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Abstract

Recently, skyrmions with integer topological charges have been observed numer-
ically but have not yet been shown rigorously on two-component systems of nonlinear
Schrodinger equations (NLSE) describing a binary mixture of Bose-Einstein condensates
(cf. [2] and [25]). Besides, half-skyrmions characterized by half-integer topological charges
can also be found in the nonlinear ¢ model which is a model of the Bose-FEinstein con-
densate of the Schwinger bosons (cf. [18]). Here we prove rigorously the existence of
half-skyrmions which may come from a new type of soliton solutions called spike-vortex
solutions of two-component systems of NLSE on the entire plane R?. These spike-vortex
solutions having spikes in one component and a vortex in the other component may form
half-skyrmions. By Liapunov-Schmidt reduction process, we may find spike-vortex solu-
tions of two-component systems of NLSE.

1 Introduction

Spikes and vortices are important phenomena in one-component nonlinear Schrodinger
equations (NLSE) having applications in many physical problems, especially in Bose-Einstein
condensation. In the last two decades, there have been many analytical works on both spikes
and vortices, respectively. One may refer to [19] for a good survey on spikes, and [1], [11] and
[21] for survey on vortices. Recently, a double condensate i.e. a binary mixture of Bose-Einstein
condensates in two different hyperfine states has been observed and described by two-component
systems of NLSE (cf. [22]). It would be possible to find spike and vortex solutions from two-
component systems of NLSE. However, until now, there is no result to deal with spike-vortex
solutions having spikes in one component and a vortex in the other component. In this paper,
we want to find such solutions and investigate the interaction of spikes and vortices.
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Ordinary skyrmions being of topological solitons resemble polyhedral shells which look like
closed loops, possibly linked or knotted. Besides their intrinsic fundamental interest, skyrmions
have important applications in nuclear physics (cf. [17]), and analogous structures are postu-
lated for early universe cosmology (cf. [4]). To get a skyrmion, one may consider the multi-
component wave function which may introduce the extra internal degrees of freedom and result
in a nontrivial structure characterized by topological charges. For two-dimensional Skyrme
model, skyrmions have been investigated by the method of concentration-compactness (cf. [13]).
In a double condensate, skyrmions with integer topological charges have been observed by
numerical simulations on two-component systems of NLSE (cf. [2] and [25]). Besides, half-
skyrmions characterized by half-integer topological charges can also be found in the nonlinear
o model which may describe the Bose-Einstein condensate of the Schwinger bosons (cf. [18]).
Here we prove rigorously the existence of half-skyrmions in a double condensate using spike-
vortex solutions of two-component systems of NLSE.

To get spike-vortex solutions, we study soliton solutions of time-dependent two-component
systems of NLSE as follows:

v, -
—\/—1%Iﬁ¢j+2ﬁij|¢¢’2¢j, for xeR"t>0,7=1,2, (11)
=1

where the spatial dimension n = 2 and ¢; = ¢;(x,t) € C for j = 1,2. The system (1.1)
is a standard model to describe a double condensate. Physically, 1;’s are the corresponding
complex-valued wave functions, and the coefficients 3;; ~ —a;; for 7,5 = 1,2, where a;;’s and
a12 = ag are the intraspecies and interspecies scattering lengths, respectively. When the spatial
dimension is one, i.e. n = 1, it is well-known that the system (1.1) is integrable, and there
are many analytical and numerical results on soliton solutions of coupled nonlinear Schrodinger
equations (e.g. [7], [8], [9]). Recently, from physical experiments (cf. [3]), even three-dimensional
solitons have been observed in Bose-Einstein condensates. It is natural to believe that there
are two-dimensional (i.e. n = 2) solitons in double condensates. However, when the spatial
dimension is two, the system (1.1) becomes non-integrable and has only few results on two-
dimensional solitons. This may lead us to study two-dimensional soliton solutions of the system
(1.1) and find different types of solitons.

In the vicinity of a Feshbach resonance, scattering lengths a;;’s depend sensitively on the
magnitude of an externally applied magnetic field (cf. [23] and [24]), allowing the magnitude and
sign of 3;;’s to be tuned to any value. Generically, when both (3;;’s are positive, the system (1.1)
is of self-focusing and has bright soliton solutions on the associated two components. On the
other hand, when both f3;;’s are negative, the system (1.1) is of self-defocusing and has dark
soliton solutions on the associated two components. Here we have interest on the case that 34
and [y have opposite signs which may result in a new type of soliton solutions called spike-
vortex solutions of the system (1.1) i.e. one component has spikes and the other component
has a vortex. Furthermore, we may obtain half-skyrmions by these spike-vortex solutions.

To obtain soliton solutions of the system (1.1), we set

iz, t) = eV N ui(z), u;eC,j=1,2. (1.2)



Substituting (1.2) into (1.1), we may obtain a two-component system of semilinear elliptic
partial differential equations given by

Auy — Mg + B [ur]? ug + Brz ug Jusl? = 0, (1.3)
Aug — At + fog [ug|? ug + Bra|us|Pus =0,

where (315 is the coupling constant. In [15]-[16], we studied the ground state solutions of (1.3)
for the case that 511 > 0, $22 > 0 and u;’s are positive functions. Namely, we investigated the
following problem:

Au— Mu+ Bu? + Bouv? =0,

AV — \g¥ + Byov® + Brau?v = 0, (1.4)

u,v >0, u,v € H(R").

