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Abstract

The profile problem for the Ohta-Kawasaki diblock copolymer theory is a geometric variational prob-
lem. The energy functional is defined on sets in R® of prescribed volume and the energy of an admissible
set is its perimeter plus a long range interaction term related to the Newtonian potential of the set.
This problem admits a solution, called a torus profile, that is a set enclosed by an approximate torus
of the major radius 1 and the minor radius q. The torus profile is both axially symmetric about the z
axis and reflexively symmetric about the zy-plane. There is a way to set up the profile problem in a
function space as a partial differential-integro equation. The linearized operator £ of the problem at the
torus profile is decomposed into a family of linear ordinary differential-integro operators £™ where the
index m = 0,1,2,... is called a mode. The spectrum of £ is the union of the spectra of the £L™’s. It
is proved that for each m, when ¢ is sufficiently small, £™ is positive definite. (0 is an eigenvalue for
both £° and £', due to the translation and rotation invariance.) As q tends to 0, more and more £™’s
become positive definite. However no matter how small ¢ is, there is always a mode m for which £™ has
a negative eigenvalue. This mode grows to infinity like (%)3/ Yasqg— 0.

1 Introduction

The Ohta-Kawasaki theory [10] for diblock copolymers is an architypical example of binary inhibitory sys-
tems. In the strong segregation limit, where the two constituents are fully separated by sharp interfaces, the
free energy of the system can be written as

JIp(Q) = %PD(Q) + % /D |(—A)71/2(XQ - w)|2da:. (1.1)

Here D is a bounded domain in R?, and there are two parameters v > 0 and w € (0,1). The input of this
functional is €2, a Lebesgue measurable subset of D, whose measure || is fixed at

Q| = w|D. (1.2)

The first term Pp(€2) is the perimeter of 2 in D. If D is bounded by smooth surfaces, then Pp(Q) is
the total area of those surfaces that are inside D. These surfaces form the set 92 N D, which is called the
interface of ) because it separates  from D\ in D.
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The second term in the functional (1.1) is the most interesting. The nonlocal operator (—A)~'/? is defined
to be the positive square root of (—A)~!. For the latter operator, given f € L*(D) and [, f(z)dz = 0,
define w = (—A)~Lf by solving the Poisson’s equation

—Aw=fin D, 0,w=0on dD, / w(zx)dx = 0. (1.3)
D

In (1.3) 0,w stands for the outward normal derivaitve of w on 0D.
A stationary set of Jp is a solution of the equation

H(09) +7(=A) " (xa —w) = A (1.4)

which holds on the interface 9Q N D. Here H(01) is the mean curvature of 9. The constant A on the right
side of (1.4) is a Lagrange multiplier corresponding to the volume constraint (1.2). If  shares boundary
with D, then

oQND 1 ID; (1.5)

namely the interface of {2 meets the domain boundary perpendicularly.

It is easy to show that the functional Jp admits a global minimizer. One can study its properties for
various parameter ranges of v and w [1, 9, 22, 3]. One may also construct stable stationary sets of (1.1)
either by finding local minimizers of Jp [14, 8], or by solving (1.4) as in [5, 6, 16, 15, 17, 18, 13].

Many morphological phases observed in nature are assemblies of small components with almost the same
size and shape. These components arrange themselves in a very regular pattern. The most well known are
the hexagonal pattern and the body centered cubic pattern. A cross section of an hexagonal pattern is a two
dimensional assembly of small discs, and a body centered cubic pattern is a three dimensional assembly of
small balls. These two patterns were found as stable stationary assemblies of (1.1) by the authors in [15, 17].

The starting point of these constructions is an observation that (1.4) has a counterpart on the entire
space R? (R?, resp):

H(OQ) + YN (2) =X on IN. (1.6)

A solution € to (1.6) must have a prescribed volume:
Q] =m (1.7)

where m > 0 is one of the two parameters, the other being ; A on the right side of (1.6) is a Lagrange
multiplier corresponding to (1.7). In (1.6), N'(Q) is the Newtonian potential of :

N(Q)(z) = /Q mczy. (1.8)

The equation (1.6) has its own variational structure. A solution of (1.6) is a stationary set of the functional
1 Y
J) = §”P(Q) + 5 N(Q)(z) da. (1.9)
Q

Here P(Q) is the perimeter of  in R3, i.e. the area of 9.

We term (1.6) the profile equation of the Ohta-Kawasaki model; a solution of (1.6) is called a profile. A
ball of volume m is a profile, because its boundary has constant mean curvature and its Newtonian potential
is a radially symmetric function, hence also constant on its boundary. This ball is used as an approximation
for a component in a stationary assembly constructed in [17]. In that assembly each component is close to
a scaled version of the ball, and the locations of the components are determined by the geometry of D via
the Green’s function of Poisson’s equation (1.3). Similarly in two dimensions, a disc of area m is a profile
and it serves as a component for the hexagonal stationary assembly [15].

The method of building stationary assemblies from profiles is a general one, which has been lately
successfully applied to other inhibitory systems [21, 2]. In addition to balls and discs, a few other profiles
have been found [5, 12, 18, 19, 20].



Figure 1: The left plot shows a torus profile found in [19]; the right plot shows an unstable deformation
found in Part 3 of Theorem 1.1. Here p =1, ¢ = 0.1, and m = 27.

In this paper we study a profile that shapes like a solid torus in R3. This profile was found in [19] and is a
set enclosed by a surface which is a slightly perturbed torus. Our interest in a torus shaped profile partially
comes from a discovery by Pochan [11] of a block copolymer morphology phase of toroidal supramolecule
assemblies. This phase was found by combining dilute solution characteristics critical for both bundling of
like-charged biopolymers and block copolymer micelle formation. The key to toroid versus classic cylinder
micelle formation is the interaction of the negatively charged hydrophilic block of an amphiphilic triblock
copolymer with a positively charged divalent organic counterion. This produces a self-attraction of cylindrical
micelles that leads to toroid formation, a mechanism akin to the toroidal bundling of semiflexible charged
biopolymers such as DNA.

A perfect torus is a surface characterized by a major radius p and a minor radius g with 0 < g < p. The
profile found in [19] is bounded by an approximate torus. Nevertheless this approximate torus still has well
defined major radius and minor radius, and it encloses the same volume as the perfect torus with the same
radii does; see the comments after Proposition 3.1. The profile problem (1.6) has m and « as parameters so
the radii p and ¢ of the torus profile are dependent on m and . In [19] we took m = 1. This assumption is
harmless because one can always transform m to 1 by a change of space variable = and a change of 4. The
two radii of the torus profile were then denoted by p., and ¢, both dependent on . This profile exists when
«y is sufficiently large. As v — oo, py — oo and ¢y — 0.

However it is more convenient in this paper to take the radii p and ¢ as parameters and treat m and ~
as derived quantities. Moreover, without the loss of generality we let

p=1 (1.10)

This can be achieved from the torus profile of radii p, and ¢, found in [19] by a change of space variable.
Now ¢ becomes the only parameter of the profile problem. A torus profile of radii 1 and ¢ exists when ¢ is
sufficiently small; see the left plot of Figure 1. The volume of this profile is 272pg? = 27%¢%. Consequently
under (1.10)

m = 2> (1.11)

The quantity 7 is now unknown and is to be determined together with the profile as one solves (1.6).
In [19] a perturbed torus is described by a two variable function v in a function space so the energy 7 ()
becomes a functional J(v) defined on the function space. The equation (1.6) for  becomes an equation

S(v) =0 (1.12)



where S is a nonlinear partial differential-integro operator on a space of two variable functions. If the torus
profile is denoted by v, then we let the Fréchet derivative of S at v be

L£=38(). (1.13)

Here L is a linear partial differential-integro operator. The spectrum of £, which consists of real eigen-
values of finite multiplicity, is the focus of study in this paper. Because the profile v is an axially symmetric
set about the z axis, the operator £ inherits this symmetry and separation of variables decomposes £ into a
family of simpler operators £ where the index m is called a mode and it ranges over non-negative integers.
Each £™ is a linear ordinary differential-integro operator on a space of one variable functions. Its spectrum
again consists of real eigenvalues of finite multiplicity only. The union of the spectra of these £™’s is the
spectrum of £. The following theorem is the main result of this paper.

Theorem 1.1 Let L be the linearized operator at the torus profile, decomposed into a sequence of linear
ordinary differential-integro operators L™, m = 0,1,2, ...

1. (a) There exists G > 0 such that when q € (0,G), one of L°’s eigenvalues is zero with multiplicity one,
and all other eigenvalues are positive.

(b) There exists ¢ > 0 such that when q € (0,q), one of L ’s eigenvalues is zero with multiplicity two,
and all other eigenvalues are positive.

(c) For every M; > 0, there exists ¢; > 0 depending on M; such that when g € (0,¢;) and m €
{2,3,..., M;}, all of L™’s eigenvalues are positive.

2. There exist My; > 0 and Gy; > 0 such that when g € (0, §;;) and m > A{;i, all of L™’s eigenvalues are
positive.

3. There exists G; i; > 0 such that for every q € (0, ;) there is m € (M, N{]“) for which L™ has a

negative eigenvalue. Moreover, as q tends to 0, m grows to infinity like (%)3/4.

Consequently, L has a negative eigenvalue when q is sufficiently small.

The presence of 0 as an eigenvalue for £° and £! in Part 1 of the theorem is a consequence of the
translation and rotation invariance of the profile problem. For each m > 2, Part 1 asserts that the operator
L™ becomes positive definite if ¢ is sufficiently small.

The most interesting discovery in this paper is that the transition of £™ to a positive definite operator
as q tends to 0 does not occur uniformly with respect to m. Part 3 of the theorem shows that no matter how
small ¢ is, there is always a mode m for which £™ has a negative eigenvalue.

In fact there are three distinct ranges for the mode m. Let M; and M;; be the two numbers in Theorem
1.1, we say that

e m is small if 0 < m < M;,

M;;

. , and

e m is medium if M; < m <

Mii <
S m

e m is large if

The theorem shows that when ¢ is small, L™ (m > 2) is positive definite if m is small or large, but there is
a medium m for which £™ is indefinite.

