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ABSTRACT. For all N > 9, we find smooth entire epigraphs in RY, namely smooth domains of the
form Q:={x € RY / 2nx > F(x1,...,25-1)}, which are not half-spaces and in which a problem of
the form Au + f(u) = 0 in 2 has a positive, bounded solution with 0 Dirichlet boundary data and
constant Neumann boundary data on 99Q2. This answers negatively for large dimensions a question
by Berestycki, Caffarelli and Nirenberg [3]. In 1971, Serrin [25] proved that a bounded domain
where such an overdetermined problem is solvable must be a ball, in analogy to a famous result by
Alexandrov that states that an embedded compact surface with constant mean curvature (CMC) in
Euclidean space must be a sphere. In lower dimensions we succeed in providing examples for domains
whose boundary is close to large dilations of a given CMC surface where Serrin’s overdetermined
problem is solvable.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Let © be a domain in RY with smooth boundary, and v its inner normal. This paper deals with
the overdetermined boundary value problem

Au+ f(u) =0, u>0 inQ, wuelL>®(), (1.1)
ou
u=0, o constant on 02 (1.2)

where f is a sufficiently smooth function. The question we want to analyze in this paper is what
type of domains are admissible for this problem to have a solution.

In 1971, Serrin [25] established the following result:

If Q is bounded, f is of class C* and Problem (1.1)-(1.2) has a solution, then Q must necessarily
be a Fuclidean ball.

Serrin’s proof was based on the Alexandrov reflection principle, introduced in 1956 by Alexandrov
[1] to prove the following famous result:

A compact, connected, embedded hypersurface in RN whose mean curvature is constant, must
necessarily be a Euclidean sphere.

The reflection maximum principle based procedure was used in 1979 by Gidas, Ni and Nirenberg
[13] to derive radial symmetry results for positive solutions of semilinear equations. The reflection
principle, named after [13] as the moving plane method, has become a standard and powerful tool
for the analysis of symmetries of solutions of nonlinear elliptic equations.

Serrin had a clever insight into the geometric structure of Problem (1.1)-(1.2) to prove his result
as an analog of Alexandrov’s. The purpose of this paper is to further explore the parallel between
Alexandrov’s and Serrin’s statements. The underlying question is: how do (noncompact) embedded
constant mean curvature (CMC) surfaces relate with (unbounded) domains where Serrin’s problem
(1.1)-(1.2) is solvable?
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A natural class of unbounded domains to be considered are epigraphs, namely domains €2 of the
form

Q={zeRY /oy >¢(x,...,e5y_1)} (1.3)

where ¢ : RV~ — R is a smooth function. In 1997, Berestycki, Caffarelli and Nirenberg [3] proved,
under conditions on f that are satisfied for instance by the Fisher-Kolmogorov and Allen-Cahn
nonlinearities (1.6) below, the following result: If ¢ is uniformly Lipschitz and asymptotically flat at
infinity, and Problem (1.1)-(1.2) is solvable, then ¢ must be a linear function, in other words 2 must
be a half-space. This result was improved by Farina and Valdinoci [11], by lifting the asymptotic
flatness condition and smoothness on f, under the dimension constraint N < 4. When the epigraph
is coercive they can also consider an arbitrary nonlinearity.

In [3], the following conjecture was made: an unbounded domain 2 with RY \ € connected, where
(1.1)-(1.2) is solvable, must be either

e a half-space, or

e a cylinder Q = By, x RN=F where By, is a k-dimensional Euclidean ball, or

e the complement of a ball or a cylinder.

In the case when (2 is an epigraph (1.3), the conjecture states that if Serrin’s problem (1.1)-(1.2)
is solvable, then  must be a half-space. Our first result, Theorem 1 below, establishes that this
is not the case if N > 9.

In all what follows we shall consider a smooth monostable nonlinearity f for which (1.1)-(1.2) is
indeed solvable in a half-space. We assume that f is a smooth function such that

f(0)=0=f(1), f(s)>0 forall sec(0,1), f(1)<0. (1.4)

Under these conditions, there exists a unique positive solution w(t), which is also increasing, to the
problem

w” + f(w) =0 in (0,00), w(0)=0, w(+o0)=1, (1.5)
which is implicitly defined by the formula

t_/w(t) ds
o \/2fslf(7)d7"

Conditions (1.4) are satisfied by the standard Fisher-Kolmogorov and Allen-Cahn nonlinearities,

() =s(1—s), f(s) = s(1— ). (1.6)
In the latter case, we explicitly have w(t) = tanh (¢/v/2). Let us observe that the function u(z) =

w(zy) solves (1.1)-(1.2) in the half-space Q = {x € RY / 2y > 0}. Our first main result is the
following.

Theorem 1. Let f satisfy the condition (1.4). If N > 9, there exists an epigraph domain ) of the
form (1.3), which is not a half-space, such that Problem (1.1)-(1.2) is solvable.

Let us roughly describe the epigraph of Theorem 1. In 1969, Bombieri, De Giorgi and Giusti [7]
found an example of an entire function in R® whose graph I' is a minimal surface in R? and it is
not a hyperplane (the BDG minimal graph). Let us call 24, its epigraph. Then, for a sufficiently
small € > 0, the epigraph € in Theorem 1 lies in a O(e)-neighborhood of sflﬂbdg. The solution u
will be at main order given by u(z) = w(z) + O(e) where z designates the normal inner coordinate
to 0N.
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The result in [5] is a counterexample in large dimensions to Bernstein’s conjecture, which asserts
that all entire minimal graphs in RY must be hyperplanes. This statement holds true in dimensions
N < 8, see [20] and its references, so that in analogy, it is natural to think that the question in
[3] for epigraphs may have an affirmative answer in low dimensions, but this is not even known
in dimension N = 2. Another PDE analogue of Bernstein’s problem is De Giorgi’s conjecture

(1978) [7], which states that entire solutions, monotone in one direction of the Allen-Cahn equation
Au + u(l —u?) = 0 must have level sets which are parallel hyperplanes. This is true in dimensions
N = 2,3 [14, 2], and under a certain additional condition for 4 < N < 8 [22], see also [10]. This

statement is indeed false for N > 9 as proven in [3] by the construction of an example of a monotone
solution whose level sets resemble largely dilated BDG minimal graphs. Serrin’s epigraph question
in [3] seems to be much harder. We remark, on the other hand, that the example we provide is not
uniformly Lipschitz.

The principle behind the proof of Theorem 1 applies, more generally, to domains enclosed by a
large dilation of an embedded CMC surface, provided that sufficient information about the
surface (such as nondegeneracy) is available.

Our second results exhibits two such examples, consisting of non-cylindrical domains of revolution
in R3 where (1.1)-(1.2) is solvable for f satisfying (1.4). Let us consider first the solid region enclosed
by the catenoid r = cosh z,

Q. ={(rcosf,rsinf,z) / 0 <r < coshz, z¢€ R} (1.7)

Theorem 2. For each € > 0 sufficiently small there exists a domain of revolution ), which lies
within an e-neighborhood of the dilated solid catenoid 1), such that Problem (1.1)-(1.2) with f
satisfying (1.4) is solvable.

The boundary of €. is a minimal surface. This result is a part of a more general statement
regarding embbeded finite total curvature minimal surfaces in R3, a class that includes for instance
the Costa and Costa-Hoffmann-Meeks surfaces, which we shall discuss in the next section.

On the other hand, a statement similar to Theorem 2 holds for the classical Delaunay surfaces,
a one parameter family of constant mean curvature surfaces of revolution in R? which are periodic
along one axis which, up to a rigid motion, can be taken to be the xs-axis. These surfaces, which
are called Delaunay surfaces and denoted by D, are the boundary of a smooth domain U, and can
be parameterized by

Xr(s,0) := (o(s) cos 0, ¢(s)sinb,9(s)), (1.8)
where the function ¢ is a nonconstant smooth solution of
P+ (P77 =9 (1.9)

and the function v is obtained from
=>4 7, with ¢(0) = 0.

Here 7 € (0, %] is a parameter which is usually referred to as the Delaunay parameter.
We have the validity of the following result.

Theorem 3. For each € > 0 sufficiently small there exists a domain of revolution ), which lies
within an e-neighborhood of the region e~ 1U,, such that Problem (1.1)-(1.2) with f satisfying (1.4)
15 solvable.
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The Delaunay surface is compact when regarded as a submanifold of R? with the period of the
surface mod out (see Section 2 for explanations). We shall provide in the next section a more
general statement, regarding a general manifold and a compact CMC surface in it, from which the
above result follows. We will also express in more detail the result of the nontrivial epigraph and
state the result regarding a general minimal surface with finite total curvature in R3. In the later
sections we will provide the proof of Theorems 1-3.

Remark 1.1. The BCN conjecture, in the case of cylindrical domains, was disproved by Sicbaldi
in [23], where he provided a counterexample in the case when N > 3 and f(t) = X, A > 0 by
constructing a periodic perturbation of the cylinder BN 1 x R which supports a bounded solution to
(1.1)-(1.2). In the two-dimensional case the same construction can be done in perioidic perturbations
of a strip, see Schlenk and Sicbaldi [21]. A two-dimensional domain where the overdetermined
problem in (1.1)-(1.2) is solvable for f = 0 was found by Hauswirth, Hélein and Pacard in [15].
Ezxplicitly, such a domain is given by

Q={zeR?/ |z < g + cosh(z1)},

but the solution found is unbounded. A classification of two-dimensional domains where the overde-
termined problem in (1.1)-(1.2) is solvable for f = 0 is given by Traizet in [27]. Necessary geometric
and topological conditions on ) for solvability in the two-dimensional case have been found by Ros
and Sicbaldi in [21]. The overdetermined problem in Riemannian manifolds has been considered by
Farina, Mari and Valdinoci in [12].

2. MORE GENERAL STATEMENTS

In this section we make more precise the statements that lead to Theorems 1-3. Concerning
Theorem 1, we will be able to find a positive, bounded solution of (1.1)-(1.2) when 2 is a small
perturbation of a large dilation of the epigraph of a nontrivial minimal graph in RY, found by
Bombieri, De Giorgi and Giusti in [7]

F:{JTERQ/SUQZF(:El,...,:Eg)}.
Let v(y) denote the unit normal to I' with v9 > 0. We consider normal perturbations of a large
dilation of I', namely sets of the form
[e:=e"'T, Tl={r=y+hleyrley) /yel:} (2.1)

for a small positive number £ and a smooth function h defined on I". We will prove the following
result, which makes more precise the statement of Theorem 1.

Theorem 4. For any sufficiently small € > 0 there exists a function h defined on I, with a uniform
C? bound independent of , such that F? in (2.1) is the graph of a smooth entire function, and letting
Q be its epigraph, then Problem (1.1)-(1.2), with f satisfying (1.4), admits a solution u., with the
property that
ue(z) = w(t) +0(e), x=y+(t+h(ey))v(ey)
uniformly for 0 <t < de~t, some § > 0. Besides,
dyu=—w'(0) onTh

As we have mentioned in the introduction, this result is analogous to that in [¢]. The construction
in this paper is considerably more delicate and requires new ideas. The linear theory required here
deals with a Dirichlet to Neumann map, and it is more subtle than that in [3]. As in that work,
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an infinite-dimensional Lyapunov-Schmidt procedure reduces the problem to a nonlinear, nonlocal
equation involving the Jacobi operator. The lack of symmetry of the seeked surface (unlike the
BDG graph itself) induces the presence of large errors, and this is a substantial difficulty in the
construction. We succeed in overcoming it, by means of a nontrivial refinement on the invertibility
theory for the Jacobi operator.

Next we restrict our attention to the case N = 3. The catenoid is the simplest example (besides
the plane) of a complete, embedded minimal surface I with finite total curvature, i.e.

/|K]dV < 400
r

where K denotes the Gauss curvature of the manifold I'. Such surfaces are known to have a finite
number of ends, which are either planes or catenoids with a common axis of rotational symmetry.

The first nontrivial example of such a manifold, with genus 1, was found in 1982 by Costa [6]. The
example was later generalized by Hoffman and Meeks [16] to arbitrary genus k > 1. These minimal
surfaces I' are known to be nondegenerate, after the works by Nayatani and Morabito [18, 19], in

the following sense:
The only bounded Jacobi fields, namely functions on I' that annihilate the Jacobi operator Jr :=
Ar — 2K, are originated in rigid motions: rotations around the axis and translations,
namely they are linear combinations of the vector fields v(z) - e;, i = 1,2, 3 and v(x) - z, where v is
a unit normal vector field (these surfaces are orientable, they split the space into two components).
We fix such a unit normal v for ' and define the manifolds I'. and T'"* as in (2.1).
Given this, we have the validity of the following result, that extends Theorem 2.

Theorem 5. Let I' be a complete, embedded minimal surface in R? with finite total curvature and
nondegenerate. Let f satisfy (1.4). Then for any sufficiently small ¢ > 0 there exists a function h
defined on T, with a uniform C? bound independent of €, such that F? 1s an embedded and orientable
surface, and letting Q2 be the component of R? in the v(ey)-direction, then Problem (1.1)-(1.2) admits
a positive bounded solution u., with the property that
us(z) = w(t) +0(e), x=y+(t+h(ey))v(ey)
uniformly for 0 < t < e, for some § > 0. Besides,
dyu=—w'(0) onTh

In the case of a catenoid, the domain and the solution are axially symmetric.

The corresponding analogue for entire solutions of the Allen-Cahn equation was established in
[9].

Theorems 4 and 5 deal with minimal surfaces which have zero mean curvature. It is not surprising
that the right analogue of Serrin’s overdetermined problem is the CMC surfaces, namely surfaces
with constant mean curvature. For a Riemannian manifold M and a nondegenerate CMC compact
surface I' = 00y, we get a similar statement, which we will make precise next.

Let (M, g) be a Riemannian manifold and A its Laplace-Beltrami operator. We consider Problem
(1.1)-(1.2) in a domain €2 in M, expressed in non-dilated form as

E2Agu+ f(u) =0, u>0 inQ, wueL®Q), (2.2)

u =0, g:j = constant on Of). (2.3)
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Let I" be a smooth embedded CMC surface in M, the boundary of a smooth domain £2y. We consider
the problem of finding a domain §2 whose boundary is close to I' for which Problem (2.2)-(2.3) is
solvable.

For some (small) function h defined on I', the normal graph of h over I' is a hypersurface which
will be denoted by I'y,. We have assumed that I' is the boundary of a domain €2y, and we will denote
by €25, the domain whose boundary is I'j,. There are two choices since the complement of such a
domain is a domain whose boundary is I';, and to remove the ambiguity we assume that h —
depends continuously on A (in the Hausdorff topology).

The mean curvature function of I'y, is denoted by Hr, and its differential at h = 0 is, by definition,
the Jacobi operator about I'. The explicit expression of the Jacobi operator about I' is given by (see

[4])
Jr = Ar + |A1’*’2 + Ric(n, n),

where Ar is the Laplace-Beltrami operator on I', | Ar|? is the square of the norm of Ar, the second
fundamental form of I', namely the sum of the square of the principal curvatures of I', Ric is the
Ricci tensor on M and n a choice of normal vector field for I'. We recall that a compact CMC
hypersurface I' in M is said to be nondegenerate if Jr is one-to-one.

Theorem 6. Assume that Qg C M is a smooth bounded domain whose boundary I' = 00 is a
nondegenerate hypersurface whose mean curvature is constant. Let f satisfy (1.4). Then, for all
small € > 0 there exists h. € C>*(T') and u., a solution of (2.2)-(2.3) in Q. := Qp,_. Moreover,
there exists a constant C' > 0 such that

el g2y < Ce”.

