LAYERED SOLUTIONS FOR A SEMILINEAR ELLIPTIC SYSTEM IN A BALL

TERESA D’APRILE AND JUNCHENG WEI

Abstract. We consider the following system of Schrödinger-Poisson equations in the unit ball B1

of R^3: �_{ε2Δv + v + ωϕv} �_{γvp = 0,} �_{Δϕ = 4πωv2}

with the Dirichlet boundary conditions v = ϕ = 0 on ∂B1. Here ε, ω, γ > 0, v, ϕ : B1 ! R, 1 < p < 73 . We exhibit a family of positive radially symmetric solutions (vε, ϕε) such that vε concentrates on a sphere in the interior of B1 as ε ! 0+. Our approach relies upon a finite dimensional reduction by the Liapunov–Schmidt method which allows us to reduce the problem to maximizing a one dimensional functional. The solution of such reduced problem also provides the radius of the concentration sphere.

1. Introduction According to the mathematical formalism of Quantum Mechanics the dynamical state of a particle constrained to move in a 3-dimensional region Ω is completely defined, at a given instant, by a definite (in general complex) function ψ(x, t): |ψ(x, t)|^2dx gives the probability of finding the particle in the element dx at the instant t. The function ψ is called the wave function associated to the particle. Let us consider the motion of a charged particle with mass m and charge ω in an electromagnetic field derived from a vector potential A(x, t) and a scalar potential ϕ(x, t): a wave equation arising in many quantum phenomena is given by the following nonlinear Schrödinger equation

i~^{∂ψ}_{∂t} =^1_{2m} (~ i ∇ − ω c A )_2 ψ + ωϕψ − γ|ψ|^{p−1}ψ, x ∈ Ω, t ∈ R. (1.1) In (1.1) i is the imaginary unit while ~ is the Planck’s constant and c denotes the velocity of light in vacuo. On the right hand side of equation (1.1) the operator (~_i ∇ −^ω_c A)^2 designates the formal scalar product of the vector operator~_i ∇ −^ω_c A by itself, i.e. (~ i ∇ − ω c A )_2 ψ = −~^2Δψ + ( ω^2 c^2

|A|^2 − ω~ ic divA ) ψ − ω~ ic (A · ∇ψ). Following the same idea of [7] (later developed in [11], [13], [14]), in this paper we consider the case of a charged particle interacting with its own electromagnetic field. Hence, since we do not assume that the electromagnetic field is assigned, we have to solve a system whose unknowns are the wave function ψ associated to the particle together with the potentials A and ϕ.

1991 Mathematics Subject Classification. Primary 35B40, 35B45; Secondary 35J55, 92C15, 92C40. Key words and phrases. Schrödinger-Poisson Equation, Linearized Equation, Finite Dimensional Reduction. 1

Let B_1 denote the unit ball in R^3 : B_1 = {x ∈ R^3 | |x| < 1}. We shall investigate the case Ω = B_1, A = 0 and we assume that ϕ does not depend on the time and the particle is represented by a standing wave of the type ψ(x, t) = v(x) exp ( − i E ~^t )

where v : Ω → R and E ∈ R. Furthermore, looking for functions v and ϕ positive in B_1 and vanishing on the boundary ∂B_1, the Schrödinger-Poisson system takes the form of the following Dirichlet problem:

− ε^2Δv + v + ωϕv − γv^p = 0 in B_1, Δϕ + 4πωv^2 = 0 in B_1, v, ϕ > 0 in B_1, v = ϕ = 0 on ∂B_1

(1.2)

where, for sake of simplicity, we have set ε = ~^√_{2m} and E = 1.

The system (1.2) with γ = 0 has been studied in [7] in the case in which the charged particle lies in a bounded space region Ω and in [8] in all R^3 where the action of an external nonzero potential is considered. In both cases, for fixed ε > 0, the authors prove the existence of infinitely many solutions {v_k, ϕ_k, ω_k}. This paper deals with the semiclassical limit of the system (1.2), i.e. it is concerned with the problem of finding nontrivial solutions and studying their asymptotic behaviour when ε → 0^+; hence such solutions are usually referred to as semiclassical ones. The analysis of the Schrödinger-Poisson equations in the limit ε → 0^+ is not only a challenging mathematical task, but also of some relevance for the understanding of a wide class of quantum phenomena. Indeed, according to the correspondence principle, letting ε go to zero in the Schrödinger equation formally describes the transition from Quantum Mechanics to Classical Mechanics; it is therefore interesting the problem of analysing which kind of semiclassical phenomena appear for the system (1.2).

While there is a wide literature concerning semiclassical states for the single nonlinear Schrödinger equation in an assigned potential ϕ (we recall, among many others, [1], [2], [3], [4], [9], [15], [16], [17], [18], [20], [21], [22], [25], [26], [27], [33], [35], [36], [38], [39]), there are few papers dealing with the case of an unknown potential. The first time the semiclassical limit for a Schrödinger-Poisson system has been considered seems to be in [12], [13], [14], [37]. In such papers problem (1.2) is studied and it is proved that the solutions exhibit some kind of notable concentration behaviour: their form consists of very sharp peaks which become highly concentrated when ε is small. More precisely, when Ω = R^N (N ≥ 3) problem (1.2) is known to have clustered solutions, i.e. a combination of several interacting peaks concentrating at the same point as ε → 0^+ ([14]). In [12] clusters are proved to exist for (1.2) in a bounded and smooth domain Ω ⊂ R^3 and the location of the asymptotic peaks is identified in terms of the Robin’s function of Ω. The main goal of this paper is to complete the study begun in [13] and [37] on radial solutions concentrating on spheres for the Schrödinger-Poisson system. While the system in all R^3 was the theme of [13], [37], here we focus on the Dirichlet problem (1.2); the phenomenon is different since the location of the concentration set in our case is determined by the boundary effect, created by the imposed boundary conditions.

Our main purpose here is to establish, for small values of the parameter ε, the existence of a positive radially symmetric wave v_ε and a potential ϕ_ε satisfying (1.2). Furthermore, in the limit when ε → 0^+, v_ε concentrates around a sphere {|x| = s_0}. The radius s_0 is determined by the exponent p and the charge ω. More precisely, denote by w the unique solution for the following ODE: w^{′′} − w + w^p = 0 in R, w > 0, w(0) = max_{r∈}R w(r), w(r) → 0 as |r| → +∞. It is well known that w can be written explicitly as w(r) = (p + 1 2 ) 1_{p−1} ( cosh ( p − 1 2 r ))_− 2_{p−1} . (1.3) Then, roughly speaking, the limit profiles of the solutions v_ε are obtained as small perturbations of the function w rescaled in such a way to be very concentrated near a suitable neighborhood of s_0. Before providing the exact formulation of our result we introduce the following two real functions which play a crucial role in the concentration phenomenon: ρ(t) = (1 + t)^{p−52(p−1)} t^2[(3p − 7)t + 4(p − 1)], (1.4) s(t) = 1 2 + 1 2 ( 1 − 1 πω^2 ∫ R w^2dr

(1 + t)^{p−52(p−1)} t )_{1/2} . (1.5) Then the main theorem of this paper is the following.

Theorem 1.1. Assume that 1 < p <^7_3 . Then there exist ε_0 > 0 and 0 < ω_0 < ω_1 such that for every ε ∈ (0, ε_0) and ω ∈ (ω_0, ω_1) the system (1.2) has a solutions (v_ε, ϕ_ε) with γ = γ_ε = ε^{(p−1)/2} and: (1) v_ε, ϕ_ε ∈ H^1_0 (B_1); v_ε, ϕ_ε are radially symmetric; (2) v_ε(r) = ε^{− 12} α^{1p−1}ε w (√ α_ε^{r−sε}_ε ) + o(1) uniformly in B_1, (3) ϕ_ε(r) = 4πωα 5−p 2(p−1) ε ( ∫ R w^2dρ)G(r; s^ε) + o(1) uniformly in B^1, where G is defined as follows G(r; ρ) = ρ r ( min{r, ρ} − rρ ) . (1.6)

Furthermore, as ε → 0^+, α_ε → 1 + t_0, s_ε → s_0 := s(t_0), where t_0 is the unique critical point of the function^{ρ(t)}_{(1−s(t))2} .

Remark 1.2. The existence and the uniqueness of such t_0 will be proved in Section 2 provided that ω belongs to a suitable interval (ω_1, ω_2). Notice that, by (1.5), the radius s_0 of the concentration sphere belongs to (^1_2 , 1). We will also prove that t_0 >^{2(p−1)}_{7−3p} , by which t_0 → +∞ as p →^7_3^− and, consequently, s_0 → 1^−. This suggests that the range 1 < p <^7_3 is also necessary to get concentration around a circle in the interior of B_1.

Remark 1.3. By (2) of Theorem 1.1 it immediately follows that ∫ R^3

|v_ε|^2dx = 4π(1 + t_0)^{5−p2(p−1)} s^2_0 ∫ R |w|^2dr + o(1), i.e. the L^2-norm of the waves v_ε becomes bounded from below and from above. Hence |v_ε|^2 converges to a homogeneous Dirac measure distributed on the sphere {|x| = s_0}.

