ON A SINGULAR PERTURBED PROBLEM IN AN ANNULUS

SANJIBAN SANTRA AND JUNCHENG WEI

ABSTRACT. In this paper, we extend the results obtained by Ruf-Srikanth
[8]. We prove the existence of positive solution under Dirichlet and Neumann
boundary conditions, which concentrate near the inner boundary and outer
boundary respectively of an annulus as € — 0. In fact, our result is independent
of the dimension of RY.

1. INTRODUCTION

There has been a considerable interest in understanding the behavoir of positive
solutions of the elliptic problem

E2Au—u+ f(u)=0 inQ
(11) U>OinQ,

uzOor@zo on 0f)
ov

where € > 0 is a parameter, f is a superlinear nonlinearity and €2 is a smooth
bounded domain in RN. Let F(u) = [ f(t)dt. We consider the problems when
f(0) =0 and f'(0) = 0. This type of equations arises in various mathematical mod-
els derived from population theory, chemical reactor theory see Gidas-Ni-Nirenberg
[6]. In the Dirichlet case, Ni — Wei showed in [13] that the least energy solutions
of equation (1.1) concentrate, for £ — 0, to single peak solutions, whose maximum
points P. converge to a point P with maximal distance from the boundary 0€2. In
the Neumann case, Ni-Takagi [11] showed that for sufficiently small € > 0, the least
energy solution is a single boundary spike and has only one local maximum P. € 9.
Moreover, in [12], they prove that H(P.) — maxpeaq H(P) as € — 0 where H(P)
is the mean curvature of 92 at P. A simplified proof was given by del Pino—Felmer
in [3], for a wider class of nonlinearities using a method of symmetrisation.

Higher dimensional concentrating solutions was studied by Ambrosetti-Malchiodi
—Niin [1], [2]; they consider solutions which concentrate on spheres, i.e. on (N —1)-
dimensional manifolds. They studied

{ 2Au—V(r)u+ f(u) =0 in A

1.2
(12) w>0in A,u=0 on 0JA

the problem, in an annulus A = {z € RY : 0 < a < |z| < b}, V(r) is a smooth
radial potential bounded below by a positive constant. They introduced a modified
potential M (r) = rN=1V(r), with 6 = % — 1, satisfying M’(b) < 0 (respectively
M'(a) > 0), then there exists a family of radial solutions which concentrates on
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|x| = re with r — b (respectively r. — a) as ¢ — 0. In fact, they conjectured
that in N > 3 there could exist also solutions concentrating to some manifolds
of dimension k with 1 < k < N — 2. Moreover, in R2, concentration of positive
solutions on curves in the general case was proved by del Pino—Kowalczyk—Wei [4].
In [9], the asymptotic behavior of radial solutions for a singularly perturbed elliptic
problem (1.2) was studied using the Morse index information on such solutions to
provide a complete description of the blow-up behavior. As a consequence, they
exhibit sufficient conditions which guarantees that radial ground state solutions
blow-up and concentrate at the inner or outer boundary of the annulus.
In this paper, we consider the following two singular perturbed problems,

EAu—u+uP=0 in A
(1.3) u>0 inA
u=0 on JA,

EAu—u+u?P=0 inA

%:0 on 0A,
14

where A is an annulus in RY = RM x RE with A ={zr e RV : 0 < a < |2| < b}
and € > 0 is a small number and v denotes the unit normal to 94 and N >
2. In this paper, we are interested in finding solution u(x) = wu(r,s) where r =

Va2 +ai+- 22, and s = \/x%/,+1+x?\4+2+~--1:§(.

Let us consider the conjecture due to Ruf and Srikanth:

Does there ezist a solution for the problems (1.8) and (1.4), which concentrates
on RM+E=1 dimensional subsets as e — 07

Theorem 1.1. For e > 0 sufficiently small, there exists a solution of (1.3) which
concentrates near the inner boundary of A.

