Revised Version

STRONGLY INTERACTING BUMPS FOR THE SCHRÖDINGER-NEWTON EQUATIONS

JUNCHENG WEI AND MATTHIAS WINTER

Abstract. We study concentrated bound states of the Schrödinger- Newton equations 8

<
:

h^2Δψ − E(x)ψ + Uψ = 0, ψ > 0, x ∈ R^3, ΔU +^1_2 |ψ|^2 = 0, x ∈ R^3, ψ(x) → 0, U(x) → 0 as |x| → ∞. We prove that for E(x) ≡ 1 the linearized operator around the unique radial solution (ψ_0, U_0) with

ψ_0(r) = Ae�r r (1 + o(1)) as r = |x| → ∞,

U_0(r) = −1 + B r (1 + o(1)) as r = |x| → ∞

for some A, B > 0 has a kernel whose dimension is exactly 3 (corresponding to the translational modes).

Using this result we further show: If for some positive integer K the points P_i ∈ R^3, i = 1, 2 . . . , K with P_i ≠ P_j for i ≠ j are all local minima or local maximum or nondegenerate critical point of E(P ) then for h small enough there exist solutions of the Schrödinger-Newton equations with K bumps which concentrate at P_i.

We also prove that given a local maximum P_0 of E(P ) there can exists a solution with K bumps which all concentrate at P_0.

1. Introduction and Main Results

The Schrödinger-Newton equations were derived by Penrose [28] to describe a nonlinear system obtained by coupling the linear Schrödinger equation of quantum mechanics with the gravitation law of Newtonian mechanics. Here in the gravitation law a mass point located at the origin interacts with a matter density given by the square of the (real) wavefunction, which is the solution of the Schrödinger equation. On the other hand, in the Schrödinger equation a given potential energy is superposed with a gravitational energy

1991 Mathematics Subject Classification. Primary 35B40, 35B45; Secondary 81V05, 81V70.

Key words and phrases. Schrödinger-Newton equations, strong interaction, semiclassical limit, dimension of the kernel, multi-bump states, Liapunov-Schmidt reduction. 1

2 JUNCHENG WEI AND MATTHIAS WINTER

obtained by solving Newton’s law of gravitation. (The Schrödinger-Newton equations have also been derived via a variational principle by Christian [4]). For a single particle of mass m, the Schrödinger-Newton equations consist of the following pair of partial differential equations {_{h2} 2m Δψ − E(x)ψ + Uψ = 0, ΔU + 4πγ|ψ|^2 = 0. (1.1)

Here, ψ is the wavefunction, U is the gravitational potential energy, E(x) is a given Schrödinger potential, γ = Gm^2, G being Newton’s constant, h is Planck’s constant. It is assumed that the space dimension is 3, i.e., x ∈ R^3 and Delta is the Laplace operator in R^3. We further suppose that

inf_{x∈R3} E(x) > 0, E(x) ∈ C^2(R^3). (1.2)

The Schrödinger-Newton equations in the whole space R^3 have been studied by Moroz, Penrose and Tod [22], Moroz and Tod [23]. To state their results, we rescale U, ψ as follows ψ(x) = 1 h ( 1 8πγm )_{1/2} ψ̃(x), E(x) = 1 2m Ẽ(x), U(x) = 1 2m Ũ(x). (1.3)

Then (1.1) reduces to the system { h^2Δψ̃ − Ẽ(x)ψ̃ + Ũψ̃ = 0, x ∈ R^3, h^2ΔŨ +^1_2ψ̃^2 = 0, x ∈ R^3.

(1.4)

Note that (1.4) is equivalent to the following non-local partial differential equation

h^2Δψ̃ − Ẽ(x)ψ̃ + 1 8πh^2 ∫ R^3 ψ̃2(ξ) |x − ξ| dξ ψ̃ = 0, x ∈ R^3. (1.5)

We are particularly interested in the semi-classical limit (h → 0). The formulation (1.5) will be used for our discussion of the semi-classical limit. The K-bump solutions ψ̃ and Ũ both scale in the same way.

¿From now on, we drop the tildes on ψ̃, Ẽ(x), U, but we still mean the rescaled variables. It was only recently that the following result about (1.4) with E(x) ≡ 1 and h = 1 has been obtained by Moroz and Tod [23].

SCHRÖDINGER-NEWTON EQUATIONS 3

Theorem 1.1. There exists a unique radial solution (w, u) with w(y) → 0, u(y) → 0 as |y| → ∞, of the following problem Δw − w + uw = 0 in R^3, Δu +^1_2 w^2 = 0 in R^3, u, w > 0, w(0) = max_{y∈R}3 w(y). (1.6)

Moreover, w is decreasing and lim |y|→∞ w(y) e^{|y|} |y| = λ_0 > 0, lim_{|y|→∞} w^′ (y) w(y) = −1 (1.7)

for some constant λ_0 > 0 and lim |y|→∞ u(y)|y| = λ_1 > 0 (1.8)

for some constant λ_1 > 0.

Remarks: 1. The solution given by Theorem 1.1 is often called the ground state.

2. In [23] also existence of radially symmetric solutions with 1, 2, . . . zeros is proved.

3. Existence of the ground state was also proved by P. L. Lions using variational methods [18, 19].

In other words, Theorem 1.1 establishes existence of a single-peaked solution in R^3. It can be considered as the quantum-mechanic representation of a particle under the influence of gravity which is placed at the origin. A natural question to ask is the following: For a single material particle of mass m, are there any multiple-bump bound states? If yes, how do the different bumps interact?

In this paper we answer these questions. We rigorously prove that for an inhomogeneous Schrödinger potential E(x), multiple-bump bound states do occur. Furthermore, there is strong interaction between each pair of bumps and also between each bump and the Schrödinger potential. In the semi-classical limit (h → 0) these K bumps behave like K particles (mass points) located at points P_1, . . . , P_K such that their mutual attractive forces are balanced by a force which the potential E(x) exerts on each individual particle. The mathematical formulation of this result is given in Theorem 1.3 below.

4 JUNCHENG WEI AND MATTHIAS WINTER

Our approach can be summarized as follows: We first study the kernel of the linearized operator at the ground state of (1.6) and show by an analysis which for a system of partial differential equations is by no means trivial that its dimension is exactly 3 (thus comprising exactly the three translational modes). Then we use the Liapunov-reduction scheme to reduce the problem from the system of partial differential equations on an infinite-dimensional Sobolev space to a critical point problem on the 3K-dimensional space of the locations of the K peaks. We solve this reduced problem by a simple perturbation argument.

The following two are our main results:

Theorem 1.2. Assume that E(x) satisfies the assumption (1.2). Suppose that for a positive integer K, P_i ∈ R^3, i = 1, . . . , K are given with P_i ≠ P_j for i ≠ j. Furthermore, suppose that P_i are (not necessarily strict) local maximum points of E(P ), i.e. there exist bounded open sets Γ_i such that

P_i ∈ Γ_i, E(P_i) = max_{x∈Γi} E(x) > E(P_i), ∀P ∈ Γ_i\{P_i}. (1.9)

Then for any positive integer K ∈ Z, there exists h_0 > 0 such that for any h < h_0 there exists a positive solution ψ_h of (1.5) with the following properties:

(1) ψ_h has exactly K local maximum points Q^h_1 , ..., Q^h_K and Q^h_i → P_i as h → 0. (2) ψ_h(x) ≤ Ce^{−β mini=1,...,K |x−Q} h i | h for some β > 0, C > 0 and ψ_h(Q^h_i ) → α, α > 0, i = 1, ..., K as h → 0, i.e. ψ_h concentrates at Q^h_1 , ..., Q^h_K .

Remark: The approach can be easily extended to the case where P_1, ..., P_K ∈ R^3 with P_i ≠ P_j for i ≠ j are all (not necessarily strict) local minima of E(P ) or if they are all nondegenerate critical points of E(P ).