Due to each A\; > 0 and (;; > 0, both v and v components have attractive self-interaction
which may let spikes occur in these two components. One the other hand, when n =2, \; <0
and §;; < 0,7 = 1,2, and u;’s are complex-valued solutions of (1.3), vortices may exist in both
uy and uy components (cf. [12]).

In this paper, we study the case that n = 2, A1, 511 > 0, A9, B20 < 0, and wy is positive but
Uy is complex-valued function. Without loss of generality, we may assume that

AM=—X=pn=—LPr=1.

Namely, we study the following system:

{Au—u+u3+ﬁu|v|2:0 in R?, (1.5)

Av+v—|v]Pv+ Bu?v =0 in R?,

where u > 0 and v € C. To get skyrmions, a defining property of the skyrmion is that
the atomic field approaches a constant value at spatial infinity (cf. [26]). Hence we may set
boundary conditions of the system (1.5) as follows: u(x) — 0 and |v(z)| — 1 as || — 0.
As (=0, the first equation of the system (1.5) becomes a standard nonlinear Schrédinger
equation given by
Au—u+u®=0, uec HY(R? (1.6)

which has a unique least-energy spike solution w = w(r),r = |z| satisfying w'(r) < 0 for r > 0
and

w(r) = Agrze ™ [1 + O(%)], w'(r) = —Agr ze" [1 + O(%)} : (1.7)

Actually, this is also a typical spike solution of nonlinear Schrodinger equations. On the other
hand, as § = 0, the second equation of the system (1.5) can be written as

Av+v—|uffv=0, v=uv(z)eC for z€C=R?, (1.8)

which is of conventional Ginzburg-Landau equations (cf. [1]) having a symmetric vortex solution
of degree d € Z\{0} with the following form

va(2) = Sd(r)e‘/jldg, (1.9)
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where Sy(r) satisfies

Si+ 18y — £+ Sa— 53 =0, (1.10)
Sd(o) = 07 Sd<—|—OO) = 17
and
, d? 1
Si(r) >0, Sgr)=1- 53 + O(ﬁ) as r — +00. (1.11)

Here we want to prove that when ( increases or decreases, there exist spike-vortex solutions of
the system (1.5). This may become the first paper to illustrate such solutions of two-component
nonlinear Schrodinger systems.

The main purpose of this paper is to construct a spike-vortex solution (u,v) of the sys-
tem (1.5) such that u ~ w and v ~ vg. Actually, the main difficulty of this paper is to study
the interaction of typical spike and vortex solutions. Our first result shows that even a weak
repulsive interaction (# > 0 being small) can produce abundant bound states by solving the
system (1.5). More precisely, we have

THEOREM 1.1. Letn=2,d € N and k > 2 satisfy
(1) k> 2 is any positive integer if d =1,

(i) 2(d—1) # 0 mod k i.e. there does not exist any integer j such that 2(d — 1) = ku if
d>2.

Then for 3 > 0 sufficiently small, the problem (1.5) has a solution (ug,vg) satisfying ug(z) > 0
for z € C, v3(0) = 0 with degree d, and ug(z) — 0,|vg(2)] — 1 as |z| — oo. Moreover, as
B — 0+, (ug,vg) has the following asymptotic form

k

us(2) =) w(z =€) +0()).

j=1

vg(2) = Sa(r)eY ™" ¥eV 1) yy(2) = O(|8]) € C,

(1.12)

where w is the unique radial solution of (1.6), <§f, ...,§,f> forms a reqular k-polygon with

& = 1peV T =1k, (1.13)

and lg — +00 as 3 — 0+ satisfying lg = I3 + O(1), where lg satisfies
5
2

ferdaing = g, (1.14)

A picture of (ug,vs) is given by



U

In [15]-[16], the positive sign of 3 may give inter-component attraction when the inter-
component interaction is only for spikes. Conversely, the positive sign of # may contribute
inter-component repulsion when the inter-component interaction is for spikes and a vortex.
The inter-component repulsion between u and v components may balance with self-attraction in
u-component so a new kind of soliton solutions called spike-vortex solutions of two-component
nonlinear Schrodinger systems can be obtained in Theorem 1.1.

For 3 < 0, we may consider the radial solution of (1.5) given by

u=u(r), v=f(r)e' 1%, (1.15)

satisfying
v tu —utud + B =0, Vr>0,
fref =S+ f =Pt f =0, Vr>0,
u'(0) = 0, u(+o00) = 0,
f(0) =0, f(+00) =1,

where d € N and (r,6) is the polar coordinates in R%. Then we have the following existence
theorem:

(1.16)

THEOREM 1.2. Assume that n = 2 and 8 < 0. Then the problem (1.5) has radially
symmetric solutions of the following form:

u=u(r), v=f(r)e/ 1% (1.17)
where u(r) is strictly decreasing, f(r) is strictly increasing and (u, f) satisfies (1.16).

Remarks:

1. It is easy to see that the solution (u(r), f(r)) is unique for the system (1.16) if 3 is small
enough. It is an interesting question to study the uniqueness for general 5 < 0.