In the proof of Part 3 of the theorem an indefinite £™ is found when m is chosen of the order (%)3/ 4in
the medium range. We use the function ¢ = 1 as a test function for the quadratic form (L™, ¢), and show
that (£™(1),1) < 0. The test function ¢ = 1 represents a particular type of perturbation, illustrated in the
right plot of Figure 1, by which the rigidity of the torus profile is vulnerable.

The three parts of Theorem 1.1 are proved in Sections 5, 6, and 7 for small, large, and medium m’s
respectively. In Section 2 we explain our representation of perturbed tori as functions of two variables



and re-formulate the profile problem (1.6) as a partial differential-integro equation, (1.12). The linearized
operator L is derived and decomposed into a family of linear ordinary differential-integro operators L™,
m = 0,1,2,.... Before the £L™’s can be studied, one needs a better understanding of the torus profile, and
in Section 3 some fine properties of this profile are obtained and several important estimates related to the
Newtonian potential operator are presented. One derives a three term expansion for each operator £™ in
Section 4: L™ = LT + LT + L5 + ..., which yields a perturbation analysis of £™ and ultimately leads to
the proof of Part 1 of Theorem 1.1 in Section 5.

Because the torus profile is unstable when ¢ is small, any toroidal assembly built from this profile will be
unstable. We are inclined to conclude that the Ohta-Kawasaki functional (1.1) is not capable of producing
the toroidal morphology phase discovered by Pochan [11].

Although it has only one intrinsic parameter, the profile problem is not simple. Take the ball profile as
an example. The authors found in [18] that if m = 4T, then the unit ball is a stable profile if v < 15 and
is an unstable profile if 4 > 15. Kniipfer and Muratov [7] showed that if one holds v = 1, then the ball of
volume m is the global minimizer of J if m is sufficiently small; if m is sufficiently large, J does not have a
global minimizer. Theorem 1.1 reveals another peculiar phenomenon in this problem.

2 The modes of L

We recall the framework used in [19] under which the existence of a torus profile is proved. Denote the
cylindrical coordinate system of R? by

C

R} ={(r,z,0): 1€[0,00), z€R, €5} (2.1)

Here S! denotes the unit circle, same as the interval [0, 27] with identified end points. The perfect torus
of the radii 1 and ¢ in a standard position is the surface {(1 + gcos®,gsinf,0): (0,0) € S* x S'} in R?.
To introduce a perturbed torus, replace ¢ by a function u from S' x S* to (0,00). If u is continuous, then
{(1 +u(,0)cos0,u(f,0)sinh,0) : (6,0) € St x S'} in R? defines a continuous surface in R3. If u(6, )
is close to ¢ for all (0,0) € S* x S1, then the surface is a perturbed torus. One denotes the region in R?
enclosed by this surface by Q and the corresponding set in R? by

0. = U {(1 + hcosf,hsind, o) : h € [O,U(O,U)]}. (2.2)
(0,0)€S1 x S1

In terms of u, J () is

1 2 27
JQ) = 3 / / \/(1 +ucosf)?(uf + u?) + u?u2 dfdo + % / N(Q)(r, z,0) rdrdzdo. (2.3)
o Jo Qe
The set ) has the same volume as the un-perturbed solid torus, and hence the constraint
Q| = 27%¢? (2.4)
holds, which can be expressed as
27 27 2 6 3 9 9
/ / (u (9,9) + u(9,0) cos )d@da = 21%¢?, (2.5)
o Jo 2 3

since

2 27 pu(f,0) 27 p2m 2(9 3(0 0
[8] :/ / / (1+hcos0)hdhd9da:/ / (¢ (6,0) , w(80)cos ) dodo.
0 0 0 0 0 2 3

Unfortunately (2.5) is a nonlinear constraint on u and is not easy to work with. One way out of this difficulty

is to introduce another variable 209 3(9 )
v(0,0) = 2 (2’0) I "’3) cosv. (2.6)




and use v to describe 2. Then the nonlinear constraint (2.5) becomes an affine constraint

27 27
/ / v(0,0)df = 21°¢>. (2.7)
0 0

Consequently J of (2.3) becomes a functional of v: J = J(v).
For a set ) described by an H?(S* x S!) function v, let ¢ be an H?(S! x S!) function of zero average,
ie.

2 p2m
/ ¢(0,0)dbdo = 0. (2.8)
o Jo

Then v + €¢ represents a volume preserving deformation of the set Q if |¢| is sufficiently small. Calculations
show that the first variation of J at €2 in this setting is

dJ ( / 2“ / 2” o)+ 9N ()6 dodo (2.9)

where H(v) is the mean curvature of 9. Here the mean curvature H and the Newtonian potential N are
treated as operators on the function v instead of the set 2. Let

S() =H () + N (v) = H(v) + YN (v) (2.10)
where H(v) + YN (v) denotes the average of H(v) + YN (v):

J'(v)(¢) =

H(v) + 7N (v) 47TQ/W/ " (1) + N (@ )) dodo. (2.11)
Note that
S) =0 (2.12)
and 27 27
T (0)(¢) = /0 [ S0 dodo (2.13)

Therefore S is identified as the first variation of J. The equation (1.12), S(v) = 0, is just another way to
write (1.6) for stationary sets.
The second variation of J is the Fréchet derivative of S, denoted §’. At each v, §’(v) is a linear operator
T (v+e1d+e2v)

such that o or
T"(v)(¢,) = Derde; o™ /O /0 S’ (v)(¢) 1 dfdo. (2.14)

Henceforth we denote the torus profile of radii 1 and g by €2, represented by u or v. The existence of
this profile for small ¢ was established in [19, Theorem 1.1]. Since 2 is axially symmetric, v and v are
independent of o and we use ' to denote the projection of the corresponding 2. to the rz-plane; namely

Q' ={(1+hcos,hsind): he[0,u(d)]} (2.15)
where u corresponds to v via the same transformation (2.6):

U2 u3 COS
() = 2(9)+ (9)3 ‘. (2.16)

Let £L = 5'(v) : X — Z be the second variation of J at the torus profile where the domain and the target
are respectively

27 2
X = {pecH*S"'xSh: / #(0,0) dodo = 0} (2.17)
0 0

Z = {geL*S'x8Y): /27r /%g(e,a) dfdo = 0}. (2.18)
o Jo



By the Fredholm theory, £ is a self-adjoint operator whose spectrum consists of eigenvalues of finite multi-
plicity. Denote the two terms of J in (2.3) by J and J respectively so that

J () = J )+ (v). (2.19)

Then write £ as

L=L+~L (2.20)

where £ and £ are the second variations of J and J at v respectively.

As a second variation of the perimeter functional, £ is a second order linear partial differential operator
followed by a projection from L2(S x S') to Z. The exact expression of £ is fairly complex; it is better to
study the quadratic form <ﬁ¢, ¢). A deformation to v by

V= v, =v+EP (2.21)
induces a deformation to u and we denote the latter by
U — Ue = U+ ENe. (2.22)

Note that ¢ is independent of € but 7. depends on . Expand

\/(1 + u, cos 9)2(u§,9 +u?) tuuz, = A+eB: + e’C: + 0(e%), (2.23)
where
A = (14wucosh)(ul +u?)'/? (2.24)
B — (14 wcos O)ugne g + (u+ 2u? cos 0 + uj cos O)n. (2.25)
(U2 +u2)1/2

o (1+wucos 9)u277§,9 n UQ???,U (2.26)

T T2+ 20+ ud) (1 ucosd) '
(—uug + uj cos 0)n. o1- n (2 cos 6 + puj + uug cos )nZ (2.27)

(uf + u?)3/2 2(uf +u)*/? .

Recall that v. and u. are related by (2.6), which implies that

1) (1 + 2ucos 6)¢?

. = — . 2.2
e = Wt uZcosd 2(u—|—”LL2(:0519)3€—1_0((€ ) (2:28)
Therefore
B (1+ucos9)ue( o ) (u + 2u? cos 0 + u3 cos )¢ (2.20)
S (W24 ud)2 \u+utcosf/o (ud + u2)t2(u+ u?cosb) )
{(1 + u cos B)ug (—(1 + 2u cos 9)¢2> C(ut 2u? cos 0 + u2 cos 0)(1 + 2u cos 9)(;52] L O(?)
(u2 +u?)t/2 \ 2(u+ u?cos 6)3 2(u2 4+ u?)/2(u + u? cos 0)3
(1 + ucos 0)u? 1) 2 2
C. = g 2.30
2(ud + u?)3/? (U+U2COSG)9+ 2(uj + u?)1/2(1 4+ ucos 6)? (230)

—uug + uj cos ( 0] ) " (2u® cos 0 + uZ + 3uuf cos )2

O(e).
+(u§+u2)3/2(u+u2c0s9) u~+u?cosf/o 2(ud + u?)3/2(u + u? cos 0)? +0()

The first variation of J is given by the leading order of B., i.e.