Theorem 1.3. Assume that E(x) satisfies the assumption (1.2). Let P_0 be a local maximum point of the potential E(x), i.e. there exists a bounded open set Γ such that

P_0 ∈ Γ, E(P_0) = max_{x∈Γ} E(x) > E(P ), ∀P ∈ Γ\{P_0}. (1.10)

SCHRÖDINGER-NEWTON EQUATIONS 5

Then for any positive integer K ∈ Z, there exists h_0 > 0 such that for any h < h_0 there exists a positive solution ψ_h of (1.5) with the following properties:

(1) ψ_h has exactly K local maximum points Q^h_1 , ..., Q^h_K and Q^h_i → P_0 as h → 0. Moreover, |Q^h_i − Q^h_j | ≥ Ch^{1/3}, i ≠ j, i, j = 1, ..., K for some C > 0, as h → 0; (2) ψ_h(x) ≤ Ce^{−β mini=1,...,K |x−Q} h i | h for some β > 0, C > 0 and ψ_h(Q^h_i ) → α, α > 0, i = 1, ..., K as h → 0, i.e. ψ_h concentrates at Q^h_1 , ..., Q^h_K.

Remarks: 1. We call the solution ψ_h given in one of the previous theorems a K-bump solution since it has the properties (1) and (2) stated there.

2. It can be shown that in the system (1.4) the corresponding solution u_h of the second equation also is a K-bump solution. However, in contrast to ψ_h, it has only algebraic decay at infinity: u_h ∼ C r for some C > 0 in accordance with Theorem 1.1.

3. A simple analysis of the functional

M_h(P) = C K∑ i=1 E(P_i)^{3/2} − Dh ∑ i≠j K∑ j=1 K∑ j=1 E(P_i)^{1/2}E(P_j)^{3/2} 1 P_i − P_j| + O(h^2)

with C, D > 0 given real constants (see Section 5 for its derivation and also the proof of its smoothness) noting that

E(P_i) = E(P_0) + O(|P_i − P_0|^2),

∇_{Pi} E(P_i) = ∇_{P0} E(P_0) + O(|P_i − P_0|) = 0 + O(|P_i − P_0|) shows that for the K-bump solutions given in Theorem 1.3 |P_i − P_0| ≥ Ch^{1/3}. In the case of a nondegenerate maximum point of E(P ) (see the next remark for a precise definition) we even have |P_i − P_0| ∼ h^{1/3},

6 JUNCHENG WEI AND MATTHIAS WINTER

and from this we get |P_i − P_j| ∼ h^{1/3} i ≠ j. This result stands in marked contrast with a similar result for the Schrödinger equation. Namely, it was recently proved in [14] that |P_i − P_j| ∼ h log^1_h in the case of a nondegenerate maximum point of E(P ). For the Schrödinger- Newton equations the bumps are strongly coupled as their distance is bigger by the algebraic factor h^{−2/3} than their respective size. However, for the Schrödinger equation their distance is bigger only by a logarithmic factor log^1_h than their respective size.

5. If P_0 is a nondegenerate maximum point of E(P ), i.e.

det(∇∇E(P ))|_{P =P0} ≠ 0 (1.11)

then for 0 < h < h_0 the peak points P_i can are uniquely determined by solving a nondegenerate system of equations.

This result can be interpreted as analytical progress towards two fundamentally important issues of quantum mechanics:

The first issue is quantum entanglement, the phenomenon referred to by Schrödinger as “the essence of quantum physics”. Roughly speaking, it says that in a quantum mechanical system different particles or waves interact in a very intricate manner and cannot be considered as being separated from one another. Although the sum of two stationary states is again a stationary state for the (linear) Schrödinger equation alone this is no longer the case for the Schrödinger equation coupled with the gravitation law and thus quantum entanglement can be accounted for. Our results show that one mass point is sufficient to trigger the appearance of a wavefunction with not only one but an arbitrary number K of bumps. If the mass point was removed the whole wavefunction would vanish. This behavior also confirms the capability of the Schrödinger-Newton equations to tackle the issue of quantum entanglement.

The second issue is state reduction. The Liapunov-Schmidt reduction process provides a very efficient tool to locate particles in a quantum-mechanical system under the influence of gravity even when they are strongly interacting. The physical relevance of these points in R^3 obtained by Liapunov-Schmidt

SCHRÖDINGER-NEWTON EQUATIONS 7

reduction from the wave function lies in the fact that the single particle wavefunction if it is centered at one of those points will have maximal overlap with the multi-bump solution.

To the best of our knowledge, in all previous results about multi-bump solutions for the nonlinear Schrödinger equation the bumps interact weakly with each other and the interaction vanishes in the semi-classical limit. For these results see for example [1, 3, 5, 6, 7, 9, 10, 16, 20, 26, 27, 29, 30, 31].

The paper is organized as follows. In Section 2 we provide some preliminaries which are essential for the rest of the paper. In Section 3 we show that the dimension of the kernel of the linearized operator of (1.6) is exactly three. In Section 4 we introduce the Liapunov-Schmidt reduction process and calculate the energy of the approximate solutions obtained by the Liapunov-Schmidt scheme. Finally, in Section 5 we finish the proof of the existence of solutions.

Acknowledgement: This work is supported by an Earmarked Grant from RGC of Hong Hong. The second author thanks the Department of Mathematics at Chinese University of Hong Kong for their kind hospitality.

2. Preliminaries

The goal in this section is to introduce and analyze an approximate solution of (1.5). Before we do this we study two related problems which will be of importance later.

Note that (1.6) may be rewritten as a single equation for w as follows:

Δ_yw(y) − w(y) + 1 8π ∫ R^3 ( w^2(z) |y − z| dz)w(y) = 0, y ∈ R^3. (2.12) Now (1.6) and (2.12) are equivalent: If w ∈ H^2(R^3) is given then u is uniquely determined by the second equation of (1.6). By the Hardy-Littlewood inequality we know that

‖u(y)‖_W 2,r_{(R}3_) = ‖ 1 8π ∫ R^3

w^2(z) |y − z| dz‖_W 2,r_{(R}3_)

≤ ‖w^2‖_Lq_{(R}3_) + ‖w^2‖_Lr_{(R}3_)

8 JUNCHENG WEI AND MATTHIAS WINTER for 1 q = 1 r + 2 3 . Therefore, u ∈ W^{2,r}(R^3) for r > 3. Associated with (2.12) is the following energy functional I(w) = 1 2 ∫ R^3

(|∇w(x)|^2 + w^2(x)) dx − 1 32π ∫ R^3 ∫ R^3

w^2(x)w^2(ξ) |x − ξ| dx dξ, where w ∈ H^2(R^3).

Any critical point of I(w) solves the Euler-Lagrange equation (2.12) and vice versa. We calculate I(w) = 1 2 ∫ R^3 (−w(y)Δw(y) + w^2(y)) dy − 1 32π ∫ R^3 ∫ R^3

w^2(y)w^2(η) |y − η| dy dη = 1 2 ∫ R^3

w^2(y) 1 8π ∫ R^3

w^2(η) |y − η| dη dy − 1 32π ∫ R^3 ∫ R^3

w^2(y)w^2(η) |y − η| dy dη = 1 32π ∫ R^3 ∫ R^3

w^2(y)w^2(η) |y − η| dy dη. Now we introduce a suitably rescaled ground state function in R^3. This will be essential for the rest of the paper. For fixed a > 0 let (w_a, u_a) be the unique radially symmetric solution with w_a(y) → 0, u_a(y) → 0 as |y| → ∞, of the following problem Δw_a − aw_a + u_aw_a = 0 in R^3, Δu_a +^1_2 w^2_a = 0, in R^3, u_a, w_a > 0, w_a(0) = max_{y∈R}3 w_a(y).

(2.13)

Associated with problem (2.13) is the following energy functional

I_a(w_a) = 1 2 ∫ R^3

(|∇w_a(y)|^2 + aw^2_a(y)) dy − 1 32π ∫ R^3 ∫ R^3

w^2_a(y)w^2_a(η) |y − η| dy dη, where w_a ∈ H^2(R^3). In the same way as for I(w) we calculate

I_a(w_a) = 1 32π ∫ R^3 ∫ R^3

w^2_a(y)w^2_a(η) |y − η| dy dη.