2. Note that the solution (u(r), f(r)e¥~'%) is not a global minimizer for the corresponding
energy functional of (1.5) since the equation of w is superlinear. It is conjectured that there
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exists a least energy solution (see definitions in [16]) satisfying Elu(r), f(r)eV~1%] < Elu,v]
for any solution (u,v) of (1.5) with deg(v) = d. Here the corresponding energy functional is
defined as

1 1 1 1
Elu,v] = —/ (|Vul? +u?) — —/ ut+ = [ |V + —/ (1—[v*)? - é/ w?vl?. (1.18)
2 R2 4 R2 2 R2 4 R2 2 R2

To get half-skyrmions, we may define a S%-valued map

1 U1
n = vy |, (1.19)

Vu?z +v? + 02 u

where (u, v1++/—1vy) is the spike-vortex solution obtained in Theorem 1.1 and 1.2. Generically,
the topological charge of S%-valued maps is defined by (cf. [6])

1
_47'(' R2

Q (0,0 AT drdy. (1.20)

Then we have
THEOREM 1.3. The S*-map defined by (1.19) is of half-skyrmions with topological charge £.
Throughout the rest of the paper, we assume that
ls—y<l<lg+7 (1.21)

for some suitable . Note that

1 1 1
= ——log = + ¢ loglog — + O(1) (1.22)
B 7 108 k108 108 )
2sin 7 1] I}

where ¢, is constant depending on k only. Besides, unless otherwise stated, the letter C will
always denote various generic constants which are independent of 3, especially for § sufficiently
small. The constant o € (0, %) is a fixed small constant.

The rest of this paper is organized as follows: In Section 2, we introduce useful properties
about the spike solution w and the symmetric vortex solution v,. In Section 3, we define the
approximate solutions of spike-vortex solutions and derive the associated error estimates. In
Section 4, we use Liapunov-Schmidt reduction process to find spike-vortex solutions. Then we
may complete the proof of Theorem 1.1 and 1.2 in Section 5 and 6, respectively. Finally, we

give the proof of Theorem 1.3 in Section 7.

Acknowledgments: The research of the first author is partially supported by a research Grant
from NSC of Taiwan. The research of the second author is partially supported by an Earmarked
Grant from RGC of Hong Kong.



2 Properties of Spikes and Vortex

We recall some properties of w and Sy(r)e¥ 1% where |d| = 1 or |d| > 1 and 2(d — 1) # 0
mod k. Let

Lofu] = &0 + & — S = 2Re(Sa(r)e™/ 1 90)Sy(r)ev =17,

for ¢ is a real-valued function and 1 is a complex-valued function. For convenience, we may
define the conjugate operator of Ly by

Eg = e_ﬁdeLQG\/jldo (22)

Then by simple computations, it is easy to check that

L[ty + V=1¢3] = Lo1[t1, ¥2] + V=1 Laa[thr, 9], (2.3)
for 11 and 9 are real-valued functions, where

i . & 2
Loy (Y1, ) = Atpy + (1 = 357)91 — ﬁ% — ﬁae?/b,

i .2
Loathr, o] = Atha + (1 — S7) g — r—sz + T—289¢1 .

Set a function space

= {(2)- (2 xns

where k > 2 is an integer. Hereafter, both the over-bar and asterisk denote complex conjugate.
We remark that the equation (1.5) is invariant under the following two maps

o(zeVIT) = (2), ¢(2) = ¢(2),
e } . (24)

) = eV T Y(2), ¥(2) =(2)*

2m
k

2m
k

Therefore, we may look for solutions of (1.5) in the space > . We first have

LEMMA 2.1.
(1) Suppose Ly[¢] = 0, ¢ € H*(R?) and ¢(2) = ¢(z). Then ¢(z) = c5%(z), where z =
21+ —1z, z; € R and c s a constant.



(2) Suppose
Lol = 0, [¢] < C, ¢(2) = 9(2), and Pp(zeV" %)=V TEp(z),  (26)

where C' is a positive constant. Then ¢ = 0, provided that |d| = 1 or |d| > 1 and
2(d—1)#0 mod k.

PROOF. (1) is easy to show. See Appendix C of [20]. We only need to show (2). We
firstly state the proof for the case when |d| = 1. For simplicity, we may assume d =
From [21](Theorem 3.2), we know that

= o J—_lS(r)eﬁa) + Z cj i(S(r)eﬁe) : (2.7)

Y = —
Yo,0 I
Yo,
where ¢;’s are constants. It is easy to calculate that ( ) S(r)e V-1,

o1 = (@)/%2—1—@—%\/—_1(@)%1/, and g9 = ( T)) “y+\/_[( Tr )y 5 ] where z = 2
and y = z. Consequently, (00(2))" = ~t00(2), (V0.1(2))" = vo1(2) and (Yoa{2))" # va(2).

Moreover, due to ¥(z)* = ¥(z), we have ¢y = co = 0. Hence we only have
Y(2) = 1o (2) -

However, it is obvious that 1y, doesn’t satisfy 2/101(zerf) — VI Yp1(z). Thus ¢ = 0
and ¥ = 0.

Now we give the proof for the case that |d| > 1. From [14], the solution 1) locally may
become a linear combination of 140(2) = v/—1 h(r) e¥=1% and the following forms

Yam(z) = alr) eV—1d-m)f 4 b(r) eV L dtm)o (2.8)

for m € N, where z = reV~1? and (r,0) is the polar coordinate. Here h, a and b are real-valued
functions. Actually, these forms are invariant to the operator Ly so one may decompose the func-
tion space X as invariant subspaces having the forms like 140 and 4,,’s. Then the condition
Y(2)* = ¥(Z) may imply Yao(2)* = ¥a0(Z). However, since 1q0(2) = \/_h( yeV=1d then
bao(2)* = —t0a0(Z) which gives 1hg0(z) = 0. Besides, the condition ¢ (zeV~17) = e\ﬁ%z/}( )
may give wdm(zeﬁ*) = V17 % 1g.m(2). Consequently,

a(y) Y T (VT T T”)+b< e T (/T — o TTE ) ~ 0. (29)