/27r /271' 1+ ucos 0)ug ( ¢ ) N (u + 2u? cos § + u2 cos )¢

(ud +u?)t/2 \u+u?cos/o  (u} +u?)"/?(u+u?cosb)

47 (v +¢9)

— ] dfdo. (2.31)



The second variation of 7, i.e. the quadratic form ([f(b, @), follows from the e order term of B. and the
leading order of C.:

5 PJ (v + e¢)
L = ——
< (b) ¢> d52 e=0
B /2”/27T 1+ucos€)ue(7(1+2uc080)¢2) (2.32)
B (u2 +u?)1/2 \ 2(u+u?cosf)’ /o ’
~ (u+ 2u® cos 0 + ug cos 0)(1 + 2u cos 0)¢? (2.33)
2(u2 4+ u?)Y/2(u + u? cos 0)3 '
(1 + wcos 0)u? o) 2
2.34
+2(u3+u2)3/2 (u+u2c089)9 (2:34)
2
S ¢ , (2.35)
2(u3 + u?)1/2(1 4 ucos 6)?
—uug + uj cos 10)
2.36
+(u3—|—u2)3/2(u+u2c0s9)(u—|—u20089>9¢ (2:36)
(2u? cos 0 + ug + 3uu? cos 6)¢?
dbdo. 2.37
2(uZ 4 u?)3/2(u + u? cos 0)? ] 7 (2:37)
To find £, note that the operator A is given by
N@(6.0) = [ G+ ue?,0,p.¢.) dpdcdr (2.39)
Qe
where 0
G(ryz,0,p,(,T) = 2.39
( préT) 412 + p2 — 2rpcos(o — 7) + (2 — ()2 (2.39)
is the Green’s function of —A on R? in the cylindrical coordinates. Then
ON (v + e9)
1 _
Nwe = O e=0
P 27 27 ue (w,T) ) .
= = / / / G(1 4 u.(0,0)e 0,14 he, 1) hdhdwdr
Oe le=0
2m 2
= / / G+ ue? 0,1 +ue¥, r)———— $(w, ) dwdt
1+ u(w, 7)cosw
¢ / 0
" +u2 cos@ VG(1+ue?, o,p,¢, 1) - dpdCdr. (2.40)
By (2.40), ]
Lo =N"(v)p—N'(v)p. (2.41)
For a simpler notation, we have introduces a convention to write e for (cos#,sin @) in the rz-plane and

e for (cosw,sinw) in the p{-plane. Also, (%—f, %—f), the gradient of G with respect to its first two variables

r and z, is denoted VG.
The axial symmetry of v allows us to decompose L into invariant subspaces. Let

Z=02 _,Z" (2.42)
where
27
20 = {w(e) Cpe LASY, | p(8)do = o} (2.43)
0
Zzm = {(pl(Q) cosmo + po(0) sinmao : p1, 2 € LQ(Sl)} (2.44)



Also write

XM= XNZm, (2.45)

For each m =0,1,2,..., £ maps X™ to 2™, so each Z™ is an invariant subspace of £. There exist operators
L™ acting on ¢(6) so that

L(p(@) = L%, ie. L£°is L restricted to axially symmetric inputs (2.46)

L(p(@)cosmo) = (L"p)cosmo, L(p(0)sinmo) = (L™p)sinmo, m=1,2,3,... (2.47)

The operator £° maps from Hf(Sl) to Lg(Sl) where

H(S") = {gp e H2(SY) : /:ﬂ 0(0)do = o}, L3(S") = {@ e L2(8Y) : /0% 0(0)do = o}. (2.48)

The other £L™’s, m = 1,2,3, ..., map from H?(S') to L?(S'). We refer to m as a mode of £. The spectrum
of L is the union of the spectra of the £L™’s.

Associated with £ (resp. £) there also exist £ (resp. £™) for which analogies of (2.46) and (2.47) hold.
Then each £™ can be written as

LM =L +~L7, (2.49)
The first operator £™ is given by a quadratic form
2m 2
A (I1+ucosB)ug 1 —(1 + 2ucosf)p
Lm = . 2.50
(£"0, ) /o [ (u2 4+ u?)1/2 ( 2(u + u? cos 0)3 )a (2:50)

(u + 2u? cos 0 + u} cos 0) (1 + 2u cos 6) >

— 2.51

2(ud + u?)Y2(u + u? cos 0)3 (2:51)

(14 u cos 0)u? ( ® )2 (2.52)
2(ud +u?)3/2 \u+wu?cosf/o ’

m2?
2.53
Jr2(u§—i—uQ)l/Q(l—|—ucos€)3 (2:53)
—uug + uj cos 0 ( © )
2.54
(u2 + u?)3/2(u + u? cos 0) \u + u? cos 0 6" (2:54)
203 2 2 2
(2u 2059 + uj + 3uug cos )y } " (2.55)
2(u2 4+ u?)3/2(u + u? cos 0)?

Here we have used the same (-, -) to denote the inner product in L?(S"). For the second operator £™, define

1 2m pel™T dr

~dr g VT2 +p% —2rpcosT + (2 — ()2

G"(r,z,p,C) ,m=0,1,2, ... (2.56)

One derives from (2.40)

21 0 i0 iw
: GO+ ue, 1+ ue)p(w) 2(0) |
0, — ; " » ,
o /0 1+ ucosw dw+u+u2cos¢9 Q/VG( +ue', p,C) - e dpd( (2.57)

27 0 i0 iw
G(1 4+ ue?, 1+ ue™)p(w) o(0) . , ,
—A d ) : o g
V( 0 14+ ucosw w+U+u2cosa Q/VG( + ue”, p,() - e dp C)

where Av(...) denotes the average of a function of 6 over (0,27), and

27 i i
o= [ I ete) 0
0 1+ ucosw u+u2cost Jo

VG (1 +ue?, p,¢) e dpd¢, m=1,2,3, ...
(2.58)



3 Fine properties of ()
We collect some properties of the torus profile.

Proposition 3.1 A torus profile ), also identified by u or v, of radii 1 and q exists when q is sufficiently
small. It has the following properties.

1. The profile ) is an axially symmetric set.

2. The function v satisfies the following conditions.

2m
v(l) — q—+q—cs = .
/ ((9) (22 ;OG))dG 0 (3.1)

0
/027r (v(@) - (q; + gcos 9)) cosfdf = 0 (3.2)

2 3

/027r (u(a) - (% + % cos 9)) sinfdd = 0. (3.3)

3. Both w and v are even functions

u(—0) = u(h), v(—0) =v(h), Vo € S*.

The first two parts of the proposition are shown in the proof of [19, Theorem 1.1]. The function % + % cos
represents the perfect torus of radii 1 and ¢. Equations (3.2) and (3.3) in Part 2 give a precise meaning that
the perturbed circle 1+ u(#)e'?, € S*, where u corresponds to v, in the rz-plane is centered at (1,0). This
implies that €2, although a perturbed torus, still has a well defined major radius equal to 1. Equation (3.1)
is the same as the volume constraint (2.7). It also serves as the interpretation that the minor radius of the
profile equals q.

Part 3 asserts that the torus profile has the mirror symmetry with respect to the xy-plane. This property
is not claimed in [19] but can be established easily. One considers the profile equation (1.12) in the class
of even functions and the same proof of [19, Theorem 1.1] still works if the function spaces used in [19] are
replaced by their restrictions to even functions.

To learn more about the torus profile, one needs a better understanding of the function G™ in (2.56).
Rewrite G™ as

m 1 p ™2 cos 2mr dr (r=p)P+(z—0¢)?
G (T,Z7p7 C) = %\/:A \/ﬁ s where ﬂ = 4’,"p . (34)

Lemma 3.2 below shows the asymptotic behavior of the integral in (3.4) with respect to 8. Two important
quantities, di* and d7*, both dependent on m, appear in this lemma. Lemma 3.3 deals with the growth rate
of the two quantities as m tends to co. Lemma 3.4 follows from Lemmas 3.2 and 3.3 and provides sharp
estimates for G™. The last Lemma 3.5 shows the positivity of two quantities that are closely related to dg’
and dl,. We place the proofs of these lemmas in the appendix.

Lemma 3.2 Let o € (0,1). Then for small 8 we have the expansion

/2 2

cos 2mT dt ( 1 (m
2

o \/Btsinir 2

- %)5) log % +dy -+ d7 B + R()

where

sin T ’ 3 ’

/2 .2 2 /2 2 2 .2

sin® mr 1 m m?sin® T — sin® mt

d6”:72/ dr d}n:ff——/ - dr
0 4 2 0 sin® 7

and R(B) is a small quantitity satisfying
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1. |R(B)| < C’leog%, ifm=0orm=1, and

2. |R(B)| < Cm*T2opite ifm > 2.

The constant C' in 1. does not depend on o or B; the constant C' in 2. depends on o but not on m or 3.

Lemma 3.3 For large m,

71'/2 : 2 1
1. / ST deilongrO(l), and
0

sin 7

dr = m*logm + O(m?).

2 /”/2 m?sin® 7 — sin® mr
“Jo sin® 7
Consequently d* = —logm + O(1) and d* = —m?logm + O(m?).
Lemma 3.4 Letr =1+ O(q), z=0(q), p=1+ O(q), and { = O(q).

1. If m =0, then

. 1 8ip  r—p 8vrp
Grand = G =0l I B - (0.0
5(r=p)?*—(2-¢)? 8P (r—p)>+(z = ¢)?
s Bea-pol | s
+O(q3log§).
q
2. If m=1, then
) o 87 r—p 8yrp
GzrQ = G001 dmp ) - (0.0
Wr—pP+3=0% 8 1 fp (r=p)’+ (-0
3272 () — (0.0 aVr 32mp?
8
O(q®log ).
+0(q qu)
3. If m > 2, then
. 1 8\/Tp r=p 8yTp
@lrmed = R —e0l A BT - (0.0
+ (4m® +5)(r — p)* + (4m* = 1)(2 = ¢)* lo SVTP
32mp> #1002 = (0, Q)]

dg [p | (di'\(r=p)?*+(—¢)?
+27T\/;+(2’/T) 4p?
24+2a 2+2a)

+0(m?¢® log S) + O((m?logm)g®) + O(m**?%q

T2, 2 2 .2
m?sin® 7 — sin“ mr
Lemma 3.5 1. When m > 2, / —
0 sin® 7

dr > 0.

sin®mr /2 m2sin? 7 — sin2mr
dr + —3
0 sin® T

dr > 0.

/2
2. When m > 2, 1—/
0

sinT

11



The function u that characterizes the profile Q2 can be expanded into a series
U= ug + up + us... (3.5)

This is an expansion with respect to the parameter g, so each term wuy, is of the order ¢ less than the previous
term wug_1. However in general wg is not just a function independent of ¢ multiplied by a power of ¢; uy
1

may also depend on e and each uy can again be expanded into a series where each term is of @ order
q q

less than the previous term. This means a two parameter expansion with respect to the primary parameter
q and the secondary parameter @.