Theorem 1.1 is proved by using an approach relied upon a finite dimensional reduction which is related to the procedure introduced in [23] and [24], and also developed in [13]-[14]. This approach is based on a combination of Lyapunov-Schmidt reduction procedure together with a variational method. The object is to discover the solutions around a small neighborhood of a well chosen first approximation. Then first we introduce the one dimensional surface of approximated solution {U_{ε,t} | t ∈ O}, being O a neighborhood of t_0, such that the profile of each U_{ε,t} is obtained as a suitable truncation and rescalation of w(· − s(t)); then we find a solution of (1.2) in the normal direction of the approximated solution surface as fixed point of a suitable map. Next we study the remaining one dimensional equation. After this reduction process, by using the implicit function theorem, we prove that, in a small neighborhood of the first approximation, solving (1.2) is equivalent to solving the one-dimensional maximization problem max { ρ(t) (1 − s(t))^2 | | t ∈ O}. (1.7) The solution of such reduced problem also provides the location of peak.

We point out that, in contrast to pointwise concentration, only very recently concentration at higher dimensional sets has been proved. Many progresses have been done for the single nonlinear Schrödinger equation for which different phenomena of concentration on manifolds occur (see [2], [3], [5], [6], [10], [28], [29], [30], [31]). However, regarding the existence of higher dimensional spike-layers for coupled elliptic systems, except for [13] and [37], the only other progress made to date, at our knowledge, was the paper [32], in which solutions concentrating on spheres have been obtained for the stationary Gierer-Meinhardt system in R^N .

The paper consists of four more sections. In Section 2 we study the maximization problem (1.7). Section 3 is devoted to the analysis of the variational structure of the system (1.2). In Sections 4 and 5 we construct the approximate solutions and we carry out the Lyapunov-Schmidt procedure that allows us to reduce the problem to the study of the one dimensional one (1.7). Finally the proof of Theorem 1.1 is given in Section 6.

NOTATION - If u is a radially symmetric function, we will continue to denote by u the real function r > 0 → u(r) with |x| = r. - If u is a real valued function, then u_+ is its positive part and u_− its negative part. - We will often use the symbol C for denoting a positive constant independent on ε. The value of C is allowed to vary from line to line (and also in the same formula).

- Given Ω ⊂ R^N L^p(Ω) is the usual Lebesgue space endowed with the norm ‖u‖^p_{Lp(Ω)} := ∫ Ω |u|^p dx for 1 ≤ p < +∞, ‖u‖_∞ = sup_{x∈Ω} |u(x)|. Furthermore H^1_0 (Ω) is the usual Sobolev space endowed with the norm

‖u‖^2_H1_{0 (Ω)} = ∫ Ω ( |∇u|^2 + |u|^2 ) dx. - o(1) denotes a vanishing quantity.

- Given f_ε, g_ε two families of functions, we write f_ε = o(ε^k)g_ε (resp. f_ε = O(ϵ^k)g_ε) to mean that f_ε g_ε → 0 (resp. |fε| ≤ Cε k|g|) uniformly as ε → 0^+.

Acknowledgments. The research of the second author is supported by an Earmarked Grant from RGC of Hong Kong.

2. Preliminaries In this section we collect some preliminary facts that will be used frequently in the following. First consider the function a(t) = 1 π ∫ R^3 w^2dr

(1 + t)^{p−52(p−1)} t, t > t_1 :=

2(p − 1) 7 − 3p . We begin by solving the problem (1.7) in the following lemma.

Lemma 2.1. Assume 1 < p <^7_3 and a(2t_1) < ω^2 < a(t_1). Then the function t ∈ (a^{−1}(ω^2), +∞) → ρ(t) (1−s(t))2 has a unique critical point t0, where ρ(t) and s(t) have been defined in (1.4)-(1.5). Further-

more t_0 is an absolute maximum point.

Proof. Since p <^7_3 , it is easy to prove that a is strictly decreasing for t > t_1 and a(t) → 0 as t → +∞. Furthermore by hypothesis we have^{a(t)}_{ω2} < 1 for t > a^{−1}(ω^2), hence s is well defined in such interval. First we split (_ρ (1−s)2 )_′ as follows: ( ρ (1 − s)^2 )_′ (t) = ρ^′(t)a(t) 2ω^2(1 − s(t))^3 √ 1 −^{a(t)}_{ω2}

(A(t) − B(t)), (2.8)

where

A(t) := ω^2 √ 1 −^{a(t)}_{ω2} − 1 +^{a(t)}_{ω2} a(t) , B(t) = a^′(t)ρ(t) a(t)ρ^′(t) . (2.9)

Next we compute

ρ^′(t) = t(t + 1)^{− p+32(p−1)} ( 7p − 11 2(p − 1) t + 4 ) [(3p − 7)t + 2(p − 1)] (2.10) and A^′(t) = ω^2a^′(t) a^2(t) √ 1 −^{a(t)}_{ω2} (√ 1 − a(t) ω^2

− 1 + a(t) 2ω^2 ) ≥ 0 ∀t > a^{−1}(ω^2). (2.11)

As regards B(t), it can be easily written in the form B(t) = ((3p − 7)t + 4(p − 1)) (_{3p−7} 2(p−1) t + 1 ) (_{7p−11} 2(p−1) t + 4 ) [(3p − 7)t + 2(p − 1)] = (3p − 7)t + 4(p − 1) (7p − 11)t + 8(p − 1)

, (2.12)

by which we deduce

B^′(t) = −4

(p − 1)(p + 3) [(7p − 11)t + 8(p − 1)]^2

≤ 0 ∀t ≠ t_2 :=

8(p − 1) 11 − 7p

. (2.13)

Hence B is strictly increasing in (a^{−1}(ω^2), 2t_1), by which, using also (2.9) and (2.12), we get

(A − B)(a^{−1}(ω^2)) = −B(a^{−1}(ω^2)) < −B(2t_1) = 0. (2.14)

On the other hand it is immediate that lim t→+∞ A(t) = − lim_{t→+∞} √ 1 −^{a(t)}_{ω2} − 1 −^{a(t)}_{ω2} + 1 = 1 2 and then lim t→+∞ A(t) − B(t) = p + 3 2(7p − 11) if p ≠ 11 7 , lim_{t→+∞} A(t) − B(t) = +∞ if p = 11 7 , . (2.15) We distinguish the two cases: if^{11}_7 ≤ p <^7_3 , then, combining (2.11) and (2.13), we obtain that A − B is strictly increasing for t > a^{−1}(ω^2); then, by using (2.14) and (2.15) we deduce that A − B has a unique zero t_0 in (a^{−1}(ω^2), +∞). Since by (2.10) ρ^′(t) < 0 for t > t_1, (2.8) implies that t_0 is the unique critical point of^ρ_{(1−s)2} in (a^{−1}(ω^2), +∞); in particular t_0 is an absolute maximum point. Now assume 1 < p <^{11}_7 . Proceeding as in the previous case, by (2.11) and (2.13) A − B is strictly increasing in (a^{−1}(ω^2), t_2) ∪ (t_2, +∞) and lim_{t→t−} 2 A(t) − B(t) = +∞, lim_{t→t+} 2 A(t) − B(t) = −∞. Hence, using (2.14) and (2.15), A−B has a unique zero t_0 in (a^{−1}(ω^2), t_2) and has no zeros in (t_2, +∞). Furthermore by (2.15) ρ^′(t) < 0 for t ∈ (t_1, t_2) and ρ^′(t) > 0 in (t_2, +∞); consequently, by (2.8), t_0 is the unique critical point in (a^{−1}(ω^2), +∞) for^ρ_{(1−s)2} ; again t_0 is an absolute maximum. 2

For every t > 0 set w_t(r) := (1 + t)^{1p−1} w(r √ 1 + t) (2.16) where w has been defined in (1.3). It is immediate to check that w_t is the unique solution of the problem:

w^{′′}_t − (1 + t)w_t + w^p_t = 0 in R, w_t > 0, w_t(0) = max_{r∈}R w(r), w_t → 0 as |r| → +∞.

(2.17)

We recall the following non-degeneracy condition of the functions w_t’s (see [34]).

Proposition 2.2. For every t > 0 consider the linear operator A_t : H^2(R) → L^2(R) defined by by A_t[ϕ] = ϕ^{′′} − (1 + t)ϕ + pw^{p−1}_t ϕ. Then kernel(A_t) = {cw^′_t | c ∈ R}. We conclude this section by deriving some further properties on the functions w_t’s.

Proposition 2.3. Assume the hypotheses of Lemma 2.1. Then for every t > a^{−1}(ω^2) the following hold: (i) ∫ R(w^′t)^2dr =^{p−1}2(p+1) ∫ R w^{p+1}t dr, ∫ R w^2t dr =^{p+3}2(1+t)(p+1) ∫ R w^{p+1}t dr; (ii) the operator B_t : H^2(R) → L^2(R) defined by B_t[ϕ] := A_t[ϕ] − 8πω^2s(t)(1 − s(t))w_t ∫ R w_tϕdr. satisfies: kernel(B_t) = {cw^′_t | c ∈ R}.