Hence a = 0 or b = 0 if eV~ 1@-m=D5 r # 1 or eV—L(d+m—1)F # 1. Due to Lo[thgm] = 0, a(r)
and b(r) satisfy

(2.10)

a”+%a’—%a+(1—5§)a—(a+b)S§ =0,
o Ly — (1 S2)b— (a+b)ST =0.
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This implies ¢ = b = 0if a = 0 or b = 0. Thus a = b =0 if e/ 1E@m-DF £ 1 or
eV =1(dtm=1% £ 1 Tt is trivial that eV~1@=m=D%F £ 1 or eV 1@tm-DF £ 1 if 2( —1)#0
mod k. Therefore a = b =0ie. ¥z, =0if 2(d—1) # 0 mod k, and we may complete the
proof of Lemma 2.1. O

To study the properties of Ly (or ﬁg) we introduce some Sobolev spaces. Let a € (0, 3).
We introduce Hilbert spaces X, and Y, as follows:

Xa = {'LL =UuU+v-— 1U2 S LIOC(RZ;(C)

[ Pl + fuah? < +oo}

equipped with inner product (u,v)y, = / (1 + |2)***) (uyvy + ugva)dz, and
R2

Y, —{v—vl—f—\/ 1U2€m22R2

2
2+« |/U‘
/ [ Aol (1 + |2 )dl‘+/RQ WdeJFOO}

u-v
equipped with inner product (u,v)y, = (Au, Av)x, + / —_—
quipp p (u,v)yv, = ( )Xa e Tt o

1 3
hl < —_— h .
L= (L ) i

Besides, we see that X, has a compact embedding to L'(R?). Originally, these spaces are real-
valued function spaces introduced in Chae and Imanuvilor (cf. [5]). Here we generalize X, Y,
as complex-valued function spaces, and regard the operator Ly from the space Y, to the space
X,. We list some properties of X, and Y,,, whose proofs are exactly the same as in [5].

dz, respectively. Thanks
to the inequality

LEMMA 2.2.
(1) Let v € Y, be a harmonic function. Then v =constant.
(2) Yv € Y, we have |v(2)| < Ci||v]|ly, (In(1 + |z]) + 1), Vz € R%
(3) The image of Ly (or Ly) is closed in X, N o, where Sg = {1h = ¢(z) € C: (0,¢) € T} .
Now we study the invertibility of Ly (or f)Q) on the space Y, N Y.

LEMMA 2.3. For a € (0, %) Then operator Ly (or [:2) from the space Y, N Xy onto the

space X, N g 15 tnvertible. Furthermore,

Wy, < CllL2lllx s Wllva < ClLa[¥]lIx., (2.11)

PROOF. It suffices to consider the invertibility of L,. Then the invertibility of L, follows
from a trivial transformation. To show the invertibility of Lo, we claim that (Im(Ls))* = {0}.
Suppose ¢ € (Im(Ly))t. Then it is easy to check that Ly¢)] = 0,4 € X, N Y. By Lemma
2.1, we just need to show that v is bounded. To this end, we note that since ¢ € Xy, we have
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¥(0) = eV~ 1T 4(0) and k > 2 which may give ¢)(0) = 0. Let ¢ = ¢ eV~ 1. Then ¢ € X, and
Ls[¢] = 0. Hence ¢ € Y, and
Ap(z) = h(z)/ (1 + |2)**)? vz e R?,

where h € L*(R?). Consequently, by Lemma 2.2 and Riesz representation formula, we may

obtain
[¢(2)] < Clog(1+|z]), VzeR?,

and
10 ¢(2)] < Clog(1+|2]), VzeR”.
Thus
[h(2)], |9g(2)] < Clog(1+ |2|), VzeR2. (2.12)
The equation L, (Y] = 0,1 =91 + V/—11, can be written as
9 d? 2d
A'(pl + (]. - 3Sd>¢1 - T—21/)1 - 58977[)2 — 0, (213)
5 d? 2d
Aty + (1 = Sg)he — §¢2 + 539@/11 = 0. (2.14)

From (2.12) and (2.13), 1, satisfies

d? C
|Arpy + (1 — 3S53)9; — T—2¢1| < = logr for r=|z| > 1.

Hence by comparison principle,

C

()] < 7= = (2.15)
Here we have used the fact that S;(r) ~ 1 as r — oo. Similarly, we may have
[Oot0r(2)] = 1 f‘Z’ : (2.16)
It remains to show that 15 is bounded. Now we can use (2.14) and (2.16) to get
A+ (1= SE — Tl < - for v = o> 1.
r r2(1+7r)

In fact, 19 satisfies

d? 2d
—Atpy = f(2), where f(z) = (1 - 53 — r_2)¢2 + 5391/)1
Since ¢ € Y, we deduce that f(z) € X, N Yo and [, f(2) = 0. Since 15(0) = 0, we have

a(2) = 1o(0) + i/R2 log ul f(r)dr = L log uld f(r)dr (2.17)

2 |z — 7] T2 g Oz
from which we obtain that
[2(2)| < Clfllx, < +oo  for z € R%. (2.18)
Therefore by (2.15) and (2.18), we may complete the proof of Lemma 2.3. O
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To study the vortex solutions, we perform the following key transformation:
v =wg(2)eV"E) | y(2) = Sy(r) eV (2.19)

where ¢ = 1y + vV—11¢y and ¢; € R,j = 1,2. (Here we have assumed that the vortex occurs
at the center.) Now we define