Theorem 1.2. For e > 0 sufficiently small, there exists a solution of (1.4) which
concentrates near the outer boundary of A.

2. SET UP FOR THE APPROXIMATION

Note that under symmetry assumptions, A can be reduced to a subset of R?
where D = {(r,s) : 7 > 0,5 > 0,a® < r? + s> < b?}. Let P. = (P1 ., P>.) be a point
of maximum of u. in A, then u.(P:) > 1. From (1.3) we obtain

M-1 K-1
(M1, -1

(2.1) Uy + E2Ugs + 2
r s

us —u-+uf =0

Let D1, D5 are the inner and outer boundary of D respectively and D3, D, are
the horizontal and vertical boundary of D respectively.
If P = (P, P2) be a point in D such that dist(P,D;) = d, then we can express,

(2.2) Py =(a+d)cosb; P, = (a+d)sinf

where 0 is the angle between the x— axis and the line joining P. Furthermore, if
dist(P,Dy) = d, then we can express,

(2.3) P, =(b—d)cos8; P, = (b—d)siné.
See Figure 1 and Figure 2.



FIGURE 1. Dirichlet case FIGURE 2. Neumann Case

The functional associated to the problem is

2 1 1
(2.4) I.(u) = /D pM-1gK=1 <52Vu|2 + iuz - Wupﬂ)drds.
Moreover, (1.3) reduces to
M—-1 K-1
2y, €2u35+82gur+62( )us —u+u’=0inD
r
u =0 on D; UD,
0
2% _ 0 on Dy UD,.
ov

Re-scaling about the point P, we obtain in A,
%UT e (Pi(-i- Els)
The entire solution associated to (2.1) where U satisfies
ApogU—-U+UP=0 inR’
(2.6) U(r,s) >0 in R?
U(r,s) =0 as|(r,s)| — oc.

ug —u+uP =0.

(25) Upp + Ugs + €

Let z = (r, s). Moreover, U(z) = U(|z|) and the asymptotic behavior of U at infinity
is given by
1 1
U(z) = Alz|"2e <1 + o<|>>
z

U'(z) = —Alz|2e7 (1 + O<Ii>)

for some constant A > 0.
Let K(z) denote the fundamental solution of —A, ;) + 1 centered at 0. Then

for |2| > 1, we have
U(z) = (B +0 <|i>>K(z)

v = (- B+o( ) Ke)

(2.7)

(2.8)
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for some positive constant B.
Let U, p(z) = U(]2=E]). Now we construct the projection map for the Dirichlet
case as

A yPU.p —PU.p+Ulp =0 inD
(2.9) PU; p(r,s) >0 inD
PU. p(r,s) =0 on dD,
and the projection in the Neumann case as
AN QUep —QUep + UL p =0 inD

(2.10) QU.p(r,s) >0 inD
Qg:P (r,s)=0 on dD.
If ve = Us,p — PU.,p and we = U p — QU p. Then we have
(2.11) 2D (r,5y0e —v: =0 in D
. Ve = e, P on 6D,
EQA(r,s)we —we =0 in D
(2.12) O, _ aUs,P LD,
v v

Consider the function s(6) = cos™~10sin™ "¢ in [0, Z]. Then neither 6y = 0
nor p = & are points of maxima of s. But s > 0 and hence 6 lies in (0, 7).
For any 6 € [00 — 6,00 + 5] we define the configuration space for the Dirichlet

and Neumann case as

E o1
(2.13) Acp = {P € D : dist(P,D;) > 251115}
and
. E o1
(2.14) AN =< PeD:dist(P,Ds) > §alng

respectively for some k > 0 small.
We develop the following lemma similar to Lin, Ni and Wei [10].

Lemma 2.1. Assume that 5¢|Ine| < d(P,Dy) < 6, then we obtain
_p*
|Z |) +O(52+0)

€
where P* = P + 2d(P,D1)vp and P € Dy is a unique point, such that d(P,P) =
2d(P,D1) and o is a small positive number; 6 1s the sufficiently small. Moreover,
vp is the outer unit normal at P.