Proof. By multiplying the equation in (2.17) by w^′_t we get ( (w^′_t)^2 )_′ = (1 + t)(w^2_t )^′ −^2_{p+1} (w^{p+1}_t )^′, which implies (w^′_t)^2 = (1 + t)w^2_t −^2_{p+1} w^{p+1}_t . Combining this with the following identity ∫ R (w^′_t)^2dr + (1 + t) ∫ R w^2_t dr = ∫ R w^{p+1}_t dr we deduce (i). To prove (ii), straightforward computations gives A_t[w_t] = (p − 1)w^p_t , A_t[rw^′_t] = 2(1 + t)w_t − 2w^p_t . (2.18) Assume B_t[ϕ] = 0. Then, using (2.18), A_t [ ϕ − 4πω^2 s(t)(1 − s(t)) 1 + t ( 2 p − 1 w_t + rw^′_t ) ∫ R w_tϕdρ ] = B_t[ϕ] = 0.

By Lemma 2.2 we have ϕ − 4πω^2 s(t)(1 − s(t)) 1 + t ( 2 p − 1 w_t + rw^′_t ) ∫ R w_tϕdρ = cw^′_t (2.19) for some c ∈ R. Multiplying (2.19) by w_t and integrating over R, we obtain ( 1 − 8πω^2 s(t)(1 − s(t)) (p − 1)(1 + t) ∫ R w^2_t dr − 4πω^2 s(t)(1 − s(t)) 1 + t ∫ R rw_tw^′_tdr ) ∫ R w_tϕdr = 0. After an integration by parts we deduce ∫ R rw^tw^′t = −^12 ∫ R w^2t , while by (1.5) we have ∫ R^3 w^2t = (1 + t)^{5−p2(p−1)} ∫ R^3 w^2 =^t

4πω2s(t)(1−s(t)) , by which 0 = ( 1 − t 1 + t 5 − p 2(p − 1) ) ∫ R w_tϕdr = 0 Since according to Lemma 2.1 t >^{2(p−1)}_{7−3p} , then^t_{1+t}^{5−p}_{2(p−1)} ≠ 1, and hence ∫ R w^tϕ = 0 which implies A_t[ϕ] = B_t[ϕ] = 0; again Lemma 2.2 allows us to conclude.

3. Variational Setting For every ε > 0 set Ω_ε = ε^{−1}B_1 = {x | |x| < ε^{−1}}. Then it is convenient to make a change of variables in the system (1.2) to obtain the version

Δu − u − Γuψ + u^p = 0 in Ω_ε, − Δψ = εu^2 in Ω_ε, u, ψ > 0, u = ψ = 0 on ∂Ω_ε,

(3.1)

where γ = ε^{p−12} , Γ = 4πω^2, u(x) = √ εv(εx), ψ(x) = 1 4πω ϕ(εx). (3.2) In order to obtain solutions to the system (3.1) we analyse its variational structure.

For sake of simplicity, in the remaining part of the paper we set H^1_ε := H^1_0 (Ω_ε) and L^2_ε := L^2(Ω_ε) and H^1_{ε,r} and L^2_{ε,r} denote the subspaces of the Sobolev spaces H^1_ε and L^2_ε respectively formed by the radially symmetric functions. Note that, for every g ∈ L^2_ε we have

ε^2‖g‖^2_L2_ε = 4πε^2 ∫_{1/ε} 0 r^2g^2dr ≤ 4π ∫_{1/ε} 0 g^2dr. (3.3) We begin with the following proposition .

Proposition 3.1. For every g ∈ L^2_{ε,r} denote by T_ε[g] the unique solution in H^1_{ε,r} of − Δψ = εg. (3.4) Then the following representation formula holds:

T_ε[g](r) = ∫_{1/ε} 0 G(εr, ερ)g(ρ)dρ, (3.5) where G is the function defined in (1.6). Furthermore

(i) T_ε[g] ≥ 0 for every g ∈ L^2_{ε,r} such that g ≥ 0; (ii) ∫ Ω_ε Tε[g]gdx ≥ 0 for every g ∈ L 2 ε,r; (iii) ‖T_ε[g]‖_∞ ≤^{√ε√}_{4π} |g‖_L2_ε for every g ∈ L^2_{ε,r}; (iv) the functional J : u ∈ H^1_{0,r}(Ω_ε) → ∫ Ω_ε u

2T_ε[u^2]dx is C^1 and

J^′(u)[v] = 4 ∫ Ω_ε uvT_ε[u^2]dx ∀u, v ∈ H^1_{ε,r}. Proof. By Lax-Milgram’s Lemma for every g ∈ L^2_{ε,r} we get the existence of a unique solution in H^1_{ε,r} of (3.4). It is well known that the Green’s function for the ball Ω_ε is given by 1 4π ( 1 |y − x| − |εx| |y|εx|^2 − x| )

(see, for example, [19, pg. 40]). Then, by using the spherical coordinates in the space we can write T_ε[g](r) = ε 4π ∫ Ω_ε ( 1 √ |y|^2 + r^2 − 2ry_3 − εr √ |y|^2|εr|^4 + r^2 − 2y_3|εr|^2r ) g(y)dy = ε 2 ∫_{1/ε} 0 ρ^2g(ρ)dρ ∫_π 0 ( sin θ √ ρ^2 + r^2 − 2rρ cos θ − sin θ √ ρ^2|εr|^2 + ε^{−2} − 2rρ cos θ ) dθ, and a direct integration leads to (3.5). Since G ≥ 0, then (i) follows. Furthermore ∫ Ω_ε T_ε[g]gdx = ∫ Ω_ε |∇T_ε[g]|^2dx ≥ 0. For every g ∈ L^2_{ε,r}, by Hölder’s inequality we have |T_ε[g]| ≤ ∫_{1/ε} 0 ρ r min{εr, ερ}|g(ρ)|dρ ≤ ∫_{1/ε} 0 ερ|g(ρ)|dρ ≤ √ ε √ 4π ‖g‖_L2_ε . The last part of the proposition follows from a direct computation.

Associated with (3.1) is the following energy functional E_ε ∈ C^1(H^1_{ε,r}, R):

E_ε[u] := 1 2 ∫ Ω_ε ( |∇u|^2 + u^2 ) dx − 1 p + 1 ∫ Ω_ε

u^{p+1}_+ dx + Γ 4 ∫ Ω_ε

u^2T_ε[u^2]dx.

By using proposition 3.1 the energy functional can be rewritten as

E_ε[u] =2π ∫_{1/ε} 0 r^2 ( |u^′|^2 + |u|^2 ) dr − 4π p + 1 ∫_{1/ε} 0 r^2u^{p+1}_+ dr

+ Γπ ∫_{1/ε} 0 ∫_{1/ε} 0 r^2G(εr, ερ)u^2(r)u^2(ρ)drdρ. In the remaining part of the paper our aim is to capture solutions of (3.1) as critical points of the

functional E_ε in H^1_{ε,r}.

4. The Linearized Equation

In the remaining part of the paper we will always assume that the hypotheses of Lemma 2.1 hold.

According to Lemma 2.1, let η_ε ∈ C^∞(0,^1_ε ) be a suitable cut-off function satisfying

η_ε = 1 for r ∈ [ 1 4ε , s(3t_0) ε ] , η_ε = 0 for r ∈ [ 0, 1 8ε ] ∪ [ s(4t_0) ε , 1 ε ] , 0 ≤ η_ε ≤ 1, |η^′_ε|, |η^{′′}_ε |, |η^{′′′}_ε | ≤ Cε, and, setting

I := [a^{−1}(ω^2), 2t_0],

for every t ∈ I define approximate solutions U_{ε,t} as suitable truncation of the function w centered at

the point^{s(t)}_ε : U_{ε,t}(r) := w_t ( r − s(t) ε ) η_ε(r). (4.6)

We point out that, by the definition of w in (1.3) and w_t in (2.16), the w_t’s satisfy the following

decay properties: |w_t(r)|, |w^′_t(r)|, |w^{′′}_t (r)|, |w^{′′′}_t (r)| ≤ Ce^{−|r|}, t ∈ I, r ∈ R. (4.7) Since by construction we have U_{ε,t}(r +^{s(t)}_ε ) = w_t(r) for t ∈ I and |r| ≤ min{^1_{4ε} ,^{s(3t0)−s(2t0)}_ε }; then,

using (4.7), | | |Uε,t ( r + s(t) ε ) − w_t(r) | | |, | | |U^′_{ε,t} ( r + s(t) ε ) − w^′_t(r) | | | ≤ Cεe^{− |r|2} , | | |U^{′′}_{ε,t} ( r + s(t) ε ) − w^{′′}_t (r) | | |, | | |U^{′′′}_{ε,t} ( r + s(t) ε ) − w^{′′′}_t (r) | | | ≤ Cεe^{− |r|2} (4.8)

uniformly for r ∈ R and t ∈ I.

Next lemma provides an estimate of the error committing when w_t is replaced by U_{ε,t}.

Lemma 4.1. The following estimates hold:

ε^2E_ε[U_{ε,t}] = 2πs^2(t) ∫ R ( (w^′_t)^2 + ( 1 + t 2 ) w^2_t ) dr − 4πs^2(t) p + 1 ∫ R w^{p+1}_t dr + O(ε) as ε → 0^+ | | |ΓT_ε[U^2_{ε,t}] ( r + s(t) ε ) − t | | | = O(ε)(1 + r) as ε → 0^+ (4.9)

uniformly for t ∈ I and r ∈ [0,^1_ε ].