Siu, ] == Au — u + u® 4 BuS2e V2

Salu, ] = Ay + QZdvd Vi — V=185(1 = e72) + V=1V — V=100,
We also write .
Sa[u, ¥] = Safu, 0] + La[¢)] + Nlu, ¢] (2.20)
where
~ 2Vvd 2
Lo[y] = A+ " Vih — 2¢/ =152, (2.21)
Sa(lz]) = ) }
A ANl VA —dve -
202 (S ) T - 90 9
+v/~-1 {A% — 283ty + 2 (%%) Viby + dV6 - wl} , (2.22)
d

Nlu, 9] = V=1|[VY [ = V=1SG(1 — e — 2¢»),
where V6 = 1(—sin6,cos). Then it is easy to see that solving (1.5) is equivalent to solving
Silu, ] =0, Salu,] =0. (2.23)
Let ¥ = 41 + v/ —11o, h = hy + /—1hy. We may define two norms as follows:

9]l = sup[leon] + (1 + [ V| + (1 + [2)) 7 a] + (1 + [2) V] (2.24)

z€R2
and
1]l = sup [(1 + [2)***(Jha] + [Re])].
2€R2
Then we may show the following key lemma

LEMMA 2.4. For any h € Xo N o with ||h|. < 400, there exists a unique ¢ € Yo N3y
such that
Lo[y] = h (2.25)

Furthermore, we have

[P« < CllA] (2.26)
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Proof: Let h = —y/—1vgh and ¢ = —/—1 vg0. Then (2.25) is equivalent to

~

Lof) = (2.27)
where h satisfies h € Yo and X
Al < || Al < +o0. (2.28)

Consequently, (2.28) implies that [, |h2(1+|2|*t*) < 400 and hence h € X,NYy. By Lemma
2.3, (2.27) has a unique solution ¢. Furthermore, as for (2.17), we obtain

. 1 ITll=]
= — log ——— d 2.29
o) = 5 [ e ML firyar (2.20)
where | f(2)] (1+]2])2t® < C||h|... From (2.29), we may deduce that |¢|+(14|2|)| V| < C||h]|ss

which implies that || + (14 |2])[Vi)| < C||h|sw ie. [U;] + (1 + |2])| V] < Cfhllw, 5 =1,2.
To obtain better estimates for )5, we may use the equation for ¢, and (2.22). Then

1 —2-a
A~ 2530+ 0 1991 ) = O (Il (141277

which gives

C [l 5 C [l

— < Ay + 2551, < .

(T Jalp = 502000 S

Hence we may use a barrier and elliptic estimates to get
Cl[ho]lex
+ |Vipg| < i
|¢2| | ’QZ)2| = (1+ |Z|)1+a

Here we have used the fact that Sy(r) ~ 1 as r — oo. Therefore we may complete the proof of
Lemma 2.4. [l

3 Approximate Solutions and Error Estimates

In this section, we introduce some approximate solutions and derive some useful estimates.
Let
Stlu, 1)
Slu, ] = ’ )

—12m

§j:l€ k(j_l)y j:]-a"'7k’ wj(’Z) = w(z_é.])’

u(z) = ij(z)’

Let

Then we have
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LEMMA 3.1. Forl large enough, we have

HSl [ul’ O] HLQ(RQ) + HSQ[UZ, 0]

o SO(IBIEF 4 72 E) (3.1)
PROOF. It is easy to check that

Sifu, 0] =Dy — wy + uf + Buylvg)?
3
:(ij@) N R
_O(waw;’ +18 |wj|>~

i#j J
Due to
/RQ wiw} < Ce 8l < Ce™sE - Wi j, (32)
we may obtain
HSl[Uz,O]HLz < [672lsin% +18]] . (3.3)

Here we have used the fact that §;’s are vertices of regular k-polygon with side length 2/sin 7 .
On the other hand, we have

k
[Safur, )] = |Bluf < CY_ |Ble=]
j=1
and so by (1.21)

k k
1S5 g, 0] s < C|3] sup (Z Bl ﬁ) < CIBD> G < ClplPFte. (3.4)
j=1

2
z€R j=1

Therefore by (3.3) and (3.4), we may obtain (3.1) and complete the proof of Lemma 3.1. [

4 Liapunov-Schmidt reduction process
Ly

2

Let X = (L2(R?) x X,)NY, Y := (H%(R?) x Y,) NS and L := ( ) Y — X, where

Li¢] = A¢ — ¢+ 3u2 ¢ and Ly is defined by (2.21). To solve (2.23), we first consider the
following linear problem: Given f € L*(R?) N %4, find (¢, c) such that

Z1¢:f+c%v ¢€H2(R2)m21a
ou (4.1)
bt =0,
]R2 8[

where ¥; = {¢ = ¢(2) e R: (¢,0) € £}.
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LEMMA 4.1. For each f € L*(R*) Ny, there exists a unique pair (¢, c) satisfying (4.1)
such that

191l 2 < Cl o (42)

PROOF. The existence and uniqueness may follow from Fredholm’s alternatives. Now we
prove (4.2) by contradiction. Suppose (4.2) is not true. Then there exist f3,, I, € R, ¢, €
H2*(R)NYy, fu € L*(R?) N Y, and ¢, such that 8, — 0, I, — 400,

1l =0 il =1 (4.3)
as n — o0, p
P — Ouy
L1¢n - fn + Cn @l 9 (44)
and 3
Uy .