Hypersurfaces whose mean curvature is a constant function are known to exist in abundance
and the result of [28] (see also [17]) shows that, for a generic choice of the ambient metric, they
are nondegenerate. For example, solutions of the isoperimetric problem, when they are smooth,
give rise to hypersurfaces whose mean curvature function is constant. We remark that Theorem 6
corresponds to a parallel of the one by Pacard and Ritoré [20].

Observe that Theorem 6 does not apply to the Delaunay surface, which is noncompact, nor does
it apply to the unit ball in Euclidean space since in this case the Jacobi operator about the unit
sphere S™ is given by

Agm + m,

which is not injective since the coordinate functions x +— x;, for j = 1,...,m + 1, belong to its
kernel. However there is an equivariant version of Theorem 6.

Let & C Isom(M,g) be a discrete group of isometries. A compact hypersurface I' is said to
be &-nondegenerate if there is no nontrivial element in the kernel of Jr which is invariant by the
elements of &. We have the validity of the following result, from which Theorem 3 follows.

Theorem 7. Assume that Qo C M is a smooth bounded domain and & C Isom(M, g) is a discrete
group of isometries which leaves Qg globally invariant, namely, g(o) = Qo for all g € &. Further
assume that 0y is a &-nondegenerate hypersurface whose mean curvature is constant. Then, the
conclusion of Theorem 6 holds for a domain Q. (O(e) close to Q) and a solution u. which are
mwvariant under the action of the elements of &.
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For example, in the case of the unit ball in the Euclidean (m + 1)-dimensional space it is enough
to consider the group generated by the symmetry through the origin to apply Theorem 7. A more
interesting example is the Delaunay surface given by (1.8)-(1.9) in Section 1. From the definition,
D; is periodic and, if ¢, denotes the fundamental period of the Delaunay surface of parameter
T € (0, %], we can also understand the Delaunay surfaces as constant mean curvature surfaces in
M, := R? x (R/t;Z) which is endowed with the Euclidean metric ge,. With the parameterization
(1.8)-(1.9), the Jacobi operator about a Delaunay surface reads

1 2 2 o T
JT:E as+89+ SO‘FE s
it has a nontrivial kernel because of the invariance under the action of translations and in fact, it can
be seen from [17] that the functions (s, ) — g, (s,0) — (gp + é) cosf and (s,0) — (go + %) sin @
span the kernel of J;. However, if we consider the group of isometries of (M7, geyer) generated by
the symmetry with respect to the vertical axis and also with respect to the x3 = 0 plane, no element

in the kernel of this operator is invariant with respect to the action of this group. In particular,
Theorem 7 applies to D, in M, and, going back to the universal cover R3, this leads to the:

Corollary 2.1. Given 7 € (0, %], there exists for all € > 0 close enough to 0, a cylindrically
bounded domain .. which is periodic along the x3-axis, of period t; and in which one can find
positive solutions of (1.1)-(1.2). Moreover, the boundary of Q. is a normal graph over D, for some

C>% function whose norm is bounded by a constant times 2.

The proofs of Theorems 4-7 can be set up into a similar scheme, of which the case of the minimal
graph of Theorem 4 is the most complicated, since the surface is noncompact. So in the rest of the
paper we concentrate mainly on the proof of Theorem 4. The proofs of the other theorems will be
outlined only.

The organization of this paper is as follows. Sections §5-10 contain the proof of Theorem 4: in
Section §3 we present in some detail the scheme that leads to the proof, which should help the reader
to follow the thread of the subsequent sections. In Sections 10 and 11 we explain the modifications
needed to prove Theorem 5 and Theorem 6 respectively. We postpone the proof of solvability of

the Jacobi operator of the BDG graph for the Appendix.

3. SCHEME OF THE PROOF OF THEOREM 4

We summarize here the proof of Theorem 4, which is carried out in Sections §4-10. Let I" be a
fixed Bombieri-De Giorgi-Giusti minimal graph [5], as in the statement of Theorem 4.

We let T’ = ¢ 'T" and describe all points z in a g—tubular neighborhood of I' in the form

)
r=y+zv(ey), yele, |z|< o

where v is the “upward” choice of unit normal vector field for the graph I'. We consider a normal
graph to the surface I';, namely a surface of the following form: for a given function h defined on
I' we let I'" be the set of points # = y + zv(ey) such that z = h(ey). Under suitable smallness for
h, F? is also the graph of a function on R®. In other words, describing all points close to I in the
form

x=y+ (t+h(zy))v(ey),
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then the epigraph corresponds precisely to those with ¢ > 0. We let Q? be such a domain. We
consider problem (1.1)-(1.2) in this domain, and consider ug(x) = w(t) as a first approximation to
a solution, where w(t) is the function defined in (1.5). Using the fact that I" is a minimal surface,
we shall see that the error produced (in the equation, and in the boundary condition) is roughly
speaking of size O(g2) for all small . In order to compute this error we need to find a convenient
expression of the Euclidean Laplacian in terms of the coordinates (y,t) € I'c x R. This is precisely
what we do in Section §4.

The error of approximation produced by ug is computed in Section §5. However, we need to
improve the approximation in two iterations (using fairly explicit functions that separate the vari-
ables y and t) to obtain an error of size smaller than O(e%). More precisely, we construct functions
hi = O(¢g), ¢1 = O(e?) such that the error of approximation for u = uy := ug + ¢; and h = hy
produce an error of size O(¢*). Quantifying the decay of this error in space variable is also extremely
important. The problem is then reduced to finding small functions ¢ and h such that u = u; + ¢
and h = hj +h solve the full problem. More precisely, by a gluing reduction, in Section §6 we reduce
the full problem to one in the space I'c x R where the local coordinates (y,t) make sense all the way
in ¢, not just up to || ~ de 1.

In setting up the problem, ¢ is chosen so that it satisfies a suitable set of orthogonality conditions.
The resulting system of equations for these functions is solved by perturbation of linear equations
in two steps: we define first a projected problem for ¢ for a given small h. Developing a suitable
theory of solvability for the linear operators involved is what we do in Sections §7 and §9. This
allows us in Section §10 to solve the problem for ¢ as an operator in h. Finally, the problem is
reduced to a small perturbation of a linear equation for h that involves the Jacobi operator of T,
Jrh] = Arh + |Ar|*h. The theory of invertibility of the Jacobi operator in a suitable form for our
purposes is used in §8 to conclude the proof of the theorem, and provided in detail in the Appendix.
The domain obtained by this procedure is proven to be indeed the epigraph of an entire function
in RS,

4. THE BOMBIERI-DE GIORGI-GIUSTI MINIMAL GRAPH

We describe some general features of I' in [5] and [¢], and we define a useful system of local
coordinates in which we compute the Euclidean Laplacian.

Let us consider the minimal surface equation in entire space R,
F
H[F] = V- __VE__)_¢ mre (4.1)
V1+|VF|?
The quantity H|[F] corresponds to the mean curvature of the hypersurface in R,
I':={(z,F(z))| 2’ € R®}.

The Bombieri-De Giorgi-Giusti minimal graph [5] is a nontrivial, entire smooth solution of equation
(4.1) that enjoys some simple symmetries which we describe next. Let us write 2’ € R8 as 2/ =
(u,v) € R* x R* and consider the set

T := {(u,v) €R¥| |v|>|u| }. (4.2)

The solution found in [5] is radially symmetric in both variables, namely F' = F(|ul,|v]). In
addition, F' is positive in 7" and it vanishes along 07'. Moreover, it satisfies

F(|u|,|v]) = =F(|v],|u]) forall wu,v. (4.3)
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It is useful to introduce polar coordinates (Jul, |v|) = (rcos@,rsin@). In [3] it was found that F
is well approximated for large by a function that separates variables, Fo(2') = r3g(6), where g()
solves the two-point boundary value problem

21¢ sin® 26 g’ sin® 26 . (T T T
=0 in (5.2), 9(5)=0=9(5) 1.4
N (\/992+9’2 ERTIEZARAY T2 -
Problem (4.4) has a unique solution g € C?([%, %]) such that g and ¢ are positive in (¥, %) and

such that ¢'(§) = 1.

Lemma 4.1. [8] There exists an entire solution F = F(|u|,|v|) to equation (4.1) which satisfies
(4.3) and such that

FOSFSFO—&—T% inT, r> Ry, (4.5)
where 0 < o <1, C>1, and Ry are positive constants.
In what follows we will denote, for F' and Fj as above,
I={(,F@))| 2/ €R}, To={(,Fo())]| ' €R®}.
By I'. we will denote the dilated surfaces I'. = e 'T". Also, we shall use the notation:

r(z) = /1+[2/]2, ro(z) = r(ex), 2= (2/,29) €ER® xR =R" (4.6)

4.1. Local coordinates and the Laplacian near I'.. In [3], the following family of local parametriza-
tions of the surface I was considered: given p € I" with p = (p/,p9), R = r(p) >> 1, we let v(p) be
its normal vector, and IIy, ..., IIg an orthonormal basis of its tangent space. Using the known fact
that the curvatures of T at p are bounded as O(R~!) one finds that there exists a > 0 independent

of p and a smooth function Gy(y) defined on R® with G(0) = G},(0) = 0, such that I' can be locally
parametrized around p by the map

8
y € B(0,0R) CR® — Y,(y) :=p+ > _vll; + Gp(y)v(p) € T. (4.7)
j=1
Besides, for each m > 2 the following estimate holds:

Cm

< Rm—l

1D5" Gpll e (B(0,0R))
where ¢, is independent of p.

In what follows, we shall use the following convention: for a function f defined on I', we denote
indistinctly (when no confusion arises) f(y) or f(y) for the function f evaluated at y = Y,(y) € I'.

Let us consider the metric g;; of I' around p. Then
9i(y) = (0iYp, 0;Yp) = bij + 6(y).

We will assume in what follows that the metric satisfies the following uniform estimates: There
exists a positive number C' such that for all p € I' we have the estimate

0() + [Dy8(y)| + | Dyb(y)| < O,y < 1. (4.8)
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4.2. The Laplace Beltrami operator. The Laplace-Beltrami operator of I' is expressed in these
local coordinates as

1 .
Ar = ———=0; (/detg(y) 9" () 95 ) -
V/det g(y) ( j)
Let us set )
0 ij 0 ij
ag(y) == g7 (y), bj(y) = —=—=—==0; (Vdetg(y) g (y)
’ ’ det g(y) ( )
so that
Ar = aj;(y) 8 +b)(y) &, |yl < R, (4.9)
where
0 ly? 0 lyl
() = 45 < ¢RI |Dya;;(y)| < ok
|yl ¢
b9(y)| < g |Dyb)(y)| < oz forall [yl <OR, m>2. (4.10)
4.3. The Laplacian near I'. For a certain § > 0 the map
r=X(z,y) =y+z2v(y), yel, |z <or(y) (4.11)

defines diffeomorphism onto an expanding tubular neighborhood of I'. Let us consider the manifold

I'*:={y+zv(y) /yeTl}
The Euclidean Laplacian in RY near I' can be expressed in these coordinates by the well-known
formula

A, = 0%+ Ap- — Hr-(y)0. (4.12)
where Hr:(y) denotes mean curvature of I'* at the point y+zv(y) and the operator Ar- is understood
to act on functions of the variable y.

Using the local coordinates Y, (y), (4.11) becomes
v =X(z,y) :=Yp(y) +2v(y), |yl <OR (4.13)
and then the metric tensor g7; on I'* is given by
95) = 9i(y) + 2 [(0:Yp(¥), v(y)) + (Y, (y), 0iv(y)) | +2° (D (y), v (y)) -
Using that
1 8
= — > 0iGp(y)IL; +v(p)
DG |2 e
for the computation of derivatives we get the expansion

95 (y) = gij(y) + 201(y) + 2°6a(y)

v(y)

where . .
1) = 0 1Dyl < 55
C (&
0291 < 75, [Dy0e(y)] < 75 (4.14)
Therefore if we let
zij 1 21j
aij(y,2) = g (y), B)(3) = — e s (Ve () 9 (7))
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we get,
Ar, = aij(y,2) 955 + bi(y, 2) O, (4.15)
with a - given in (4.9), where
aij(y, ) = agi(y) + za;(y,2),  b(y,2) = b(y) + 2} (y, 2) (4.16)
and
|a’2j| - (R_l)’ |D a | - ( )’
bj| = O(R™?), |Dybj| = O(R™?). (4.17)
On the other hand, it is well-known that if k1, ..., kg denote the principal curvatures of I', then
8
ki(y)
H z == —
Since I' is a minimal surface we have that Zle ki = 0, therefore
8 8
Hy:=(y) = z[Arf + 22> Kk +2%) Kkl +2%0(y, 2) (4.18)
i=1 i=1
where
|Ap|* = Z kP = 0(x™?) (4.19)
0(y, )| = O(I(y)ff’), 1DO(y, 2)| = O(x(y) ™). (4.20)

4.4. Coordinates near I'.. The previous expressions generalize by scaling to I';c in particular the
coordinates Y, induce naturally local coordinates in I'.. If p. = e 1p, p € T, we have that the map

y € B(0,0R/e) CR® +— Y, (y) :=¢ 'Y,(ey) € I (4.21)

defines a local parametrization. The metric on I'; in these coordinates is simply computed as g;;(ey).
This yields the expansion

Ar, = Ay + (a w(sy) 6-]-)8% +eb?(ey)0;, |y| < e 'OR. (4.22)
For some 6 > 0, the followmg map defines coordinates for a expanding neighborhood of T'.:
=Xy, 2) =y +z2viy), yecl., |z|<dc r(ey) (4.23)
is computed as
A = 0%+ Ars: — eHre:(ey) 0 (4.24)
where now
Are: = Ar_ +cza} ;(ey, 52)81-2]- + 522b]1-(5y, €2)0; (4.25)
and

eHpe-(ey) = 22| Ar(ey)|> + € Z2Zk‘ ey)?

8

g2 Z ki(ey) + 52%0(y, 2). (4.26)
i=1
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4.5. The shifted coordinates. We consider now a bounded smooth function h(y) defined on I
and the coordinates near I';,

x=X"y,t) =y + (t+hley)v(ey), yeT., |t|<de ' r(ey). (4.27)

We compute the Laplacian in these coordinates. We obtain now

A, = 0} +aij(ey,e2) 0;j + ebj(ey,ez) 0,
+ 2a;;(ey, e2) O;h(ey) 9;h(ey) 0F — 2cai;(ey, e2) O;h(ey) Ot

— {&%[aij(ey,e2) Oijh(ey) + bj(ey,e2) Ojh(ey)] + € Hre:(ey) } O, (4.28)
where z = ¢(t + h(ey)).
Since
Ar. = a;ij(ey,0)0;5 + €bi(ey, 0)0;, (4.29)
we can also decompose
Ay =04 +Ar, + B (4.30)

where the small operator B, acting on functions of (y,t) is given in local coordinates by
B = sza}j(sy,ez) 0ij + 522b}(5y,5z) 0;
+ €2aij(ey, £2) O;h(ey) Ojh(ey) 0F — 2caij(ey, €2) O;h(ey) Ot
- {52 laij(ey, €2) Oih(ey) + bj(ey,ez) Ojh(ey)] + € Hre:(ey) }0;. (4.31)

5. A FIRST APPROXIMATION TO THE NONTRIVIAL EPIGRAPH

In this section we shall use the computations of the previous section to compute a good approxi-
mation of a dilated BDG surface I';, around which a perturbation argument will yield the proof of
Theorem 1.