Proof. By (4.7) and (4.8) we easily get ε^2 2 ∫ Ω_ε ( |∇U_{ε,t}|^2 + U^2_{ε,t} ) dx − ε^2 p + 1 ∫ Ω_ε U^{p+1}_{ε,t} dx = 2π ∫ R (εr + s(t))^2 ( (w^′_t)^2 + w^2_t ) dr − 4π p + 1 ∫ R (εr + s(t))^2w^{p+1}_t dr + O(ε)

= 2πs^2(t) ∫ R ( (w^′_t)^2 + w^2_t ) dr − 4πs^2(t) p + 1 ∫ R w^{p+1}_t dr + O(ε) uniformly for t ∈ I. It remains to estimate the potential term. First it is easy to show that |G(εr, ερ) − s(1 − s)| ≤ C ( |εr − s| + |ερ − s| ) ∀r, ρ ∈ [ 0, 1 ε ] , ∀s ∈ [0, 1]. (4.10)

On the other hand, by using again (4.7), we have |(ερ − s(t))U^2_{ε,t}(ρ)| ≤ C|ερ − s(t)|e^{−|ρ− s(t)ε |} ≤ Cεe^{− 12 |ρ− s(t)ε |} ∀ρ ∈ [ 0, 1 ε ] , ∀t ∈ I, (4.11) by which

T_ε[U^2_{ε,t}](r) = s(t)(1 − s(t)) ∫_{1/ε} 0 U^2_{ε,t}dρ + O(εr − s(t)) + O(ε) = s(t)(1 − s(t)) ∫ R w^2_t dρ + O(εr − s(t)) + O(ε) = s(t)(1 − s(t))(1 + t)^{5−p2(p−1)} ∫ R w^2dρ + O(εr − s(t)) + O(ε) = t Γ + O(εr − s(t)) + O(ε) uniformly for r ∈ [0,^1_ε ] and t ∈ I, where in the last equality we have used (1.5); then (4.9) follows. By multiplying the above identity by U^2_{ε,t} and using again (4.11), ΓU^2_{ε,t}T_ε[U^2_{ε,t}] = tU^2_{ε,t} + O(ε)e^{− 12 |r− s(t)ε |}, by which, after integration, we obtain

Γε^2 ∫ Ω_ε T_ε[U^2_{ε,t}]U^2_{ε,t}dx = 4πtε^2 ∫_{1/ε} 0 r^2U^2_{ε,t}dr + O(ε^3) ∫_{1/ε} 0 r^2e^{− 12 |r− s(t)ε |}dr = 4πt ∫ R (εr + s(t))^2w^2_t dr + O(ε) = 4πts^2(t) ∫ R w^2_t dr + O(ε)

uniformly for t ∈ I.

Let us equip H^1_ε and L^2_ε with the following scalar product respectively:

(u, v)_ε = ∫ Ω_ε ( ∇u∇v + (1 + ΓT_ε[U^2_{ε,t}])uv ) dx = 4π ∫_{1/ε} 0 ρ^2 ( u^′v^′ + (1 + ΓT_ε[U^2_{ε,t}])uv ) dr,

⟨u, v⟩_ε = ∫ Ω_ε uv dx = 4π ∫_{1/ε} 0 ρ^2uv dr. For every t ∈ I we introduce the following functions: Z_{ε,t}(r) = U^{′′′}_{ε,t}(r) + 2 r U^{′′}_{ε,t}(r) − (1 + ΓT_ε[U^2_{ε,t}])U^′_{ε,t}(r), r ∈ [ 0, 1 ε ] . Taking into account that by construction |^1_r | ≤ 8ε on supp U_{ε,t} by using (4.8) and (4.9) we deduce Z_{ε,t} ( r + s(t) ε ) = w^{′′′}_t (r) − (1 + t)w^′_t(r) + o ( e^{− |r|2} ) = −pw^{p−1}_t (r)w^′_t(r) + o ( e^{− |r|2} ) (4.12) uniformly for r ∈ [0,^1_ε ] and t ∈ I. After integration by parts it is immediate to prove that (ϕ, U^′_{ε,t})_ε = −⟨ϕ, Z_{ε,t}⟩_ε ∀ϕ ∈ H^1_{ε,r}, (4.13) then orthogonality to the functions U^′_{ε,t} in H^1_{ε,r} is equivalent to orthogonality to Z_{ε,t} in L^2_{ε,r}.

We study a linear problem: given h ∈ C(Ω_ε), h radial, find a function ϕ and a constant β ∈ R satisfying { L_{ε,t}[ϕ] = h + βZ_{ε,t}, ϕ ∈ H^2(Ω_ε) ∩ H^1_{ε,r}, ⟨ϕ, Z_{ε,t}⟩_ε = 0, (4.14)

where L_{ε,t}[ϕ] := ϕ^{′′} + 2 r ϕ^′ − (1 + ΓT_ε[U^2_{ε,t}])ϕ + pU^{p−1}_{ε,t} ϕ − 2ΓT_ε[U_{ε,t}ϕ]U_{ε,t}, r ∈ [ 0, 1 ε ] .

First we prove the following a priori estimate for (4.14).

Lemma 4.2. There exists a constant C > 0 such that, provided that ε is sufficiently small, if t ∈ I and (ϕ, β, h) satisfy (4.14), the following holds: ‖ϕ‖_∞ ≤ C(ε‖h‖_L2_ε + ‖h‖_∞). Proof. We argue by contradiction. Assume the existence of a sequence ε_k → 0, (t_k) ⊂ I and (ϕ̃_k , β̃_k) ∈ ( H^2(Ω_{εk} ) ∩ H^1_{εk ,r} ) × R,^~hk ∈ C(Ωε_k ),^~hk radial, satisfying (4.14) such that ‖ϕ̃_k‖_∞ > k(ε_k‖h̃_k‖_L2_{εk} + ‖h̃_k‖_∞). Since by Sobolev’s embeddings we have ϕ̃_k ∈ L^∞(Ω_{εk} ), it makes sense to set ϕ_k =^{ϕ̃k}_{‖ϕ̃k ‖∞} , β_k =^{β̃k}_{‖ϕ̃k ‖∞} , h_k =^{h̃k}_{‖ϕ̃k ‖∞} . We obtain that (ϕ_k , β_k, h_k) satisfies (4.14) and ‖ϕ_k‖_∞ = 1, ε_k‖h_k‖_L2_{εk} + ‖h_k‖_∞ = o(1).

For the sake of simplicity, in the remaining part of the proof we replace the subscripts (ε_k, t_k) and ε_k by k. By multiplying the equation in (4.14) by r^2ϕ_k and integrating on (0,^1_{εk} ), using (i) and (ii) of Lemma 3.1 we immediately get

ε^2_k ∫ Ω_k (|∇ϕ_k |^2 + |ϕ_k|^2)dx ≤ 4πpε^2_k ∫_{1/εk} 0 r^2U^{p−1}_k ϕ^2_kdr + 4πε^2_k ∫_{1/εk} 0 r^2|h_kϕ_k |dr ≤ 4πp ∫ R U^{p−1}_k + ε^2_k‖h_k‖_L2_k ‖ϕ_k‖_L2_k ≤ C + o(ε_k‖ϕ_k‖_L2_k ).

Then the sequence ε_k‖ϕ_k‖_H1_k is bounded. Now, setting ϕ̄_k := ϕ_k(· +^{s(tk )}_{εk} ) and recalling that by (1.5) s(t) >^1_2 , we compute ∫_{+∞} −1/(4ε_k ) ( |ϕ̄^′_k|^2 + |ϕ̄_k |^2 ) dr ≤ ∫_{+∞} 1/(4ε_k ) ( |ϕ^′_k|^2 + |ϕ_k|^2 ) dr ≤ 16ε^2_k ∫_{+∞} 0 r^2 ( |ϕ^′_k|^2 + |ϕ_k |^2 ) dr = ε^2_k 4π ‖ϕ_k‖^2_H1_k ,

hence the sequence ‖ϕ̄_k‖_H1_{(−} 1_{4εk ,+∞)} is bounded too; up to a subsequence, we have ϕ̄_k ⇀ ϕ̄ in H^1_{loc}(R) and ϕ̄_k → ϕ̄ uniformly on compact sets for some ϕ̄ ∈ H^1(R). Assume, without loss of generality, t_k → t ∈ I. By multiplying the equation in (4.14) by U^′_k and integrating over [0,^1_{εk} ], we get

β_k ∫_{1/εk} 0 Z_kU^′_kdr = − ∫_{1/εk} 0 h_kU^′_kdr + ∫_{1/εk} 0 L_k[ϕ_k]U^′_kdr. (4.15)

First examine the left hand side of (4.15): by using (4.8) and (4.12) we deduce ∫_{1/εk} 0 Z_kU^′_kdr → − ∫ R pw^{p−1}_t (w^′_t)^2dr. (4.16)

The first term on the right hand side of (4.15) can be estimated as follows ∫_{1/εk} 0 |h_kU^′_k|dr ≤ ‖h_k‖_∞ ∫ R |U^′_k|dr = o(1). (4.17)

The last term in (4.15) equals ∫_{1/εk} 0 L_k[ϕ_k]U^′_kdr = ∫_{1/εk} 0 ϕ_k [ U^{′′′}_k + 2 r^2 U^′_k − 2 r U^{′′}_k − (1 + ΓT_k[U^2_k ])U^′_k + pU^{p−1}_k U^′_k ] dr − 2Γ ∫_{1/εk} 0 T_k[U_kϕ_k]U_kU^′_kdr = ∫_{1/εk} 0 ϕ_k [ Z_k − 4 r U^{′′}_k + 2 r^2