Let ¢ (2) := én(z + & ). Then by (4.4), ¢, satisfies

Agn('z) - an(z) + 3w2(z)$n(2)

(4.6)

3
—~
I\
S~—
_l’_
-

Q
S

—

N

_l’_
Iy
—
N~—

9,
We may multiply (4.4) by % and integrate over the whole space R?. Then by (4.3), it is

8ul 2 Oul 8ul
) = A, — 2 ) — — —
%é;(m) A;(¢n oo+ 3io) 5 - [ 0%

oy, oy, 9 oy Oy
pr— A— —_— — — —_ —
Ai Bl af%wm>% SR

n—-+00
— 0.

obvious that

So ¢, — 0 asn — +oo. Hence by (4.6), asn — oo, (Zn — 50 which satisfies A$0—$0+3w2$0 =0
2

for some constants a; and ay. Moreover, due to ¢,(z) =

in R%. Thus by [20], ¢ = ]Zl aja—zj
gn(z), we have 50(2) = 50(2). Consequently, as = 0 and ggo = a1§—zw. On the other hand, by
1

14



3ul
0= [ ¢nrr
RQ(b 8[
~ aw b 8wj
- /R n(2) [—8—21@) + ;2 TR GREY
2
n—-too L/ <3w>
— — | .
R2 821
Therefore a; = 0, 50 =0, and ggn — 0in L? (R?). Then we have 3u125n — 0 in L? and hence
|on|| 2 — O which may give a contradiction and complete the proof. O

From Lemma 2.4 and 4.1, we may obtain that

LEMMA 4.2. For < jil > € X, there exists a unique < < Z ) ,c) €Y xR, such that
2

8ul
e \_( A — Ou _
L(w)—<f2>+c< %l>, R2¢81_0‘ (4.7)

Moreover, we have ||l + (|« < C ([ fill2 + [ fallss)-

we have

We may denote A as the inverse operator for Lemma 4.2, i.e. A ( jf,l ) = ( Z ) . Finally,
2
LEMMA 4.3. For large satisfying (1.21), there exists a unique ( Tqu
I

> c Y such that

Slu+ ] =c) | a1 |, iy = 0. (4.8)
0 R?

Furthermore,
l6ullz + [l < € (7250F + |gje2+).
PROOF. This may follow from standard contraction mapping principle. We choose (p,0) €

B, where
B={(6,0) €V : ||llu= + ]l < C (e7F 4 [gl2+) }

and then expand

Silur + ¢,] = Siui, 0] + Li[g] + Ni[o, ¥,
Salur + ¢, 1] = Salw, 0] + La[y)] + Na[o, ],

15



where

Ni[o,¥] = 3w + ¢* + 3 [qb S2 e 22 4y S2 (e‘w2 — 1)} , (4.9)
and
No[¢,¢] = —V=152u¢ + ¢°) + V=1|Vy[* = V=155(1 — 72 — 2¢). (4.10)

By (1.21) and (¢, ) € B, we have

1
2 N < 170’ _
Dl g2 + (12|« < |5 , 0 € (0, 100> )

as § > 0 sufficiently small i.e. [ sufficiently large. Moreover, by (4.9), (4.10) and the norms
defined at (2.24), we see that

INlz2(rey < ClBIII@I 2 + Il 72 + 161, (4.11)

and
[ Na|l < Cll90l17+ C15]. (4.12)

Now we can write (4.8) as

(0)=a( St stiion),

Then as for the proof of Proposition 1 in [16], we may use a contraction mapping argument to
obtain the desired result. Here we also need to use (4.11), (4.12), Lemma 3.1, 4.1 and 4.2. [

5 Finding zero of (/)

To prove Theorem 1.1, it is enough to find a zero of ¢(I) in (4.8). We multiply the first

0
equation of (4.8) by T and integrate it over the whole space R?. Then we obtain

ol
8ul 2 o 3ul
@ [ <ﬁ> = [ [0 +00 = (w00 + (007 5 (5.1)
+ RQ(UZ + ¢i)|va + ¢l’2%
= Il + 12, (52)
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where

8ul

I, =3 ul\vd|2 Ly ﬁ/ (o] + | + dn|en]) | =
:ﬁ/IR2 Ulssﬁ‘i‘O(’ﬁ’ l2+a+ |ﬁ|672ls1nz>

2
_ d 1 duy 272+ —2lsin T
_ﬁ (1_ﬁ+0(7‘_4)> EJFO(\BU + |Ble k>

0 ; d?0
ﬁ/ ulﬂ‘i‘o |ﬁ‘l*4+|ﬁ|2l2+a+|ﬁ‘672lsm ﬁ/ UZTQ al;l

Note that

/ aul / Z Zawl

=1 i#]
:O<e—2lsm %>’ (53)
—B d* 0wy =0 [/ w—d2 ow + O(e”sm}l)}
R2 ) r? 8[ N R2 ‘Z+€1|2 821
—— [ wt 0| + gl ). (54
R2

where ¢, is a positive constant independent of 3 and [. So
Iy = —co ﬁl_?’/ w2 + O<|ﬁ|l_4 + |B|2l2+a + |B|€_2181n%>- (55)
R2
For I, we have

a 9 —2lsin T
11:/ (B = w +uf) 57 +/ (A@—¢l+3u%¢l)ﬂ+0<|ﬁ]2l2+o‘+]6|e 2 k)
RQ
3
aul 8ul 8ul _
— . _ 3 7 e 2+« 2lsm
_/RzK;wJ) ;wﬂ] al +/RQ {Aaz " laz]¢l+0<|5” + Ble )

ow
_ 2 . 1 24+« —2lsin T
ot [ wtun( - G2 ) + O(jppee 4 e o)