5.1. The perturbed epigraph. We fix a positive number M and assume for the moment that h
is a smooth function such that

IDER e ey + [1Drhlleqry + Al < M (5.32)
uniformly in small € and set
I = {y+h(ey)v(ey) / y € Te}.

F? is an embedded manifold provided that e is sufficiently small, that separates RY into two
components. We call Q? the upper component. Under suitable smallness of h, the implicit function
theorem yields that this set is the epigraph of an entire smooth function th(a;’ ),

Q= {(2', z9) | g > FM(a')} (5.33)

whose boundary is of course I'".
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5.2. The problem and a first approximation. We want to solve the problem
S[u] ;== Au+ f(u) =0 in QP

u=0, d,u=-constant on "

for a small function h and prove later on that 2 has the form (5.33). We observe that in the

coordinates
z=y+(t+hey)viey), yele, | <de'r(y),
we have that = € Q? if and only if ¢ > 0. The problem above then becomes

Slu] = Agu + f(u) = 0 in QF
u(y,0) = 0 forall yely,
Owu(y,0) = constant for all yeT.. (5.34)

We have the existence of a unique solution w(t) to the problem
w’ 4+ f(w) =0 in (0,00),
w(0) =0, w(4o00)=1.

As a first approximation, close to I'" we simply take ug(z) := w(t). Using formula (4.28), we find
that the error of approximation is then given by

Slug] = £2aij(ey,ez) Oih(ey) O;h(ey) w” (t)
— { % [aijley, €2) Oyhley) + bj(ey,e2) Ojh(ey)] + € Hre=(ey) } w'(t) (5.35)
where z = (t + h(ey)). Recalling that
aij(y, 2) = ay(y) + zaj5(y, 2),  bj(y,2) = bj(y) + 2bj(y,2), Ar = aj;di; + b50;,
and using the expansion (4.26) for the mean curvature, we then write

S[UO] = —82[Aph + ’AF‘Q h] w + €2aij O;h 8jh w”

8 8

EtArfw + ) K+ h)*w + ekt + h)
i=1 1=1

— {8t +h)[aj; 05h + bj O;h]w' + ° (t+ h)*0 } o' (5.36)

where all coefficients are evaluated at (ey,e(t + h(ey)) or ey.

What we will do is to improve this first approximation by choosing A in such a way that at main
order the relation

/ Slug] (y,t)w'(t)dt =0 forall yeTl.
R

is satisfied. Under this condition the addition to ug of a suitable, explicitly computed small term,
reduces the error. We will actually carry out this procedure in successive steps that we describe
next. Let us take the function h(y) to have the following form

h(y) = ho + hi(y) + e2ha(y) + €°h(y) (5.37)

where the functions hg, ki1, ho will be explicitly chosen later.
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5.3. First improvement of approximation. We will next add to ug a convenient function ¢ (y, t)
of size O(g?) that does not change the boundary conditions and eliminates the quadratic term in e
in the new error S[ug].

To this end we consider the linear one dimensional problem

P+ Fw®)p = at), te (0,00, p(0)=p(0)=0. (5.39)
The solution to this equation is given by
, todr T,
o(t) = (1) /0 et /O w(5) q(s) ds . (5.39)

If ¢ is a bounded function, p will be bounded if and only if

/OO o) W' () dt = 0.
0

Let cg be the number such that

and let po(t) be the solution of

po + f(w))po = (t+co)w'(t), te(0,00), po(0)=pp(0)=0, (5.40)
given by formula (5.39). We observe that
po(t) ~ et ast — +oo .
Let
do(y. 1) := €*|Ar(ey)* po (1)
We observe that
Slu+ ¢] = Ad + f'(u)p + S[u] + N (u, ¢) (5.41)
where
N(u,¢) = f(u+ ) — f(u) = f'(u)¢.
Next we estimate the new error of approximation, S(ug + ¢p). To do this and for later compu-

tations, it is useful to have the following lemma, that follows directly from formula (4.28).

Lemma 5.1. Let 9(y), p(t) be smooth functions defined respectively on T' and on (0,00). Let us
set

P(z) = Y(ey)p(t), x=y+ (t+h(ey))viey).
Then
Ayp = pp” + & [aij 90 + ebjo; | p’
+ 2 a;; 0;hOjhp” — 2e%a;; 0;h 00 p!
— {€%[aij Oi5h + b; O;h] + € Hyepsn J Y9/ (5.42)

where the coefficients are evaluated at €y or (sy,a(t + h(ey)), and we recall

8
€ Hpeqerny = e2(t + h)|Ar|? + €3(t + h)? Zk3+5 (t+h)>Y K+t + b,

=1 =1

0=0(").

€
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Using formula (5.42) we then get

Azdo + f'(uo)do = &® |Ar*(t + co) w' + &' [ai; 05| Ar|* + b;0;|Ar ] p
+ €4|AF|2 Qjj O;ih 8jhp” — 253(1@ (%haj‘Ar‘Qp/
— {'aij Ok + b; 03h] + € Hyewan } |Arfp.

From formula (5.41) we have
S[uo + ¢o] = A¢o + f'(uo)¢o + S[uo] + %f”( )5 + / f"(uo + s¢o) ds

Using (5.36) and (5.42) we then get

Slug + ¢o] = — 2 [Arh + |[Ar|* h]w' +52]Ap\2(t+co)w’—52|A 2t
+ €2a;; O;h O;hw' — 53Zk3t+h 4Zk4t+h
=1

+ ®[agg 0| Arl® + b;05|Ar]?] p
— { ¥t +h)[aj; 0ijh + bj O;h]w + € (t+h)'0 }u’
+ 64|AF|2 Qjj O;ih ajhp” — 253aij oih 8j‘AF|2p,

8
— &t {[aij Oijh + bjO;h] + |Ap[*(t+h) + &>k (t + h)? +} |Ar|? p/

=1

64

+ 5f”(w)|Ap]4p2 + €;p3 |Ar|® /01 " (w + s¢o) ds

Next we proceed to make a choice at main order of the parameter function h by writing
h=nhi+h, hy:=ho+ech+c2hs.

We choose hg = ¢y and replace in the above expression. We get

S[uo + ¢o] = —e*[Arh+ |Ap[*h]w

e3 [Arhy + |Ar|? hy W' — 3Zk3t+h

—et [Arhz + ’AF‘Q ho ] w' — &t Z kf(t + ho)gw/
=1

4
&
+ e*Ar |Ar|* po + gf"( w)|Ar|*p§ — e |Ar[*(t + ho) p/
8
— 26 Kby (t + ho)u!

i=1
+ Ri(h),

15

(5.43)

(5.44)

(5.45)

(5.46)
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where

Rl(h) = 52aij 8ih8jhw”

8
— 3 R (t+ h)? = (t+ ho)® — 2(t + ho)eha Ju’
i=1

8
— e Rt + ) — (t + ho)Ju’
=1
+ &°(t+ h)[aj; 0| Ar|* + bj0;|Ar*] po

3t + h) [aj; 05k + bj O;h]w’ + €° (t+ h)'Ou’
+ €4|Ap’2 Qg5 82}1 8jhp6/ — 253aij 81}7/ 8j‘AF|2p6

8
- ¢ {[aij diih + b; 9;h] + |Ar2(h — ho) + sZkf’(t+h)2+.-.} |Ap |2/
=1

6 1
+ %pg |A1"|6/ " (w4 sp) ds. (5.47)
0

5.4. Second improvement of approximation. Similar to the introduction of ¢g and hg, a con-
venient choice of the functions h; and he will allow us to eliminate the largest terms in the error
above. To this end, we need to achieve at main order the orthogonality

/ S[UQ+¢0]w’dt =0.
0

Thus we require first that at main order hy and hs are such that
o 8
/ ([Arhy + [Ap? by Jw' + > "k (t + ho)*w') w' dt = 0,
0 i=1

and
8

/ ([Arhe +[Ar* hoJw' + ) k(¢ + ho)*w + [Vrhy [*w”
0 i=1

1
+ Ar |[Apf po — §f"(UJ)|AF|4p(2) +|Ar|*(t + ho) p' ) w' dt = 0.

Here, with standard notation, |Vrh|? = a?jaih(‘)jh. According to Proposition 12.2 we can find
functions hy, ho, hg such that

8
Arh; + |Ap[*hy = Zk'?v
i=1

8
Arhs + ‘Ar|2hg = Z k?,
=1

Arhs + ’AF’2h3 = ’AF’4.
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Besides, thanks to Lemma 12.2 and the same arguments as in Proposition 12.2, we see that up to

higher order terms |Vrhy|? ~ % and that there is a solution hy to

Arhy + |AF|2h4 = |Vph1|2.

Now, we let
hi1 := cthy, ho := cohy + Cg‘AF‘2 + (04 — Cg)hg + cshs,

where
[T+ he) 2w dt S+ ho)P w'? dt
a= - JoZ w?dt 2T JoZ w?dt ’
o dopowtdt [Py — (L hoppwldt 1 w'(0)”
T fooow’th T fooow’2dt 0T QfOOOw’th.
Then expression (5.46) becomes
S(UO + ¢0) = — ¢? [Arh+ ’Ar‘Zh] w’
5
+ 2 Pi(ey) aa(t) +* Y viley) ae(t)
=2
+ Ri(h), (5.48)
where
8
Yi(ey) qu(t) = — Z K} (ey) [(t + ho)*w!(t) + e’ (1),
o)t == ArlAr(ey)? [polt) — es'(1)],
8
Ys(ey) gs(t) == — > ki (ey)(t+ ho)*w' () + e/ (1) ],
i=1
valen) ) = |Ar(en)|* [ 1 w®)B0) — -+ ho)ph(t) — cn'()].
8
Us(ey) as(t) = — 2 ki (ey)haley) (t + ho)w' (1),
i=1
Yo(ey) go(t) == |Vrha(ey) [ [w” (t) — csw'(¢)] . (5.49)

The constants ¢, have been chosen so that

/ @t)w'(t)dt =0, £=1,...,5.
0
Hence the solution p,(t) to the problem
pi(t) + f(w(t) pe(t) = qut), t€(0,00), pe(0)=py(0) =0 (5.50)

is bounded. In fact, for all £ we have

pe(t) = O(t%e™) ast — +oo.
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Let us set ;
$1(y,t) == ¥i(ey) pr(t) + €Y Puley) pa(t)
=2

and consider as a new approximation the function
uy = ug + $1
where -
¢1 = ¢o + 1.
Then, according to formula (5.41), we have that
Sluo + ¢o + ¢1] = Sluo + ¢o] + A¢r + f'(uo)én
+ [f'(uo + ¢o) — f'(u0)] d1 + N(uo + do, ¢1).
Hence,
Slug + ¢o + ¢1] = —e2[Arh + |Ar|?h]w’ + Ra(h), (5.51)

where
5

Ra(h) =&*(As = 0F) [ap1] + Z — 07)[vepd]

+ Ri(h)
+ [f'(uo + ¢0) — f'(uo) ] b1 + N(ug + o, ¢1)- (5.52)

Now, we can estimate with the aid of Lemma 5.1 the quantities (A, — 02)[1bpy], for instance
when h = 0. We see that in all these functions the action of the operator is roughly that of adding
two powers of £ in smallness and two powers of r. in decay. Thus we have that

(Ay = 37)[epe] = O(x e ™),
sizes that do not change with the introduction of h that decays as O(r~!). The size of Ra(h) is thus

globally estimated as O(e3r: SAHe ~). We will make precise these statements in terms of norms
that we introduce next.

5.5. Norms. We introduce here several norms that will be used in the rest of the paper. Let A be
an open set of RY or of an embedded submanifold. For a function g defined on A we denote, as

usual,
9112y == / 9% Nallame) = / D 4 / o2, m>1.
A A A

We consider also the following local-uniform norms

lglizz ) =supllgllrzpennn),  9llmm, ) = sup lgllz2s e 1na)- (5.53)
- €A e TEA
For a number 0 < ¢ < 1 we denote, as customary,
(ol i=sup { Iy e h 2 (554
We let
lgllcoocay = llgllzoeay +[glon (5.55)
and for k > 1,

lgll ey = lgllcoriay + 1D glco(a)- (5.56)
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Now, we consider a submanifold I' in R™*! and its dilation I'.. We denote as usual,

r(y yms1) = V142, yeT, (5.57)
and
re(y) :=r(ey), yeTl.. (5.58)
We consider local-uniform weighted Holder norms involving powers of r.. Let g be a function
defined on I';. For a number v > 0 we define

W9llcgo,y = I glleqrn + [ glorr., (5.59)
and for m > 1,
lgllegeny = IDEgllopo,y + lgllopo - (5.60)
We will use the same notation to refer to the corresponding norm in R? rather than on T..

Let us consider now the case of a function g(y,t) defined on the space I'z x (0,00). We consider
a norm similar to that above, but that measures also exponential decay in the t-direction. For
numbers v,y > 0 we denote

||9||cg;g(rsx(0,oo)) = [|r{ ewtgHLOO(ng(O,oo)) + [xf eﬁ/tg]a,l“sx(o,oo) (5.61)

which we observe, is also equivalent to the norm

¥ € gll oo o x(0,00)) + sup €' (y) [ 9]0 (B((x1) 1) x(0,00)} - (5.62)
(y,t)€Te x (0,00)

We define, correspondingly,
||g||C,Tf(ng(0,oo)) = ||g||03;g(p€><(o7oo)) + ||D1m€g|’c§;g(rs><(o7oo))- (5.63)
We shall denote, also, by simplicity

||p”087”(1"5) = ||pHCO»U(FE)7 HQHC&S(FEX(O,OO)) = ||9||00,U(F5)-

The weighted norms introduced above are appropriate for functions that share the same decay
properties as its derivatives. It is important for our purposes to consider a different set of norms
that are suitably adapted to a function g defined on a subset A of I' such that when differentiated
it gains decay in successive negative powers of r(y) Let us assume that

¥ gllLoo(a) < +o0. (5.64)
Roughly speaking, we expect that when differentiated m times, also
| V™ D™ g|| foo(p) < +00.

In this context, since the Holder seminorm (5.54) corresponds roughly to differentiate o times, then
it is natural to require that, besides (5.64), the following quantity be finite:

[glowr = supr(¥)" 7 [glo BT}
yel’
We define
Igllow,a = [r"gll L~ a) + [8lowr, (5.65)
which is actually equivalent to the norm
1278l Lo () + £ glor-
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Let us observe that if g is of class C1(A) then we have

lgllopa < C[HrngLw(A) + HryHDFgHLw(A)]-
We define correspondingly

Igllkon = | DEgllow+ia + gk o - (5.66)

5.6. Connection between norms. A simple but very important fact is the connection existing

between the norms || HCO,O(FE) in (5.59) and || ||4,r in (5.65) as described in the following result.
Let p be a function defined on T, so that ¢(y) := p(ey) is defined on T'..

Lemma 5.2. Let p and q be functions related as above, v > 1. Then there exists a C' > 0 such that

the following inequalities hold

lallgpeq, < Cllplowr (5.67)

and
Pllov-or < Clldlco - (5.68)
Proof. On the one hand, we have that |[r¥ q|[z~r.) = [|r¥pl/ze(r). On the other hand, for y1,ys €

I'c we have that for g; := ey,
(r2q)(y1) — (2q)(y2) _ o (="P)(G1) — (="4)(%2)
ly1 — y2|7 91 — 7217
Assuming that |g1 — 2| < 1 we get
(x"p) (1) — (="p)(32) _ v (i p(H1) — p(2)
71 — 7217 191 — 7|7

+ () S =)

Hence

rzq) (1) — (x2q)y oT 1 v(i o
D) = B0 < ool + 7 @)Floian] < €=l

If |§1 — g2| > 1 we get that

[(xZq) (1) — (xZq)(12)]
ly1 — y2|7
As a conclusion, we get the validity of inequality (5.67).