SCHRÖDINGER-NEWTON EQUATIONS 9

Note that w_a(y) = aw(a^{1/2}y), u_a(y) = au(a^{1/2}y). A simple scaling argument implies

I_a(w_a) = a^{3/2}I(w). (2.14)

Our goal is to construct an approximate solution of the Schrödinger-Newton equations (1.4) which has the shape of K bumps. For this purpose we fix P = (P_1, P_2, . . . P_K) ∈ (R^3)^K with P_i ≠ P_j for i ≠ j. We also introduce the notations P = (P_{j,k}), j = 1 . . . , K, k = 1, . . . , 3 and E_j = E(P_j), j = 1, . . . , K. We introduce as a first approximation to our solution

ψ_{h,}P(x) = K∑ i=1 w_{Ei} ( x − P_i h ),

U_h(x) = K∑ i=1 u_{Ei} ( x − P_i h ). Recall from the introduction that the system (1.4) is equivalent to the nonlocal equation (1.5). Associated with (1.5) is the following energy functional (dropping tildes)

J_h(ψ) = 1 2h^3 ∫ R^3

(h^2|∇ψ|^2 + E(x)ψ^2) dx − 1 32πh^5 ∫ R^3 ∫ R^3

ψ^2(x)ψ^2(ξ) |x − ξ| dx dξ, where u ∈ E = {w ∈ H^2(R^3)| ∫ R^3 E(x)w^2(x) dx < ∞}. We calculate

J_h(ψ_{h,}P) = 1 2h^3 ∫ R^3

(h^2|∇ψ_{h,}P|^2 + E(x)ψ^2_{h,}P) dx

− 1 32πh^5 ∫ R^3 ∫ R^3

ψ^2_{h,}P(x)ψ^2_{h,}P(ξ) |x − ξ| dx dξ

= 1 2h^3 ∫ R^3 [ | | | K∑ i=1 ∇ x−P_{ih} w_{Ei} ( x − P_i h ) | | | | 2 + E(x) (_K ∑ i=1 w_{Ei} ( x − P_i h ) )_2 ] dx

10 JUNCHENG WEI AND MATTHIAS WINTER − 1 32πh^5 ∑ i,j ∫ R^3 ∫ R^3

w^2_{Ei} (^{x−Pi}_h )w^2_{Ej} (^{ξ−Pj}_h ) |x − ξ| dx dξ

= 1 2h^3 ∫ R^3 [ − K∑ i=1 w_{Ei} ( x − P_i h )Δ x−P_{ih} w_{Ei} ( x − P_i h )

− ∑ i≠j K∑ j=1 w_{Ei} ( x − P_i h )Δ x−P_{jh} w_{Ej} ( x − P_j h ) + E(x) K∑ i=1 w^2_{Ei} ( x − P_i h ) ] dx

− 1 32πh^5 K∑ i=1 ∫ R^3 ∫ R^3

w^2_{Ei} (^{x−Pi}_h )w^2_{Ei} (^{ξ−Pi}_h ) |x − ξ| dx dξ

− 1 32πh^5 ∑ i≠j K∑ j=1 ∫ R^3 ∫ R^3

w^2_{Ei} (^{x−Pi}_h )w^2_{Ej} (^{ξ−Pj}_h ) |x − ξ| dx dξ + O(e^{−C/h})

= 1 2h^3 ∫ R^3 [ − K∑ i=1 w_{Ei} ( x − P_i h )(Δ_{fracx−Pih}w_{Ei} + E(x)w_{Ei} ( x − P_i h ) ] dx

− 1 32πh^5 K∑ i=1 ∫ R^3 ∫ R^3

w^2_{Ei} (^{x−Pi}_h )w^2_{Ei} (^{ξ−Pi}_h ) |x − ξ| dx dξ

− 1 32π h ∑ i≠j K∑ j=1 h |P_i − P_j| E^{1/2}_i E^{1/2}_j (∫ R^3 w^2(y) dy )_2

+O(e^{−C/h} + ∑ i≠j K∑ j=1 h^2 |P_i − P_j|^2 ) as h → 0.

Here we have used that for i ≠ j ∫ R^3 w_{Ei} ( x − P_i h )Δ x−P_{jh} w_{Ej} ( x − P_j h ) = O(e^{−C/h}) (because of the exponential decay of w at infinity) and that for i ≠ j 1 32πh^5 ∫ R^3 ∫ R^3

w^2_{Ei} (^{x−Pi}_h )w^2_{Ej} (^{ξ−Pj}_h ) |x − ξ| dx dξ

= 1 32π h |P_i − P_j| (∫ R^3 w^2_{Ei} (y) dy ) (∫ R^3 w^2_{Ej} (y) dy )

+O( h^2 |P_i − P_j|^2 ).

SCHRÖDINGER-NEWTON EQUATIONS 11

We now use (1.5) and calculate

J_h(ψ_{h,}P) = 1 2h^3 ∫ R^3 [_K ∑ i=1 (E(x) − E(P_i))w^2_{Ei} ( x − P_i h ) dx

+ 1 32πh^5 K∑ i=1 ∫ R^3 ∫ R^3

w^2_{Ei} (^{x−Pi}_h )w^2_{Ei} (^{ξ−Pi}_h ) |x − ξ| dx dξ

− 1 32π ∑ i≠j K∑ j=1 h |P_i − P_j| E^{1/2}_i E^{1/2}_j (∫ R^3 w^2(y) dy )_2

+O(e^{−C/h} + ∑ i≠j K∑ j=1 h^2 |P_i − P_j|^2 ) as h → 0

= K∑ i=1 E^{3/2}_i I(w)

− 1 32π ∑ i≠j K∑ j=1 h |P_i − P_j| E^{1/2}_i E^{1/2}_j (∫ R^3 w^2(y) dy )_2

+O(h^2(ΔE(P_i) + ∑ i≠j K∑ j=1 1 |P_i − P_j|^2 )), where ΔE(P_i) =

∑_3 j=1 ∂^2E(P_i) ∂P^2_{i,j} , since 1 h^3 ∫ R^3

(E(x) − E(P_i))w^2_{Ei} ( x − P_i h ) dx

= ∫ R^3 (E(P_i + hy) − E(P_i))w^2_{Ei} (y) dy

= ∫ R^3 (h∇E(P_i) · y + h^2 2 ∑ j,k ∂^2E(P_i) ∂P_{i,j}∂P_{i,k} y_jy_k)w^2_{Ei} (y) dy + O(h^3)

= 0 + h^2ΔE(P_i) ∫ R^3

y^2_1w_{Ei} (y) dy + O(h^3)

= O(h^2ΔE(P_i) + h^3).

We summarize this result in the following lemma.

12 JUNCHENG WEI AND MATTHIAS WINTER

Lemma 2.1.

J_h(ψ_{h,}P) = 1 32π K∑ i=1 E^{3/2}_i ∫ R^3 ∫ R^3

w^2(y)w^2(η) |y − η| dy dη

− 1 32π ∑ i≠j h |P_i − P_j| E^{1/2}_i E^{1/2}_j (∫ R^3 w^2(y) dy )_2

+O(h^2ΔE(P_i) + ∑ i≠j K∑ j=1 h^2 |P_i − P_j|^2 + h^3) as h → 0.

3. The linearized operator for the single-particle solution

In this section we show that the linearization of equation (1.6) around the ground state solution (w, u) has a kernel which is exactly of dimension 3 (thus comprising exactly the translational modes). This result will be the basis to the construction of multi-bump solutions by the Liapunov-Schmidt reduction method. It is summarized by the following theorem.

Theorem 3.1. Suppose that (ϕ, ψ) ∈ H^2(R^3) × H^2(R^3) satisfies the following eigenvalue problem Suppose that (ϕ, ψ) ∈ H^2(R^3) × H^2(R^3) satisfies the following eigenvalue problem { Δϕ − ϕ + uϕ + wψ = 0, Δψ + wϕ = 0. (3.15) Then (ϕ, ψ) ∈ span { ∂(w, u) ∂y_j , j = 1, 2, 3 } . (3.16)

Remarks:

1. Note that (3.15) is a system of PDEs, which is in contrast to the single Schrödinger equation case. A similar eigenvalue problem has been treated in [21].

2. The result corresponding to Theorem 3.1 for the corresponding nonlocal eigenvalue problem (with the second equation in (3.15) solved for w and the result put into the first equation) states:

Suppose that (ϕ) ∈ H^2(R^3) satisfies the following eigenvalue problem Δϕ − ϕ + uϕ + w ∫ R^3 w(y)ϕ(η) 4π|y − η| dη = 0 (3.17)

SCHRÖDINGER-NEWTON EQUATIONS 13

Then ϕ ∈ span { ∂w ∂y_j , j = 1, 2, 3 } . (3.18)

Proof: We first recall that the eigenvalues of Δ_S2 are given by μ_1 = 0, μ_2 = μ_3 = μ_4 = 2, μ_4 < μ_5, μ_6, μ_7, . . . . (3.19) Let e_i(θ) be the corresponding eigenfunctions, i.e., Δ_S2 e_i + μ_ie_i = 0, i = 1, 2, . . . .