2 _ w/Z— -
:_%Aﬂﬂz&Dﬂ S @W vy

/ 21 « —2lsin T
=6k [ WD) iz + & — &L dz + O(|gFEe + gl )

w(|& — &) + O<|ﬁ|2[2+a + |ﬁ|€—2lsin%>

—-1/2
=c (2Sin %) . l—1/26—2lsin% +O<|ﬁ|2l2+a + |ﬁ|e—2lsin%>7 (56)

dz + O (I8P + |Ble2 T )
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where ¢ is a positive constant. Here we have used the fact that (1.7) holds.
Combining (5.5) and (5.6), we see that

c(l) m eyl Pe7 2k — e, 8173+ O(BL).
Moreover, we may choose Zg such that
lAgl/Qe—QlAgsin% _ ﬁAg_3~ (57)

Then

i 1
p= 2sin T

1 1
—log — + czloglog — + ¢4.
r B

g

Now we want to choose I such that [ € (I3 —~,13 +7) and ¢(I) = 0 for some suitable v > 0. It
is remarkable that

. . _ S - - _ 1\-°
C(lﬁ _ "y) ~ Cl(lﬁ _ ’y) 1/26—2”35111%'5—27511’1% _ CQﬁ(lﬁ - ")/) 3 + O<5<10g B) ) > O’
if v is large enough. Similarly, C(Zg + ) < 0if v is large enough. Since ¢(l) is continuous
in [, then by the mean-value theorem, there exists lg € ([5 -7, Zg + 7) such that ¢(lg) = 0.

U
is easy to check that (ug,vs) satisfies all the properties of Theorem 1.1. Therefore we may
complete the proof of Theorem 1.1.

U, +
Consequently, the function ( e ﬁqz,lf; ) =: ( Yo ) is a solution of (1.5). Furthermore, it
V4€

6 Proof of Theorem 1.2

We first consider problem (1.16) on a ball Bg:

Au—u+ud+ BuS? =0,u=u(r),r <R
AS — LS+ S(1—8%)+pu*S=0,5=S(r),r<R (6.1)
S(0)=0,5(R)=1Lu(R)=0,u>0,0< S <1

Our idea is to find a solution of (6.1), and then let R — +o00. To this end, we consider the
associated energy functional

1 1 d?
Erlu,S] = 5/ (|Vu|2+u2)~|—§/ (|VS|2+ESQ) (6.2)
BR BR

1 1
+—/ (1—52)2—é S2u2——/ ut,

for u € H}(Bg) and S € I = {S € H'(Bg) : S(z) = S(|z|), S(0) = 0,S(R) = 1}.
Let the Nehari manifold be

N:{(u,S)eH&(BR)XIR,uEO,u;ﬁO:/ (|Vu]2+u2):/ (u4—|—6u252)}.

18



Then we consider the following energy minimization problem

= inf FE S 6.3
cr= inf rlu, S], (6.3)

and we have

LEMMA 6.1. If 3 < 0, then cg is obtained by some radially symmetric function (ug,Sg).
Furthermore, ug(r) < 0 and Sk(r) > 0 forr > 0.

Proof: We follow the proof of (1) Theorem 3.3 of [15]. To this end, we define another energy
functional

1 1 d>
Eylu, 5] = -/ (IVuf +u?) + —/ (s + L s?) (6.4)
4 Br 2 /B, T
1
+—/ (1—5%)2%— A S22
4 Br 4 Br
and another solution manifold
N = {(u,S) € HY(Bp) x Inu>0,u20: / (Va2 +2) < / (! +ﬁu252)} |
BR BR
We consider another minimization problem:
"= inf Eplu,S]. 6.5
Cr (u’g)leN, rlu, S| (6.5)
Certainly, we have
Cp < CR. (6.6)

Let (uy, S,) be a minimizing sequence of ¢ on N’. Replacing S,, by min(S,, 1), we may
assume that S,, < 1. We may denote v and S as the Schwartz symmetrization of w,, and S,
respectively. Then (1 — S,)* =1 —S*. By Theorem 3.4 of [10],

/BR(l — Shu < /BR(l — 52)*(ur)? (6.7)

and hence due to # < 0,
6| (W)X (Sp)* <=5 [ uS: (6.8)

Br Br

On the other hand, we also have

1*2 1d2 %\ 2 1*4_ 12 1d22 ]'4
[ G 55 = Gt = [ G+ st ju),

272
[ (P 1vsit < [ (w4 [9S.P)
Br Br
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Hence we obtain
Egluy, Sp] < Eglun, Sy

n? n

and

/B (Vs + (u2)?) < / ((i2)* + B (52)?). (6.9)

Br

Thus we may replace (u,,S,) by its symmetrization (u},S¥). Since S, < 1 and H'(Bg) is a

n? n

compact embedding to L*(Bg), we see that (u,S,) — (ur, Sg) weakly in H'(Bg) and strongly
in L*(Bg), where (ug, Sg) € N attains cp. So cp is attained. If (ug, Sg) € (N')°—the interior
of N, then (ug, Sg) is a local minimizer of E}, and hence we have

Augp —ur + purSp =0, YO<r <R, and ugr(R)=0,

which implies ug = 0 since 5 < 0. This is impossible since from (6.9) and Sobolev embedding,
we infer that [ ug > C > 0. Therefore (ug, Sg) € I(N') =N and hence

CR S ER[UR, SR] = E;%[UR, SR] = C/R. (610)

Combining (6.6) and (6.10), we conclude that cg is attained by (ug, Sg). Then we have the
following equality:

GR[UR,SR] :/ (’VURIQ—FUQR—ﬂU%SIQ%—U%) =0. (611)

Bgr

Hence there exists a Lagrange multiplier Az such that
VERr +AgVGr=0. (6.12)

Acting (6.12) on (ug,0), we may obtain

/ (IVunf? + 12 — BunS — k) + 27n / (IVunf? + 2 — BuS2 — 2ub) =0,
Br

Br
and hence by (6.11),
—)\R/ up =0, ie. Ap=0.
Br

Therefore, we may complete the proof of Lemma 6.1.