Proof. Define

(2.15) ve(2) = (B+ 0(1))K(

0¥~ V.=0 inD
(2.16) U.>0 inD
U.=1 ondD,

Then for sufficiently small e, ¥, is uniformly bounded.



But for z € 9D, we obtain

|z = Pl
€

_lz=P|

U.p(2) = U( ) =(A+o(1))e?|z— P| 7e =

First, we have

3

z—P
Uep) = (5 o) (B0,
Hence by the comparison principle we obtain, for some o > 0, small
v. < Ce* 7V, whenever d(P,D;) > 2¢|Ineg].

Therefore, it remains to check whether (2.15) holds in

(2.17) gs\ Ine| < d(P,D1) < 2¢|lnegl.
Define the function
(2.18) é1(2) = (B — gi)K(V_EP*U +e2tow, .
Then ¢, satisfies
(2.19) A5y P1 — 1 = 0.
For any z in Dy with |z — P| < &% we have
(2.20) @ = (1+0(5%)\1n5|)@
and hence
ve < ¢1.

For any z € Dy with |z — P| > 7 we have

ve(z) < Ces F <20 < gy,

Summarizing, we obtain,
ve < ¢ for all z € Dy.

Similarly, we obtain the lower bound for z € Dy,

|z — P

(2.21) ve(2) > (B+51)K( -

) — g2ty
O

Corollary 2.1. Assume that £e|lne| < d(P,Ds) < § where § is sufficiently small.
Then

|z = P~

(2.22) we(z) = —(B + o(l))K( -

) + O(e*1);
where P* = P + 2d(P, Dy)vs where P € Dy is a unique point, such that d(P, P) =
2d(P,D2) and o is a small positive number. Moreover, v is the outer unit normal

at P.
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3. REFINEMENT OF THE PROJECTION

Define
H}(D) = {u € H' :u(z) = u(r,s),u =0 in D; and Dy; % =0in D3 and D4}.
Define a norm on H}(D) as
(3.1) v||? = /DTM_HK_1[£2|Vv|2dx + v?|drds

In this section, we will refine the projection, to incorporate the Neumann boundary
condition on D3 and Ds. We define a new projection as V; p = nPU. p where
0 < n <1 is smooth cut off function

1 in DN By(P),
n<x>={ e

(32) 0 in D\ Byy(P).

Here d = dist(P,0D) is dependent on e. We will choose d at the end of the proof.
We define

(3.3) Ue = Ve, P. + P, P-
Using this Ansatz, (1.3) reduces to

(M —1)

r

(K —1)

ver +f (Vep)pe=hin D,
e =0 0on Dy UDy

E2A(T,S)(p€ — e + 52 Pe,s + 52

850; =0 on D3 UDy;
where h = =S, [V p.] + N.[¢.] and
(3.4) - Vep+ f(Verp)
and

Nelpe] = {f(Vep. + 0e) = f(Vep.) = f/(Ve,p ) e}

Eg’P:{weH(}(D)7<w7a‘§r’P> :<w,a‘(;vzp> :0}

Lemma 3.1. Then for any z € D\ B4(P)

(35) Vo) =0 (0(E22) - )

Moreover, we have

Let

(3.6) Vep(z) = O(").



Proof. For any z € D\ By(P) we have

(3.7)

|2 =P
€

Vop(s) < ]U( )—vg,paz)

lo—P| o~ P*|

= Oe” = +e = +&9)
= O(e

_ d(P,P*)
=+

_ 2d(P,dDy)
€

= Ofe +e%77) = O(eM).

Moreover, V; p is zero outside Baog(P).

Lemma 3.2.