For any solution (ϕ, ψ) of (3.15) set

ϕ_i(r) = ∫ S^2 ϕ(r, θ)e_i(θ) dθ, ψ_i(r) = ∫ S^2 ψ(r, θ)e_i(θ) dθ. Recall that Δϕ = Δ_rϕ +

Δ_S2 ϕ r^2 . We calculate Δ_rϕ_i = ∫ S^2 Δ_rϕ(r, θ)e_i(θ) dθ = ∫ S^2 (Δϕ − Δ_S2 ϕ r^2 )e_i = ϕ_i − uϕ_i − wϕ_i + μ_i r^2 ϕ_i. We do the same calculation for ψ_i. This gives the system { Δϕ_i − ϕ_i −^{μi}_{r2} ϕ_i + uϕ_i + wψ_i = 0, Δψ_i −^{μi}_{r2} ψ_i + wϕ_i = 0. (3.20) The proof will be finished by showing the following claims. Claim 1: If i ≥ 5 then ϕ_i ≡ ψ_i ≡ 0.

Suppose this is not the case. We first multiply (3.20) by w^′ and u^′, respectively, where^′ =^∂_{∂r} , and integrate over the ball B_r centered at the origin with radius r. Note that{ Δw^′ − w^′ + uw^′ + wu^′ =^2_{r2} w^′, Δu^′ + ww^′ =^2_{r2} u^′. (3.21) Integration by parts gives 0 = ∫ Br (Δϕ_i − ϕ_i − μ_i r^2 ϕ_i + uϕ_i)w^′ + ∫ Br ww^′ψ_i

14 JUNCHENG WEI AND MATTHIAS WINTER = ∫ ∂Br (w^′ϕ^′_i − ϕ_iw^{′′}) + ∫ Br (Δw^′ − w^′ + uw^′)ϕ_i − ∫ Br μ_i r^2 w^′ϕ_i + ∫ Br ww^′ψ_i. By (3.21) we get 0 = ∫ ∂Br (w^′ϕ^′_i − ϕ_iw^{′′}) + ∫ Br 2 − μ_i r^2 w^′ϕ_i

− ∫ Br wu^′ϕ_i + ∫ Br ww^′ψ_i. (3.22) Similarly, 0 = ∫ Br (Δψ_i + wϕ_i)u^′ − ∫ Br μ_i r^2 ψ_iu^′ = ∫ ∂Br (u^′ψ^′_i − ψ_iu^{′′}) + ∫ Br (Δu^′ψ_i + wϕ_iu^′) − ∫ Br μ_i r^2 ψ_iu^′. By (3.21) we get 0 = ∫ ∂Br (u^′ψ^′_i − ψ_iu^{′′}) + ∫ Br 2 − μ_i r^2 u^′ψ_i

− ∫ Br ww^′ψ_i + ∫ Br wu^′ϕ_i (3.23) Adding (3.22) and (3.23) we get 0 = ∫ ∂Br (w^′ϕ^′_i − ϕ_iw^{′′}) + ∫ ∂Br (u^′ψ^′_i − ψ_iu^{′′})

+ ∫ Br 2 − μ_i r^2

(w^′ϕ_i + u^′ψ_i) = I_1(r) + I_2(r) + I_3(r), (3.24) where I_j(r), j = 1, 2, 3 are defined by the last equality. We now choose appropriate r and estimate each of the terms I_j(r). By definition we have ϕ^′_i(0) = ψ^′_i(0) = 0.

Without loss of generality we assume that there is some r_1 > 0 such that ϕ_i(r) < 0 for 0 < r < r_1 and ϕ_i(r_1) = 0. (We choose r_1 = ∞ if ϕ_i < 0 in (0, ∞).) Note that by standard ODE theory ϕ^′_i(r_1) > 0.

We claim that ψ_i(r) < 0 for r small. Suppose this is not the case. Since Δψ_i = μ_i r^2 ψ_i − wϕ_i > 0

SCHRÖDINGER-NEWTON EQUATIONS 15

ψ_i(r) cannot have a local maximum. This implies ψ_i(r) > ψ_i(0) > 0 for r ∈ (0, r_1).

By (3.21) we get 0 > ∫ Br_1 ( μ_i r^2 ϕ_i − wψ_i)w = ∫ Br_1 w(Δϕ_i − ϕ_i + uϕ_i) = ∫ ∂Br_1 (wϕ^′_i − ϕ_iw^′) = 4πr^2_1w(r_1)ϕ^′_i(r_1) > 0.

This gives a contradiction. Therefore ψ_i(r) < 0 for r small. This implies that there is some r_2 > 0 such that ψ_i(r) < 0 for 0 < r < r_2 and ϕ_i(r_2) = 0. (We choose r_2 = ∞ if ψ_i < 0 in (0, ∞).) Note that necessarily ψ^′_i(r_2) > 0. ¿From now on we distinguish three different cases.

Case 1: r_1 = r_2.

Set r = r_1 = r_2. We easily calculate I_1(r) < 0, I_2(r) < 0, I_3(r) < 0.

By (3.24) this gives a contradiction.

Case 2: r_2 < r_1.

We easily calculate I_3(r_2) < 0 and I_2(r_2) < 0. It is more difficult to evaluate I_1(r_2). We define Φ(r) = r^2ϕ^′_i(r)w^′(r) − r^2w^{′′}(r)ϕ_i(r).

Then for r_2 < r < r_1, Φ^′(r) = (r^2ϕ^′_i)^′w^′ − (r^2w^{′′})^′ϕ_i.

Now we use 1 r^2

(r^2ϕ^′_i)^′ − ϕ_i + uϕ_i + wψ_i = μ_i r^2 ϕ_i, 1 r^2

(r^2w^{′′})^′ − w^′ + uw^′ + wu^′ = 2 r^2 w^′ and get

Φ^′(r) = r^2(ϕ_i − uϕ_i − wψ_i + μ_i r^2 ϕ_i)w^′ − r^2(w^′ − uw^′ − wu^′ + 2 r^2 w^′)ϕ_i = (μ_i − 2)ϕ_iw^′ − r^2ww^′ψ_i + r^2wu^′ϕ_i > 0.

Here we have used that for r_2 < r < r_1, ψ_i(r) has no local maximum since Δψ_i = −wϕ_i + μ_i r^2 ψ_i > 0.

16 JUNCHENG WEI AND MATTHIAS WINTER

Putting these two facts together we conclude 0 > r^2_1(w^′(r_1)ϕ^′_i(r_1) − ϕ_i(r_1)w^{′′}(r_1)) = Φ(r_1) > Φ(r_2) = 1 4π I_1(r_2).

By (3.24) this gives a contradiction.

Case 3: r_1 < r_2.

We easily calculate I_3(r_1) < 0 and I_1(r_1) < 0. It is more difficult to evaluate I_2(r_1). We define Ψ(r) = r^2ψ^′_i(r)u^′(r) − r^2u^{′′}(r)ψ_i(r).

Then for r_1 < r < r_2, Ψ^′(r) = (r^2u^′)^′ψ^′_i − (r^2u^{′′})^′ψ_i.

Now we use 1 r^2

(r^2ψ^′_i)^′ + wϕ_i = μ_i r^2 ψ_i, 1 r^2

(r^2u^{′′})^′ + ww^′ = 2 r^2 u^′ and get Ψ^′(r) = r^2(−wϕ_i + μ_i r^2 ψ_i)u^′ − r^2(−ww^′ + 2 r^2 u^′)ψ_i = (μ_i − 2)ψ_iu^′ − r^2wu^′ϕ_i + r^2ww^′ψ_i.

Suppose that ϕ_i(r) > 0 does not hold for all r_1 < r < r_2. Then ϕ_i(r) must have a zero for some r_3 ∈ (r_1, r_2) with ϕ^′_i(r_3) < 0 such that ϕ_i(r) > 0 for r ∈ (r_1, r_3). We must have Δϕ_i(r_3) ≤ 0. This gives a contradiction since 0 < ∫ Br_3 \Br_1 (−wψ_i + μ_i r^2 ϕ_i)w = ∫ Br_3 \Br_1 w(Δϕ_i(r) − ϕ_i + uϕ_i) = ∫ ∂Br_3 (wϕ^′_i − ϕ_iw^′) − ∫ ∂Br_1 (wϕ^′_i − ϕ_iw^′) = 4πr^2_3r_3w(r_3)ϕ^′_i(R_3) − 4πr^2_1w(r_1)ϕ^′(r_1) < 0.