< Ce)xpl oo ry:

Now, let us consider the inequality in the opposite direction. Let gy € I' and consider g1, %2 €
B(f0,1) N T, and set correspondingly vy = ¢~ 1%;. Let us assume first that |1 — 92| < e. We have
that
—ola(y1) — a(y2)|

vy [P = P(G2)]
=" (%) Y1 — y2l|°

91 — §a|”
On the other hand if |§; — §2| > € we have
v 1P = p(g2)|
W) e
191 — G2l
Combining these two inequalities yields

< Or¥(yo)e < Cri(yo)e [ ]o,B(yo,1)-

< Ce™?|r qllpoe(r.)-

[p]cr,u—o,F < CE_UH(]”CB,U.
Hence, we have obtained the inequality (5.68) and the proof is concluded. O
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Remark 5.1. A typical term to which we want to measure its size in I'c x (0,00) has the form

9(y,t) = a(y,t) p(ey) C(t)

where C is such that {(t) = O(e™ ) as t — 400, as well as its derivatives. Arquing as in the proof
of Lemma 5.2 we find the estimate:

o,v

19l coe . x0,00y < € llallcorr.x,00) IP]

Y

5.7. Conclusion of the construction of the first approximation and computation of error
size. We consider then h of the form

hy) = ho+chi(y) +eha(y) +h(y), yeT. (5.69)
On the e-dependent parameter function h, we assume in what follows that for some fixed p > 0,
[Bll2.24+4,0.0 = [ DEbl|atpor + [ Drbllspor + [Bll24per < e (5.70)
We observe that from Corollary 12.1, we have that the functions h; and ho satisfy

[h1ll21,00 < +o00, |h2ll22-ror < 400, (5.71)

for any small 7 > 0. Since hg is a constant, we point out that we have in particular
[Vrh(y)| < Cer(y)~>. (5.72)
The approximation already built, ug + ¢ + ¢1 is sufficient for our purposes, except that it is only
defined near I'?. Since we have that
wt)=1-0(e) ast— +oo

we consider a simple interpolation with the function 1. We let n(s) be a smooth function with
n(s) =1is s <1 and =0 if s > 2. For a sufficiently small § > 0 we let

mm(x) =n(s), s=et—md, x=y+(t+h(ey))v(ey)
understood this function as identically zero at any point outside its support. Thus we set
ur(z) = mo(x)(uo + ¢o + ¢1) + (1 —mo(x)) (+1), s=¢et —106rc(y) (5.73)

where the function is understood to be identically equal to +1, all over the space, outside the
support of 71p.

5.8. Error size and Lipschitz property. We shall investigate the size of the error in terms of
the Holder type norms introduced in the previous section, as well as its Lipschitz dependence on
h. The main part of the error of approximation is of course in the region close to I'.. In reality, we
can consider the error as a function defined in the entire space (y,t) € I'c x (0,00), by setting

E(y,s) = n3S[u1] = n3 Suo + ¢o + ¢1] , (5.74)

where this function understood to be identically zero outside its support.
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Let us consider the expansion (5.46) of the first approximation error and the operator Ri(h),
there appearing, defined in (5.47) as

Rl(h) = 520@- Ol-h@jhw”

8
— Y K[t +h)? = (t+ ho)® — 2(t + ho)ehy Ju/
=1

8
— SR+ B = (o)
=1

+ &°(t + h)[aj; 94| Ar|* + bjO;|Arl* ] po
et + h) [aj; O5h + bj Ojh]w' + €° (t+ h)*0w’
+ 64|AF’2 Qjj O;h 8jhpg — 263(11'3' o;ih 8j‘AF|2p6

8
- ¢ {[az‘j Bijh + b O;h] + |Ar[*(h — ho) + €Zk?(t+h)2+'“} | Ar|?pf
=1

6 1
+ €6P8|AF|6/ " (w + s¢o) ds . (5.75)
0

Let us consider for instance the term,
Rn(h) = 82 Qg5 (Ey, E(t + h)) (%h 8jh w"

where we recall
h=ho+eh —{—€2h2 +h

with h satisfying (5.70). Then we have
In3R11(h)| < Ce?|Drh(ey))? e < Cetrtre™

so that
e e ns Ry (B) || oo (o x (0,00)) < CE*.

Using Remark 5.1, we find moreover that
4
HngRll(h)||C§fu7v(FgX(O,oo)) < Ce".
Similar estimates are obtained for the remaining terms in R;(h). We then find
4
\\773Rl(h)Hcffw(rsx(o,oo)) < Ce

We want to investigate next the Lipschitz character of the operator Ri(h). Let us consider again
our model operator R11(h). We have that

e [nsRa1(h1) — Rar(ha)] = [msas(ey,e(t + h1)) — nsaij(ey,e(t + ha))] Oh;Oh; w"
+n3agj(ey, e(t + ha)) [OhjOh; — OhFORT 1w,
and hence from Remark 5.1

e ?|InsRu(ha) —mRu(h2)lloge o xo00) <

s
Clinsaj(ey, e(t + h1)) — nzas(ey,e(t + h2)) [l cow . x(0,00)) 107 OR] |loatpr
+ Clinsagj(ey, e(t + ha)) lcoe(r. x(0,00)) |0hi Ohj — OhZORS ||gaspr
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Thus
[n3R11(h1) — 773R11(h2)||02fuW(st(o,oo)) < C&®|Drhi — Drhallooipnr + CE°|lh1 — halloor-
Similar estimates are obtained for the remaining terms. In all we have,

s R (h1) = msRa(h2)llcos (o)) < Ce3||hy — hilloooipr (5.76)

uniformly on hj, hg satisfying (5.70).
Now, let us consider expression (5.51) for the error at ug + ¢o + ¢1

Slug + ¢o + ¢1] = —? [Arh + |Ar)?h]w’ + Ro(h), (5.77)
where
Ra(h) =e3(Ay — 02) [rpt] + & Z — R)[wwd] + Ra(h)
=2
+ [f’(uo + (ZJQ) — f'(uo) ] o1 + N(U() + ¢, ¢1) (5.78)

The terms (A, — 0?)[¢epy] are of the same nature as those in the operator Rq(h), which was
computed from (A, — 02)[|Ar|*po]. We get in fact extra smallness and decay. Therefore we get

In3R2(h) Hcfjfw(re <oy S C¢'

and
3
||n3R2(h1) - n3R2(h2)HC’ZfHW(FEX(O,oo)) § OE th — h1”2’0—’2+#,1" (5.79)

uniformly on h, hi, hy satisfying (5.70).

As a conclusion of the above considerations it follows that we can write the error (5.74) as

E = —?[Arh+ |Arfh]w’ + Rs(h) (5.80)
where the operator R3(h) satisfies
4
HRg(h)HC’gfuﬁ(FEX(O,oo)) < Ce (581)
and
|Rs(h1) — R3(h2)HCngW(FEX(Om)) < 053”h1 — hill2,0,244,T - (5.82)

6. THE GLUING REDUCTION
We want to solve the problem
S(u) :=Au+ f(u) =0 in QP
u=0, d,u=-constant on I
where we have our first approximation wuy, built in §5.7. We write u = u; + qg We recall that
dyug = w'(0) = constant on I'".

Thus the problem gets rewritten as

Aj+ f'(u1))p+N(@)+E=0 inQ
¢$=0, 9,¢$=0 onT? (6.1)
E = S[ui), N(¢)= fur+¢) — f(ur) — f'(u1)e.
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We recall that we set in §5.7,
N (y, 1) = n(m™" (et — or=(y))) -
We look for a solution of Problem (6.1) with the form

¢ =1md+ 1,

with ¢(y,t) is defined in entire I'; x (0,00). We obtain a solution to Problem (6.1) if we solve the
following system

076+ Ar ¢ + f'(w(t)¢ = —ns[S[ur] + B + N(me + ) + (f'(uo) + 1)) in T x (0, 00),

d(y,0) =0 forall yely,,
08y, 0) = ~0(y,0) forall yeT, (6.2
AY =y = —[2Ve - Vi + @A | — (1 —m) [(f'(w1) + D) ¥ + Slu] + N(mo +4)]  in Q.
=0 onl.. (6.3)

We have the following result.

Lemma 6.1. Let ¢ be given with H¢HCM(F£x(0 00)
solved as p = V(¢p) where for some a > 0,

H\II(¢1) - ‘Ij(¢2)Hcgo Q.) < 6_5H¢1 - ¢2”CZ;$(F5x(0,oo)’

H\I](O)Hcgv"(gs) < et

y < 1 and v > 2. Then equation (6.3) can be

Proof. Let us consider first the linear problem
AYp—typ=g inQ, =0 onll (6.4)
By a standard barrier argument, this problem has a unique bounded solution ¢ = T'(g) if g is
bounded. In fact
ol o) < Ngllzoe (o

Let us further assume that ||g[[co.0(q.) < +oo. Applying local boundary and interior Schauder
estimates we also get

9]l c20 @) < Cllgllcoe ) (6.5)

for a constant C' uniform in all small €. Finally, by writing ¢ = r_ ”1/;, examining the equation for
1 and using estimate (6.5) we obtain that

HT(Q)Hcfv"(QE) < CHchSaf’(QE)- (6.6)
Now, we can solve Problem (6.3) as the fixed point problem

) ==T([2Ve-Vm + ¢Am ]+ (1 —m) [(f'(uo) + 1)+ E+ N(mo +¢)]).

It is readily checked that the right hand side of this equation defines a contraction mapping in a
region of the form [[¢)[| 2. (@) < € ¢. Banach fixed point then gives a solution of this problem

with the desired properties. O
Through this lemma we have reduced our original equation to solving the nonlinear, nonlocal
problem for a ¢ with [|¢]| 2. 7 (Pox(0,00)) < 1,
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076+ Ar ¢+ f(w(t))¢ =—E—~N(¢) inT. x(0,00),
#(y,0) =0 forall yeTl,,
Di6(y,0) = —O W (¢)(y,0) forall yelL, (6.7)

where

N () =ns3[[f'(u1) = f'(w0)] ¢ + Bé + N(m¢ + ¥(¢)) + (f'(u1) + 1) ¥ ()], (6.8)
and as in (5.74),

E = ng Sl
Let us recall that we decomposed in (5.80)
E = —&?(Arh+ |Ap*h) o' (t) + Ra(h),

where R3(h) is a small operator, satisfying (5.81), (5.82).

6.1. The projected problem. Rather than solving Problem 6.7 directly, we consider a projected
version of it, namely the problem of finding ¢ and « such that

07+ Ar.¢ + f'(w(t)¢ = a(y)w'(t) — Ra(b) =N (¢) in e x (0,00),
d(y,0) =0 forall yeTly,,
D6y, 0) = —0U(6)(y,0) for all y e TL. (6.9)

7. LINEARIZED PROBLEM IN A HALF-SPACE

In order to solve Problem (6.9) we shall develop a uniform invertibility theory for the associated
linear problem, so that we later proceed just by contraction mapping principle to solve the nonlinear
equation. This is also the procedure to prove the results of Theorems 5 and 6 so that we consider
a more general surface I' in Euclidean space R™*! m > 1. We consider in this section the (linear)
problem in R™*! of finding, for given functions g(y,t), B(y), a solution (a, ¢) to the problem

_ : +1
Ad + fl(w(t))d =aly)w'(t) +g(y,t) in RYT,
#(y,0) = 0 for all y e R™,
Orp(y,0) =p(y) forall yeR™. (7.1)

Here Rt := R™ x (0, 00). We want to solve Problem (7.1) using Holder norms. The main result
of this section is the following

Proposition 7.1. Given 8 and g such that
18]l cre@my + ||gHCo,a(Rr+n+1) < 400

there exists a solution (¢, ) € C%7 (RTT)x OO (R™) of Problem (7.1) that defines a linear operator
of the pair (8, 9), satisfying the estimate

[6lga gty + lllcos@my < ClLIBlcra@m) + lgllcosgm]- (7.2)
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We will first solve this problem in an L? setting by means of Fourier transform and then use

classical elliptic regularity theory to solve it in Holder spaces.
We consider first the special case g = 0, namely the problem of finding, for a given function S(y)

defined in R™, functions a(y) and ¢(y,t) that solve the problem

—a( () in R,
for all y e R™,
y € R™. (7.3)

A¢ + f(w(t))p
¢(y,0) = 0
op(y,0) =pB(y)

for all
We will solve first this problem in L? by means of Fourier transform. We have the following result.

Lemma 7.1. Given 3 € HY(R™), there exists a unique solution
(¢,a) € H*(RT) x L*(R™)

of Problem (7.3) that defines a linear operator of B. Besides, we have the estimate
(7.4)

161l g2 g1y + lallzz@my < CllBIE @M
Proof. Let us assume for the moment that b is a smooth, rapidly decaying function. Then we can

write Problem (7.3) in terms of Fourier transforms for its unknowns, ¢(&,t), &(€) as
in R™ x (0, 00),

b~ 1€’ + f'(w(t)d =a(€)w'(t)
$(&,0) =0 forall £eR™,
H(€,0) =B(€) forall &eR™. (7.5)
Let us consider first the ODE problem
po(t) + f(w(®)) po(t) = —w'(t) in (0,00), po(0) = 0. (7.6)
This equation has a unique bounded solution, given by
t d 00
po(e) = w'(0) [ T [ uloPds
o w(r)"Js
In particular, p(0) = w'(0)~! [ w'(t)* dt > 0. Similarly, for £ # 0 the equation
PE(t) = |€Ppe + f'(w(t) pe(t) = —w'(t) in (0,00),
pe(0) = 0
has a unique bounded solution, which by maximum principle it is positive. Since p{(0) = —w'(0) <
0, we must have p’§ (0) > 0. This last value defines a smooth function of £. On the other hand for

large values of  we have that p;(0) ~ ¢;(0), where g¢ solves
¢¢ (t) = 1€Pge(t) = —w'(t) in (0,00),
q§(0) = 0.

Thus we have, for large values of |¢],
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The solution of problem (7.5) is then given by

Observe in particular that
[ ja@rds < e[ aviepiberds
Now, from the fact that for some a > 0 and any function ¢ € H}(0,00) we have that

af a2 de < / TP~ (w)e?) dr. (7.7)
0 0

We deduce that for some C' > 0, and any £,
| [ vode+aviepiraca < o [ aignsePrds.
0 R™ Rm™

Taking inverse Fourier transform of ¢(£,¢) and &(€) we obtain a solution (¢, ) to the original
problem (7.3). The above inequalities translate into

/ o dy + / (V6P + |62 dydt < C / (V8P + |82 dy. (78)
m RT+1 R™

By density, and the standard L? regularity theory, we get, given 8 € H'(R™) the existence of a
solution (¢,a) € H 2(RTH) x L?(R™). This solution satisfies the desired estimate. Finally, for
uniqueness we need to prove that if § = 0 in Problem (7.3), then « and ¢ vanish identically. Taking
Fourier transform we arrive at the following family of ODEs in H?(R)

026 — |¢[26 + F(w(t)d —a(&)w(t) in R™ x (0,00),
?(&,0) =0 for all ¢ e R™,
8(£,0) =0 for all £ e R™, (7.9)
For & # 0 we see that setting
p=p— Tg(’?w (1),

then p satisfies as a function of ¢,
" —€*p + f(w(t))p =0 in (0,00),p'(0) =0 forall &cR™. (7.10)

The function p and its equation can be evenly extended to all R. Then

/(Ip’l2 - f’(w)|p|2)dt+/ 1€12|p)? =
R R

Since the first integral above is always nonnegative, we get that p = 0. In particular this tells us

that R
TR

and hence &(§) = 0 almost everywhere in £&. We conclude that o = 0. The fact that qg = (0 comes
directly testing its equation against ¢ itself. The proof is concluded. O

0:¢(£70) - -
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In order to solve Problem (7.1) and for later purposes, we consider the problem

A¢ + f'(w(t)p = g(y,t) in RTT,
#(y,0) = 0 for all ye R™, (7.11)

and establish the following result.