The energy expansion is given by

_ _ 82 1 1 1
I.(V.p) = /DTM Lsh 1<2IVVE,p|2+2‘/52,1>—p+lvezfjvr )drds
P — P*
_ 7€2P1]\4—1P2I(—1 +,}/1€2P1]\l—1p2f(—lU<| . |)
+ o(e?™)
where v = 2&7111) Jg2 UPTtdrds and v = [, UPe"drds.

Proof. We obtain

Is(‘/a,P) =

(3.8)=

2
M-1_K-1(¢ 1 1 +1
/Dr LK 1(2|v‘/g’P|2+2‘/€2’P_p_|_1‘/;?P drds
2
/nZTM_lSK_1(|vPUE7P
D 2

1
P pM-1gK=1 (7)2 — 77p+1> PU;”JISIdrds
D

52/ rM_lsK_annPUEVPUEdrds—|—£2/ M=K |2 (PU. p)2drds
D D

Lo L +1
24 SPUZp — MPUﬁ’P>drds

Ji+ Jo+ J3 + Js.
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Hence we have
M—-1_K-1 e o 1 2 1 p+1
J = r s —|VPU. p|* + fPUE p— 7PU€ b |drds
D 2 ' ’ p+1 ’

1
— /(1—n2)rM15K1< |VPU. p|* + PU2P—p+PU§;1>drds
D

1
/D pMlgh=t (QUQPPUE,}; - MPU§;1>drds

OPU. oPU.
N 62/ rM—lsK—l( Loy ’P)PU&pdrds
0B24(P)

or ds
P P
_ 52/ pM-1gK~1 9 UE7P+8 Ue.p PU. pdrds
OBa(P) or 0s ’
B ( - p+1> (Py +er)M =1 (Py 4+ e5) K UPT (2)drds
1
+ 5/ EPUEMlKldrds
1
= ( >52P1M_1P2K_1/ UPTtdrds
2 p+1 R2
1
N i/UpPUE M—1 K140

oPU, OPU,
+ € / M_lsK_1< &P + E’P)PUE,pdrals
9B2q(P)

or 0s
P P
— 52/ pM-1gK=1 9 Ue.p —|—a Ue.p PU, pdrds
OB4(P) or Js ’

2 1 1
(3.9) + / MoKl <E|VPUE,p|2 + -PU2p — PUSJ{,l)drds + o(?).
D\Bd 2 2 ? p + 1 ’
Now we estimate

1 1
52 (2 — p—|—1> / (Pl + 67")M71(P2 + €S)K71Up+1(2)d7'd8
De
-1
(3.10) = hﬁ?{”—lpf—l/ﬂv UPHldrds + O(eY)PM 1 Pf 1

From Lemma 3.1, we compute the interaction term
P - P*
/ UL pver M=K~V grds = 52/ U”U(z—
D DE
+ 0"
P - PpP*
52P1M‘1P2K‘1U<‘
€

) (P 4+ er)M=1(Py 4+ e5)K~tdrds

2d(P, 0D
(3.11) = 52P1M_1P2K_1U<(;1)>(’7+0(1)) +0(eh).
Also we have

J2 = / pMotght <772 - 7]p+1)PU§J131drds = 0(452)&,“(?+21)k7
D



Furthermore, we have

P P
E2/ M1 K1 (3 Ue.p n 0 UE,P)PU&PdeS _ 0(52+%+k);
g)Bd(p) (97” 85

J3 = €2 / rM=1sK =1y PU.V PU.drds = o(s*+?),
and :
Jy = ¢? /D rM=B=1 |2 (PU, p)2drds = o(e"T2).
Hence we obtain the result. (]

4. THE REDUCTION

In this section, we will reduce the proof of Theorem 1.1 to finding a solution of
the form V. p + ¢, p for (1.3) to a finite dimensional problem. We will prove that
for each P € A, p, there is a unique ¢, p € E. such that

<I; <Vs,p + %,p) ) 77> =0; Vn € Ec p.
€
Let
JE(SD) = Is <V€,P + (PE,P> .