U^′_k + pU^{p−1}_k U^′_k ] dr − 2Γ ∫_{1/εk} 0 T_k[U_kϕ_k ]U_kU^′_kdr;

since, by construction,^1_ρ ≤ 8ε_k on supp U_k, by (4.8) and (4.12) we obtain ∫_{1/εk} 0 ϕ_k [ Z_k − 4 r U^{′′}_k + 2 r U^′_k + pU^{p−1}_k U^′_k ] dr → 0. (4.18)

On the other hand, since proceeding as in (4.11) |ε_kρ − s_k||U_k| ≤ Cε_ke^{− 12 |ρ− s(tk )ε}k^|, by using (4.10) we deduce

T_k[U_kϕ_k](r)U_k (r) = s(t_k)(1 − s(t_k))U_k(r) ∫_{1/ε} 0 U_kϕ_kdρ + O(ε_kr − s(t_k))U_k(r) + O(ε_k) = s(t)(1 − s(t))U_k(r) ∫ R w_tϕ̄dρ + o(1) (4.19) uniformly for r ∈ (0,^1_{εk} ), and, consequently, ∫_{1/εk} 0 T_k[U_kϕ_k ]U_kU^′_kdr → s(t)(1 − s(t)) ∫ R w_tϕ̄dρ ∫ R w_tw^′_tdr = 0. Hence we have proved that ∫_{1/εk} 0 L_k[ϕ_k]U^′_kdr = o(1). (4.20) Combining (4.15), (4.16), (4.17) and (4.20) we achieve |β_k| = o(1), by which ‖h_k + β_kZ_k‖_∞ = o(1).

Now observe that, by (4.8), (4.9) and (4.19), ϕ̄ satisfies

ϕ̄^{′′} − (1 + t)ϕ̄ + pw^{p−1}_t ϕ̄ − 2s(t)(1 − s(t))Γ ( ∫ R w_tϕ̄dr ) w_t = 0 in R, ‖ϕ̄‖_∞ ≤ 1.

Lemma 2.3 implies ϕ̄ = cw^′_t. On the other hand by (4.12) 0 = ε^2_k⟨ϕ_k , Z_k⟩_{εk} = 4π ∫ R ϕ̄^kZ^k(r +

s(t_k ) ε_k )(εkr + s(tk)) 2 → −4πcps^2(t) ∫ R w^{p−1}t (w^′t)^2, which implies c = 0 and, consequently, ϕ̄ = 0. In particular we have that ϕ̄_k → 0 in any compact interval of R. Taking into account of (4.7), this shows that ‖U^{p−1}_k ϕ_k‖_∞ ≤ C sup r≥−^s(^{tk} )_{εk} |e^{−(p−1)|r|}ϕ̄_k| = o(1), while, replacing ϕ̄ with 0 in (4.19), ‖ ‖T_k[U_kϕ_k]U_k ‖ ‖_∞ = o(1)

Thus we have arrived at the following situation: ϕ_k satisfies ‖Δϕ_k − (1 + ΓT_k[U^2_k ])ϕ_k ‖_∞ = o(1).

By standard regularity results ϕ_k ∈ C^2(Ω_k) ∩ C(Ω_k). Let x_k be the maximum point for |ϕ_k | in Ω_k. Then we get |ϕ_k |(x_k) = 1 and Δ|ϕ_k |(x_k) ≤ 0, by which |Δϕ_k(x_k) − (1 + ΓT_k[U^2_k ])ϕ_k (x_k)| = |Δ|ϕ_k |(x_k) − (1 + ΓT_k[U^2_k ])|ϕ_k|(x_k)| > 1, and the contradiction follows.

Now we are in position to provide the existence of a solution for the system (4.14).

Lemma 4.3. For ε > 0 sufficiently small, for every t ∈ I and h ∈ C(Ω_ε), h radial, there exists a unique pair (ϕ, β) solving (4.14). Moreover ε‖ϕ‖_H1_ε + ‖ϕ‖_∞ ≤ C(ε‖h‖_L2_ε + ‖h‖_∞). (4.21)

Proof. The existence follows from Fredholm’s alternative. To this aim, let us consider H_ε the closed subset of H^1_{ε,r} defined by H_ε = {u ∈ H^1_{ε,r} | (u, U^′_{ε,t})_ε = 0}. Notice that, by (4.13), ϕ solves the system (4.14) if and only if ϕ ∈ H_ε and (ϕ, ψ)_ε − p⟨U^{p−1}_{ε,t} ϕ, ψ⟩_ε + 2Γ⟨T_ε[U_{ε,t}ϕ]U_{ε,t}, ψ⟩_ε = −⟨h, ψ⟩_ε, ∀ψ ∈ H_ε. (4.22) Indeed, once we know ϕ we can determine the unique β from the equation −p⟨U^{p−1}_{ε,t} ϕ, U^′_{ε,t}⟩_ε + 2Γ⟨T_ε[U_{ε,t}ϕ]U_{ε,t}, U^′_{ε,t}⟩_ε = −⟨h, U^′_{ε,t}⟩_ε + β(U^′_{ε,t}, U^′_{ε,t})_ε. Thus it remains to solve (4.22). According to Riesz’s representation theorem, take K_ε(ϕ), h̄ ∈ H_ε such that (K_{ε,t}(ϕ), ψ)_ε = −p⟨U^{p−1}_{ε,t} ϕ, ψ⟩_ε + 2Γ⟨T_ε[U_{ε,t}ϕ]U_{ε,t}, ψ⟩_ε, ∀ψ ∈ H_ε, (h̄, ψ)_ε = −⟨h, ψ⟩_ε ∀ψ ∈ H_ε. Then problem (4.22) consists in finding ϕ ∈ H_ε such that ϕ + K_{ε,t}(ϕ) = h̄. (4.23) It is easy to prove that K_{ε,t} is a linear compact operator form H_ε to H_ε.

Using Fredholm’s alternatives, (4.23) has a unique solution for each h̄, if and only if (4.23) has a unique solution for h̄ = 0. Let ϕ ∈ H_ε be a solution of ϕ + K_{ε,t}(ϕ) = 0; then ϕ solves the system (4.14) with h = 0 for some β ∈ R. Lemma 4.2 implies ϕ ≡ 0. Finally, by multiplying the equation in (4.14) by r^2ϕ and integrating by parts, using (i) and (ii) of Lemma 3.1 and applying Hölder’s inequality we immediately get

ε^2 ∫ Ω_ε ( |∇ϕ|^2 + ϕ^2 ) dx ≤4πε^2 ∫_{1/ε} 0 r^2U^{p−1}_{ε,t} ϕ^2dr + 4πε^2 ∫_{1/ε} 0 r^2|hϕ|dr ≤ ε^2 ( 4π ∫_{1/ε} 0 r^2U^{2(p−1)} ε,t dr )_{1/2} ‖ϕ‖_∞‖ϕ‖_L2_ε + ε^2‖h‖_L2_ε ‖ϕ‖_L2_ε ≤ ε ( 4π ∫_{1/ε} 0 U^{2(p−1)} ε,t dr )_{1/2} ‖ϕ‖_∞‖ϕ‖_L2_ε + ε^2‖h‖_L2_ε ‖ϕ‖_L2_ε ≤ C(‖ϕ‖_∞ + ε‖h‖_L2_ε )ε‖ϕ‖_H1_ε , by which ε‖ϕ‖_H1_ε ≤ C(‖ϕ‖_∞ + ε‖h‖_L2_ε ) and we conclude by using Lemma 4.2

5. Finite Dimensional Reduction This section is devoted to solve the following nonlinear system with the unknowns (ϕ, β): { S_ε[U_{ε,t} + ϕ] = βZ_{ε,t} in Ω_ε, ϕ ∈ H^2(Ω_ε) ∩ H^1_{ε,r}, ⟨ϕ, Z_{ε,t}⟩_ε = 0, (5.24) where S_ε[ψ] = ψ^{′′} + 2 r ψ^′ − ψ + ψ^p_+ − ΓψT_ε[ψ^2].