The leading order term ug in (3.5) is
ug = q. (3.6)

This term corresponds to the perfect torus whose two radii are 1 and ¢. This particular uy does not depend

on 1% Later we will see in (3.31) that
og q

1210g275

"0 7 Y os26 3.7
2881og & 456> o8 (87)

u1:0anduQ:q3(

In us there are both ¢3 and a fraction that depends on ﬁ. The fraction can itself be expended as a power
q

series of —5 so that

log%
17,1 133 / 1 \2 2527 / 1 \3
3
oL ..) cos 26 3.8

2 q(24+144<10g2)+1728<10g2> +20736<log2) + )COS‘ (3:8)

Recall that the torus profile Q2 is identified by either u or v. They are related via the transformation
(2.16). The function v is also expanded with respect to ¢ so that

v =vg + v + va... (3.9)
The two leading orders of v are
7 ¢’
v = and v; = gcos 0. (3.10)
Note that
¢ 7
vo + v = ?—i—?cos@ (3.11)

describes the perfect torus and it is related to ug by (2.16).
To determine vs in the expansion of v, we need an estimate on S(vg 4 v1). The mean curvature of vy + vy
is

q+0(q?). (3.12)

i+24 4

1 cosf )_1 cosf q cos20

1
H('UO + 1}1)(0) = 5(& + m

To find the Newtonian potential of vg + vy,
2m q . ) 2m 1 . .
N (v + v1)(0) :/ / GO(1 + q€?, 1 + he) hdhdw = q2/ / GO(1 + q€?, 1 + qhe') hdhdw, (3.13)
0 0 0 0

use Lemma 3.4 to break G into three terms and evaluate three corresponding integrals. First with

r=14gqcosf, z=gqsinf, p=14 ghcosw, ( = ghsinw,

12



1 8+1 QW/( VA + geos0)(1 + ghcosw) +1 ! )hdhd
= o — o cos cosw) +log ———— w
2% o fy Jy VBV ! ® L= he@]
_ 110g8 1 2”/1 (q cosﬁ—i—hcosw)+q2hcosé’cosw_q (cosH—i—hcosw)Q)hdhdw+0(q3)
2 ¢ o Jo 2 4
_ log8+— / (qcos g% cos® 0 + ¢>h? cos® w) hdhdw+0(q3)
2 g o Jo 4
1 8 cosf cos?0 5 ¢?
= — —_ i . O 3
28, T 8 33 T 0@)
1 8 cosf cos 20 3
= —log- - = =+ 0(). 3.14
5log—+ — 6 4~ 3¢ TO@) (3.14)
Here we have used the important formula
1 . h"cosn(f — w)
log ————— = — = he|0,1 3.15
oo =2 €0 (3.15)

which will be called upon several more times. The next term is

2 8\/7‘7)
hdhdw
/ / 47Tp (r,2) = (p, Q)

27
0050 + hcosw) 8 1
= / / Tn(L 1 ghcose) (logf+logm+log\/(1+q0059)(1+thosw)) hdhdw
2m

= / 0059+hc05w)(1—thosw)(logq+Zh cos?;bl(ﬁ w) +Q(cosﬂzhcosw))hdhdw

+0(¢*log §)

2m
h™ cosn(f — w)
= = 0+ h 1 E ——— = ) hdhd,
/ —cosf + Cosw)(ogq+ - ) w

2
h" 0
—— / cos@+hcosw)hcosw(log + E M) hdhdw
n

2
0+ h
Jrf / —cosf + hcos )(COSJF%) hdhdw + O(g? log8)
q

2 2

q 8 mcosf q mcos?h w 8 mwcos20 q mcos?h
= —( - 50 log — - —( - —log — —( - —
47r< meostlog Lty ) 47r( 1 18, T, ) 47r( 2 +8>
8
+O(q3logg)
cos 6 8 cosf 1 8 cos26 8
= - log — — —¢*lo ——¢*+0(¢*log -). 3.16
A Tl B T B bty e (a ogq) (3.16)
The third term is
2m 2
—(2-9) 8y/Tp
log hdhdw
/ / 327Tp |(r, 2) = (p, Q)]
27 8 1
3271_ / (cosf — hcosw)® — (sinf — hsinw)?) (logg + log m) hdhdw

13



+O(q3 log §)

27
= q / 6coszt971 10h cos 0 cos w + 2h sin @ sin w + 642 cos® w — hz)

327
h™ 0— . 8
(1og S Z W) hdhdw + O(¢* log 2
q 27
— / (6 cos® 6 — 1 + 6h* cos® w—hQ)log hdhdw
32m
27 gy AU 0 —
i / (— 100 cos 0 cosw + 2hsin Osinw + 61 cos?w) S MO =)y g,
327 oyt
8
+0(q310g§)
2 2
T8 3Ty, 4T g Tz T2 310 O
= 327r10gq(67r0059 T+ 5 >+327r( 5 €08 9+2bln 0+ )—i—O(q logq)
3cos20 , 8 3 5, 8 5cos20 , 1 8
3 0108 Fgples — g ¢° = 354" + O(g’ log — ik (3.17)

And finally the fourth term is

27 _ 2
/ / 9 hdhdw
3271' 2

27
= 32 / ((cosf — hcosw)? + (sin 6 — hsinw)?) hdhdw + O(q*)
™

277
_ q 2
= / (1 + h2) hdhdw + O(¢®)

= 2 +0( 3). (3.18)

Summing up (3.14), (3.16), (3.17), and (3.18), one deduces

)
qj 8 costl 5 cos20 , 3 , cosb 5 8 Cosafi,iﬁo 8 cos20 ,
2

— log & = log >
N(vo +v1) I T I P A TR AT 24
3cos20 , 8 3 8 5cos20 , 1 , 3 8
log— + —¢*lo - — O(q’1
32 ¢ +32q 8,7 T1a8 1 T30 + g0 0@ log Y
2
q 8 CObG 3, 8 Hcosl 4 3(:0820 g 8 1 g 8 5500529 4 9 4
= L log > log log o — 25BT 4 2
g 8, T T4 18T g ¢+ 5 T8 T Tagy 1 T gt
8
+0(¢°log —).
q
Hence
cosf  cos26
S(U0+U1) = 9 4 Q+O(q2)
os 6 8 5cos 6 3 cos 20 8  55cos26 8
3log 3 Hlog = — 22220 1 0’ og ) ).
+( 4q 6 ¢t g 384q+(qog)

Note that the constant terms like 2 in H(vo +v1) and & log S in M (vg + v1) vanish because the average of
S(vo +v1) is 0 as in (2.12).
We expand + into
1’\ 1‘\/ F//
Yy=—=+—=5+—+.. 3.19
¢ ¢ g (3.19)
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Then

S(U0+7}1) =

COSH+F(_COSGIO §+5cose)_cos29
2 TR 1 1

3 cos 20 8 55cos26 cos 8 5cosb
r( 1 7—7) r’(— log — ) 3.20
3 1108 aaq ) Tl TS (3.20)
The leading order in (3.20) vanishes so
cos 6 cos 6 8 5cosf
F( ~ B g 2 ) ~0. 3.21
2 T 1%, 16 (3.21)
Therefore g
= 3.22
4log & —5 (322)
With this choice of T, (3.20) becomes
cos 20 3 cos 26 8 55cos26 cos 6 8 5cosb
S = - r log — — ———— Mq( - log — + —— ) + ... 3.23
(vo +v1) 4 ( 32 1%, 7 T34 q)+ q( 1%, 6 )+ (3.23)
The term vy in the expansion of v solves
cos 20 3 cos 26 8 55cos26 cos 6 8 5cosf
Ly — r log— — —— Ig( — log — =0. 3.24
0v2 q ( 32 1%, T T34 q)+ q( 8T 16 ) (3.24)
Here LY is the leading order approximation of &'(vg) in the axially symmetric class given by
1 r 1 8 T'o(6)
L00=—(— — — —log ———— dw — . 3.25
O(b 2q3 ( ¢09 ¢) + qg /(; or 0g q|619 — 61”| (b(w) w 2q3 ( )
Note that cos @ and sin @ form the kernel of £, i.e.
L5(cosf) = LI(sin ) = 0. (3.26)

The derivation of (3.26) makes use of (3.15). We will have more to say about £{ in Sections 4 and 5.
Multiplying (3.24) by cosf and integrate, we deduce

I =0. (3.27)
Moreover, by Part 2 of Proposition 3.1, va must be perpendicular to 1, cosf, and sin @, i.e.
27 2 27
/ vo(6) df = / vo(6) cos 6 df = / v2(0) sin @ do = 0. (3.28)
0 0 0
Then vy = g*A cos 20 by (3.24), (3.27), and (3.28) where A satisfies
4—-1 T /1 1 qg T /3 8 b5
L (LA [ PE R 7(741 7774):
{Qq?’ +q3(4 2)} ¢yt al\gtles —ag) =0

With T" given by (3.22),

1 3 8 _ 5
Z—I‘<3—210g5—3854> 12log 2 —5
A= — = - . (3.29)
In summary we have the expansion
v = vg+v +v2+ ...
@  ¢cosb
5 3 +q*Acos20 + ... (3.30)

15



for v, where A is given in (3.29). Consequently we have an expansion for u

U = ug+up+uz+...
q+q>Acos20 + ... (3.31)
derived from (2.16). In (3.31)
u; = 0. (3.32)

4 Expansion of L™

The next objective is to study L, the linearized operator at v, through the expansions of the £™’s. Recall
that £ is decomposed into the £L™’s, m = 0,1, 2... For each m, one can expand £ in terms of g:

LM =L+ L7+ L5+ ... (4.1)
To this end we need expansions of L™ and L™
L =L+ L7+ LY+ .., L =L+ L0+ L0+ ... (4.2)

First consider the m > 1 case. The expansion (3.31) gives a very precise approximation of u. We insert
(3.31) into the £L™’s derived in Section 2 and find their expansions in terms of g. Regarding £™, the leading
order L' is derived from the leading orders of (2.51) and (2.52):