From now on we consider ¢, p = ¢. We expand J.(¢) near . p = 0 as

Je(9) = Je(0) + e, (9) + 5Qe () + Rel9)

where
leply) = / PM-1gK-1 [gvv&va +Vepp — V;?p@] drds
D
(4.1) = / rM=1sK=18 [V, plpdrds,
D
(4.2)  Qep(py) = / pM—1 K=t [EQWWHW —pvgfglw} drds,
D
and
1 Mol Kol p+1 p+1
R(p) = PR A Vep+o — | Ver
D
p 1 p—1
(4.3) - (p+1) (VE,P> ¢ — % (VE,P) <p2} drds.

We will prove in Lemma 4.1 that I. p(p) is a bounded linear functional in E, p.
Hence by the Riesz representation theorem, there exists l. p € E p such that

(le,p,@)e = le.p(@) Vo € E; p.

In Lemma 4.2 we will prove that Q. p(¢,7n) is a bounded linear operator from
E. p to E. p such that

(Qe,ppsm)e = Qe p(w,n) Vo,n € Ex p.
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Thus finding a critical point of J. () is equivalent to solving the problem in E, p:

(4.4) le,p + Q=,pp + Ri(p) = 0.

We will prove in Lemma 4.3 that the operator Q). p is invertible in E. p. In Lemma
4.5, we will prove that if ¢ belongs to a suitable set, R.(y) is a small perturbation
term in (4.4). Thus we can use the contraction mapping theorem to prove that
(4.4) has a unique solution for each fixed P € A, p.

Lemma 4.1. The functional l. p : H} (D) — R defined in (4.1) is a bounded linear
functional. Moreover, we have

lic.plle = O(e?).

Proof. We have I p

le.p(p) = /DTM_lsK_lsg[VE’p]godrds

_ _ M—-1 K-1
Lt g vop + D gy 4 D0 Vet 000 |
D

B =D, ),

/ pM-lgh=1 |:82A(,,"5)’I7PUE’P +&? (nPU: p)r+¢
D

- nPU.p+f (nPUe,p)] @

= /D prM—tgK=t {52A(,>7S)PU€7P + 62@PUE,RT + 52@PU&P,S
— PU.p+ f(PUap)} @+ & /D rM K= PUL pA s + VPUL p Vil
+ /DTM—1SK—1(77 _ np)Pngsp

M—-1 K -1
L P LES P
D T S

M-1 K—-1
+ 82/ ,',,M—lsK—l [UT(IT')PUE,P,T + 7]5( )PUE’P:|SD
D
+ /nwﬁ%ﬁ4pﬁwaa—ﬂmfﬂw
D
M-1 K-1
= 62/ 777ﬂMflstl |:()PUE,P,T‘ + ( )PU&RS} godrds
D r S

+ /m‘M18K1[f(PUe,P)—f(UE,P)}@
D

+ /TM_lsK_l(n—np)Pnggadrds
D

+ 52/ TM_lsK_l[PUg,PA(T,s)n + VPUE’PV’I]](Pdrds
D
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In order to estimate all the terms we decompose the domain into D = (D\ By (P))U
(B24(P) \ Bq(P)) U B4(P). We obtain

/ nrM—lsK—l[ﬂPUg,p)—f(UE,pﬂsodx: / rM‘lsK—l{ﬂPUg,p)—f(Ug,p> pdx
D D
s [ [f(PUs,P) - f(UE,pﬂ o

D

= L1+ Is.