Theorem 1.2 is proved by the following lemma
LEMMA 6.2. As R — 400, (ug, Sr) — (Uso, Seo) and (e, S) 48 a solution of (1.16).

Proof: Since Sk < 1,Sr(0) = 0, we first show that ug is uniformly bounded, independent of
R > 1. Actually, it is sufficient to show that fBR(|VuR|2 + u%) < C, where C is a positive
constant independent of R > 1. Let

GL [5]—/ Losp+Lgila sy
BrPE T g \2 2r2” T4 '
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It is remarkable that GLp, may come from the conventional Ginzburg-Landau functional.
From [21], we may sct Sg as the unique minimizer of GLg. Then for any u € Hj(Bg), there
exists tp such that (/tgru, Sg) € N, where tg is simply given by

J5, (IVul* +u® — BSEu?)

"= (6.13)
S v
Thus by Lemma 6.1 and 0 < Sp < 1,
- 2
_ _ 1| [5 [Vul? +u? — 3Shu?
cr < Ep[Vtru,Sk] = GLg,(Sg)+ 1 P I u
(fp, ut)2
2
_ |Vu|* + (1 = B)u?
S GLBR(SR)+ fBR e ;
(/g u')?
for all w € H}(Bg). Consequently, due to 3 < 0,
CR S GLBR(gR) + Co, (614)

where Cj is a positive constant independent of R > 1. Here we have used the fact that
: . fBR [Vul? + (1 = B)u?

lim  inf -

R—o00 uEH(%(BR) (fBR u4)§

By standard theory of Ginzburg-Landau equation (cf. [1]), we have

GLp,[Sr] > GLg,[Skr]. (6.15)
Combining (6.14) and (6.15), we see that
1 2 2 22 1 4
R
and hence by the equation of ug,

/ (IVug|* +ug) < C, (6.16)
Br

from which standard elliptic regularity theory gives that ug < C. Thus we may obtain that
(ur, SrR) — (oo, Seo) Which solves Aty — sy + U3, + fuseS% = 0. Note that uzr(0) > 1 and
hence uy # 0. By the Maximum Principle, u,, > 0. Similarly, 0 < S, (r) < 1 for r > 0.
Therefore we may complete the proof of Theorem 1.2.

O
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7 Proof of Theorem 1.3

In this section, we want to construct S?-valued map to get half-skyrmions by spike-vortex
solutions obtained in Theorem 1.1 and 1.2. For simplicity, we firstly use spike-vortex solu-
tions in Theorem 1.2 to find half-skyrmions. Let (u,v) be the radial spike-vortex solution in
Theorem 1.2. We may define a S?-valued map by

= ! v | = cos(¢(r)) sin(df) | , (7.1)

SV sin(o(r))

where v = v; + v —1 1y,

cos(o(r)) = f2('r’) = (7.2)
ur+ f
and
sin(p(r)) = —2_ (73)

Since both uw and f are positive everywhere, the function ¢ is well-defined and single-valued.
The map 7 can be decomposed into

cos(df) 0
= cos(p(r)) Bin(d@) + sin(o(r)) (1)

Then it is easy to check that

/ (0, AN, dody = / —glqﬁ'(r) cos(¢(r)) dx dy
R2 R2 T
= —2mdsin(¢(r))| =2nd,

i.e. the topological charge

Q:i/ (0, AO,T) dody =
R2

d
AT 2

(7.4)
Here we have used (7.3) and the fact that «(0) > 0, u(+o00) = f(0) =0 and f(+o00) = 1.

For the spike-vortex solution (u,v) in Theorem 1.1, since § > 0 sufficiently small, the
associated map 7 has the following form

1 vy cos(¢) cos(di)
= ve | = cos(¢) sin(dy) | (7.5)

- 2 2
Vu?+vi 4 v3 u sin(¢)

where ¢ = ¢(r,0) and ¢» = 1(r, 0) satisfying

[0l(r,0)

cos(¢p(r,0)) = (7.6)
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u(r,0)
VR P

and ¢ = 6 4+ h, where h is a single-valued regular function satisfying h = O(f3) as 8 — 0+.
Here both u and |v| may not have radial symmetry. Due to > 0, we may apply the standard
maximum principle on the first equation of the system (1.5) i.e. the equation of w. Then the
solution u is positive everywhere so the function ¢ is well-defined and single-valued.

Now we want to calculate the topological charge @ as for (7.4). By (7.5), it is easy to check
that

sin(¢(r,0)) = (7.7)

d d
(0 ANOyT) = - ¢r cos ¢ + - (Pohr — ¢rhg) cos & .
Hence by (7.6), (7.7) and using integration by part, we may obtain

1 — — —
_ 1 (@, AT =L
Q 47T RQn ( n yn) 2

Here we have used the fact that u(0) > 0, u(oo) = 0, v(0) = 0 and |v(c0)| = 1. Therefore we
may complete the proof of Theorem 1.3.
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