Lemma 7.2. Assume that g € L2(RT+1). Then Problem (7.11) has a unique solution ¢ €
HQ(RTH). This solution satisfies in addition

H¢||H2(RT+1) < CHQHH(]RTH) (7.12)
and if ¢ € HI(RTH),
196y, )2 am) < € lgll g s (7.13)
Proof. As in the previous arguments, we consider the version of (7.11) after Fourier transform,
— &P + f(w(t)d =§(&t) in R™ x (0,00),
$(£,0) =0  forall £eR™.

Using inequality (7.7), we see that for each & this problem can be solved uniquely in such a way
that

[Hodr v+ igndrian < ¢ [lap a _
0 0
so that
512 2\ 1712 12
[+ PPy < o [t deae

By taking Fourier transform back, and then using L? regularity we get a solution ¢ satisfying (7.12).
Now, testing equation (7.11) against e~ €/ and setting B(€) := 9;¢(&, 0) we see that

/ f |€|t P(&,1) dt+/ f —I&lt 5 g(&,t)dt

AoI< ¢ (/ooo e dtf ( | g nr + .o dt>%

Using inequality (7.14) we then get that

Hence

1+ 1EPIBEP < C /0 (1t EDIa(E B dt.

From here, estimate (7.13) immediately follows. Observe that the control is in reality stronger. In
terms of fractional Sobolev spaces we have

I8l @m) < Clllly g,

but we will not need this. The proof is concluded. [l

Using Lemmas 7.1, 7.2 and simple superposition we conclude the following result.
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Lemma 7.3. Given f € HY(R™), g € H' (RTH), there exists a unique solution
(6,0) € HERTH) x L2(R™)
of Problem (7.1). This solution defines a linear operator of the pair (B, g), that satisfies the estimate
H(b”H?(Rf“) + HO‘HLQ(RW) <C [ HBHHl(Rm) + HgHHl(RT“)] : (7-15)

We are interested in solving Problem (7.3) for functions 3 that are only locally in H*(R™) however
in a uniform way, in the sense of the local uniform norms introduced in (5.53).
We would like to solve Problem (7.3) for a 8 with || 3| H!, (Rm) < 100, obtaining a linear operator

with an estimate similar to (7.4) in its “local uniform version”. We have the following result.
Lemma 7.4. Given 3 € HY(R™), there exists a solution

(¢7 ) € Hloc(Rm+1) X Lloc(Rm)
of Problem (7.3) that defines a linear operator of . Besides, we have the estimate

ol g2, sy + ez, @my < ClBlEg, @m - (7.16)

Proof. For the moment, let us further assume that 8 € H*(R™) and consider the solution (a, ¢) to
Problem (7.3) predicted by Lemma 7.1. We will prove that the a priori estimate (7.4) holds.
Let p € R™ and for small values § consider the function

p(y) == 1+ 82|y —p|2.

Let us write ¢ in the form

Then Problem (7.3) becomes in terms of ¢

A¢ + f'(w(t))¢ =aly)w'(t) + Bsd in RPH,
é(y,0) = 0 for all y e R™,

0(y,0) =B(y) forall yeR™ (7.17)

where 5’ =p7YB, @ = p~a. Here Bs is a small linear operator of the form
Bsé = 0(8) - Vyo + 0(8%)6.

We observe that for all small 4,

HB5¢HH1(RT+1) < C(SH(bHHQ(RTH)
where C' is independent of the point p defining p. By uniqueness of the H? solution in Lemma 7.3,
and using the estimate (7.15) we get, after fixing ¢ sufficiently small,

ol 2 mmy + HQEHHl(RTH) < C|Bl g (mm)-

Now, if v was chosen large, then HBHHl(Rm) < CHﬁHHll (rm), While

lall2 By + 10l m2BEy < Clllal 2y + ||<Z~5HH2(RT+1)]
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where the constants C are uniform on the location of the origin p. Then we get
lolzz, @) + 162 gty < ClBLy, gomy (7.18)

as desired. Using this estimate on the solution of Lemma 7.1, we extend it by density to a solution
of Problem (7.3) satisfying (7.18) whenever ||| !, (gm) < +00. The proof is concluded. O

Our next task is to estimate the solution thus found using local uniform Hoélder norms.

7.1. Proof of Proposition 7.1. We argue first that it suffices to establish the above statement
replacing || g/ 0.0 gm+1) by the stronger norm I gHC1,a( ) namely finding a solution such that
+ 0

R
6l gty + lolgoaem) < CLIBIctagm) + lgllono g . (7.19)
To see this, we let (a, ¢) solve Problem (7.1) and write
¢$=0+¢
where ¢ is the unique bounded solution to the problem
AQE - GZ; =g in RTJrlv

é(y,0) = 0 for all y e R™.
It is standard that ¢ satisfies the estimate

HQ_SHCZ’U(RTH) = HgHCO’U(RTH)'
Problem (7.1) can be written in the equivalent form

Ad + fl(w(t)d =aly)w'(t)+§ in R,

#(y,0) = 0 for all y e R™,

o¢(y,0) =B(y) forall yeR™
where B ) )
g=—-Q1+ fl(w)e, B=p8-08dey,0),
so that ) i
ngc’éﬂ(RTH) + ||/3”Cévf’(Rm) <C [ Hg”coyo(RT“) + Hﬁ”cﬁa”(]}gm) ]7
and the claim follows.

The proof of the proposition consists of establishing the a priori estimate (7.2) for the solution
built in Lemma 7.4. Let us fix a point p € R™. We consider the unique solution of the equation

Azﬂza in B(pa?))
v=0 on dB(p,3).
Let us write, for |y| < 3

oy, t) = w'(t)y(y) + ¥(y,1t)
so that v satisfies

AY + f'(w(t)y =g in B(p,3) x (0,00),
o(y,0) =B(y) for all y € B(p,3). (7.20)

Standard boundary regularity estimates for the Laplacian yield the estimate
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[llczosepuxoy < CUBlcv (8o T 9lcorBr2x02) T 1Yla2BE2x02)] - (7:21)
On the other hand, using Lemma 7.4,
CllallL2ps)
CllBNay, @my + 19l @py
CllBllere@m) +llallgre gy (7.22)

IVl 72 (B(p,2)

IN A

IN

while

N

el Beayxo2) < Clolyz, @r

IN

CUIBlay, @y + Mol o]
¢ ["6“001’0-(Rm) + Hg”c«é,o(RT-H) ] . (723)

IN

Since
1] 2 (Bm2)x02) < ClINVE2(BE2) T 18l 52(BR.2)%(0,2)) |5
it follows that
||¢||H2 x(0,2)) <C [ Hﬁ”c&"’(Rm) + HgHCS’U(RTH)] :
Hence, from (7.21) we conclude
kucz" x(0,1)) < C[H/B”Cé’g(]]{m) + ||g||cévf’(Rjrﬂ+1)] . (7.24)
Since ¥(y,0) = —w'(0)7(y) for y € B(p, 3) we find then that
lallcos By = 1A llcos By = CLIBlgte @y + 19l i @rey]-
The constants C' accumulated above are all independent of the point p € R™ chosen, therefore
HQHCOvU(Rm) <C [ H/BHCS»”(Rm) + Hchévo(RTH) ] . (7-25)
Besides, the definition of ¢ yields
||¢”C§"’(Rm><(0,1)) <C [ Hﬁ”C&"’(Rm) + HgHCg"’(RTH)] . (7'26)

Finally, estimate (7.25) and interior elliptic estimates for the equation satisfied by ¢ yield that for
any 7 >0

IN

H¢Hcgva(3(p,1)x(T+1,T+2)) [H¢HH2 p,3)x(Tr+3))

9llcoe (Bp3)x(rrt3)) T llellcos Bp3) ]
Clllmz, @m +19llcpe @iy + 18llcre@m)]
ClIBlcre@m) + gl gpeo@m ] (7.27)

where, again, C' is uniform on p and 7. Combining (7.26) and (7.27) we obtain

IN

IN

[0l caegzny < CUIBlcrem + lgllcaom g
and estimate (7.2) has been established. The proof is concluded. O

We have the validity of a similar result for Problem (7.11).
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Lemma 7.5. Given g such that
||9||co,a(R7+n+1) < +o0

there exists a solution ¢ € 027"(RT+1) of Problem (7.11) that defines a linear operator of g, satis-
fying the estimate
||¢||C2,J(RT+1) <C HgHCO’U(RTH)' (7'28)

Proof. The proof goes along the same lines as that of Lemma 7.1, being actually easier. A solution
satisfying the estimate

16l gty < Clgllz gy (7.29)

is found with the argument in Lemma 7.4, using the result of Lemma 7.2. Estimate (7.28) for this
solution then follows right away from local boundary and interior elliptic estimates. O

8. LINEARIZED PROBLEM IN THE HALF-CYLINDER

Let T' be a smooth, complete, embedded manifold in R™*! that separates the space into two
components. For each point p € I' we assume that we can find a parametrization

Y,: B(0,1) CR™ I c R™*!
onto a neighborhood U, of p in I, so that if we write
9i5(y) = (0:Yp, 0;Yp) = bij + Op(y),
we may assume that 6, is smooth with 6,(0) = 0 and with second order derivatives bounded in
B(0,1), uniformly in p.

In this section we want to extend the linear theory developed so far to the same problem considered
in the region I'. x (0, 00). Thus we consider the problem of finding, for given functions g(y,t), 8(y),
a solution («, ¢) to the problem

0id+Ar.o + f(w(t)d =aly)w'(t) +g(y,t) forall (y,t) €T x (0,00),
#(y,0) = 0 for all y e T,
Oo(y,0) =p(y) forall yel.. (8.1)

We also consider the problem

0o+ Ar.g + f'(w(t)g =g(y,t) forall (y,t) € Te x (0,00),
#(y,0) = 0 for all yeT.. (8.2)
For an open subset A of a manifold embedded in RY, we call C*°(A) the Banach space of
functions h € Cg 7(A) for which
[l ko (a) < +o0.
We prove first the following result.

Lemma 8.1. For all sufficiently small € the following statement holds: given
(B,9) € C1(I'c) x C™ (T2 x (0, 00))

such that
18llcrew.y + lgllcoerox,00)) < +00
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there ezists a solution (¢,a) = T(B,g) of Problem (8.1), linear in its argument, that satisfies the
estimate

[6llc2e(r.x(0,00)) + ltllcoc@.y < CllBllcrew.) + [lgllcoe(Te % (0,00))] (8.3)
where C' is independent of ¢.

Proof. We shall construct a solution by gluing solutions built through Lemma 7.1 to problems of
the form (7.1), associated to local Euclidean parametrizations of I'..

The local coordinates of the surface I' induce corresponding ones for the neighborhood e, of
the point p. = ¢ !p in I';, by means of the map

y € B(0,e7Y) = 7Y, (ey) € e U,

The Laplace-Beltrami operator is represented in these coordinates by

N

T y/detg(ey)

where the ¢ represent the coefficients of the inverse matrix of gij- Then we can expand

0i (V/detg(zy) g (=) ;)

Ar, = Ay + By, By = by(ey) 0y +ebiley) 9yl <, (8.4)

where the coefficients b;;, b; have derivatives bounded, uniformly in p, and b;;(0) = 0. Observe in
particular that |b;;(ey)| < Cely| with C' uniform in p, so that for 6 > 0 small but fixed we have

bij| < C68, | Dybij| + |Dybj| < Ce, y € B(0,5e™ 1),

so that the coeflicients are uniformly small with § as ¢ — 0, in other words Ap_ differs from
Euclidean Laplacian by an operator d-small, uniformly in p.

We fix a small number ¢ and choose a sequence of points p; such that I' is covered by the union
of the open sets

Uy, =Yy, (B(0,0/2)) (8.5)

and so that each U; does not intersect more than a finite, uniform number of ¢, with £ # j. Let us
consider a smooth cut-off function 7, with n(s) =1 for s < 1, = 0 for s > 2. We define on I'; the
smooth cut-off functions,

Mhm (y) =12 |y|/md), y=e""Y,, (ey),

extended as zero to all I'; outside their supports.
We look for a solution to Problem (8.1) with the following form.

$= Mtk +v¥, o= muo (8.6)
k=1

j=1
where ¢, is defined, for instance, on Uy x (0, 00) with

Up ==Y, (B(0,26)),
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and the function ng ¢y is extended by zero outside its support. Using Einstein’s summation con-
vention, equation (8.1) can be written as

M [ (0F + Ar.)ox + [/ ()] + 2V dx - Vo + Y mragu’
k=1

+orAr k1 — b+ (07 + Ar )Y + f(w)y =0.
nk1¢k(y7 0) + w(ya 0) = 07
k1 0¢dr(y,0) + Opb(y,0) = B(y)

for all yeTl.. (8.7)
We separate further the above equation as
[ (97 + Ar.)ox + f'(w Z??m w) + 1) + anakw +
k=1
(07 + Ar)y — (Z Me1)Y + 2Vr bk - Ve + dpArmp — b (8.8)

k=1

Since the sets Uy, cover I' and for each j, there is at most a uniformly bounded number of £ # j
is such that U, NUy, # 0, it follows that for some constant C' uniform in &.

1<V =Y nn <C. (8.9)
k=1
Now, defining 5
Nk2
B = = 8.10
D=1 01 ( )

and using that ngp1nre = N1 we get that

B="> k1P
k=1

Then Equation (5.46) will hold if we have the following infinite system of equations satisfied

2¢r + Ar.dr + f'(w)dy, = agw’ — (f'(w) + 1) in Uy x (0,00)

¢k(y7 0) =0,
forall yel, k=1,2,..., (8.11)
[e.e]
O+ A, —V(y =Y [2Vr. ¢ - Veom + $rAr.mk | + 9
k=1
in Uy, x (0,00)

¥(y,0) =0 forall yeTl..
(8.12)

Using local coordinates y = 1Y}, (ey) in Uy, we get equation (8.11) expressed as
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b + Dydy + By, dr, + f'(w)pp, = g’ — (f'(w) + 1),
for all (y,t) € B(0,26e 1) x (0,00),
¢x(y,0) =0, ye B(0,20e),
0i61(y,0) = —01b(y,0) + Bi(y), v € B(0,26e™ ") (8.13)

where B,, is the small operator in (8.4), and by slight abuse of notation we denote in the same
way h(y) and h(y), a function h defined on =2, evaluated at the point y = 'Y (ey). Equation
(8.13) can be extended to all of RY, with all its coefficients well-defined. Now, ngs(y) = n(ely|/30),
and we will have a solution of (8.11)-(8.12) if we solve the system

7 dr. + Dyor + ks By o1 + /(W) = agw’ — s (f'(w) + 1),  in RY,
ok(y,0) =0 forall yeR™,
Orpk(y,0) = =30 (y, 0) + Be(y) for all y e R™, (8.14)

O+ Ar.p = V(Y)Y = = [2Vr.dk - Veom + ¢eAr.ma ] + g
7j=1

in I'z x (0, 00)
P(y,0) =0 forall yel..
(8.15)
We will solve first equation (8.15) for given ¢’s and g. Let us consider the Banach space
£=(C™7(A))
of bounded sequences in C™?(A), endowed with the norm
h oo m,o = Sup hk m,o .
Bl oo (oo (A)) up [kl gmoe (a)
Let
® = (dr)iz1 € L°(C*7(RY)), g € C™(I: x (0,00))
be given. We write equation (8.15) as
FY+Ary—V(y)v =g inT.x (0,00)
P(y,0) =0 forall yeT..
(8.16)

We see that g defines a linear operator of the pair (¢, g) and
19llc2e(rox,00) < Cllgllcorrox0,00)) + ElPllee(c2ory)) ]
where the constant C is uniform in all small €. Here we have used the fact that
Ve | + [Ar.mea | < Ce.