2m 2 2
A 809 (p
Ly = =2 — =) d¢; 4.3
o) = [ (55— om) o (13)
namely
Am $66 ¥
= - — . 4.4
For £ the terms (2.50), (2.53), and (2.54) are negligible. The terms (2.51), (2.52), and (2.55) give rise to
27 2 . 2 2 27
4 —cosfyp 2sinfpgp — cosbpy  cosbyp / cosfy
Lo o) = { ] a9 = (— ) , 45
< 1P <P> [J 2(]2 + 2q2 + q2 0 2q2 Yo ( )
so 0
4 cos
my = . 4.
L' ( 2 we)a (4.6)
To find £7, the terms (2.50)-(2.55) respectively yield
2m :
. Asin 20
Cree) = [ [F226 (47)
0 q
+2cos20+3Acos29¢2 (4.8)
2q
cos?f — 3Acos20 , 2Asin20 —sin20 sin?6
+ ¥ + Po + (4.9)
2q q 2q
2
m- o
- 4.10
o f (4.10)
2Asin 260
L (4.11)
2 2
2o 0<p2] do (4.12)
1 (/1 1 34 , (m? 1 1 94 )
= 6/0 {(Z‘F(Z—?)COSQH)QOQ-F(T—Z‘F(i—?)COSQ@)@}dG. (4.13)



This gives the operator

4 1 1 1 34 1rm? 1 1 94
mp==[_ (-4 (--22 29) } 7[——7 - 2a 29} . 414
¥ q[ (7+G-F)es o), t gl i (G T ) e (4.14)
Note in (4.14) the presence of A from the expansion (3.31) of w.
Regarding £™, we invoke Lemma 3.4. The leading order is

2
. ™ 8 d ()
e - 71 Y 0 =< .1 L d - T . 4.].
0% /0 (27r o8 qle!? — elv| + Qﬂ)(p(w) “ 2 (4.15)

The next order is
q [* 8 cosf + cosw

Lry = o /. [(_COS"J)Iqu|€iG,eiw|+ 5 }p(w)dw

2 8

d {(COS 0 — cosw) log

_EO

m 2
_ady’ / (cos @ + cosw)p(w) dw
4 0

+q(3CZSH)<,0

L (_005910 §+30056)
1 1 %5 16

q|€19 _ elw‘](p(w) w

which is simplified to
2
5 —cosf — 8 1
my = q [ cos cosw log — . (7
27 Jo 2 qlel? —elw| = ‘2

0. 8 15cosf
+q(_cos 1  Locos )50- (4.16)

dm
- 70) (cos 8 + cosw) | p(w) dw

4 By TG

iy = ﬁ 2 (coszwlog 8 B cos? 0 + 2 cos f cosw + 3 cos® w _ A(cos29+cos?w))@(w) o
2 27 Jo qle!? — ev| 4 2
2 pon 2 2
8 0 —
—Z—W ; ( — 2(cos 0 cos w — cos> w) log P o8 5 €0 w)go(w) dw
q2 2
+3T (((4m2 +5)(cos 0 — cosw)® + (4m? — 1)(sin 6 — sinw)?) log
T Jo

am 2 2m 1
L %04 / (7 cosf cosw + 2(605294'%32 w))(p(w) dw
0

Y = = d
q‘ele _ elw|)w(w) w

2 4

+d{”’q/0 ' (1= cos(f — w))p(w) dw

47
A cos 20
)e(0)

2

n 2(110 §+COS2910 8 5 19cos29) 0
T g, T8 %, 3 96 /¥
2 20
+q—(410g§+60052010g§—3—7COS
32 q q 2

+q2( — cos® 0 +

)e(®)
+350(0)
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which is simplified to

fmy = ' m [<2m2 +1  m*cos(f —w) N 3(cos 20 + cos 2w) N 3cosfcosw + sin@sinw>
29 7 o ), 1 2 16 8
8 —4 4 3d]" +4d7  d cos(0 — w) —4 — 8A + 34y
log 27— | + 3 - 5 + ( 16 )(cos 260 + cos 2w)
-2+ dy
+(%> cos@cosw} o(w) dw
1 5cos26 8§ 11 155 A
2
- log - — — (—— —) *29} 0). 4.17
+q[(4+ 16 )qu 16 T\ " q02 T g )cos20|#(0) (4.17)
In the m = 0 case, one finds similar operators ﬁg, ﬁ?, ﬁg,..., £87 E?, ﬁg, ..., except that one must include

an additional functional in each operator so that the average of the outcome vanishes. We have seen this
already in (2.57) where —Av(...) is the functional.
By the expansion (3.22) for v where IV = 0, one obtains

~ I .
L= Ly Ly (4.18)
m Am r Am
g o= Lt 5L (4.19)
~ | T .
L= Lt L (4.20)

This expansion is used to approximate £, but it does not approximate uniformly with respect to all m. In
the next section, we restrict to the small m’s where the approximation is uniform. The large and medium
m’s will be treated differently in later sections.

5 Small modes

Consider £y, the leading order approximation of £,

1 r (2,1 8 dy T'p(0)
Mo =—(— pgg — = —log —7—— i) dw — . 5.1
0¥ = 54 (— oo — @) + q3/0 (% ey +5 - )elw)dw . (5.1)

In the case m = 0, we have seen L) before in (3.25) as the leading order approximation for &' (v + v1)
in the axially symmetric class. The same £ is now the leading order approximation for &'(v) in the axially
symmetric class.

If m = 0, the eigenvalues and the corresponding eigenfunctions of L) are

0 ———(7]{2 —|—I‘(——71)) pp =coskf or sinkf, k=1,2,3 (5.2)
Ui 0 T sin .
k q> 2 o2k 27) TH ’ T

If m > 1, the eigenvalues and the corresponding eigenfunctions of L§* are

~1+T(logl+dy - 1)), ¢ =1, ith=0

M =
g #—FF(%—%)» ppt =coskd or sinkf, ifk=1,23,..

(5.3)

3
)Q:,a‘ Lo Qm‘ =

As the eigenvalues of the L{*’s, these uj*’s serve as the leading order approximations of the eigenvalues
of the £™’s. Clearly
ut =0, m=0,1,2, ... (5.4)
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Positive uj*’s lead to positive eigenvalues of the £L™’s. Note that if I' < 6, then
upt >0, forall k > 2 and m=0,1,2,... (5.5)

Since T is small if ¢ is small by (3.22), (5.5) holds for sufficiently small g.

The remaining eigenvalues ug*, m > 1, are rather interesting. Since only small modes are considered in
this section, i.e. m € {1,2, ..., M;}, the u§"’s are positive, if ¢ is sufficiently small. The situation will be a lot
more complicated if m is a medium mode or a large mode. For now in the small mode case, we only need to
investigate eigenvalues of L™ whose leading order approximations are ui*, m =0,1,2, ..., M;.

One remark is in order. There are five degrees of freedom associated with the profile 2: translations of Q2
in z, y, or z directions respectively, and rotations of {2 about = axis or y axis. So £ must have a kernel whose
dimension is at least 5. It turns out that (u) = 0, ¢ = sin ) is the eigenpair that is related to the translation
in 2z direction; (ul = 0,1 = cos#) pair is related to the translation in x direction and the translation in y
direction; (u = 0, p1 = sin @) is related to the rotation about the z axis and the rotation about the y axis.

Now we restate Part 1 of Theorem 1.1 and prove it in the succeeding subsections.

Theorem 5.1 1. There exists ¢ > 0 such that when q € (0,q), one of L°’s eigenvalues is zero with
multiplicity one, and all other eigenvalues are positive.

2. There exists ¢ > 0 such that when q € (0,q), one of L'’s eigenvalues is zero with multiplicity two, and
all other eigenvalues are positive.

3. For every M; > 0, there exists ¢; > 0 depending on M; such that when q € (0,§;) and m € {2,3, ..., M;},
all of L™’s eigenvalues are positive.

51 m>1 and fy=cosf

The eigenvalue p7* = 0 of £§® has multiplicity 2 which makes perturbation analysis for £ more complicated.
Fortunately this problem can be circumvented. Since v is even ({2 is symmetric about the zy-plane), L£™
maps even functions to even functions and odd functions to odd functions. Define

L2,,(5") = {0 € LA(8Y) 5 (=) = p(0)} and L2,(S") = {0 € I%(S"): w(=0) = —(0)},  (5.6)

so that
LQ(Sl) = szen(‘gl) D Lgdd(sl)' (57)

Then for m > 1, L™ (as well as L', LT, LT, etc) maps H?(SY) N L2, (SY) into L2, (S') and H%(S*) N
L2,,(S%) into L2,,(S"). When L is restricted to each of the two subspaces, 0 becomes a simple eigenvalue.
In this subsection we consider £™ on the even subspace, (u* = 0, " = cosf), with m > 1. Denote by

(A, f) the eigen pair of L™ whose leading order approximation is (uf*, cos). Expand f as

f=fot+tfi+fat.. (5.8)
in terms of ¢ and the corresponding A as
A:%+%+%+m (5.9)
Furthermore one requires that
[fllzz = Il foll L2 (5.10)
which implies that
(fo, f1) =0. (5.11)
From
Ao A A
(L0 4 L+ L0 4 ) (fo+ fit fot ) = (qu + ...)(fo F A fat ) (5.12)
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the leading order gives

A
Lo fo = qufo (5.13)
whose solution is chosen to be
Ao =0 and fy = cos¥d (5.14)
in this subsection.
The second order of (5.12) is
A A
Ly f1+ LY fo= ?gf1+?;f0 (5.15)
which by (5.14) is reduced to
A
%%+w%=§m (5.16)
Compute
A T .
LT7fo = L7 (cosb) + q—BET(COS 0)
cos20 T 3 8 cos26 8 19 dy* 9cos20
- - (=210 - Sy % 5.17
2 +q2( 8%, T8 Byt 32 ) (5.17)
by (4.6) and (4.16). Then
(LY" fo, fo) =0, (5.18)
and taking the inner product of (5.16) with fy, we deduce
AL =0. (5.19)
This further reduces (5.16) to
Ly fr+ LT fo=0. (5.20)
Then by (5.11) and (5.17), f1 must be of the form
f1(0) = q(B + D cos 20). (5.21)
Since B 1 8 1 D 13 cos 26 26
m _br 1 8 m 1 Dr3cos20 cos
cr (B+Dcos29)_q3[ 2+F(logq+d0 2)}+q3[ o= -T2 ] (5.22)