From I, we obtain

p—1 p—1
I < / (Ug,p) Ve pdx +/ <Ug,p) Ve pdx
Ba(P) Bza(P)\Ba(P)

p—1
+ / <U57p) Ve pdx
D\ B24(P)

CUB ) |sa|2rM‘1S’“‘ld7“d8> + C2HE|6) + (1) gl
d

= 0@l

Furthermore,

p—1
= (PUE,P) vep = 0 g].-
Baq(P)\Bq(P)

Also it is easy to check using the decay estimates in (2.15), all the other terms are
of order £2||¢||.. Hence we obtain

lep(@)] = Ol

IN

and as a result
llz,plle = O(?).
O

Lemma 4.2. The bilinear form Qe p(p,n) defined in (4.2) is a bounded linear.
Furthermore,

1Qc.p(, ) < Cllgllellnlle
where C' is independent of €.

Proof. Using the Holder’s inequality, there exists C' > 0, such that

_ _ 1 _ _
/ PK Yl o drds < © / MK ollnl < Cllgllellnlle
D D
and

‘ / rM=1sK=12TVn + onldrds
D

< Cllellelnlle-

Lemma 4.3. There exists p > 0 independent of €, such that
1Qe.pelle 2 pllelle Vo € Ecp, P € Ac p.
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Proof. Suppose there exists a sequence €, — 0, ¢, € E, p, P € A. p such that
||50n||6n =¢&, and
Han(pn”En = 0(571)'
Let @; n = @n(enz + P) and D,, = {y : €,2 + P € D} such that
(4.5)

/ MK, 02+ Gl / MK 2|0, 12 4 i) =

Hence there exists ¢ € H'(R?) such that ¢, — ¢ € H'(R?) and hence @,, — ¢ €
L} (R?). We claim that
Apsyp =@ +pUP 9 =0 in R?

that is for all n € C§°(R?),

(4.6) erlsK*1V¢Vn+/ erlstlsm):p/ S el
R2 R2 R2
Now
/rM—lsK—l[&D%anpan—p‘/;’fpl%n} = Qe Pen;M)e
D
= o(en)nlle,

which implies

[ e [mvmm—pvp %77] o)l

where
‘/En P, — ‘/En (Eny + P)
L A R
Dy
E. p= {77 : / MK ET W, + M K,
and W, = e, M Ws W.LetneC@O(R%. Then we can

choose ay,as € R such that
T =1 — [aIWn,r + a2Wn,s]-
Note that Wnyr satisfies the problem

= ~ ou
_A(T,S)Wn,r + W :anp_l(y)E + (I)n(y) in D,
(4.7) Wy =0 on Dy, UDy,,
8WH’T =0 on D3, UDy
v

where @,,(y) = ¢, 87’ Ur + 8 VUVPUE r+ AnPU6 P
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Then we claim that Wn,r is bounded in Hg(D,,). Using the Holder’s inequality,
we have

/ ,,,Mflstl[an,r 2 ou

2 = p/ PM=1gN=1, 17p= 187Wnr
D

n

_|_/ MlNl(DW
n,r

o)

c( / rM_lsN_l[VWn,T|2—|—V~V37T]>
Dn

Hence [, pM-1gN—1 |VVVW~|2 —|—W37T] is uniformly bounded and as a result there
exists W, such that

(4.8)

IN

W, — W, in H*(R?)
up to a subsequence. Hence
Wn,r — W, in LIQOC.

Note that W,. satisfies the problem,

oUu
_A(T,S)WT + W = pUpilai ln RQ
(4.9) " oU
erlstl[‘VWTF + |Wr|2] :p/ erlstlUpfliwr
R2 R2 67‘
We claim that Wn,r — W, in H'(R?). First note that
- . U -
/ ’I"M_lsK_IHVWn)TP + |Wn,r|2] = p T‘M_lSK_lUp_liwn’r
D, 3r
4 / rM—lsK—l(ann’r
D
N / TM71 K lUp 18£W
R2 37" "
(4.10) = / rM=L BTN VW, 2 + |[W, 2] drds.
R2
Here we have used that Wn , converges weakly in L2. Hence Wn r— W, = %—g in
H*' strongly. Similarly, we can show that Wn s — Wy =92% in H! strongly. Now if

we plug the value 7,, in (4.7) we obtain and lettmg n — oo we have
9 pMgK ot [van —pUP on + @77]
ou ou ou
_ M-1_K-1 gy = _pyrl
a1</wr s {V Va +g06r pU 9087“})
ou ou

ou
M-1.K-1 bl o p—1,7=
+ a2< Rzr {V Va eras pU 9063})
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Using the non-degeneracy condition we obtain