Lemma 5.1. Fix σ ∈ (^1_2 , 1). Provided that ε > 0 is sufficiently small, for every s ∈ I there is a unique pair (ϕ_{ε,t}, β_{ε,t}) ∈ ( H^2(Ω_ε) ∩ H^1_{ε,r} ) × R satisfying (5.24) and ‖ϕ_{ε,t}‖_∞ ≤ ε^σ , ‖ϕ_{ε,t}‖_H1_ε ≤ ε^{σ−1}. (5.25) Proof. We write the equation in (5.24) in the following form: L_{ε,t}[ϕ] = −S_ε[U_{ε,t}] + N_{ε,t}[ϕ] + βZ_{ε,t} (5.26) and use contraction mapping theorem. Here N_{ε,t}[ϕ] = −(U_{ε,t} + ϕ)^p_+ + U^p_{ε,t} + pU^{p−1}_{ε,t} ϕ + Γ [ (U_{ε,t} + ϕ)T_ε[ϕ^2] + 2ϕT_ε[U_{ε,t}ϕ] ] . Consider the matric space B_ε = {ϕ ∈ C(Ω_ε) | ‖ϕ‖_∞ ≤ ε^σ, ‖ϕ‖_L2_ε ≤ ε^{σ−1}} endowed with the norm ‖ · ‖_{ε,∗} = ‖ · ‖_∞ + ε‖ · ‖_L2_ε . Taking into account that^1_r ≤ 8ε on supp U_{ε,t}, then, by (4.8) and (4.9) we immediately obtain S_ε[U_{ε,t}] = U^{′′}_{ε,t} − (1 + t)U_{ε,t} + U^p_{ε,t} + O(ε)e^{− 12 |r− s(t)ε |} = O(ε)e^{− 12 |r− s(t)ε |} uniformly for t ∈ I and r ∈ [0,^1_ε ]. By using (3.3) we deduce ‖S_ε[U_{ε,t}]‖_{ε,∗} ≤ Cε ∀t ∈ I. Now we have to estimate the term N_{ε,t}[ϕ]. Taken ϕ_1, ϕ_2 ∈ B_ε, we compute

‖ − (U_{ε,t} + ϕ_1)^p_+ + pU^{p−1}_{ε,t} ϕ_1 + (U_{ε,t} + ϕ_2)^p_+ − pU^{p−1}_{ε,t} ϕ_2‖_{ε,∗} ≤ ‖ϕ_1 − ϕ_2‖_{ε,∗} sup_{ξ∈Bε} ‖p(U_{ε,t} + ξ)^{p−1}_+ − pU^{p−1}_{ε,t} ‖_∞ ≤ Cε^{σ(p−1)}‖ϕ_1 − ϕ_2‖_{ε,∗}. (4.7) and (3.3) lead to ‖U_{ε,t}‖_{ε,∗} ≤ C; then, by (iii) of Proposition 3.1 we get

‖(U_{ε,t} + ϕ_1)T_ε[ϕ^2_1] − (U_{ε,t} + ϕ_2)T_ε[ϕ^2]‖_{ε,∗} ≤ ‖U_{ε,t} + ϕ_1‖_{ε,∗}‖T_ε[ϕ^2_1 − ϕ^2]‖_∞ + ‖T_ε[ϕ^2]‖_∞‖ϕ_1 − ϕ_2‖_{ε,∗} ≤ C √ ε‖ϕ^2_1 − ϕ^2‖_L2_ε + C √ ε‖ϕ^2‖_L2_ε ‖ϕ_1 − ϕ_2‖_{ε,∗} ≤ Cε^{12 +σ} ‖ϕ_1 − ϕ_2‖_L2_ε + ε^{12 +σ} ‖ϕ_2‖_L2_ε ‖ϕ_1 − ϕ_2‖_{ε,∗} ≤ Cε^{σ− 12} ‖ϕ_1 − ϕ_2‖_{ε,∗}.

In a similar way ‖ϕ_1T_{ε,t}[U_{ε,t}ϕ_1] − ϕ_2T_{ε,t}[U_{ε,t}ϕ_2]‖_{ε,∗} ≤ Cε^{σ− 12} ‖ϕ_1 − ϕ_2‖_{ε,∗}, by which ‖N_{ε,t}(ϕ_1) − N_{ε,t}(ϕ_2)‖_{ε,∗} ≤ C(ε^{σ− 12} + ε^{σ(p−1)})‖ϕ_1 − ϕ_2‖_{ε,∗} ∀ϕ_1, ϕ_2 ∈ B_ε, ∀t ∈ I. (5.27) According to Lemma 4.3, for every ϕ ∈ B_ε we define A_{ε,t}[ϕ] ∈ H^2(Ω_ε) ∩ H^1_{ε,r} to be the unique solution to the system (4.14) with h = −S_ε[U_{ε,t}] + N_{ε,t}[ϕ]. Then by (4.21), provided that ε > 0 is sufficiently small, we have ε‖A_{ε,t}[ϕ]‖_H1_ε + ‖A_{ε,t}[ϕ]‖_∞ ≤ C‖ − S_ε[U_{ε,t}] + N_{ε,t}[ϕ]‖_{ε,∗} ≤ C(ε + ε^{2σ− 12} + ε^{σp}) ≤ ε^σ and hence A_{ε,t}[ϕ] ∈ B_ε. Moreover, since A_{ε,t}[ϕ_1]−A_{ε,t}[ϕ_2] solves the system (4.14) with h = N_{ε,t}[ϕ_1]− N_{ε,t}[ϕ_2], by (5.27) and again (4.21) we also have that ‖A_{ε,t}[ϕ_1] − A_{ε,t}[ϕ_2]‖_∞ ≤ C‖N_{ε,t}[ϕ_1] − N_{ε,t}[ϕ_2]‖_{ε,∗} < ‖ϕ_1 − ϕ_2‖_{ε,∗} ∀s ∈ [s_1, s_2], (5.28) for ε > 0 small enough, i.e. the map A_{ε,t} is a contraction map from B_ε to B_ε. By the contraction mapping theorem, (5.24) has a unique solution (ϕ_{ε,t}, β_{ε,t}) ∈ B_ε × R.

Lemma 5.2. For ε > 0 sufficiently small, the map t ∈ I → ϕ_{ε,t} ∈ H^1_{ε,r} constructed in Lemma 5.1 is C^1.

Proof. Consider the following map A_ε : I × H^1_{ε,r} × R → H^1_{ε,r} × R of class C^1: A_ε(t, ϕ, β) = ( ( 1 + ΓT_ε[U^2_{ε,t}] − Δ )_{−1}( S_ε[U_{ε,t} + ϕ] − βZ_{ε,t} ) (ϕ, U^′_{ε,t})_ε ) , where v = ( 1 + ΓT_ε[U^2_{ε,t}] − Δ )_{−1} (h) is defined as the unique solution in H^1_{ε,r} of ( 1 + ΓT_ε[U^2_{ε,t}] ) v − Δv = h. (5.29)

It is immediate that (ϕ, β) solves the system (5.24) if and only if A_ε(t, ϕ, β) = 0. We are going to prove that, provided that ε is sufficiently small, for every t ∈ I the linear operator ∂A_ε(t, ϕ, β) ∂(ϕ, β) |_{(t,ϕε,t,βε,t)} : H^1_{ε,r} × R → H^1_{ε,r} × R is invertible. But first notice how, assuming this, the thesis easily follows: indeed the uniqueness of the local solution (ϕ_{ε,t}, β_{ε,t}) proved in Lemma 5.1 implies that the map t ∈ I → ϕ_{ε,t} ∈ H^1_{ε,r} actually coincides with the implicit function associated to A_ε, hence the C^1-regularity will follows from the Implicit Function Theorem.

Now we compute ∂A_ε(t, ϕ, β) ∂(ϕ, β) |_{(t,ϕε,t,βε,t)}[ϕ̂, β̂] = ( ( 1 + ΓT_ε[U^2_{ε,t}] − Δ )_{−1}( S^′_ε[U_{ε,t} + ϕ_{ε,t}](ϕ̂) − β̂Z_{ε,t} ) (ϕ̂, U^′_{ε,t})_ε ) . Proceeding as in the proof of Lemma 4.3, (ϕ̂, β̂) solves the system ∂A_ε(t, ϕ, β) ∂(ϕ, β) |_{(s,ϕε,t,βε,t)}[ϕ̂, β̂] = (θ, γ) if and only if (since by (5.29) (( 1+ΓT_ε[U^2_{ε,t}]−Δ )_{−1} (h), ψ ) ε = ⟨h, ψ⟩_ε and since (4.13) holds) ϕ̂ satisfies ⟨S^′_ε[U_{ε,t} + ϕ_{ε,t}](ϕ̂), ψ⟩_ε = (θ, ψ)_ε ∀ψ ∈ H_ε, (5.30) being H_ε is the closed subset of H^1_{ε,r} defined in Lemma 4.3, and (ϕ̂, U^′_{ε,t})_ε = γ. (5.31) Indeed, once we know ϕ̂, the related β̂ is given by the identity ⟨S^′_ε[U_{ε,t} + ϕ_{ε,t}](ϕ̂), U^′_{ε,t}⟩_ε + β̂(U^′_{ε,t}, U^′_{ε,t})_ε = (θ, U^′_{ε,t})_ε. Thus it remains to solve (5.30)-(5.31). We can decompose ϕ̂ = ϕ̄ + dU^′_{ε,t}, where ϕ̄ ∈ H_ε and d = γ (U^′_{ε,t} ,U^′_{ε,t})_ε U ′ ε,t, so that (5.31) is satisfied. (5.30) may be rewritten as (ϕ̄, ψ)_ε − p⟨(U_{ε,t} + ϕ_{ε,t})^{p−1}_+ ϕ̂, ψ⟩_ε + Γ⟨T_ε[ϕ^2_{ε,t} + 2U_{ε,t}ϕ_{ε,t}]ϕ̂, ψ⟩_ε + 2Γ⟨(U_{ε,t} + ϕ_{ε,t})T_ε[(U_{ε,t} + ϕ_{ε,t})ϕ̂], ψ⟩_ε = −(θ, ψ)_ε ∀ψ ∈ H_ε. According to Riesz’s representation theorem, take W_{ε,t}(ϕ̄), θ ∈ H_ε such that (W_{ε,t}(ϕ̄), ψ)_ε = − p⟨(U_{ε,t} + ϕ_{ε,t})^{p−1}_+ ϕ̄, ψ⟩_ε + Γ⟨T_ε[ϕ^2_{ε,t} + 2U_{ε,t}ϕ_{ε,t}]ϕ̄, ψ⟩_ε + 2Γ⟨(U_{ε,t} + ϕ_{ε,t})T_ε[(U_{ε,t} + ϕ_{ε,t})ϕ̄], ψ⟩_ε, ∀ψ ∈ H_ε, (θ̄, ψ)_ε = − pd⟨(U_{ε,t} + ϕ_{ε,t})^{p−1}_+ U^′_{ε,t}, ψ⟩ + Γd⟨T_ε[ϕ^2_{ε,t} + 2U_{ε,t}ϕ_{ε,t}]U^′_{ε,t}, ψ⟩_ε + 2Γd⟨(U_{ε,t} + ϕ_{ε,t})T_ε[(U_{ε,t} + ϕ_{ε,t})U^′_{ε,t}], ψ⟩_ε, ∀ψ ∈ H_ε, Then problem (5.30) consists in finding ϕ̄ ∈ H_ε such that ϕ̄ + W_{ε,t}(ϕ̄) = −θ − θ. (5.32) By (5.25) and (iii) of Lemma 3.1 ‖T_ε[ϕ^2_{ε,t} + 2U_{ε,t}ϕ_{ε,t}]ϕ̄‖_L2_ε ≤ ‖T_ε[ϕ^2_{ε,t} + 2U_{ε,t}ϕ_{ε,t}]‖_∞‖ϕ̄‖_L2_ε ≤ Cε^{σ− 12} ‖ϕ̄‖_L2_ε , (5.33) ‖(U_{ε,t} + ϕ_{ε,t})T_ε[(U_{ε,t} + ϕ_{ε,t})ϕ̄] − U_{ε,t}T_ε[U_{ε,t}ϕ̄]‖_L2_ε ≤ Cε^{σ− 12} ‖ϕ̄‖_L2_ε ; (5.34) furthermore ‖(U_{ε,t} + ϕ_{ε,t})^{p−1}_+ ϕ̄ − U^{p−1}_{ε,t} ϕ̄‖_L2_ε ≤ Cε^{σ(p−1)}‖ϕ̄‖_L2_ε (5.35) then, combining (5.33)-(5.35) with the definitions of W_{ε,t} and K_{ε,t} (see Lemma 4.3), when ε → 0^+ we have W_{ε,t} − K_{ε,t} → 0 uniformly for t ∈ I.