(5.17), (5.20) and (5.22) imply

am
B LT
B = — 8 m 1 (5.23)

3 -T(—§log¥+3)

D = 2 (5.24)
I-T]
The third order of (5.12) is
A A A
Ly fo+ LT f1+ L3 fo = q—gfz + q—;fl + ffo (5.25)
which is reduced to N
%%+m%+@%=fﬁ (5.26)
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by (5.14) and (5.19). Taking the inner product of (5.26) with fy yields

A
(LY f1, fo) + (L3 fo, fo) = ;2||f0H%2 (5.27)
It remains to calculate

(LY f1, fo) = (LY fo, fr)

3
moN 2 2
_ _(%>(F(—ilog§+§,3—2)) _<7T>(_é+r(_él;log§+??2)) (5.28)
g/ —§+T(log s +dp —3) q s-1il '
o |
(L3 fo, fo) = <£§nfoafo>+q7<£§nfoafo>
mom? 34\ al/, m? 19, 8  3m? Al —2d 419 A
= () (e e S e g ) (629

by (4.14) and (4.17). For (L3 fo, fo), we have used (4.20) and L fo = 0. Following (5.28) and (5.29), one
derives

(LY f1, fo) + (L3 fo, fo)
(W> log & (24d6” A8 — 24m® + 60) —G4d A — (54 + 32m2)d + 1247 + 6m? — 143
q (8 log 2 — 10) (1210g% +16d7 — 3)

(I) 1 32(dgr + 2)? )
- \gq 8log 2 —10 12log £ +16dg" — 3

( —om? 4 2dT — 4d™ +5 — (5.30)

where we have used (3.22) and (3.29) for I and A. One further expands this with respect to % to obtain

8
Oga

(LY f1, fo) + (£3" fo, fo)

_ (11/”/2 Sin_ngdTJrl/ﬂ/QmQSiHZT;SiIIQdeT> T i +O( 18 ) (5.31)
2 2/ sinT 2 Jo sin® 7 qlog | q(loga)2

The first term in the last line is positive when m > 2 by Part 2 of Lemma 3.5. Hence for each m > 2

Ay >0 (532)

when ¢ is small. Consequently for each m > 2
A>0 (5.33)

if ¢ is small.

So far in this subsection we have shown that for each m > 2 there exists ¢,, such that the eigenvalue
of L™, whose leading order eigen pair approximation is (uj*,cos#), is positive if ¢ € (0,G,). Note that G,
depends on m. Unfortunately it is not possible to make ¢,, independent of m. We can at most assert that
there exists ¢; such that if m € {2,3,...,M;} and ¢ € (0,¢;), then the eigenvalue of L™ associated with
(17", cos B) is positive.

When m = 1, (5.30) shows that Ay = 0. Actually in this case A = 0. This is due to the translation
invariance in the x and y directions. One can translate €2 in the z or y direction by a displacement ¢ and
obtain a shifted profile €. represented by v.. Since v, is still a profile, S(v:) = 0. Differentiating the
equation with respect to € and setting e = 0 yield a solution of £¢ = 0. This ¢ has the form ¢ = ¢(0) coso
or p(f)sinog. Then L'y = 0. The leading order approximation of ¢ is cosf so ¢ is just f in the case of
m = 1. The corresponding eigenvalue of £! is identically 0, so

A =0 when m = 1. (5.34)
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52 m>1and fy=sinf

In this subsection we consider £™, m > 1, from the odd subspace H%(S')NL2,,(S') to L?,,(S') and denote
by (X, f) the eigen pair of L™ whose leading order approximation is (uf*,sinf). Then in the expansion

f=fot+fit+fot.,
fo =siné,
)\0 A]

and in the expansion A = B+ E+

>

S
Il
o

Next compute

r .
Li'fo = L'(sinf) + —L"(sinb)
q

sin20 T 1 8 9y .
= _TQQ +q72<_ gloggﬁ-ﬁ) sin 260
1 1 1 8 9
= 7[—5—&-1"(— §10g§+@)} sin 26
by (4.6) and (4.16). Hence
(LY fo, fo) = 0.
This implies
A1 =0.

The next order f; of the eigenfunction satisfies
Ly fr+ Ly fo =0,
so f1 has the form
f1(8) = qEsin 26.
Since E,3 T
LI(Esin20) = P (5 . Z) sin 26,
it follows that

It remains to calculate

(LY f1, fo) + (L£3" fo, fo)
to find \y. Calculations show
(L f1, fo) = (L1 fo, fr)
TE 1 1 8 9
— —(— 7+1“(— floga-i-f))

q 2 8 32
2

B (77)—(—§+F(—§10g§+§’2))
q 2 T3
~ r .

(L5 fo, fo) = <Eglf07f0>+q§<£§"f0,f0>

7 /m?  3A nl’ m? 5 8 3m? 85

= —_ — J— JE— _— J— 1 — _
q(2+2)+q(( T T3l g 334
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(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)



by (4.14) and (4.17), and hence

m\ —4d" — 2
(LT fr, fo) + (L3 fo, o) = (7) Ad — 2m? 41

q 810g%—10
1 71'/2 2 .2 oo 2 1

_ (7/ msm'Tgsm deT) 7r8+0( ; ) (5.47)
2 Jo sin® 7 qlogE q(log 5)2

by (3.22) and (3.29). The first term in the last line is positive when m > 2 by Part 1 of Lemma 3.5. Hence
for each m > 2,
A2 >0 (5.48)

if ¢ is small, and consequently for each m > 2,
A>0 (5.49)

if ¢ is sufficiently small.
Because of the rotation invariance of €2 about x and y axes,

A =0 when m = 1. (5.50)

5.3 m =0 and fy = cosf

As in the m > 1 case, £° maps even functions to even functions and odd functions to odd functions. In
this subsection we consider £° on even functions and let (), f) be the eigen pair of £° whose leading order
approximation is (1, cos ). Expand f to

f=fotfi+fot.. (5.51)
with
fo = cosb, (5.52)
and expand A\ to
A AL A
A==+ =5+ —=+.. 5.53
¢ ¢ q (5:53)
where
Ao =0. (5.54)

The calculations in this case remain largely similar to the ones in the m > 1 and fy = cos# case, provided

one lets 1
m=0, dj=0, d?:z. (5.55)

Compute

LYo =

_cos29 F(_COSQG 8 9COS20>' (5.56)

Ry 2 log =
2% g %, T3

Note that £9fy in (5.56) differs from (5.17). Here the expression does not have constant terms because the
average of £ fo must vanish. Since (£ fo, fo) = 0,

A =0. (5.57)

One then finds
f1=¢Dcos26 (5.58)

where . . s o

S (5.59)
71Ty
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It follows that

(LY 1, fo) = (L1fo, fr)
2
B (ﬂ)(§+r(§10g§+:fz)) (5.60)
o 3_ri ’
q 2 1
A | R
(LS00, fo) = (L3fo, fo) + q7<£§nf0,fo>
i 3A 7w /19 8 443 A
= () 4+ (Zlog- — — +2). 5.61
q( 2)+q(320gq 384+4) (5.61)
Then
12log & — 27
ﬁO , £0 , _ I q
(L3 f1, fo) + (L3 fo, fo) (q)1610g§—20
™ /3 3 1 1
= (Z) (2 -2 —_ O ———. 5.62
(q)(4 410g2)+ (q(log§)2> (5:62)
The first term on the left side is positive if ¢ is small. Hence
A2 >0 (5.63)
if ¢ is small, and consequently
A>0 (5.64)

if ¢ is small. Note that this Ay is positive in the leading % order while the earlier positive A\y’s are positive

in the —t—+ order.
qlog 3

54 m=0 and fy=-sinf
Finally consider the eigenfunction f = fo + f1 + ... of £° with

fo =sinb. (5.65)
The calculations are identical to the m > 1 and fy = sin 6 case, and one finds
A =0, (5.66)
and
f1 =qEsin20 (5.67)
with L (g g )
E=2 o F; 32 (5.68)

as before. Lastly

(= 14r(=Liogd 4+ 2))?
(LS 11 fo) + (L3fo, fo) = (%) (Ca+lCalos, ¥ 55) TR T (D0 S 19 A

q s-ri g\ 2 g \32 °q 384 4
= 0 (5.69)
where (5.69) is obtained after one inserts (3.22) for I and (3.29) for A. At this point we have deduced that
A=A =X =0. (5.70)
If one exploits the translation invariance in the z direction, then
A=0. (5.71)

In summary, Part 1 of Theorem 5.1 follows from (5.64) and (5.71); Part 2 follows from (5.34) and (5.50);
Part 3 follows from (5.33) and (5.49).
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6 Large modes

Below is a restatement of Part 2 of Theorem 1.1 and the rest of this section is devoted to its proof.