This is a contradiction.

Since Ψ^′(r) > 0 for r_1 < r < r_2 we get Ψ(r_1) < Ψ(r_2) ≤ 0.

SCHRÖDINGER-NEWTON EQUATIONS 17

Therefore I_2(r_1) < 0 and (3.24) gives a contradiction.

Claim 2: If i = 1, then ϕ_1 ≡ ψ_1 ≡ 0.

Suppose this is not the case. Since μ_1 = 0 we have { Δϕ_1 − ϕ_1 + uϕ_1 + wψ_1 = 0, Δψ_1 + wϕ_1 = 0. (3.25) where ϕ_1 = ϕ_1(r), ψ_1 = ψ_1(r) and (ϕ_1, ψ_1) ∈ H^1(R^3) × W^{2,q}(R^3), (q > 3).

By definition, we have ϕ^′_1(0) = 0, ψ^′_1(0) = 0.

Without loss of generality we assume that ϕ_1(0) > 0. We define ρ such that ϕ_1(r) > 0, r ∈ (0, ρ) and ϕ_1(ρ) = 0. (If ϕ_1 > 0 for r ∈ (0, ∞) we set ρ = ∞).

We show that then necessarily ϕ_1(0) > 0. Suppose not. Then multiplying the first equation first equation in (3.25) by w and integrating over B_r we get r^2(wϕ^′_1 − ϕ_1w^′) + ∫ Br w^2ψ_1 = 0, 0 < r < ρ.

This implies w^2 ( ϕ_1 w )_′ = wϕ^′_1 − ϕ_1w^′ < 0.

Therefore ϕ_1(r) w(r) < ϕ_1(0) w(0) ≤ 0 and thus ϕ(r) < 0 for 0 < r < ρ. By the second equation in (3.25) Δψ_1 = −wϕ_1 > 0 for r ∈ (0, ρ).

Thus ψ_1 cannot have a local maximum in (0, ρ). Since ψ^′_1(0) = 0 we therefore get ψ^′_1(r) > 0 for r ∈ (0, ρ). This implies ψ_1(r) > ψ_1(0) > 0 for 0 < r < ρ. This is a contradiction to ψ_1(ρ) = 0.

Since ϕ_1(0) > 0 we know by standard ODE theory that the dimension of the solution set of (3.25) is at most one.

18 JUNCHENG WEI AND MATTHIAS WINTER

On the other hand, (ϕ_1, ψ_1) = (2w + rw^′, 2(u − 1) + ru^′) is a solution to (3.25). Since the dimension of the solution set is at most one we know that any solution satisfies (ϕ_1, ψ_1) = c(2w + rw^′, 2(u − 1) + ru^′).

But since ψ_1(r) → −1 as r → ∞, we conclude ψ_1 ∉ W^{2,q}(R^3), (q > 3). Therefore (3.25) has no solution in H^2(R^3) × W^{2,q}(R^3).

Claim 3: (i = 2, 3, 4). The solution for (ϕ_2, ψ_2), (ϕ_3, ψ_3), and (ϕ_4, ψ_4), respectively, is one-dimensional.

We have to show that the solution set of Δϕ_i − ϕ_i + uϕ_i + wψ_i =^2_{r2} ϕ_i, Δψ_i + wϕ_i =^2_{r2} ψ_i, ϕ_i(r), ψ_i(r) → 0 as r → +∞

(3.26)

is one-dimensional.

Suppose that (ϕ_i, ψ_i) solve (3.26). We must have ϕ_i(0) = ψ_i(0) = 0.

Without loss of generality we assume that ψ^′_i(0) > 0. We will show that then also ϕ^′_i(0) > 0, which, by linearity of (3.26), implies that (3.26) is one-dimensional.

Suppose not, i.e., let ϕ^′_i(0) ≤ 0.

Let ρ be the first zero of ψ^′_i. (We set ρ = ∞ if ψ^′_i(r) > 0 for r ∈ (0, ∞).) We integrate the first equation of (3.26) by w and integrate over the ball B_r to get

r^2(w(r)ϕ^′_i(r) − ϕ_i(r)w^′(r)) + ∫ Br w^2ψ_i = ∫ Br 2 r^2 ϕ_iw, 0 < r < ρ. (3.27) If ϕ^′_i(0) < 0 then since ϕ_i(0) = 0 by continuity there exists r_1 > 0 such that ϕ_i(r) < 0, 0 < r < r_1, ϕ_i(r_1) = 0.

By (3.27) we get wϕ^′_i − ϕ_iw^′ w^2 = ( ϕ_i w )_′ < 0, 0 < r < min(r_1, ρ).

SCHRÖDINGER-NEWTON EQUATIONS 19

This implies ϕ_i(r_1) w(r_1) < ϕ_i(r) w(r) < 0, r < min(r_1, ρ)

and therefore ρ < r_1.

If ϕ^′_i(0) = 0 then by the first equation of (3.26) we get ϕ^{′′}_i (0) = 0. We expand ϕ_i at r = 0 and put the result into the first equation of (3.26) to obtain ϕ^{′′′}_i (0) = −c_0w(0)ψ^′_i(0) < 0, (c_0 > 0).

Now we continue in the same way as for ϕ^′_i(0) < 0 since there exists r_1 > 0 such that ϕ_i(r) < 0, 0 < r < r_1, ϕ_i(r_1) = 0.

Moreover, ρ < r_1.

For 0 < r < ρ we calculate (noting that ϕ_i < 0 for r < ρ < r_1)

Δψ_i = 2 r^2 − wϕ_i > 0. Therefore ϕ_i has no local maximum and ϕ^′_i(r) > ψ^′_i(0) > 0 for 0 < r < ρ. This gives ψ_i(ρ) > ψ_i(0) in contradiction with ψ_i(ρ) = 0. 2

In the following section we will use the result in Theorem 3.1 to construct multi-particle solutions by the method of Liapunov-Schmidt reduction.

4. Liapunov-Schmidt Reduction

We construct K-bump solutions ψ_h ∈ H^2(R^3) of the non-local partial differential equation h^2Δψ − E(x)ψ + 1 8πh^2 ∫ R^3

ψ^2(ξ) |x − ξ| dξ ψ = 0, x ∈ R^3, which was given in (1.5). Fix P = (P_1, P_2, ..., P_K) ∈ (R^3)^K. We set

w_{Pi} (x) = w_{Ei} ( x − P_i h ), u_{Pi} (x) = u_{Ei} ( x − P_i h ). (4.1)

Since we look for K-bump solutions of (1.5), we set ψ(x) = K∑ i=1 w_{Pi} (x) + Φ_{h,}P,

where ‖Φ_{h,}P‖_H2_{(R}3_) is small.

20 JUNCHENG WEI AND MATTHIAS WINTER

In this section, we solve problem (1.5) up to an approximate kernel and cokernel of its linearized operator, respectively. This process is commonly called Liapunov-Schmidt reduction. Since the procedure has become standard by now, we shall only give a sketch of the proof. For more details, please see and [16] and [27]. We first introduce some notations.

Using the scaling ψ̂(y) = ψ(hy) we introduce the operator S_h : H^2(R^3) ∩ E → L^2(R^3) (recall Hardy-Littlewood inequality from Section 2) by

S_h(ψ̂) = Δψ̂ − E(hy)ψ̂ + T [ 1 2 ψ̂^2]ψ̂,

where T [ 1 2 ψ̂^2](y) = 1 8π ∫ R^3 ψ̂2(η) |y − η| dη. Then equation (1.5) is equivalent to the equation

S_h(ψ̂) = 0.

¿From now on we write ψ instead of ψ̂ but we mean the rescaled function. To solve (1.5) we first consider the linearized operator L̃_h[ψ] : H^2(R^3) ∩ E → L^2(R^3) by L̃_h[ψ](Φ) = ΔΦ − E(hy)Φ + T [1 2 ψ^2]Φ + T [Φψ]ψ.