Now, since 1 <V < C, the use of barriers yields the existence of a unique bounded solution % to
(8.16), which satisfies

[l Lo rox(0,00)) < CllgllLoe (. x(0,00))-
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Then the use of local interior and boundary Schauder estimates, invoking the representation of
the equation in local coordinates and the uniform Hoélder character of the coefficients, yields that
1 = W(D,g) satisfies
W(2, g)llc2eroxo00)) < Clllgllcosroxoo)) + ellPllee(czoms )] - (8.17)
Next we consider a given 8 € C17(T'.) and define B as in (8.10). Then b := (Bj)x>1 satisfies
[6llgee(crommyy < C |IBllcror.)-
Let
T 9(CHo (R™) x (5(CO7(RY)) — £2(C>(RY))
(B,9) — T(B,g) :=¢
be the linear operator built in Lemma 7.1 as a solution of Problem (7.1), so that
T8 Dllcze®ey < [lgllcowrs) + 18llcro@m)]- (8.18)
Then the equation (8.14) after substituting ¢ by ¥(¢, g) becomes
o + Ay + f' (W) = opw’ + g, in RY,
¢r(y,0) =0 forall yeR™,
00k (y,0) = Pr(y) forall y€R™, (8.19)
where
Gk = =k Byt — s (' (w) + DU(b,9),  Br(y) := —msdr¥(,9) (v, 0) + Bi(y)

so that we find a solution if we solve the linear fixed point problem

® = AD)+g, Pel(C*(RY)) (8.20)

where

AP = T(—xY(P,0)(-,0), =3By, dr — mea(f'(w) +1)¥(P,0)),
gk = T(— k30, (0, 9) (-,0) + B, —ma(f'(w) +1)¥(0,9)).

From estimates (8.17), (8.18) and the d-smallness of the operator B, we readily get that for all
small €

[RU®) [l oo (020 (9 )y < CONPll e (20 (Y )y
and also
8lle=e(c20®2)) < C [lIgllcoerox(o,00)) + 1Bllcror. -

It follows that if § is fixed sufficiently small, then for all small €, Problem (8.20) has a unique
solution ® = ®(3, ¢g) which is linear in its argument and satisfies the estimate

128, 9)lle (020 m )y < C [llgllcorrox0,00)) + 1Bllcrow.]- (8.21)
It is straightforward to check that the solution (¢, «) thus obtained by formula (8.6), satisfies the
desired properties. The proof is concluded. [l

We consider next the case in which g and £ have a uniformly weighted Holder control. Let us
consider a positive function p(y,t) defined on I'c x (0,00) which we assume of class C?7. Let us
write ¢ = p¢, and consider Problem (8.1) written in terms of ¢. We have
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a(y)w' (t) + g(y,t) for all (y,t) € Te x (0,00),
0 forall yeTly,
=p(y) forall yel. (8.22)

oy

026+ Ar ¢ + Bo+ f(w)d =
,0) =
9 (y,0)

where
Bo=p [0p+ Ar.pl ¢+ 207 [Vrp- Ve ¢ + 0ip id)
i=pla, g=plg, B=p'8.
If we have that
[Bol|coo(r.x(0,00) < clldllczo(rox(0,00)) (8.23)

for a c¢ sufficiently small, then there is a small linear perturbation of the operator built in Lemma
8.1 which solves problem (8.1) whenever

1Bl e r.y + 1131l co.e (r. x (0,00) < +00

and a corresponding estimate is obtained for gzNS = p~1¢. Condition (8.23) will be achieved provided
that

1o~ D?pllcoo . x (0,000 + 107 Dollcosmoxo00)) < 6 (8.24)

with ¢ sufficiently small. Under this condition we have obtained a solution ¢ to Problem (8.1) such
that

1™ Dl oo (o x (0,00)) + 107 Dl oo (rox(000)) + 107 Bll o (1o x(0,00))
< CH(Z;HCQ*"(FEX(O,OO)) <
Cllo™ DBl coer.y + 07 Bllcoe .y + 107 gllcoe . x (0,000 ] - (8.25)
We recall that for y € T' we denote r(y',y9) = /1 + [¢/|2 and
re(y) :==r(ey), yel..

For positive numbers v, v let us consider

ply,t) = re(y) Ve, (y,1) € T2 x (0,00).
Then we observe that if v is fixed sufficiently small, then for any fixed v > 0 and all small ¢ we
have the validity of condition (8.24).
Let us consider the weighted Hélder norms defined in (5.60)-(5.61). Then the following result
has been obtained.

Proposition 8.1. If v > 0 is fized sufficiently small and v > 0 is arbitrary, then for all sufficiently
small € the following statement holds: given (3, g) such that

18l et oy + 19l e ooy < +0
there exists a solution ¢ = T (3, g) of Problem (8.1), linear in its argument, that satisfies the estimate
||¢||03;§(st(0,oo)) <C [ ||ﬁ||cl{’0(p€) + ||9HCB;$(FEX(0,<>0))] (8-26)

where C' is independent of €.



38 M. DEL PINO, F. PACARD, AND J. WEI

9. SOLVING THE PROJECTED PROBLEMS

In terms of the operator 7(f, g) defined in Proposition 8.1, we will have a solution to (6.9) if we
solve the fixed point problem

¢ = —T(0¥()(y,0), Ra(h) + N (¢)), ¢ € CrI(le x (0,00)). (9.1)

Taking into account that for v = 4 + pu we have

H@t\I/(O)(y, O)HC'ﬁ;S(FE) + ||R3(h) +N(O)||ngg(px(0’oo)) < 054
and the fact, straightforward to check, that the operator on the right hand side of equation (9.1),
defines a contraction mapping on the set of functions ¢ with

3
19llczs (rxo.c0p = Me™

then fixing M sufficiently large, contraction mapping principle provides a unique solution of (9.1) in
that region. Using the Lipschitz property (5.82) for R3(h), corresponding properties are inherited
for the solution. The following result holds.

Lemma 9.1. For all small € sufficiently small the following holds. There exists a solution ¢ = ®(h)
of problem (6.2) that defines an operator on functions h satisfying constraints (5.70). For such
functions and some p > 0 we have

Hq)(hl) - (I)(h2)HCff#W(ng(0,oo)) < C53”111 - h2||2,4+u,1‘7

|®(h) < Cet

Hcffw(rs x (0,00))

and

[NV (®(nh)) _N((I)(h2))||C§fw(rex(0,oo)) < Cet |t —n?|

2,2+u,I’
for all h, W', b2 satisfying (5.70).

9.1. The reduced problem: proof of Theorem 4. We are ready to solve the full problem. Let
us consider the solution ®(h) to (6.2) predicted by Lemma 9.1, and call a[h] the corresponding a.
Then

97 ®(n) + Ar. ®(h) + f'(w(t))®(h) = afb]w'() — Rs(h) — N(®(h)) inT: x (0,00),
o(y,0) =0 forall yely,,
0:®(h)(y,0) = =0, ¥(®(h))(y,0) forall yel.. (9.2)

We can express the parameter function afh] for the solution predicted of Problem (6.9), as an
operator in h, by integration against w’, for y € I';,

afh] () /0 Tt - /0 T IAn ®(h) + Ra(h) + N (®(0)] 0. (9.3)

Then we will have solved our original problem if we find a solution h within constraints (5.70) of
the equation

Arh+[Ar(y)|*h = B[] (y) inT (9.4)
where
Bh)(y) = e %an](e7'y), yeT
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and « is the function in (9.3). We see then that

[|[B] < Cet,

||Cng(FE) -
— 3 J—
[|oe[h] a[hQ]Hcgfu(rg) < Ce”|hy hQH()ffu(rE) .
Using Lemma 5.2 we then get

IBb]lloatp—or < Ce™"?|lafh]] oo

aynTe)
< Ce, (9.5)
1BM0'] = Bl loasu-or < Ce™72|laln) — afp’] oo (r,)
< Ce'"7h - hofleze (1) - (9.6)

9.2. The proof of Theorem 4. At this point, we make use of a linear result. for the problem
Jp[h] ;= Arh + |AF|2h =g in TI. (97)
Lemma 9.2. Let i/ > 0. Then there exists a positive constant C' > 0 such that if g satisfies

lgllo.atprr < 400

then there is a solution h = T (g) of equation (9.7) that defines a linear operator of g that satisfies

[1l2,044,0 = | DER

This result follows from Proposition 12.1 and Corollary 12.1 in the appendix. We will use it here
to conclude the result. We find a solution to Equation (9.4) if we solve the fixed point problem

h = 7(B)), (9.8)

where we choose p/ = &, (0 < u < 1), and 0 < 4. From the lemma, and estimates (9.5), (9.6) we
find that the operator on the right hand side of (9.8) is a contraction mapping of the region where
9.

oA+ I T ||hHU,2+u/,F <C ||g’ o d+u/ I

_ 3
Ce?7 < ez,

Hence there is a solution of (9.8) and hence of (9.4) in this region. Obviously constraint (5.70) is
satisfied by this solution for all small e.

We claim that I'" is the graph of an entire function. This is equivalent to showing that I'*" =
{y+eh(y) / y € T} is a graph, provided that ¢ is sufficiently small. The map

(y,2) €' x (=6,0) =y + 2v(y)
defines a diffeomorphism onto a tubular neighborhood of I', for sufficiently small §. Moreover, since
curvatures of I' are actually decaying at infinity, we have moreover that its inverse z — (y(x), 2(z))
has uniformly bounded derivatives. Now, we have that " is described by the equation V(z) :=
z(x) —eh(y(z)) = 0. We observe then that
a;tgv(x) = azgz - Eth(y) : 81:9y = Vg + O(€r72)

thanks to estimate (5.72). Since

(
Ihl|2,641p0r <

1 c

VT
for some ¢ > 0 it follows that 0,,V (x) > 0 at every point of I'*"  and hence this manifold can be
described locally about each of its points as a graph of a function of (z1,...,zs), hence this is also
globally the case. This function is clearly entire. The proof of the Theorem is thus concluded. O
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In the next section we shall conclude the proofs of Theorems 5-6 by solving the reduced problem
(9.4) in the situations there considered. In order not to lose the main thread of the presentation of
the results, we postpone the rather delicate analysis to Section 12.

10. PROOF OF THEOREM 5

The proof follows the same scheme as that for the epigraph case, so that we will only describe the
differences. The step of the improvement of the approximation is actually identical. The coefficients
of the metric, as well as the curvatures, decay faster in r than those of the minimal graph. In fact
the Jacobi operator is at main order Laplacian along each of its leaves. The slight difference is that
now we will need to find sufficiently far away a solution of

Jrlh]=p inT

—2—0)

where p = O(r as r — o0o. We do not solve this problem directly but rather its projected

version

4
Zi .

/ i p=0 forall i=1,...,4
T 1%—T3

where z;’s are the Jacobi fields associated to rigid motions. At this point we refer to the theory
developed in [9] that allow to solve this problem for bounded h in which in addition one has fast
decay of first and second derivatives. We can adapt the theory to the use of weights with Holder
norms like in this paper in a straightforward way. The final problem that is to solve is actually a
projected version of (9.4),

4
2, % .
Arh + |Ar(y)[*h = Bn] (y) — ;Qw inT. (10.1)
2 .
/ h=0 forall ¢=1,...,4
T 14—T3
We conclude, as in [9], the existence of a solution u and coefficients ¢; such that
4 .
Au+ f(u) = ;ciH’T?’w’(t), u>0 inQ., ueL®Q.), (10.2)
0
u=0, a—u = constant on 0f). (10.3)
v
An interesting, but important fact is that for Serrin’s overdetermined problem Pohozaev’s identity
also holds and the boundary term vanishes. A slight variation of the argument given in [9] pp.

99-102, that exploits the invariance under rotation and translations of the problem, yields that
¢; = 0 for all 7, and the construction is concluded. In the case of the catenoid we can further
restrict ourselves to the space of axially symmetric functions to conclude the existence of an axially
symmetric solution. O
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11. PROOFS OF THEOREMS 6 AND 7

In this section, we sketch the proofs of Theorems 6 and 7 and Corollary 2.1 which follow from
the general scheme of proof of Theorem 4. The notable difference here is that the first error is
O(e) only but thanks to the CMC condition the first approximation can be made to depend on the
signed distance to the surface only. As before we need to improve the error up to order O(e?). The
reduced problem—the Jacobi operator-can be solved easily in this case, thanks to the compactness
and nondegeneracy condition. So we shall concentrate only on the part of improving the errors.

11.1. Fermi coordinates and the expression of the Laplace-Beltrami operator. In this
section, we assume that I' is an oriented smooth hypersurface embedded in M. We first define the
Fermi coordinates about I' and then, we provide some asymptotic expansion of the Laplace-Beltrami
operator in Fermi coordinates about T'.

We denote by n a unit normal vector field on I' and we define

Z(x,z) = Exp,(2n(x)), (11.1)

where x € I'; z € R and Exp is the exponential map. The implicit function theorem implies that
Z is a local diffeomorphism from a neighborhood of a point (x,0) € I' x R onto a neighborhood of
xe M.

Remark 11.1. In the special case where (M, g) is the Fuclidean space, we simply have
Z(x,2z) = x+ zn(x).
Given z € R, we define I', by
I'n:={Z(x,2) e M : xeT}.

Observe that for z small enough (depending on the point y € " where one is working), I', restricted
to a neighborhood of y is a smooth hypersurface which will be referred to as the hypersurface parallel
to I' at height z. The induced metric on I', will be denoted by g..

The following result is a consequence of Gauss’ Lemma. It gives the expression of the metric ¢
on the domain of M which is parameterized by Z.

Lemma 11.1. We have

Z*g=g.+d2*
where g, is considered as a family of metrics on TT, smoothly depending on z, which belongs to a
neighborhood of 0 € R.

Proof. 1t is easier to work in local coordinates. Given y € I', we fix local coordinates x :=
(z1,...,2p) in a neighborhood of 0 € R™ to parameterize a neighborhood of y in I' by ®, with
®(0) = y. We consider the mapping

F (z,2) = Expa(x) (2 N(2(2))),

which is a local diffeomorphism from a neighborhood of 0 € R™*! into a neighborhood of 3 in M.
The corresponding coordinate vector fields are denoted by

Xo := Fi(0;) and Xj = F*(ij),

for j = 1,...,n. The curve xg — F(xg,x) being a geodesic we have g(Xo, Xo) = 1. This also
implies that Vg(OXO = 0 and hence we get

9.9(Xo, X;j) = 9(V%, X0, X;j) + 9(V%, Xj» Xo) = 9(V%, Xj, Xo)-
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The vector fields Xo and X; being coordinate vector fields we have Vg(oXj = Vg(on and we

conclude that
20.9(Xo, X;) = 29(V%, Xo, Xo0) = 0z,9(Xo, Xo) = 0.