Theorem 6.1 There exist M;; > 0 and §; > 0 such that when g € (0,§;) and m > J\i“‘, L™ is positive

definite.
Proof. Since

‘/ c032m7d7‘</ 2 dr ~ Tlog
o B+sin?r! T Jo B+ (27/7)2 2 VB ’

one finds a simple upper bound for G™ of (3.4), uniform with respect to m,

|G™(r,z,p. Q)] < i\/flog W where § = r= p)l—:p(z mi9) (6.1)

Regarding the operator ﬁm, note that, since u does not depend on m, among the quadratic terms (2.50)-

(2.55) only (2.53) depends on m. This dependence comes simply through the multiple m?. Subsequent

findings of ﬁg”, A’ln, and /35” show that
l—Cq 27 ) 1+Cq2 27 ) mQ—Cq 27 )
( 24 )/0 %de_( 245 )/0 ‘pd9+< 2 )/0 omdf

27
77/ 0 d9+ Cq)/ 02 df. (6.2)
0

Here the constant C' is independent of m and independent of small g.
For the operator L™, denote the two parts by £ and F respectively:

T 1+/14+p3

(L™, )

Ly = Ep+ Fo (63)
27 m(1 i0 1 iw
o _ / G (1 +u(@)e’, 1+ uw)e)p(w) (6.4)
0 1+ u(w) cosw
Fo = w0 VGO (1+ue, p,¢) - e dpd( . (6.5)
u+ u2cosf o o

The multiplication operator F does not depend on m and the findings of LVB”, E}”, and Eg% show that
1+ Cq

1Fel < (—52) Il e (6.6)

for all m when ¢ is small. The integral operator £ depends on m in a more subtle way and we have to treat
it differently. The estimate (6.1) implies

IG™ (1 + u(0)e, 1 + u(w)e®)| < C+C‘log|u(9)ei9—u(w)ei“|‘

‘U(‘g)eie _ u(w) ol
q q

IN

C’—l—Clog%—&—C‘log ‘ (6.7)

For the last term in (6.7),
H log ‘Melo _ Mel(')w <C, Ve St
q q Lt

() o _ uw) i
q

Then the norm of the integral operator on L?(S!) with ’ log ‘ ’ as the kernel is bounded by

C, independent of g. This leads to a bound on &£ of the form

Ilze < (1os 2 el (6.8)

25



uniformly with respect to m. By (6.6) and (6.8),

< 8
1£7 ]z < ©(1og )l o (6.9)

Therefore by (3.22), (6.2), and (6.9) there exists ¢;; > 0 such that for ¢ € (0, Gi;)

2 27 C 27

(L0, ) > m—/ ©* df — —3/ > df (6.10)
2q9 Jo q° Jo

holds for all m. This estimate is useful if m is large compared to 1/q. Let

M;; -
M >0, m> o and ¢ € (0, Gi;)- (6.11)

Then the operator L™ is positive definite since

m Mz2z -2C 2 Mz2z 2
(Lo, 0) 2 TH@HH = 0p llellze (6.12)
if M;; is sufficiently large.
7 Medium modes
Consider Ly given in (5.1) with m > 1. Note that with ' = 4103;%75 given by (3.22),

1

Lg'(1) = Top

1) 1 <1210g§ + 16d —3>

+£(lo S gn-t
FUBgTO Ty T 8log £ — 10

Hence ¢§* =1 is an eigenfunction of £ and the corresponding eigenvalue is

(7.1)

.1 12log? +16d5" —3
MOZ*( )

g SIOgS —10

Although L7 is an approximation of £™ only when m is fixed and ¢ is small, we still consider £{j* in the
scenario that m varies with ¢. Since

dyt = —logm + O(1) for large m (7.2)

by Part 1 of Lemma 3.3. We can make p(* negative if we choose m sufficiently large. The borderline between
negative ug* and positive pg' occurs at

8
12log — + 16dj" — 3 =0, (7.3)
q
which implies, for small g,
8\ 3/4

This order puts m in the medium range, and L{j* cannot be used to approximate £™ under (7.4). Nevertheless
there is indeed a negative eigenvalue for £™ when m is in the range suggested by (7.4). This is the content
of Part 3 of Theorem 1.1 which is restated below as a reminder.

Theorem 7.1 Let M; and M;; be positive numbers. There exists G; ;; > 0 depending on M; and M;; such

that for every q € (0,q; ), there is m € (M;, A{I”) for which L™ has a negative eigenvalue. Moreover, as q

tends to 0, m grows to infinity like (%)3/4.
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Proof. We proceed to show that at 1, the quadratic form
(L7™(1),1) = (L™(1), 1) + (L™ (1), 1) (7.5)

is negative for a properly chosen m, from which Theorem 7.1 follows.
For (£™(1),1), m > 2, note that only the term (2.53) among (2.50) to (2.55) depends on m. Let

(£™(1),1) = m*Qu(q) + Q2(a) (7.6)
where
2m 1
= db 7.7
@1(q) /0 2(u2 + u?)V/2(1 4+ ucos )3 (77)
m
= 5(1 +0(q)) (7.8)
Qal) = /27r [(1+u0089)u9(—(1—|—2ucos€)) _(u+2u20059+u§c056)(1—|—2ucos6‘)
2= 0 (u? +u?)1/2 \2(u+u?cosb)3 /9 2(ud + u?)Y/2(u + u? cos 0)3
(14 u cos 0)u> ( 1 )2 n —utg + uj cos O ( 1 )
2(ul +u?)3/2 \u+wucos0/0  (uf + u?)3/?(u+ u?cosb) \u+u?cost/o
(2u® cos 0 + uZ + 3uuj cos 9)} 0 (7.9)
2(u2 + u?)3/2(u + u? cos 0)? '
m
= —q—3(1+0(q2)). (7.10)

These calculations make use of the quadratic forms derived in Section 4. Neither ()1 nor Q2 depends on m.
To study (£™(1), 1), reorganize G™ into

G™(r,2,p,C) = Fa(r,2,p,0) + m*Fa(r, 2, p,0) + di Fs(r, 2,p,0) + d{" Fa(r, 2,p,() + F™(r, 2,p,¢)  (7.11)

accodring to its depencece on m shown in Lemma 3.4, where

1 8vTp r—p 8vrp
F T>Z7pac = 710g - IOg
Wrnsp Q) = S R S0l A ) - (0.0
5(r —p)® — (2= ()? N

+ lo 7.12
32 2 = (.0 (712

(r—=p)?*+(-¢)7? 8y/rp
Fy(r, z, p, = lo 7.13
2(r2,p.0) 8mp? 51, 2) = (0. Q)] (7.13)

_ L r
F3(r,2,0,0) = 5-4/7 (7.14)
(AN =p)P+(z=()?
F4(’I",Z,p, C) - (%) 4/)2 (715)
F(r,z,p,¢) = O(m?¢log 2) + O((m*logm)q®) + O(m> 2 ¢>+2), (7.16)
Note that F} through F, do not depend on m. F™ depends on m but is small, and one lets
a€(0,1/2) (7.17)
to further simplify it to }
F™(r,z,p,C) = O(m2+2“q2+2“). (7.18)
Then write § ~

(L£™(1),1) = m*Qs(q) + di'Qa(q) + di"Q5(Q) + Qs (q) + Q(g,m) (7.19)
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where

Q) = [ [T EOHOEII MDD i = w1+ 0lw) (7.20)
Qilq) = /:ﬁ /O% B Hu(le)lc(jsz(“)eiw) dwdd = 27(1+O()) (7.21)
Q) = [ [ BUEHOC] O ftp = 221+ 0lw) (1.22)
Qs(q) = OZW /027r il 1+1u+ u(la)lc(;z(w)eiw) dwdd

+/2ﬂu+ul%oso VGO(1 +ue, p,¢) - € dpd¢ = 7r(210g2 —1)(1+O(q)) (7.23)
i« [ ) sy o) a2

Again note that Q3 through Qg are 1ndependent of m and Q™ is small.
Now take m to be of the order ( )3/4; namely, consider

m e (%(2)3/4,2(2)3/4) (7.25)
for small q. One deduces that
m*Qi(g) = O(¢™*?) (7.26)
Q:a) = —5(1+0() (7.27)
Q) = o) (7.25)
Qi) = TEL 1+ 0() (7.20)
1 Qsle) = O(q7*7) (7.30)
1Qs(0) = 5 (2rlog — ) (14 0(a) (7.31)
. 1
Q™ (q) = O(m) (7.32)
Here to reach (7.30) we have used the estimate dj* = O(m?logm) from Part 2 of Lemma 3.3. Hence
(£m1),1) = qi;( — 14 2d7T + (2 1og§ DT+ 0(1))

oo 1210g§+16d6"—
¢

3
TogT =3 + 0(1)) (7.33)

Let m be of the order (%)3/4 and above the threshold (7.3). Then (7.33) is negative.
Appendix
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A. Proof of Lemma 3.2

Let
/”/2 cos 2mT dt 7r/21—2mzsinzrd 49 ’T/QsziHQT—SianTd (A1)
_— — —_—————— QT T. N
0 VB +sin® 7 0 VB +sin® 7 0 VB +sin® 7

First we estimate

/21— om2sin? 7 /21— 2m2cos? T
= dr

e ST A e T
0 VB +sin® 7 0 \/ B+ cos?T

/21— 2m?2 + 2m2sin? 7

- dr
0 VB+1—sin®r
_ 1 o, 2m? 2m?
= 3 ((1 —2m° + ?)K(k) ?E(k)) (A-2)
where
KG) = /”21d —log 24 Tlog 2 S 1k 4 Ok l0g 4) (A.3)
o T R A A 5 '
/2 1 4 1 1
E(k) = /0 V1—k2sin’rdr = 1+ 5 (log 7 — S)K* + O (K" log ) (A4)
]{72 _ 1 k/2 — 6 (A5)

1+ 3’ 148"

Here K (k) and E(k) are the complete elliptic integrals of the first and the second kind respectively, whose
asymptotic expansions (A.3) and (A.4) can be found in [4, 8.113 and 8.114]. Then (A.2) becomes

w/2 2

1—2m?sin® Tt

- (L—é+0w%”0fﬂml+&ﬁ)o%é%¥%bgé—UH%

2 k2 kK4 K
2m? 1 4 1 1
- (1 + 5(1og e 5)/g’Q) + O((m? + 1)k log ?)}
/1o m? 1 16 s (1 m? 9 5. 1
Next we estimate
/2 m2sin® 1 — sin® mr