In the following we write L̃_h instead of L̃_h[ψ] for ψ = ψ_{ϵ,}P. We remark that the operator L̃_h is self-adjoint and it is then an easy consequence (integration by parts) that the cokernel of L̃_h coincides with its kernel. We choose approximate cokernel and kernel as

C_{h,}P = span{h ∂w_{Pi} ∂P_{i,j} |i = 1, . . . , K, j = 1, . . . , 3} ⊂ L^2(R^3), K_{h,}P = span{h ∂w_{Pi} ∂P_{i,j} |i = 1, . . . , K, j = 1, . . . , N} ⊂ H^2(R^3) ∩ E. Remark: Setting x = hy and differentiating the equation Δw_{Pi} (y) − E(hP_i)w_{Pi} (y) + T [ 1 2 w^2_{Pi} ](y)w_{Pi} (y) = 0

with respect to P_{i,j} gives Δh ∂w_{Pi} (y) ∂P_{i,j} − E(P_i)h ∂w_{Pi} (y) ∂P_{i,j} + T [ 1 2 w^2_{Pi} (y)]h ∂w_{Pi} (y) ∂P_{i,j}

SCHRÖDINGER-NEWTON EQUATIONS 21 +T [w_{Pi} (y)h ∂w_{Pi} (y) ∂P_{i,j} ]w_{Pi} (y) − h ∂E(P_i) ∂P_{i,j} w_{Pi} (y) = 0, y ∈ R^3.

Hence it is easy to see by using Theorem 3.1 that ‖h ∂w_{Pi} ∂P_{i,j} + ∂w_{E(Pi)}(y) ∂y_j ‖_H2_{(R}3_)

= O(h|∇E(P_i)|‖w_{Pi} ‖_L2_{(R}3_) + h^2) = O(h|∇E(P_i)| + h^2). (4.2)

Let π_{h,}P denote the projection from L^2(R^3) onto C^⊥_{h,}P (using the L^2 scalar product). Our goal in this section is to show that the equation π_{h,}P ∘ S_h( K∑ i=1 w_{Pi} + Φ) = 0

has a unique solution Φ = Φ_{h,}P ∈ K^⊥_{h,}P if h is small enough. Moreover Φ_{h,}P is C^1 in P = (P_1, ..., P_K).

As a preparation the following proposition gives the invertibility of the corresponding linearized operator.

Proposition 4.1. Let L_{h,}P := π_{h,}P ∘ L̃_h. Then there exist positive constants h such that for all h ∈ (0, h) and P = (P_1, ..., P_K) ∈ R^{3K} with |P_i − P_j| > δ for i ≠ j and some δ > 0 the map

L_{h,}P = π_{h,}P ∘ L̃_h : K^⊥_{h,}P → C^⊥_{h,}P

is both injective and surjective. Moreover

‖L_{h,}PΦ‖_L2_{(R}3_) ≥ C‖Φ‖_H2_{(R}3_) (4.3)

for all Φ ∈ K^⊥_{h,}P.

Proof: We just mention the two most important facts: 1. By the remark above ∫ R^3

h^2 ∂w_{Pi} (y) ∂P_{i,j} ∂w_{Pk} (y) ∂P_{k,l} dy = E^{3/2}_i δ_{ik}δjl ∫ R^3 ( ∂w(y) ∂y_1 )_2 dy +O(h(|∇E(P_i)| + |∇E(P_j)|) + h^2) as h → 0. This means that h^{∂wPi (y)}_{∂Pi,j} , i = 1, . . . , K, j = 1, . . . , 3, converge to an orthogonal system in L^2(R^3) as h → 0.

22 JUNCHENG WEI AND MATTHIAS WINTER

2. We calculate L̃_h[w_{Pi} ](h∂w^{Pi} (y) ∂P_{i,j} ) = −(E(hz) − E(P_i))h ∂w_{Pi} (y) ∂P_{i,j} +(Δ − E(P_i) + T [ 1 2 w^2_{Pi} ](y))(h ∂w_{Pi} (y) ∂P_{i,j} + ∂w_{Ei} (y) ∂y_j ) +T [w_{Pi} (h ∂w_{Pi} ∂P_{i,j} + ∂w_{Ei} ∂y_j )](y)w_{Pi} (y).

+T [ 1 2 ( K∑ k=1 w_{Pk} )^2 − 1 2 w^2_{Pi} ](y)h ∂w_{Pi} (y) ∂P_{i,j} + ∑ k≠i T [(w_{Pk} h ∂w_{Pi} (y) ∂P_{i,j} )](y)w_{Pi} (y)

+ ∑ k≠i T [(w_{Pi} h ∂w_{Pi} (y) ∂P_{i,j} )](y)w_{Pk} (y)

+ ∑ k,l≠i T [(w_{Pk} h ∂w_{Pi} (y) ∂P_{i,j} )](y)w_{Pl} (y). Therefore ‖L̃_h(h ∂w_{Pi} (y) ∂P_{i,j} )‖_L2_{(R}3_) = O(h|∇E(P_i)| + ∑ j≠i h |P_i − P_j| + h^2) (4.4) again by using the remark above and the relations ‖T [w_{Pi} w_{Pk} ]w_{Pl} ‖_L2_{(R}3_) = O(e^{−C/h}), i ≠ k, l = 1, . . . , K, (4.5) ‖T [w_{Pk} ∂w_{Pi} ∂P_{i,j} ]w_{Pl} ‖_L2_{(R}3_) = O(e^{−C/h}), i ≠ k, l = 1, . . . , K, (4.6)

‖T [w_{Pi} ]w_{Pk} ]‖_L2_{(R}3_) = O( h |P_i − P_k ), i ≠ k. (4.7)

With these two facts in hand the proof can easily be completed. 2 We are now in a position to solve the equation π_{h,}P ∘ S_h( K∑ i=1 w_{Pi} + Φ) = 0, Φ ∈ K^⊥_{h,}P. (4.8)

We first compute

S_h(ψ_{h,}P) = h^2Δψ_{h,}P − E(hy)ψ_{h,}P + T [ 1 2 ψ^2_{h,}P]ψ_{h,}P

SCHRÖDINGER-NEWTON EQUATIONS 23 = K∑ i=1 Δw_{Pi} (y) − E(hy) K∑ i=1 w_{Pi} (y)

+T [ 1 2 ∑ i,j w_{Pi} w_{Pj} )](y) K∑ k=1 w_{Pk} (y)

= − K∑ i=1 (E(hy) − E(P_i))w_{Pi} (y)

+T [ 1 2 ∑ i,j≠k w_{Pi} w_{Pj} )](y) K∑ k=1 w_{Pk} (y). In the same way as in proving (4.4) we estimate ‖S_h(ψ_{h,}P)‖_L2_{(R}3_) = O(h K∑ i=1 |∇E(P_i)| + ∑ i≠j K∑ j=1 h |P_i − P_j| + h^2).

Now note that simple computations show that S_h(ψ_{h,}P + Φ) = S_h(ψ_{h,}P) + L̃_h(Φ) + N_{h,}P(Φ), (4.9) where N_{h,}P(Φ) = T [ 1 2 Φ^2]ψ + T [ψΦ]Φ + T [ 1 2 Φ^2]Φ.

It is easy to see that ‖N_{h,}P(Φ)‖_L2_{(R}3_) = O(‖ϕ‖^2_H2_{(R}3_)).

Therefore we have established the following Lemma. Lemma 4.2. For h sufficiently small, we have S_h( K∑ i=1 w_{Pi} + Φ) = M_{h,}P + L̃_h(Φ) + N_{h,}P(Φ) (4.10) with M_{h,}P := S_h( K∑ i=1 w_{Pi} ), where

‖M_{h,}P‖_L2_{(R}3_) = O(h K∑ i=1 |∇E(P_i)| + ∑ i≠j K∑ j=1 h |P_i − P_j| ) and ‖N_{h,}P(Φ)‖_L2_{(R}3_) ≤ C‖Φ‖^2_H2_{(R}3_).

24 JUNCHENG WEI AND MATTHIAS WINTER

Next we solve (4.8). Since L_{h,}P|_K⊥_{h,}P is invertible (call the inverse L^{−1}_{h,}P) we can rewrite (4.8) as Φ = −(L^{−1}_{h,}P ∘ π_{h,}P ∘ M_{h,}P − (L^{−1}_{h,}P ∘ π_{h,}P)N_{h,}P(Φ)

≡ G_{h,}P(Φ), (4.11) where the operator G_{h,}P is defined by the last equation for Φ ∈ H^2(R^3). We are going to show that the operator G_{h,}P is a contraction on B_{h,η} ≡ {Φ ∈ H^2(R^3)|‖(Φ)‖_H2_{(R}3_) < η} if η = C_0h( ∑_K i=1 |∇E(P_i)| + ∑ i≠j ∑_K j=1 1 |P_i−P_j | ) and C0 > 0 is large enough.