Therefore, g(Xo,X;) does not depend on z and since on I' this quantity is 0 for j = 1,...,n, we
conclude that the metric g can be written as

g:gz—i—sz,

where g, is a family of metrics on I' smoothly depending on z (this is nothing but Gauss’ Lemma).
0

The next result expresses, for z small, the expansion of g, in terms of geometric objects defined

on I'. In particular, in terms of § the induced metric on I', h the second fundamental form on T,
which is defined by

;l(th t2) = _Q(V%Na to )7

and in terms of the square of the second fundamental form which is the tensor defined by
h @ h(ti,t2) := §(V{ N, VI N),

for all t1,to € TT'. Observe that, in local coordinates, we have

(h X h)z] = E folm !OJab ;Lbj-

a,b
With these notations at hand, we have the :
Lemma 11.2. The induced metric g, on I', can be expanded in powers of z as
g: =g —2zh+ 22 (h@h+g(Ry(-,N), -, V) +O(),
where Ry denotes the Riemannian tensor on (M, g).
Proof. We keep the notations introduced in the previous proof. By definition of ¢, we have
9-=9g+ O(z)'
We now derive the next term the expansion of g, in powers of z. To this aim, we compute
forall 7,5 =1,...,n. Since Xg = N on I', we get
0:Gx .y = —2h, (11.2)
by definition of the second fundamental form. This already implies that
g =§—2hz+ O(?).
Using the fact that the Xy and X; are coordinate vector fields, we can compute
02 9(Xi, X;) = 9(V, V%, Xo, X)) + 9(V, V%, X0, Xi) +29(V%, Xo, V%, Xo)- (11.3)
By definition of the curvature tensor, we can write
Vi Vi, = Re(Xo, X;) + V&, Vi, + Von’X]_] :

which, using the fact that X¢ and X; are coordinate vector fields, simplifies into

Vg(o Vg(j = Rg(Xo,Xj) + Vg(j Vg(O .



SERRIN’S OVERDETERMINED PROBLEM AND CONSTANT MEAN CURVATURE SURFACES 43

Since Vg(o Xo =0, we get
Vo Vi, Xo = Rg(Xo, X;j) Xo.
Inserting this into (11.3) yields
92 9(Xi, X;) = 29(Ry(Xo, X;) Xo, X;) +29(V, Xo. V%, Xo) -
Evaluation at x¢g = 0 gives
029:1._o =29(R(N,-)N,) +2g(VI N,VIN).
The formula then follows at once from Taylor’s expansion. O
Similarly, the mean curvature H, of I', can be expressed in term of g and h. We have the :
Lemma 11.3. The following expansion holds
H, = Trjh+ 2 (Trgiz ® h + Ricgy(N, N)) + O,

for z close to 0.

Proof. The mean curvature appears in the first variation of the volume form of parallel hypersur-
faces, namely

1 d
H,=— —/det g,.
Vdet g, dz 9

The result then follows at once from the expansion of the metric g, in powers of z together with
the well known formula

det(I + A) =1+ TrA+ % ((TrA)? — TrA%) + O(|| Al]%),
where A € M,(R). O

Recall that, in local coordinates, the Laplace Beltrami operator is given by

Ay = \;mami <gif' V191 0s, ) .

Therefore, in a fixed tubular neighborhood of T', the Euclidean Laplacian in R"*! can be expressed
in Fermi coordinates by the (well-known) formula

Ay =02 —H,0,+A,.. (11.4)
In the case where the ambient manifold is the Euclidean space, we get
Lemma 11.4. The induced metric g, on I', is given by
g = go — 22 ko + 22 ko ® ko,

in other words
9z = go((I — 24) -, (I — zA)-)
where A is the shape operator defined by

A= (;LZ]) (11'5)
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Proof. We just need to compute
00 Xe 00, X = 0, X -0 X 2 (00X -0, N + 0,8 -0, X) + 220, N -0, N,
where N := X*N. We can use (11.2) to write
O, N - 0y, N = A0y, X - A0y, X
And, using the definition of the first and second fundamental forms on I'; we conclude that
00, X+ 0p; Xy = 03, X - 05, X —22 (A0, X) - 0p, X + 22 (A0, X) - (A0, X).
This completes the proof of the result. O

Similarly, the mean curvature H, of I', can be expressed in term of z and A, the shape operator
about I' which has been defined in (11.5). We have the :

Lemma 11.5. The following expansion holds

H, = ZTr (AR 2k
k=0

Proof. The mean curvature appears in the first variation of the volume form of parallel hypersur-

faces, namely
1 d
H,=- —+/det g,.
Vdetg, dz g

Hence we find that

1 d )
“detd oAy et A =Tr (AT -2 47

and the result follows. O

H, =

11.2. Construction of an approximate solution. Given any (sufficiently small) smooth function
h defined on I', we define I'j, to be the normal graph over I' for the function h. Namely

I :={y+hy) Ny e R : y T},
We also define the epigraph
Q={y+tN(y) cR"™ . yeT, t>h(y)}.
We would like to solve the equation
Au+ f(u) =0,

in Qp, with v = 0 and J,u = constant on 0f);. In this section, we explain how to build a
function h and a function u which solve this overdetermined problem to high order of accuracy.
The construction makes use of an iteration scheme which can be used to determine all the orders
successively.

We keep the notations of the previous section and, in a tubular neighborhood of I'" we write

O

where h is a (sufficiently small) smooth function defined on I'. It will be convenient to denote by ¢
the variable
z = h(y)

S
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Using the expression of the Laplacian in Fermi coordinates which has been derived in (11.4), we
find with little work that the equation we would like to solve can be rewritten as

(1+ HthgC) 0?v + EZAQCU —€ (H< + Agch) O
(11.6)
e (dh, datv)gg} e T =0

for ¢t > 0 close to 0 and y € I'. Some comments are due about the notations. In this equation and
below all computations of the quantities between the square brackets [ ] are performed using the
metric g¢c defined in Lemma 11.4 and considering that ¢ is a parameter, and once this is done, we
set ¢ =t+ h(y).

The fact that we ask that u has 0 boundary data translates into
v(0,y) =0

on I'. Finally, the Neumann data of u reads

1/2
- 2
N(v, h) := (1 + Hdh||gg)<:h(y) v

where this time the expression between the square brackets is evaluated at t = 0.
We set
v(t,y) = w(t) + ¢(t,y)

where w is the solution of (1.5). In this case, the equation (11.6) becomes

M(v,h) =0,
where we have defined
M(v, h) = [ (8152 + 52A9g + f/(w)) ¢—¢ (Aggh + HC) (w/ + 019)
11.
_ Hdhngc (w" + 92¢) — ¢ (dh, d@tgb)gc} Cmetih (11.7)

+ (fw+¢) - flw) - f(w)e).

Now we perform some formal computations to determine the solution ¢ and h so that 9(w + ¢, h)
is constant. We assume that ¢ and h can be expanded in power of ¢ as

p=cpo+elr+etpatetos ...
and
h=echo+e’hy+e3hy+...

where all functions ¢; depend on ¢ and y while the functions h; only depend on y. We naturally
assume that ¢; nor h; depend on ¢ and, since this will turn out to be the case and since this
simplifies the computations, we also assume that hg is constant and ¢g = ¢o(t).
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Lemma 11.6. The following ezpansion holds
Mw +¢,h) = = ((0F+ f(w))do - Tr(4)w)
+ 2 (0 + f'(w))dr — Tr(A%) (¢ + ho)w’ — Tr(A)drd0 + 1" (w)63)
8 (07 + 1(w))éz — (T(A%) (¢ + ho)? + Jp ha) w!
— TH(A2)(t + ho)dugo + 11" (w)dodn + 11 (w)6})
+ & <(3t2 + f'(w))ds — (Tr(A?) (¢ + ho)® + Jr ha) w' (11.8)
“TR(A?) (¢ + ho) Dby + gy b1+ & F(w) — [[dhn |2, w”
— (2Tx(A3) hy + [0c Ag hajc=o) (t+ ho) w’
—Tr(A?)h10ido — Tr(A®)(t + ho)*dico

3) (w ) (4
7O (w)g0sz + L don + L ef)
+ O(P)

where
Jr = (Agy + Tr(42))
is the Jacobi operator about T' and fU) denotes the j—th order derivative of f.

Proof. Under the above assumptions, the following expansion is easy to derive
2 4
[8 Agc(ﬂ |¢=ct+h =€ Ago(bl + 0(55)
since ¢ = ¢o(t) which does not depend on y. Using the fact that g depends smoothly on ( together
with the facts that hg is constant and ¢g = ¢o(t), we get

[Ag R =eDgy(h1 +ehy + e hg) + &% [0cAg.ha] ., (t+ho) + O(eh).

|¢=et+h
Using the result of Lemma 11.3, we obtain the expansion

[H] Tr(A) + e Tr(A%) (t+ ho + e hy + €2 ha)
+ &2 Tr(A3)(t+h0)(t+ ho +2€h1)
+ 3 Tr(AY)(t+ ho)® + O(eh).

[¢=0

|(=¢et+h

Next, we have
2 _ 4 2 5
[anl] ., = ldmlis, + OC)
since hg is assumed to be constant. Similarly, we get
4
[(dha dat¢)g§] |¢=et+h = 0(6 )
since hg is constant and ¢g = ¢o(¢). Finally, Taylor’s expansion yields
flw+¢) = f(w) = f(w)¢ = f(w)¢* + 5/ P(w)® + § /D (w)¢* + O(e?).

To derive the expansion, it is enough to insert these expression in (11.7) and rearrange the result
in powers of €. U
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Using similar arguments, we also get the expansion of the normal derivative of v + ¢ in powers
of e.

Lemma 11.7. The following expansion holds

N(w + ¢, h) = w'(0) + edp(0) + (2 Qb1 + €° Dupa + €' Dups),_, + lIdha |7, + O(E°).

|t=0

In order to construct the approximate solution the idea is first to find the functions ¢g, ¢1,..., ¢3
so that M(w + ¢, h) = O(e’). Thanks to Lemma 11.6, we obtain the following system of equations

(07 + f'(w))do = Tr(A)w

(07 + f'(w))¢1 = Tr(A?)(t+ ho)w'

+ Tr(A)depo + 31" (w)ep
(07 + f'(w))p2 = (Tr(A%) (t+ho)? — Jrhi)w'

+ Tr(A%)(t + ho)depo + 5" (w)dodr + §f (W)}
0F + f'(w)¢s = (Tr(A*) (t + ho)® — Jr ha) v’

(11.9)
+  Tr(A?%) (t + ho) Orp1 — Agy P71

— 3 [ ()i + [|dha [, w”
+ (2 Tr(AB)hl + [8CAgCh1]|<:O)(t + h()) w’
+Tr(A?)h1 0o + Tr(A®)(t + ho)*dso

3) (w ) (1
— O (w)gopr — L5 gy + L i,

We consider this system of equation as a system of ordinary differential equations (of the variable
t > 0) which depends smoothly on parameters (namely 3 € I') through the functions Tr(A*), the
metric go on I' or the functions hg, ..., hs.

The next step relies on the solvability of a second order ordinary differential equation. We shall
solve ¢g and ¢1, Pa, ¢3 differently. First we solve ¢g. Observe that a crucial fact is that since M is
a CMC surface

Tr(A) = Constant (11.10)
so that ¢g can be chosen to be a function of ¢ only. In fact we can choose
¢o(t) = —Tr(A)po(t) (11.11)

where po(t) is the unique bounded solution to (7.6). Observe that ¢¢(0) = 0 and ¢g decays expo-
nentially in ¢.

Next we solve ¢1, ¢p2 and ¢3 successively and at the meantime we also determine hg, h1, ho. This
is similar to the procedure done in Section §5.

As observed in Section §5 for a bounded function ¢(t) € L*(0,00) a necessary and sufficient
condition to obtain a bounded solution p(t) to

P+ f(w)p = q(t), p(0)=p'(0)=0 (11.12)
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is the following
/ q(t)w' (t)dt =0 (11.13)
0

In fact the solution p(t) is given by (5.39).

We now explain how the constant hg and the functions hy and he are chosen. The idea is to use
(11.13) in order to solve the system (11.9) for any given constant hy and any given set of functions
hi,...,hs and then we determine hyg, ..., h3 so that

D1 1o = 02 jr—0 = 013 |t + & [|dha |2 = 0 (11.14)

on I
To begin with, observe that, thanks to when ¢ = 0, we have

W'(0) 9 o = ( /0 i+ ho) (1) dt> Tr(A2)

+ [T aam + 5 w0

and hence, the first equation in (11.14) amounts to ask that the constant hy € R is chosen so that

/ T+ hy) wdt = — / T (Tr(A)dro + o () (1t (11.15)
0 0

which can be solved uniquely for hg.
Next we choose h; so that d;pa|t—o0 = 0. By (11.13) this amounts to choosing h; such that

Jr(hl)/ooo(w/(t))th = Tr(4%) /Ooo(t+ho)2(w’(t))2dt

+ /0 - <Tr(A2)(t + ho)Orpo + % " (w)podr + é f”’(w)¢g)w’(t)dt

which has a unique solution hi, thanks to the nondegeneracy assumption on M.

A similar argument as above can be used to solve ¢o so that dip2|i—9 = 0 and hence a unique hs
can be found.

If we succeed in achieving these choices to determine h; and he, then according to Lemma 11.6
and Lemma 11.7, this will ensure that

M(w + ¢, h) = O(e°)
in a neighborhood of I in I" x [0, 00) and
(w+ ¢)le=0 = 0,
N(w + ¢, h) = w'(0) + £ (0) + O(e°)

on I' for
pi=cpo+eip+edot+etds  and  hi=cho+elhi+eh.

We could use this iteration scheme to solve the equations M(v, h) = 0 and (v, h) = constant to
any order but it turns out that the above accuracy will be sufficient for our purpose.
Proceeding as in the proof of Theorem 4, we look for true solutions of the form

pi=cpo+e?pr+epot+etp3+¢  and  hi=cho+e*hi+ehy +h
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where we use || - ”Cg’;’(rgx( ) to measure ¢ and [ - le2.0(ry to measure the function h. Since T' is

0,4+00)
compact and nondegenerate, the rest of the proof goes exactly as those of Theorem 4. We omit the
details.

12. ArPENDIX: THE BDG GRAPH AND ITS JACOBI OPERATOR

In this appendix we let I' a fixed Bombieri-De Giorgi-Giusti minimal graph [5], as in the statement
of Theorem 4.

12.1. Solvability for the Jacobi operator of the BDG graph. We consider the linear problem
Jelh] = Arh + | Ar(y)Ph = g(y) nT. (12.1)
In [¢] the following result was established.
Proposition 12.1. Let 4 < v < 5. There exists a positive constant C > 0 such that if g satisfies
17 gllLoory < +00
then there is a unique solution of equation (12.1) such that |£”2 h||fery < 400. This solution

satisfies

122 Bl ey < C " glloory -

The proof of this result is based on the construction of explicit barriers, using the fact that the
surfaces I' and 'y are uniformly close for r large. Barriers constitute an appropriate tool to solve
Problem (12.1) since Jr satisfies maximum principle, as it follows from the presence of a positive
bounded function in its kernel. In fact, we have that

Jrl(1+|VFA) ™ =0,

In the current setting we need to consider right hand sides with decay of order at most O(r~%),
the prototypes being g = Z?Zl k} and g = Zle k}. Tt is not possible in general to obtain a
suitable barrier in the setting of the above proposition when v < 4. We have however the validity

of Proposition 12.2 below which will suffice for our purposes.

