check that ¢, @9 satisfy (5). Thus
Theorem 1.1 is equivalent to Proposition 3.1. Theorem 1.1 is concluded.
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