In fact, we have

‖G_{h,}P(Φ)‖_H2_{(R}3_) ≤ C(‖π_{h,}P ∘ N_{h,}P(Φ)‖_L2_{(R}3_) + ‖π_{h,}P ∘ (M_{h,}P)‖_L2_{(R}3_{))}) ≤ C(c(η)η + h K∑ i=1 |∇E(P_i)| + ∑ i≠j K∑ j=1 h |P_i − P_j| < η where C > 0 is independent of η > 0 and c(η) → 0 as η → 0. If we choose C_0 large enough, then G_{h,}P is a map from B_{h,η} to B_{h,η}. Similarly we can show ‖G_{h,}P(Φ) − G_{h,}P(Φ^′)‖_H2_{(R}3_) ≤ Cc(η)‖Φ − Φ^′‖_H2_{(R}3_), where c(η) → 0 as η → 0. Therefore G_{h,}P is a contraction on B_{h,η}. The existence of a fixed point Φ = Φ_{h,}P now follows from the Contraction Mapping Principle and hence Φ_{h,}P is a solution of (4.11).

Because of

‖Φ_{h,}P‖_H2_{(R}3_) ≤ C(‖N_{h,}P(Φ_{h,}P)‖_L2_{(R}3_) + ‖M_{h,}P‖_L2_{(R}3_)) ≤ C + h K∑ i=1 |∇E(P_i)| + ∑ i≠j K∑ j=1 h |P_i − P_j| + c(η)‖Φ_{h,}P‖_H2_{(R}3_),

we have

(1 − Cc(η))‖(Φ_{h,}P)‖_H2_{(R}3_) ≤ Ch( K∑ i=1 |∇E(P_i)| + ∑ i≠j K∑ j=1 1 |P_i − P_j| ). We have thus proved the following

SCHRÖDINGER-NEWTON EQUATIONS 25

Lemma 4.3. There exists h > 0 such that for any 0 < h < h and P ∈ R^{3K} , P = (P_1, . . . , P_K) with P_i ∈ R^3, P_i ≠ P_j for i ≠ j, there exists a unique Φ_{h,}P ∈ K^⊥_{h,}P satisfying

S_h( K∑ i=1 w_{Pi} + Φ_{h,}P) ∈ C^⊥_{h,}P.

Furthermore, we have the estimate

‖Φ_{h,}P‖_H2_{(R}3_) ≤ Ch( K∑ i=1 |∇E(P_i)| + ∑ i≠j K∑ j=1 1 |P_i − P_j| ). (4.12)

Finally we note that Φ_{h,}P is actually smooth in P.

Lemma 4.4. Let Φ_{h,}P be defined by Lemma 4.3. Then Φ_{h,}P ∈ C^1 in P.

Proof: The proof follows along the same line as the one given in [11]. Therefore we just sketch the main argument.

Notice that it can be read off directly that the functions w_{Pi} , ∂w_{Pi} /∂P_{i,j}, and ∂^2w_{Pi} /(∂P_{i,j}∂P_{i,k}) are continuous in P. This implies that the projection π_{h,}P is C^1 in P.

We then decompose^{∂Φh,}P_{∂Pi,j} into two parts: ( ∂Φ_{h,}P ∂P_{i,j} ) = ( ∂Φ_{h,}P ∂P_{i,j} ) 1 + ( ∂Φ_{h,}P ∂P_{i,j} , ) 2 where (_{∂Φh,} P ∂P_{i,j} ) 1 ∈ K_{h,}P and (_{∂Φh,} P ∂P_{i,j} ) 2 ∈ K^⊥_{h,}P. Then it follows first by a direct calculation that (_{∂Φh,} P ∂P_{i,j} ) 1 is continuous in P. Finally, by using the theorem about the smoothness of inverse operators it follows that (_{∂Φh,} P ∂P_{i,j} ) 2 is also continuous in P. The proof is finished.

5. The Existence Proof

In this section, we finish the proof of Theorem 1.3.

Fix P = (P_1, . . . , P_K) ∈ R^{3K} such that P_i ≠ P_j for i ≠ j. Let Φ_{h,}P be the function given by Lemma 4.3. For a given (small) c_0 > 0 we introduce

Λ_h := {P ∈ Γ^K_0 : |P_i − P_j| ≥ c_0h, i ≠ j} (5.1)

26 JUNCHENG WEI AND MATTHIAS WINTER

and define a new functional M_h(P) = J_h( K∑ i=1 w_{Pi} + Φ_{h,}P) : Λ_h → R. (5.2) We first prove the following asymptotic expansion of M_h(P).

Lemma 5.1. For P ∈ Λ̄_0, we have M_h(P) = K∑ i=1 E_(P_i)^{3/2}I(w)

− 1 32π ∑ i≠j K∑ j=1 E(P_i)^{1/2}E(P_j)^{1/2} h |P_i − P_j| (∫ R^3 w^2(y) dy )_2

+O(h^2( K∑ i=1 |∇E(P_i)| + ∑ i≠j K∑ j=1 1 P_i − P_j| )^2), (5.3) where w is the ground state of (1.6). Proof: For any P ∈ Λ_h, we have M_h(P) = J_h( K∑ i=1 w_{Pi} ) + ∫ R^3

L̃_h(Φ_{h,}P)(y) K∑ i=1 w_{Pi} (y) dy + O(‖Φ_{h,}P‖^2_H1_{(R}3_)).

After integration by parts and using the calculations from the proof of Proposition 4.1 we obtain

M_h(P) = J_h( K∑ i=1 w_{Pi} ) + O(h^2( K∑ i=1 |∇E(P_i)| + ∑ i≠j K∑ j=1 1 P_i − P_j| )^2) +O(‖Φ_{h,}P‖^2_H2_{(R}3_)).

With Lemma 2.1 and Lemma 4.3 the claim follows.

Proof of Theorem 1.3 : By Lemma 4.3 and Lemma 4.4, there exists h_0 such that for 0 < h < h_0 we have a C^1 map which, to any P ∈ Λ_h, associates Φ_{h,}P ∈ K^⊥_{h,}P such that S_h( K∑ i=1 w_{Pi} + Φ_{h,}P) = ∑ k=1,...,K;l=1,...,N α_{kl} ∂w_{Pk} ∂P_{k,l} (5.4) for some constants α_{kl} ∈ R^{KN} .

SCHRÖDINGER-NEWTON EQUATIONS 27

In the same way as in [14] it can be shown that for h small the optimization problem max{M_h(P) : P ∈ Λ_h} (5.5) has a solution P^h ∈ Λ_h.

That means, we have ∂M_h(P^h) ∂P_{i,j} = 0, i = 1, ..., K, j = 1, ..., 3. Let Φ = Φ_{h,}Ph and u_h = ∑_K i=1 w_P h_i + Φ_{h,P} h_{1 ,...,P} h_K . Integration by parts gives ∫ R^3 [∇u_h∇ ∂(w_{Pi} + Φ_{h,P1,...,PK} ) ∂P_{i,j} |_{Pi=P} h_i

+Eu_h ∂(w_{Pi} + Φ_{h,P1,...,PK} ) ∂P_{i,j} |_{Pi=P} h_i − T [ 1 2 u^2_h]u_h ∂(w_{Pi} + Φ_{h,P1,...,PK} ) ∂P_{i,j} |_{Pi=P} h_i ] = 0 for i = 1, ..., K and j = 1, ..., 3. Therefore we obtain ∑ k=1,...,K;l=1,...,N α_{kl} ∫ R^3 ∂w_P h_k ∂P_{k,l} ∂(w_P h_i + Φ_{h,P} h_{1 ,...,P} h_K ) ∂P^h_{i,j} = 0, ∀i = 1, ..., K, j = 1, ..., 3. (5.6) Since Φ_{h,P} h_{1 ,...,P} h_K ∈ K^⊥_{h,}P_h , we have that ∫ 3 h ∂w_P h_k (y) ∂P^h_{k,l} ∂hΦ_{h,P} h_{1 ,...,P} h_K (y) ∂P^h_{i,j} dy = − ∫ R^3

∂^2w_P h_i (y) ∂P^h_{k,l}∂P^h_{i,j} Φ_{h,P} h_{1 ,...,P} h_K (y) dy

= ‖ ∂^2w_P h_i ∂P^h_{k,l}∂P^h_{i,j} ‖_L2_{(R}3_)‖Φ_{h,P} h_{1 ,...,P} h_K ‖_L2_{(R}3_)

= O(h| K∑ i=1 ∇E(P^h_i )| + ∑ i≠j K∑ j=1 h |P^h_i − P^h_j | ) = O(h). Note that by the Proof of Proposition 4.1 ∫ R^3 h ∂w_P h_k (y) ∂P^h_{k,l} h ∂w_P h_i (y) ∂P^h_{i,j} dy = { E^{3/2}_i ∫ R^3 ( ∂w ∂y_j ) 2 + o(1) if i = k, j = l o(1) otherwise.