The closeness of the surfaces allows us to define a canonical correspondence between maps defined
on I' and functions on I'y as follows. Let p € I" with r(p) > 1 and let v(p) be the unit normal to I'
at p. Let m(p) € I'g be a point such that for some ¢, € R we have:

m(p) = p + tpv(p). (12.2)

As shown in [8], the point 7(p) exists and is unique when r(p) > 1, and the map p — 7(p) is
smooth, with uniformly bounded derivatives both for 7 and its inverse. The approzimate Jacobi
operator Jr,, corresponding to first variation of mean curvature at I'g, is given by

jFo [h] = Afoh + |AFo(y)‘2h'

For large r, Jr is “close to” Jr, in the sense of the following result, contained in [3].
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Lemma 12.1. Assume that h and hg are smooth functions defined respectively on I' and Iy for r
large, and related through the formula

ho(m(y)) = h(y), ye€TL, x(y)>ro.
There exists a o > 0 such that
Jr[P)(y) = [Trolho] + O(r—>=7)D§ ho + O(r~*7) Dryho + O(r~*=7)ho ] (r(y)) - (12.3)

We can compute explicitly the operator Jr, as follows. Let us consider the first variation of
mean curvature measured along vertical perturbations of the graph I'g, namely the linear operator

H'(Fy) defined by

H(F)g] = S H(Fy +10) 1m0 = v-( Vo oy Vo) VFO).

VIFIVRP  (1+|VE2):
Then we have the relation

Tro[h] = H'(Fo)l¢], where ¢(2') = /14 |VE(@)]> (2, F(2)). (12.4)
For vertical perturbations ¢ = ¢(r,0) of 'y, it is straightforward to compute

H'(Fy)[¢] := L := Lo+ Ly, (12.5)
with
Lo9) = Fadan {0 @1 90)s + (79 06,), = 3(99 w16 )0 — 399 Wrda), |, (126)
and
- 1 L ~
Li(¢) = m {(r Liogg)e + (rwgbr),«} , (12.7)
- sin® 26
w(r,0) = 11 9g7 1 9/2)% . (12.8)
We can expand
W(0,7) = wo(0) +r~* wi(r,0),
h
o wo(0) := M wy (r,0) = —§M + O(r~*sin3(26)).
(992 +9%)% 7 2(9g% + g/%)3
We set
1
Lo(¢) = m{@f wordge)e + (g wodr)y

— 3(99’ wor'ér)e — 3(gg wor o), }- (12.9)
Crucial in the proof of Proposition 12.1, as in the arguments that follow below is the presence of
explicit solutions that separate variables for the operator Lg. Let us consider the equation

Lo(r"q(9)) = fﬁ;, 0 € (%, g). (12.10)

By a direct computation we obtain

r7sin®(260) Lo(rq(8)) = >0 [9(g® @oq') — 38(99'q00)’ + @o(B +4) (Bg”>q — 399'd)]-
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8 _
We see that ¢ = ¢3 annihilates the above operator. As a consequence, the operator takes a
. . . _B
divergence form in the function g~ 3 ¢, namely,

B+4
3

/
T sin®(26) Lo(rPq(0)) = 9347 95" [dogh (97 30)] .

Thus equation (12.10) becomes

g (55| = 5p(0)9(6) 5" sin®(26).

Provided that all quantities are well-defined, we get the following explicit formula for a solution
q(0), 0 € (3, %)
8 L% 2 5 s ds 2 _B+4 . 3
q0) =g3(0) [A— ¢ | 973(99" +¢"7)2 —5—— [ p(r)g” % (7)sin’(2r)dr ], (12.11)
9Jz sin”(2s) Js
where A is an arbitrary constant.

Lemma 12.2. (a) Let p(0) be a smooth function, even with respect to /4, namely
7r

p(g —0)=p(0) forall 6€ (0, Z)
Then there exists a smooth function h(r,0) with the same symmetry, that satisfies, for some p > 0,

Jrolh] = p?j) + 0> ") asr — 400, (12.12)

and
||I2(10gr)h||Loo(Fo) < +oo.
(b) Let p(0) be a smooth function, odd with respect to 7 /4, namely

p(g —6)=—p(8) forall 6€ (0, %)

Then there exists a smooth function h(r,0) with the same symmetry, such that for some p > 0,

6
Jro[h] = pﬁg) + 0™ asr — +oo, (12.13)
|rh ooy < +o0,

and, in addition,
o) 4
|V h? = i + O™ 1) asr — +oo, (12.14)
where B is a positive function of class C', even with respect to T
Proof. We will prove next part (a). We consider first the case in which p(n/4) = 0. We will
construct a smooth function ¢g(r,#) such that for all large r we have

L(¢o) = pfj) +O0(rtm) (12.15)

for some p > 0.
Using Formula (12.11) with $ = 0 and suitable constant A, we see that

Loa@) = 22 0eZT)

for
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1 [ 2
4(0) / PR ) g / " p(r)g i (r) sin®(2r) dr
9 Jz sin”(2s) Js

Let us analyze the asymptotic behavior of () near § = 7 /4. Setting

T
we can expand
9(0) =z + O(a®), g1 =g (7/4), p(0) =p2z®+0(x"), po=p"(x/4).
Hence we have i
/2 p(T)g_%(T) sin®(27) dr = Ag + O(mg)
0
where i
Ag /2 p(T)g_%(T) sin3(27') dr .
I
Thus, we have
q(0)

_nu T2 9

—g1 3 Ay [ s 3ds+ O(x?).
0

Hence, for As = —3g171?1A0, we get the expansion

q(0) = Ax(0 — 7/4)3 + 00 — 7/4)2.

(12.16)
Now, let us consider Let 7n(s) be a smooth cut-off function such that n(s) =1 for s < 1 and n(s) =0
for s > 2. We consider the interpolation
$o(r,0) = (1—n(s))q(0), s:=1r°g(d).
Then, using that p() ~ g(8)? = O(r~*) on the support of 1, we get
0 _
Lo(¢o) = pﬁ) +0(r) +
Lo(m) ¥ + ———2 3615 3910 — g’ ]
0 r sin3(20) o o o
v =—q(0). (12.17)
Now, we compute

n=2n0rg=0("", ne=nr’d =00,
ey = 41126 + 21 g = O(r™2), g = 20199’ + 21/'rg’ = O(r),
"4 12

neg = 1"rg"" +n'r?g" = O(rY).
Substituting these expressions in (12.9) we then get

Lo(n) = O™, Bgne—g'rn] = O(1),
while on the other hand in the support of the derivatives of 1 we have

2

)=0(r"s)

ol

¥ =0(g(0)
and also
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Thus, globally we get
0 42
Lo(do) = pﬁ4) +O(r78).

Now, let us consider the full operator L evaluated at this ¢o. On the one hand, it is straightforward
to check that

Lo(¢0) — Lo(¢o) = O(r~®).
Let us estimate now L1 (¢o) in (12.7). We have that

Li(¢o) = M(%%)e

Y 1 - N
+ =5 \r w + (rw
7 em® (20) {( 0m9)o + (Twony)r
Worlg Yy
78 sin3(26)
We observe that where 1 — 5 is supported we have at worst

gos = O(g~3) = O(r's)

= h+DL+13

and hence we find

We also compute

Hence,
2
Li(¢o) = O(r~*75).
We also readily see that (il — L1)¢g is even smaller than the above bound. We conclude

~ 0

L(¢o) = p£4) + O(r*75). (12.18)
where ¢g is a symmetric, smooth bounded function. We recall that we have obtained this under
the assumption that p(0) = 0.

We consider next the case p(0) # 0.
Let us compute Lo(logr). We get

1 2 -
Lo(logr) = 7r7sin3(20){4739/ (0) — 3r*(gg @o)e }
1 2 N -
= —— I3¢°(0) — 3g4¢" —3g¢
e 20){ g (8) — 399" wo — 399’ (Wwo)s }
/2 399” 3g’g (wo)e} (12 19)

B 7“4{ (992 +g’2 32 (9g2 + ¢'?)3/2  sin®(26)
Then we observe that we can decompose
b(6
Lo(logr) = gl— + (—) g1 =4 (7/4) (12.20)
where b(f) is symmetric, smooth and with b(ﬂ'/ 4) = 0. In addition, we readily check that
Li(logr) = O(r~"?), (Lo — Lo)(logr) = O(r~""),
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hence )
T b(0
L(logr) = 97}—4 - 7{4) + O(r—t). (12.21)
Hence, if we let
A= gip(n/4),
then we have that 0 0
Db p1 —11
L(Alogr) = i T A + O(r ) (12.22)

where
p1(0) := —Ab(0) + p(0) — p(m/4).
Now, let us consider a bounded approximate solution ¢g(r, ) as built above where p is replaced by
p1. We see then that
61 = Alogr + oo

L(¢1) = pﬁf) + OG5, (12.23)

satisfies

Observe that then the function
hi=(1—n(r) 1+ |VF[*) ¢

is smooth, symmetric, and satisfies (12.12) The proof of part (a) is concluded.

We prove now part (b). Let us consider Formula (12.11) for 5 =1 We have now that
i _PO) g
L(rq(0)) = 50 € (535) (12.24)
for
1 o 9 2.3 ds 3 _5 . 3
q(9)=gs(9)/ g 3(99°+ g )2,3/ p(T)g™ 8 (7)sin®(27) dr . (12.25)
Ed sin”(2s) Js

4
Since p(0) = 0 and p is smooth, we have that the asymptotic behavior of ¢(f) near § = 7/4 is now
given by

wlot

q(0) = A1(0 — 1/4)% + 00 — 7 /4)5.

Then we define
0o(r0) = (L=n(s)) rq(6), 0 (5.5). s=r’g(0).
Similar computations as those for the first case of the lemma, lead us now to

Lo(60) = B3+ 06~8).  Lufen) = 06~ 3),

and consistently to

Lioo) = P9+ op=3),

Finally, the function
Po

71+ IVFOP
extended oddly through 6 = 7 satisfies (12.13).

Finally, let us estimate the quantity |Vr,h|?>. The following general formula is easy to derive, to
relate Euclidean derivatives of a function ¢ with those along a graph of a function F. We have
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vy g, 1L |Vy-¢p
2
Since h = (r,0) we obtain the following expression
1 N 1 1 (3gh, + g'r~thy)?
Vroh|? = ———- (397 ‘he — ¢'h.)* + — :
Vol = lagr gy B M I i g ) g g

Using the explicit expression for h, we see that the second term in the sum is always O(r~*~#) with
> 0. On the other hand, in the first term, the contribution of the cut-off region is of higher order.
In fact just dropping the cut-off we finally see that

w2 = 20 4 o=t

ré

where 3 is a positive function of class C', even with respect to 7+ The proof is concluded. O

Proposition 12.2. (a) Problem (12.1) has a solution h with ||r?(logr) k|| ey < 400 if

8 8 2
g:Zk;* or g:[Zkf] .
i=1 i=1

(b) If g = S°% | k3, then Problem (12.1) has a solution h with ||r hllpeery < —+o0.

=1 ">

Proof. Let us prove (a). Let k:? denote the principal curvatures of I'y. Then we compute directly

that the functions
8 8 2
SO and [Zrkﬂ?]
i=1 i=1

gly) = pﬁf)

with p symmetric and smooth. In addition, we have that away from the origin,

are both of the form (for large r)

8 8
Y k) = DI E@)* + O@x(y) ™).
i=1 i=1
Let ho be the approximate solution predicted by Part (a) of Lemma 12.2 in I'¢, so that for instance

8
Argho + |Ar[Pho =Y [K)|* + O(x~7#)
i=1
where
|r?log T hg | oo (1) < +00.
Let h1(y) := ho(m(y)). Then, according to Lemma 12.1 and a direct computation we find that

Trlha)(y) = Trolho)(n(y)) + Ox(y) ™).

Hence

8
Tolhal(y) = k) + <)
=1
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where ¢ = O(r~*7#). By Proposition 12.1 there exists a solution hy of

Jrlhe] = —C

with [[r2*# hi||fee(ry < +o00. The desired result follows by simply setting h := hy + ha. The proof
for the other right hand side is the same. For part (b) the argument is similar, taking into account
Part (b) Lemma 12.2. O

12.2. Weighted Schauder estimates. We have the following result, that controls the decay of
the first two derivatives of solutions of equation (12.1).

Lemma 12.3. Let v > 2. There exists a constant C' > 0 such that the following holds. Let h be a
solution of equation (12.1) such that

||8HUVF + [~ 2h||L°° < +o0.
Then
IDEAllowr + |Pllow—20 < Clllgllowr + 127>l Lo ). (12.27)

Proof. We use the local coordinates (4.7). Then, around a point p with r(p) = R, for any sufficiently
large R, the equation reads on B(0,20R) for a small, fixed 6§ > 0 as

ag;(y)dish + 07 (y)8ih + |Ar(y)?h = g(y) in B(0,26R).
Consider the scalings
h(y) = R"*h(Ry), &(y) = R"g(Ry).
Then we obtain the following equation.
a3y (7)0iih + B (v)0ih + bo(y)h = & in B(0,26),
where
aij(y) = agy(Ry).  bi(y) = Rb;(Ry), bo(y) = B*|Ar(Ry)[.
We will apply interior elliptic estimates to this equation. First, let us notice that from the estimates
obtained for the metric, we have that the coefficients above are all uniformly bounded an elliptic in
B(0,20). Besides, we have that their first derivatives are also bounded in this region, with bounds

uniform on the point p and on R.
Elliptic estimates then yield

D3Rl oo B0.0y) + IRl cor (B00)) < ClIElcow(B020)) + 1Pl Loe(B0,20))- (12.28)
Let us observe that for any yi,y2 € B(0,260) we have

8(v1)| = |R"g(Ry)| < Cllr"g| L)

and
g —g Ry1) — g(R
8(v1) g(zz)l _ proleflyn) — gl Zz)l < Clglowr
y1 =y |Ry1 — Ry
Therefore, we have the inequalities
Igllcoo(Bo20y) < Cllgllowr:  hllzeo(so20) < ClIr* Al poe(r)- (12.29)

Now, we have that
Dh(y) = R”[D*h](Ry).
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Hence for yi1,y2 € B(0,0R) we have

_D2h(y1) — D?h D?h(R™'y1) — D*h(R™" — |7
e D00 = D2hlys) _ DAMETv) = DPRETY) e o o
[y1 = yel y1 =l

It follows that if A =Y, (B(0,60)) then
[DEhlyon < CID?hlcoe(p0,0))-

Similarly we have that ~
[h]v-2.04 < Cllhllcoe (0.0,
while clearly, also,
£ 2h| oo (a) + 1T DRA oo (a) < C LRl cow(B0,0)) + 1Dl cow (B(0,0)) ]-
Hence from inequalities (12.28) and (12.29) we obtain

IDEhllow,a + Allop—20 < Clllgllowr + 2772kl oo )],
where C' is uniform in p con r(p) >> 1. Using this and an interior estimate for the equation on a
bounded region, the desired estimate (12.27) follows. U

Corollary 12.1. 1. The solution h predicted by Proposition 12.1 satisfies the estimate
IDERlopr + [1hlloy—2r < Cllg]
2. The solution in Part (a) of Proposition 12.2 satisfies that for any small 7 > 0,
IDEhlloa—r,r + [|Allo2—rr < +o0.
3. The solution in Part (b) of Proposition 12.2 satisfies
IDERo3.r + |||

o,v,'

o1, < +00

while for some pu >0
[1Drhllo24pr < +oc.
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