/N pM-lgh—l [VgoVn +n —pUP"ton| = 0.
R

Hence we have (4.6).
Since ¢ € H!(R?), it follows by non-degeneracy

=} a£ +b a£
PTG T s
Since @, € E., p, letting n — oo in (4.7), we have
ou
rM=1K=lg v — =0
R2 6’["
rM_lsK_IVgoVa—U =0,
R2 65

which implies b; = bs = 0. Hence ¢ = 0 and for any R > 0 we have
/ M=K =102 drds = o(e2).
Be, r(P)

Hence

v

0o02) 2 Qerlonhon)es 2 leallZ, = [ (Vo)™
D

> e, —o(l)e,

which implies a contradiction. U

Lemma 4.4. Let R.(p) be the functional defined by (4.3). Let p € H}(D), then

(p=D)k

(4.11) R(o)] < o(Dllel2 + o(L)e T ]2 = 7l
and

(p—1Dk r
(4.12) IRl < oW)lelle +o(l)e = [lplle = ™[]l

for some T > 0 small.

Proof. We have
0(/ ersKl‘/:-:Z,)P1§02>
D

| Re ()]
0(1)/ TMlSKl‘/E{)]_Dl(PQ“FO(/ ‘/Ep;1¢2>
Ba(P) D\Ba(P)

Moreover, by the exponential decay of V. p we obtain,

o [ K] < coe s [ < o o
D\Ba(P) ’ D

The second estimate follows in a similar way. (]

IN

IN

Lemma 4.5. There exists g > 0 such that for € € (0,g0], there exists a C* map
e, p : Ee p — H, such that . p € Az p satisfying

<I£ <V€,P + CPE,P) ’ 77> = 07 VU S As,D-



Moreover, we have
[pe,plle = 0(52)-
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Proof. We have l. p + Q. pp + R.(¢) = 0. As Q;}D exists, the above equation is

equivalent to solving
Q;}DZE,P + ¢+ Q;}DR;(ga) =0.
Define
G(p) = Q- ple.p — Q- pRL(9) Yo € A .

Hence the problem is reduced to finding a fixed point of the map G.
For any ¢; € A, and s € E. with ||¢1]le <277, [Jpalle <277

1G (1) — G(p2)|le < Cl[RL(1) — RL(2)]--

From Lemma 4.4, we have

(RL(p1) — RL(p2),m)e < o(D)[lpr — 2llclnlle-

Hence we have

|RL(¢1) — RL(p2)lle < o(1)[lp1 — 2]l

Hence G is a contraction as

1G(p1) = G(p2)lle < Co()]lpr — walle-

Also for ¢ € E. with |¢|lc <&*7, and 7 > 0 sufficiently small

1G(o)le < Cllle,plle + CIRLp)|-
S C€2+C€27T+T
(4.13) < Ceh
Hence

g: A57D N B.2--(0) — A57D N B.2--(0)

is a contraction map. Hence by the contraction mapping principle, there exists a

unique ¢ € A. p N B.x(0) such that v p = G(pe p) and

‘l‘P&Plls = Hg(‘PE,P)HE < Ce?.