Since I + K_{ε,t} is invertible, then the theory of the linear bounded operator assures the invertibility of I + W_{ε,t} for small ε. This concludes the proof of the lemma. 6. The Reduced Energy Functional: Proof of Theorem 1.1 For ε > 0 sufficiently small consider the following reduced functional M_ε : t ∈ I → ε^2 4π E_ε[U_{ε,t} + ϕ_{ε,t}] ∈ R, where ϕ_{ε,t} has been constructed in Lemma 5.1. First we provide the following estimate. Lemma 6.1. For ε > 0 sufficiently small the following holds: M_ε(t) = 1 8(p + 1) ∫ R w^{p+1}dy ( ∫ R w^2dy)^2 ρ(t) (1 − s(t))^2

+ o(1) as ε → 0^+ uniformly for t ∈ I, where ρ(t) has been defined in 1.4. Proof. First note that, by (4.7) and (3.3), ε‖U_{ε,t}‖_L2_ε ≤ C, ε‖U^′_{ε,t}‖_L2_ε ≤ C. (6.1) Hence, by using (5.25) and (iii) of Lemma 3.1, ε^2 ∫ Ω_ε ( (U_{ε,t} + ϕ_{ε,t})^2T_ε[(U_{ε,t} + ϕ_{ε,t})^2] − U^2_{ε,t}T_ε[U^2_{ε,t}] ) dx = O(ε^{σ− 12} ), by which compute 4πM_ε(t) =ε^2E_ε[U_{ε,t}] + ε^2 2 ‖ϕ_{ε,t}‖^2_H1_ε + ε^2 ∫ Ω_ε (∇U_{ε,t}∇ϕ_{ε,t} + U_{ε,t}ϕ_{ε,t})dx − ε^2 p + 1 ∫ Ω_ε

((U_{ε,t} + ϕ_{ε,s})^{p+1}_+ − U^{p+1}_{ε,t} )dx + O(ε^{σ− 12} ).

Since |(U_{ε,t} + ϕ_{ε,s})^{p+1}_+ − U^{p+1}_{ε,t} | ≤ C(U^p_{ε,t}|ϕ_{ε,t}| + |ϕ_{ε,t}|^{p+1}), then, by (5.25) and (6.1) we obtain 4πM_ε(t) = ε^2E_ε[U_{ε,t}] + o(1).

Finally combining (i) of Lemma 2.3 and Lemma 4.1 we conclude

M_ε(t) = s^2(t)

(3p − 7)t + 4(p − 1) 8(p + 1)(1 + t) ∫ R w^{p+1}_t dr + o(1)

= s^2(t)

(3p − 7)t + 4(p − 1) 8(p + 1)

(1 + t)^{5−p2(p−1)} ∫ R w^{p+1}dr + o(1) = s^2(t)ρ(t) 8t^2(p + 1)

(1 + t)^{5−pp−1} ∫ R w^{p+1}dr + o(1) = 1 8(p + 1) ∫ R w^{p+1}dr ( Γ ∫ R w^2dr

)_2 ρ(t) (1 − s(t))^2

+ o(1).

Corollary 6.2. For ε sufficiently small, the function t ∈ I → M_ε(t) has a maximum point t_ε = t_0 + o(1).

Proof. Assume first 1 < p <^{11}_7 . Then, letting t_ε ∈ I be a maximum point for M_ε in I, then combining Lemma 2.1 and Lemma 6.1 it follows immediately that t_ε tends to t_0 as ε → 0. The same holds for 11 7 ≤ p <^7_3 be taking t_ε the minimum of M_ε in I.

Proof of Theorem 1.1. Fix ε > 0 sufficiently small such that Lemma 5.1 and Lemma 5.2 hold for ε ∈ (0, ε_0). According to Lemma 5.1 for every ε ∈ (0, ε_0) and t ∈ I the function u_{ε,t} := U_{ε,t} + ϕ_{ε,t} solves the equation Δu_{ε,t}(x) − u_{ε,t}(x) + (u_{ε,t})^p_+(x) − Γu_{ε,t}T_ε[u^2_{ε,t}](x) = β_{ε,t}Z_{ε,t}(|x|) in Ω_ε. (6.2) Set u_ε = u_{ε,tε} , where t_ε ∈ I is the maximum point of M_ε, according to Corollary 6.2. Then we have d dt M_ε(t)|_{t=tε} = 0; (6.3)

by using the C^1 regularity of the map t ∈ I → ϕ_{ε,t} ∈ H^1_{ε,r}, (6.3) can be rewritten as ∫ Ω_ε ( ∇u_ε∇ du_{ε,t} dt + ( u_ε − (u_ε)^p_+ + ΓT_ε[u^2_ε] ) du_{ε,t} dt ) dx | |_{t=tε} = 0. which is equivalent, by (6.2), to ε^2β_{ε,tε} ∫ Ω_ε Z_{ε,tε} du_{ε,t} dt dx | | | |_{t=tε} = 0. (6.4)

A direct computation leads to d dt U_{ε,t}(r) = U_{ε,t}(r) (p − 1)(1 + t) + ( r − s(t)_ε 2(1 + t) − s^′(t) ε ) w^′_t ( r − s(t) ε ) η_ε(r) = − s^′(t) ε w^′_t ( r − s(t) ε ) + O(1)e^{− 12 |r− s(t)ε |} (6.5)

uniformly for r ∈ R and t ∈ I, where we have used the estimate (4.7). Hence by (4.12) and (6.5) we get ε^2 ∫ Ω_ε Z_{ε,tε} d dt U_{ε,t}dx | | | t=t_ε = p s^′(t_ε) ε ∫ R (εr + s(t_ε))^2w^{p−1}_{tε} (w^′_{tε} )^2dr + o(ε^{−1}) = p s^′(t_0)s^2(t_0) ε ∫ R w^{p−1}_{t0} (w^′_{t0} )^2dr + o(ε^{−1}).