T.
0 VB +sin® T

Obviously this term vanishes if m = 0 or m = 1, and Part 1 of the lemma follows from (A.6). When m > 2,

this integral depends on m in a more subtle way. Let a € (0, 1). Expand ———— with respect to 3 € [0, 1],

v/ B+sin?
using a two term Taylor’s expansion with the remainder controlled by a Holder semi-norm
1 1 1 I+a
e sl - el o
\/m sinT  2sin° T 2(- +sin®7)3/2llal + «
where the semi-norm is
) ’ 1 _ 1
2(bo+sin? 7)3/2 2(b1+sin? 7)3/2
— - = sup . A8
H 2(-—|—51n2 7')3/2 i|o¢ 0<b; <by<1 |b2 —bl‘o‘ ( )
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Then we estimate this semi-norm. If by — by < sin? T, one uses the mean value theorem to deduce

1 1

2(ba+sinZ 7)3/2 ~ 2(by+sin2 7)3/2 . 3 . _
(b )\bg—bl(\‘: ) = by —by|! 1(nb1+(1—n)b2+81n2r) 5/2| " where 1 € (0,1),
3
< gin?7%@ T)4(Sln )~ 5/2‘
3 .
4gin?t2e
if by — by > sin® 7, one has
: 2 : 7 1
2(ba+sin? 7)3/2 2(by +sin? 1)3/2 _
< by — b7 —’
by — by|® S 2= b 2(by + sin® 7)3/2
1
< L
- 2(sin2 T)3/2
1
2sin®t2% -
Hence one finds a bound on the Holder semi-norm
3
_ _ < - A9
H (- + sin 7')3/2 } 4sin3t2e 7 (A.9)

and it turns (A.7) to

1 1 3 1+«
‘ I + ,ﬂB ‘ S ﬂ . 342« (AIO)
VB +sin?r  sinT - 2sin” 71 7 4(1 + «)sin T
It follows that
‘/ m? sin T—SIHQdeT_/ﬂ/2m2Sin27j 81n2m7'd +ﬂ/ m sm27—381n2m7d7_
~/ﬂ+81n T 0 sinT 2sin” T
414+ a) Jo sin®t2* 7
To estimate (A.11), write
/”/2 |m? sm27' — sin m7-| dr — /”/2 Im?sin®(L) — sin®¢| it + /"”r/2 Im?sin?(L) — sin® t| g (A12)
0 3+2a 0 msin3+2a(%) /2 mbln3+2a(%)

For the first term on the right side of (A.12), use |m? 51n2( ) —sin? t| < Ct* where C' > 0 is independent of

m to derive P
™/2 |m? sin®(L) — sin® ¢| 2420
/0 st (1) dt < C/ (2 )siEe dt < Cm . (A.13)

Note that the last integral is convergent since @ < 1. For the second term on the right side of (A.12)

/ T |m?sin®(5) —sin®t] L / M e / Y g<om™ (A
)2 msin3+2°‘(%) B m(%)S—&-Qa = Jajo m—2-20(2f)3+2a ° =

This time the last integral is convergent since o > 0. Therefore (A.ll) becomes

/22 2 . /2 2 2 2
m?sin® 7 — sin® mr sin®mr B 2 m?sin® 1 — sin? mr

dT:mQ—/ - dr — 3 dr 4+ O(m2T2epite),
0 /B—I—sinzT 0 sin T 2 Jo sin® 7

(A.15)
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Part 2 of the lemma follows from (A.1), (A.6) and (A.15).
B. Proof of Lemma 3.3

Let 7 = % so that
/”/2 sin® mr /"”r/2 sin? t
- dr =
0 sin T m sin(
sin? t 1 (™ /2 gin2¢
= — ———~dt

m sin .- m x/2  sin(;r)

Since sinz = z + O(z?®) when z € (0,7/2),

et = 1 o((57)] = Tt ) o),

m

m m

which shows that the first term in the last line of (B.1) is

sin® t /2 gin? ¢ 1
—) =o0).
m/ sm— /0 t dt+0(m2> o)

For the second term in the last line of (B.1),

mm /2 ¢ mm/2 t t
il ame = wf, oG]
1 mm/2

t 1 m /2 ¢
- Sni dt + (—/ - dt) 0(1)
m Jr/2 m m Jx/2 m

m

mn/2 2t
= / 2R dt+0(1).
w/2 t

With (B.2) and (B.3) one turns (B.1) to

/2 sin? mr m/2 sin2t IT/2 gin2¢
dr = dt + O(1).
/0 sin 7 T /,r t Z/ + ( )

/2 1)7m/2

Note that

1 IT/2 gin?¢ IT/2 sin¢ /2 sin?¢ 1
— = - dt < dt < - dt = - .
2j (i—1)r/2 JT/2 G-1)mj2 t G—1yry2 G —1)m/2 2 - 1)

Since ZJ 2 =logm + O(1) and Z] 9 ] = logm + O(1) by the Euler’s constant formula,

m Jm/2 in2t 1
/ ST g = —logm+ O(1).
G-vm/2 t 2

Part 1 of the lemma then follows from (B.4).
Next consider

SIH3 T

/ ™2 m2sin? 7 — sin? mT / m? sin® 1) — sin? t /mﬂ/Q m?sin? (L =)= sin? ¢ it
0 m sin® (L)

sm3( )
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For t € (0,7/2), one deduces that

which leads to

w2sin?(L) —si?t m (% +O0(GH)Y) — 1+ o)
Sing(%) (7; n O((%)?’))S
2 t o, (t+0(t3))2
= (o) ) - & (1+0((-)
= O(tm?) +O(tm),
m? sin® ) sin® ¢t )
m/ sin® %) = 0(m?)

For t € (7/2,mn/2), one argues differently that

m?sin’(L) — sin®¢

sin®(-L)
Hence
/2 m? sin? 1) sin® ¢
; dt =
m sin (m)

mm /2 1
w [ 4
/2

m?logm + O(m?).

+ O((%)?’))2 —sin? ¢
Lt 410 (%)3))3
(1 o) -

3

ji;ﬁ(l +0((-)?))

mm/2 mm/

tdt—i—(/ﬂ/z tdt)0(1)+(/ﬂ2

The second part of the lemma follows from (B.5), (B.6), and (B.7).

C. Proof of Lemma 3.4

Expand

P r—p
21—
\/; 2p -

). For m > 2, by Lemmas 3.2 and 3.3, one finds that

Note that |r — p| =

Gm(’r7 z? p7 C)

1\/;/71'/2
2 T Jo

1 Jps1
= ol

O(q) and 8 = O(g?

2
T 8)les g o

3(r — p)? ‘
00 - o)

cos2mt dr

VB +sin’® 7

1 16 1

8/7P

(7“—/))2)(1+ (m2 _ i)ﬁ) IOgW

Lo
- 2r 2p
8
+O(q310g7)

q

- i(1_T_p
27 2p

(B.6)
21
5 dt) O(m?)
(B.7)
(C.1)

\/E(dan + dinﬁ) + O(m2+2aq2+2a)

8/72 (pv C)|
(m2q5 log 2) + ;T\/E(dgl + d’lﬂﬂ) + O(m2+2aq2+2a)
=0, L=t (=) /7%
A Ay v o v
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8 8. 1
+0(m?q’ log P O(q’ log pihs 2W\/E(dg" +d"B) + O(m? 2o g>2e)

L rep, (M5 g b (m DO 8y
(1 * )t 5

Y 2p 162
dg' iy (r=p)* + (2= ¢)°
+27r + (2%) 4p?

. 8 .
JrO(mzq3 log 5) + O((m?logm)g®) + O (m>+2g>+2%),
The proof for the m = 0 and m = 1 cases are similar.

D. Proof of Lemma 3.5

Let -
0= — D.1
o (D.1)
and write
/2, 2 2 L2 6, 2 2 s2 /2, 2 3.2 s 2
m* sin® 7 — sin“ mr m*sin” 7 — sin” mr m* sin” 7 — sin” m7
/ . 3 dr = 3 dT+/ 3 dr =11 + 5. (D2)
0 sin® 7 0 sin® 7 5 sin® 7
Using
3
T 2T
T—E<Sin7'<7', and — <sinT (D.3)
T
we estimate the first term as
L) 3 /p\2 -2
m* (Tt —7°/6)° —sin“ mr
-
sin® T
m 72 —sin’mr S m2rt
> — ——dr
sin® 7 o 3sin°T
2 4
meT
> 0- / T
o 3(27/m)?
5
T
= (D.4)

192

and the second term as

By (D.4) and (D.5), one obtains

2 5

4 2
I1+IQ>%logm+ﬁ(1—m2)— T

o5 (D.6)

The right side of (D.6) is increasing with respect to m, and when m = 3 it is 0.7923... > 0. So Part 1 of this
lemma holds for m > 3. When m = 2,

3

/”/2 22 sin’ 7 — sin® 27
0 sin® 7

/2
dr = / 4dsinTdr = 4. (D.7)
0
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Hence Part 1 holds for all m > 2.
Regarding Part 2, let

1
0= — D.8
- (D.5)
and estimate
/”/2 sin.2 mT dr - /6 sin.2 mT dT+/”/2 sin.2 mT ir
0 sinT o sinT 5 sinT
) 2 /2 1
< / (m7) dT+/ dr
o 27/m s 21/w
T mm
= — 4+ —log—. D.9
158 (D.9)

Combining this with (D.6) one sees that the quantity in Part 2 is bounded below by

T m. mmy 4m? 2 gy T
1—(7+§log—>+?logm+ (1—m)—@.

: : (D.10)

T2

The quantity (D.10) is increasing with respect to m when m > 2. And if m =4, it is equal to 1.6837... > 0,
so Part 2 holds if m > 4. If m = 2,

/2 s 22 /2 22 in2 + — i 22 4 11
1_/ Sll'.l TdT—l—/ sm?'?)sm TdTZl—*+4=*>O- (D.11)
0 Sin 7 0 s T 3 3

In the m = 3 case, since

T = (D.12)

/”/2 Sin237'd 23
0 sinT 15

and the quantity in Part 1 is bounded below by 0.7923..., seen after (D.6), one has

/2 i 2 /2 92 i 2 2 9
1—/ sin” 37 dT+/ STSINTT ST, 1—£+0.7923...:0.2590... > 0. (D.13)
0 0

sinT sin® T

Hence Part 2 holds for all m > 2.
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