We write u. = V; p + ¢ p. Then we have
I(ue) = Ia(Ve,P)

+ / TM715K71(52VV87PV<,05 — Ve ppe + fF(Vz p)pe)drds
D

_|_

1 _ _
([ s 2V - 4 )2 paras)
D

/ pM-lgh—t [F(Ve,p + )= F(Vep) —ef(Vep)per —
D

1 /
if (Ve

P)$ p|drds
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which can be expressed as

Is(us) = IE(VE,P)

+ /EE(Vs,P)@s,PTMilsKildeS
D
1
+ 2(/ [52|v805|2d$—f/(Vs,P)tpg}TM_lsK_ldrds>
D

1
_ / pM-1gK-1 [F(V;-,P +¢e) = F(Vep) = F(Vep)pe = 5 f (Ve p)i? | drds
D
_ L (vp> + O(lLe pllelpe,plle + el + Re(pzp))

(4.14)= I. (VEP> +0(e%).

5. THE REDUCED PROBLEM: MIN-MAX PROCEDURE

Proof of Theorem 1.1. Let G.(P) = G.(d,0) = I.(u.). Consider the problem

min max G.(d,0).
dENe. p Oo—8<0<00+6

To prove that G.(P) = I.( Vo p + ¢, p | is a solution of (1.1), we need to prove

that P is a critical point of G., in other words we are required to show that P is a
interior point of A, p.
For any P € A, p, from Lemma 4.3 we obtain

G.(P) = L (vp) Ol plelleplle + lgel2 + Relger))

= I <VP> + o(1)ek+2

2d(P,D
B = e et (M) o
We have the expansion
2d(P,D
G.(d,0) = ,YEZ[aM+K2+aM+K1d+,ylrylaM+K2U((al))
€

4+ O(d®)] cos™ =1 hsin 1 9 + o(e2TF).

It is clear that the maximum is attained at some interior point of 8’ € (6y—4d, 8y +9).
Now we prove that for that #’ the minimum is attained at a critical point of A, p.
Let P € A, p, be a point of minimum of G.(d, ¢’), then we obtain

G(d,0) = ~2[a™MTE2 L oMTE=1 1 O(d?)] cos™ 10 sin® 710 + O(2TF).

Choose P such that the d’ = d(P,dD;) > Ee|Ine|. Then PcA.p.
But by definition, we have

(5.2) Ge(d,0") < G(d',0").
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From this we obtain
A[aMTE=2 4 oMTE=LG 1 O(d?)] cosM 710 sin 10 + O(¥)

<y aMTE2 L MAELG e 4 O(d?) | cos™ T 9 sinK g

+ o(eh)
Hence this implies that d ~ ¢|Ine|. Hence d — 0. This finishes the proof. g
6. THE REDUCED PROBLEM: MAX-MAX PROCEDURE

Proof of Theorem 1.2. Here we obtain the critical point using a max-max proce-
dure. The projection in the Neumann case is just ()., p. Hence the reduced problem

(6.1) R.(P)=e*yPM1pK-1 - g%lPNlP;“U(Mi’DZ’)) + o(eF*?).
Consider
(62) dEN s 002620 +6 Re(d,0).
We have the expansion
R(d,0) = ~e2laMHE-2  M+E-1g ,yl,ylaM+K2U<2d(-P€7 Dz))

+  O(d*)] cos™ 1 hsin 1 9 + o(e2TF).
It is clear that the maximum in 6 is attained at some interior point of 6’ € (6 —
0,600+ 0). Now we prove that for that 6’ the minimum is attained at a critical point
of As,N~
Let P € A. n, be a point of maximum of R.(d,§’), then we obtain
R.(d,0) = ~4e2[a™TE2 4 oM E=1d 1 O(d?)] cos™ =10 sin® 10’ + o(e*TF).
Choose P such that the d’ = d(lf’,(‘?Dl) > §5| Ing|. Then Pe A p.
But by definition, we have
(6.3) Ro(d,0) <R.(d,0).
This implies

Y[aMHE=2 4 MTE=1g L O(d?)] cos™ =10 sin® 71 O 4 o(e")

> qMAE=2 | (M+K-1p _ 717—16% + O(d2) cosM—1¢g/ ginK-1g

+ o(eh)

Hence d ~ ¢|ln¢|. Hence d — 0. Theorem 1.2 is proved. O
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