(6.6)

Similar computations as in (6.5) lead to d dt Z_{ε,t}(r) = O(ε^{−1})e^{− 12 |r− s(t)ε |} (6.7) uniformly for r ∈ [0,^1_ε ] and t ∈ I. Differentiating the equation ⟨Z_{ε,t}, ϕ_{ε,t}⟩_ε = 0 with respect to t, and using (5.25) and (6.7), we get

ε^2 ∫ Ω_ε Z_{ε,t} dϕ_{ε,t} dt dx = −ε^2 ∫ Ω_ε ϕ_{ε,t} dZ_{ε,t} dt dx = O(ε^{σ−1}) ∫ R (εr + s(t))^2e^{− 12 |r|}dr = O(ε^{σ−1}). (6.8) Combining (6.4) with (6.6) and (6.8) we arrive at 0 = β_{ε,tε} ( p s^′(t_0)s^2(t_0) ε ∫ R w^p_{t0} (w^′_{t0} )^2dr + o(ε^{−1}) ) ; since by Lemma 2.1 t_0 >^{2(p−1)}_{7−3p} , then s^′(t_0) ≠ 0; hence the term in the brackets is nonzero, which implies β_{ε,tε} = 0. Hence u_ε solves the equation

Δu_ε − u_ε + (u_ε)^p_+ − Γu_εT_ε[u^2_ε] = 0 in Ω_ε. (6.9)

By multiplying both members of (6.9) by (u_ε)_− and integrating by parts we get ∫ Ω_ε

|∇(u_ε)_−|^2dx + ∫ Ω_ε

|(u_ε)_−|^2 + Γ ∫ Ω_ε

(u_ε)^2_−T_ε[u^2_ε]dx = 0,

by which (u_ε)_− = 0. From the strong Maximum Principle it follows that u_ε > 0 in Ω_ε. Hence u_ε and ψ_ε = T_ε[u^2_ε] actually solve the system (3.1). In order to obtain (2) of Theorem 1.1, using (4.8) and (5.25) we obtain 1 √ ε u_ε ( r ε ) = 1 √ ε U_{ε,tε} (r ε ) + 1 √ ε ϕ_{ε,tε} ( r ε )

= 1 √ ε (1 + t_ε)^{1p−1} w (√ 1 + t_ε r − s(t_ε) ε ) + O(ε^{σ− 12} ).

(6.10)

Finally, since G is a Lipschitz function in [0, 1] × [0, 1], by (6.10) we deduce ψ_ε ( r ε ) = 1 ε ∫_1 0 G ( r, ρ ) u^2_ε ( ρ ε ) dρ = 1 ε G(r, s(t_ε)) ∫_1 0 u^2_ε ( ρ ε ) dρ + O(1) ε ∫_1 0 |ρ − s(t_ε)|u^2_ε ( ρ ε ) dρ = G(r, s(t_ε))(1 + t_ε)^{5−p2(p−1)} ∫ R w^2dρ + O(1).

Taking into account of (3.2), Theorem 1.1 is proved.

References

[1] A. Ambrosetti, M. Badiale, S. Cingolani. Semiclassical states of nonlinear Schrödinger equations, Arch. Ration.

Mech. Anal. 140 (1997), 285–300.

[2] A. Ambrosetti, A. Malchiodi, W. M. Ni. Singularly perturbed elliptic equations with symmetry: existence of solutions concentrating on spheres, Part I, Comm. Math. Phys. 235 (2003), 427–466.

[3] A. Ambrosetti, A. Malchiodi, W. M. Ni, Singularly perturbed elliptic equations with symmetry: existence of solutions concentrating on spheres, Part II, Indiana Univ. Math. J., 53, no. 2 (2004), 297–329.

[4] A. Ambrosetti, A. Malchiodi, S. Secchi. Multiplicity results for some nonlinear Schrödinger equations with potentials, Arch. Ration. Mech. Anal. 159, no. 3 (2001), 253–271.

[5] M. Badiale, T. D’Aprile, Concentration around a sphere for a singularly perturbed Schrödinger equation, Nonlinear Anal. Ser. A: Theory Methods 49, no. 7, (2002), 947–985.

[6] V. Benci, T. D’Aprile, The semiclassical limit of the nonlinear Schrödinger equation in a radial potential, J.

Differential Equations 184, no. 1 (2002), 109–138.

[7] V. Benci, D. Fortunato. An eigenvalue problem for the Schrödinger-Maxwell equations, Top. Meth. Nonlinear Anal. 11, no. 2 (1998), 283–293.

[8] G. M. Coclite, V. Georgiev. Solitary waves for Maxwell-Schrödinger equations, Electronic J. Differential Equations

2004, no. 94 (2004), 1–31.

[9] E. N. Dancer, J. Wei. On the profile of solutions with two sharp layers to a singularly perturbed semilinear Dirichlet problem. Proc. Roy. Soc. Edinburgh Sect. A 127, no. 4 (1997), 691–701.

[10] T. D’Aprile. On a class of solutions with non-vanishing angular momentum for nonlinear Schrödinger equations, Differ. Integral Equ. 16, no. 3 (2003), 349–384.

[11] T. D’Aprile, D. Mugnai. Existence of solitary waves for the nonlinear Klein-Gordon Maxwell and Schrödinger- Maxwell equations, Proc. R. Soc. Edinb., Sect. A 134, no. 5 (2004), 893–906.

[12] T. D’Aprile, J. Wei. Clustered solutions around harmonic centers to a coupled elliptic system, preprint 2004. [13] T. D’Aprile, J. Wei. On Bound states concentrating on spheres for the Maxwell-Schrödinger equation, SIAM J.

Math. Anal., to appear.

[14] T. D’Aprile, J. Wei. Standing waves in the Maxwell-Schrödinger equation and an optimal configuration problem, Calc. Var. Partial Differential Equations, to appear.

[15] M. Del Pino, P. Felmer. Local mountain passes for semilinear elliptic problems in unbounded domains, Calc. Var.

Partial Differential Equations 4, no. 2 (1996), 121–137.

[16] M. Del Pino, P. Felmer. Multi-peak bound states for nonlinear Schrödinger equations, Ann. Inst. H. Poincaré Anal. Non Linéaire 15, no. 2 (1998), 127–149.

[17] M. Del Pino, P. Felmer. Semi-classical states for nonlinear Schrödinger equations, J. Funct. Anal. 149, no. 1 (1997), 245–265.

[18] M. Del Pino, P. Felmer. Semi-classical states of nonlinear Schrdinger equations: a variational reduction method, Math. Ann. 324, no. 1 (2002), 1–32.

[19] L. C. Evans. Partial Differential Equations, American Mathematical Society, Providence, Rhode Island (1998). [20] A. Floer, A. Weinstein. Nonspreading wave pockets for the cubic Schrödinger equation with a bounded potential, J. Funct. Anal. 69 (1986), 397–408.

[21] M. Grossi. Some results on a class of nonlinear Schrödinger equations, Math. Z. 235, no. 4 (2000), 687–705. [22] C. Gui. Multipeak solutions for a semilinear Neumann problem, Duke Math. J. 84, no. 3 (1996), 739–769. [23] C. Gui, J. Wei. On multiple mixed interior and boundary peak solutions for some singularly perturbed Neumann problems, Canad. J. Math. 52, no. 3 (2000), 522–538.

[24] C. Gui, J. Wei. M. Winter. Multiple boundary peak solutions for some singularly perturbed Neumann problems.

Ann. Inst. H. Poincaré Anal. Non Linéaire 17, no. 1 (2000), 47–82.

[25] L. Jeanjean, K. Tanaka. Singularly perturbed elliptic problems with superlinear or asymptotically linear nonlinearities. Calc. Var. Partial Differential Equations 21, no. 3 (2004), 287–318.

[26] X. Kang, J. Wei. On interacting bumps of semiclassical states of nonlinear Schrödinger equations, Adv. Differential Equations 5 (2000), 899–928.

[27] Y.Y. Li. On a singularly perturbed elliptic equation, Adv. Differential Equations 6, no. 2 (1997) 955–980. [28] A. Malchiodi. Concentration at curves for a singularly perturbed Neumann problem in three-dimensional domains, preprint 2003.

[29] A. Malchiodi, M. Montenegro. Multidimensional boundary layers for a singularly perturbed Neumann problem, Duke Math. J., to appear.

[30] A. Malchiodi, M. Montenegro. Boundary concentration phenomena for a singularly perturbed elliptic problem, Commun. Pure Appl. Math. 55, no. 12 (2002), 1507–1568.

[31] A. Malchiodi, W. M. Ni, J. Wei. Multiple clustered layer solutions for semilinear Neumann problems on a ball, Ann. Inst. H. Poincaré Anal. Non Linéaire, to appear.

[32] W. M. Ni, J. Wei. On ground state concentrating on spheres for the Gierer-Meinhardt system, preprint 2003. [33] Y. J. Oh. Existence of semi-classical bound states of nonlinear Schrödinger equation with potential on the class (V )a, Comm. Partial Differential Equations 13 (1998), 1499–1519.

[34] Y. J. Oh. On positive multi-lump bound states of nonlinear Schrödinger equation under multiple well potential, Comm. Math. Phys. 131 (1990), 223–253.

[35] A. Pistoia. Multi-peak solutions for a class of nonlinear Schrdinger equations. NoDEA Nonlinear Differential Equations Appl. 9, no. 1 (2002), 69–91.

[36] P. Rabinowitz. On a class of nonlinear Schrödinger equations, Z. Angew. Math. Phys. 43 (1992), 270–291. [37] D. Ruiz. Semiclassical states for coupled Schrödinger-Maxwell equations: concentration around a sphere. Preprint 2004.

[38] X. Wang. On concentration of positive bound states of nonlinear Schrödinger equations, Comm. Math. Phys. 153, no. 2 (1993), 229–244.

[39] J. Wei. On the construction of single-peaked solutions to a singularly perturbed semilinear Dirichlet problem, J.

Differential Equations 129, no. 2 (1996), 315–333.

Dipartimento di Matematica, via E. Orabona 4, 70125 Bari, Italy E-mail address: daprile@dm.uniba.it

Department of Mathematics, The Chinese University of Hong Kong, Shatin, Hong Kong E-mail address: wei@math.cuhk.edu.hk