Thus equation (5.2) becomes a system of homogeneous equations for α_{kl} and the matrix of the system is nonsingular since it is diagonally dominant. So α_{kl} ≡ 0, k = 1, ..., K, l = 1, ...N. Hence ψ_h = ∑_K i=1 w_P h_i + Φ_{h,P} h_{1 ,...,P} h_K is a critical point of J_h and ψ_h(x) satisfies (1.5).

28 JUNCHENG WEI AND MATTHIAS WINTER

It is easy to see that by the maximum principle ψ_h > 0. This proves Theorem 1.3.

Finally we mention that the Proof of Theorem 1.2 is the same as of Theorem 1.3 except for a small change.

Proof of Theorem 1.2: Choose in the Proof of Theorem 1.3

Λ_h := {P ∈ Γ_1 × Γ_2 × · · · × Γ_K : |P_i − P_j| ≥ c_0h, i ≠ j}. 2 References

[1] A. Ambrosetti, M. Badiale and S. Cingolani, Semi-classical states of nonlinear Schrödinger equations, Arch. Rat. Mech. Anal. 140(1997), 285-300.

[2] Bandle, C. and Flucher, M., Harmonic radius and concentration of energy; hyperbolic radius and Liouville’s equation ΔU = e^U and ΔU = U^{(n+2)/(n}�^{2)}, SIAM Rev. 38 (1996), 191-238.

[3] H. Berestycki and P.L. Lions, Nonlinear scalar field equations, I, II, Arch. Rat. Mech.

Anal. 82( 1983), 313-345, 347-375.

[4] Christian, J., Exactly soluble sector of quantum gravity, Phys. Rev. D 56 (1997) 4844-4877.

[5] V. Coti Zelati and P. H. Rabinowitz, Homoclinic type solutions for a semilinear elliptic PDE on R^N , Comm. Pure Appl. Math. 45 (1992), 1217-1269.

[6] M. del Pino and P. Felmer, Multi-peak bound states for nonlinear Schrödinger equations, Ann. Inst. H. Poincaré Anal. Non Linéaire 15(1998), 127–149.

[7] M. del Pino and P. Felmer, Semi-classical states for nonlinear Schrödinger equations, J. Funct. Anal. 149(1997), 245-265.

[8] W.-Y. Ding and W.-M. Ni, On the elliptic equation Δu + Ku n+2n�2 = 0 and related topics, Duke Math. J. 52(1985), 485-506.

[9] A. Floer and A. Weinstein, Nonspreading wave packets for the cubic Schrödinger equations with a bounded potential, J. Funct. Anal. 69(1986), 397-408.

[10] C. Gui, Existence of multi-bump solutions for nonlinear Schrödinger equations via variational method, Comm. in P.D.E. 21(1996), 787-820.

[11] C. Gui and J. Wei, Multiple interior peak solutions for some singularly perturbed Neumann problems, J. Diff. Eqns. 158(1999), 1-27.

[12] C. Gui, J. Wei and M. Winter, Multiple boundary peak solutions for some singularly perturbed Neumann problems, Ann. Inst. H. Poincaré Anal. Non Linéaire 17(2000), 47-82.

[13] B. Gidas, W.-M. Ni and L. Nirenberg, Symmetry of positive solutions of nonlinear elliptic equations in R^n, Mathematical Analysis and Applications, Part A, Adv. Math. Suppl. Studies 7A (1981), Academic Press, New York, 369-402.

[14] X. Kang and J. Wei, On interacting bumps of semi-classical states on nonlinear Schrödinger equations, Adv. in Diff. Eqns. 2000, in press.

[15] M.K. Kwong, Uniqueness of positive solutions of Δu − u + u^p = 0 in R^N , Arch. Rat.

Mech. Anal. 105 (1989), 243-266.

[16] Y. Li, On a singularly perturbed elliptic equation, Adv. Diff. Eqns 2(1997), 955-980.

SCHRÖDINGER-NEWTON EQUATIONS 29

[17] P.L. Lions, On positive solutions of semilinear elliptic equations in unbounded domains, Nonlinear Diffusion Equations and Their Equilibrium States, Vol. II (W.-M. Ni, L.A. Peletier, J. Serrin, eds.), MSRI Publications 13, 85-122 (1988).

[18] P. L. Lions, The concentration-compactness principle in the calculus of variations:

the limit case (part 1), Riv. Mat. Iberoamericana 1 (1985), no.1, 145-201. [19] P. L. Lions, The concentration-compactness principle in the calculus of variations:

the limit case (part 2), Riv. Mat. Iberoamericana 1 (1985), no. 2, 45-121. [20] G. Lu and J. Wei, On nonlinear Schrödinger equations with totally degenerate potentials, C. R. Acad. Sci. Paris 326 (1998), 691-696.

[21] G. Lu and J. Wei, On a Sobolev inequality with remainder terms, Proc. Amer.

Math. Soc. 128 (2000), 75-84.

[22] Moroz, I.M., Penrose, R., and Tod, P., Spherically-symmetric solutions of the Schrödinger-Newton equations, Topology of the Universe Conference (Cleveland, OH, 1997), Classical Quantrum Gravity 15 (1998), 2733 - 2742.

[23] Moroz, I.M., Tod, P., An analytical approach to the Schrödinger-Newton equations, Nonlinearity 12 (1999), 201-216.

[24] W.-M. Ni, Some aspects of semilinear elliptic equations in R^n, Nonlinear Diffusion Equations and Their Equilibrium States, Vol. II (W.-M. Ni, L.A. Peletier, J. Serrin, eds.), MSRI Publications 13, 171-205 (1988).

[25] Ni, W.-M. and J. Wei, On the location and profile of spike-layer solutions to singularly perturbed semilinear Dirichlet problems, Comm. Pure Appl. Math. 48(1995), 731-768.

[26] Y.-G. Oh, Existence of semi-classical bound states of nonlinear Schrödinger equations with potential of the class (V )_a, Comm. in P.D. E. 13(1988), 1499-1519. (Corrections, Comm. in P. D. E. 14(1989), 833-834.)

[27] Y.-G. Oh, On positive multi-lump bound states of nonlinear Schrödinger equations under multi-well potentials, Comm. Math. Physics 131(1990), 375-399.

[28] Penrose, R., Quantum computation, entanglement and state reduction, R. Soc.

Lond. Phil. Trans. Ser. A, Math. Phys. Eng. Sci. 356 (1998), 1927-1939. [29] P.H. Rabinowitz, On a class of nonlinear Schrödinger equations, Z. Angew. Math.

Phys. 43 (1992), 270-291.

[30] X.-F. Wang, On concentration of positive bound states of nonlinear Schrodinger equations, Comm. Math. Phys. 153 (1993), 2229-244.

[31] X. F. Wang and B.Zeng, On concentration of positive bound states of nonlinear Schrodinger equations with competing potential functions, SIAM J. Math. Anal. 28(1997), 633-655.

[32] J. Wei, Conditions for two-peaked solutions of singularly perturbed elliptic equations, Manuscripta Math. 96(1998), 113-131.

[33] J. Wei, On the interior spike layer solutions for some singular perturbation problems, Proc. Royal Soc. Edinburgh, Section A (Mathematics) 128 A(1998), 849-874.

[34] J. Wei and M. Winter, Stationary solutions for the Cahn-Hilliard equation, Ann.

Inst. H. Poincaré Anal. Non Linéaire 15(1998), 459-492.

30 JUNCHENG WEI AND MATTHIAS WINTER

Department of Mathematics, The Chinese University of Hong Kong, Shatin, Hong Kong

E-mail address: wei@math.cuhk.edu.hk

Mathematisches Institut A, Universität Stuttgart, Pfaffenwaldring 57, D-70569 Stuttgart, Germany E-mail address: winter@mathematik.uni-stuttgart.de