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Abstract

Let (M, g) be a compact Riemannian manifold of dimension N > 5
and @4 be its @ curvature. The prescribed ) curvature problem is
concerned with finding metric of constant ) curvature in the confor-
mal class of g. This amounts to finding a positive solution to

Pg(u):cu%, u>0 on M

where P, is the Paneitz operator. We show that for dimensions
N > 25, the set of all positive solutions to the prescribed () curvature
problem is non-compact.

1 Introduction

Let (M, g) be a Riemannian manifold of dimension N. A basic question
in conformal geometry is the following: can one change the original metric
g conformally into a new metric ¢’ with prescribed properties? This means
that one searches for some positive function ¢ (conformal factor) such that
¢’ = g and the new metric ¢’ has prescribed properties.

A best known example is the so-called Yamabe problem. For N > 3, let
L, = —4%V:21)Ag + 54 be the conformal Laplacian, where A, is the Laplace-
Beltrami operator and S, is the scalar curvature. If one sets the conformal

factor 1 = uv-2 (u > 0), then it is well known that L, has the following
conformal covariance property:

Ly(up) = u¥=2Ly(p) Ve C®(M).
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If one prescribes the scalar curvature Sy for the metric ¢’ then u has to
satisfy the second-order equation

N+2 N+2

Ly(u) = u¥ Ly (1) = Sy, (1)

In the case when Sy is a constant, this is the Yamabe problem. In the case
when Sy is a prescribed function, it is called the Nirenberg problem.

Precisely, the Yamabe equation is

%Agu — Sgu + cuv=s = 0. (2)
The question that whether the set of all solutions to the Yamabe problem
(2) is compact in the C* — topology has been widely studied. It has been
conjectured that this should be true unless (M, g) is conformally equivalent
to the round sphere (see [27, 28, 29]). The case of the round sphere SV is
special in that (2) is invariant under the action of the conformal group on
S¥, which is non-compact. The Compactness Conjecture has been verified
in low dimensions and locally conformally flat by R. Schoen [28, 29]. He also
proposed a strategy to proving the conjecture in the non-locally conformally
flat case. Developing further this strategy, the conjecture is proved in low
dimensions: N = 3 by Li-Zhu [22], N = 4,5 by Druet [10], N = 6,7 by Li-
Zhang [20] and Marques [23], N = 10, 11 by Li-Zhang [21] under the Positive
Mass Theorem assumption. Recently this conjecture is shown to be true by
Khuri-Marques-Schoen [16] for dimensions N < 24 under the Positive Mass
Theorem condition. On the other hand, the Compactness Conjecture is not
true for N > 25 in the recent papers by Brendle [3] (N > 52) and Brendle-
Marques [4] (25 < N < 51). More precisely, given any integer N > 25, there
exists a smooth Riemannian metric g on SV such that set of constant scalar
curvature metrics in the conformal class of g is non-compact. Moreover,
the blowing-up sequences obtained in [3, 4] form exactly one bubble. The
construction relies on a gluing procedure based on some local metric. The
non-compactness of Yamabe problem in the C* — topology is studied by
Ambrosetti-Malchiodi [1] and Berti-Malchiodi [2]. A complete description
of blow-up behavior of Yamabe type problems can be found in the book
Druet-Hebey-Robert [11].

Besides the conformal Laplacian L, there are many other operators which
enjoy a conformal covariance property. A particularly interesting one is the
fourth order operator P, which was discovered by Paneitz in 1983 ([24]),
which can be written for NV > 5 as follows:

N -4
Py = A7 — divy(anSyg + byRy)d + ——Q,, (3)
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where div, is the divergence of a vector-field, d is the differential operator,

_ (N-2)44 b4
INZ SN 1) (N —2)’ NT TNy
and
1 N3 — AN? + 16N — 16 2
= oA N — S AP
@ 2(N —1) 9%+ 8(N — 1)2(N — 2)2 Sy (N_2>2|Rg| (4)

Here R, the Ricci tensor, [R,[* = 3=, RVRi; where RY = 37 ¢ Rag".
(), is the so called () — curvature. In the case N > 4, the conformal factor is
usually chosen in the form ¢ = uN-a (u > 0) and the conformal covariance
property of the Paneitz operator reads as follows:

N+4

Py (up) = uN-1Py(p) Ve C®(M).

If one prescribes the ) — curvature for the metric ¢’ by a function @y this
leads to the equation

N —4
Py(u) = u¥i Py(1) = ——Qgu¥3,

which is a fourth-order analogue of (1). We refer to the survey articles of
Chang [5] and Chang-Yang [8] and the lecture notes [6, 7] for more back-
ground information on the Paneitz operator. Recently, there are more and
more interests in using higher order partial differential equations in the study
of conformal geometry. See [9, 13, 30] and references therein.

There is an analogue problem to the Yamabe problem, that is, to find
metrics of constant () — curvature in the conformal class of g. The problem
can be transformed to solving the following Q) — curvature equation, for N > 5,
N —4 Nt

uN—4

2 )

Pu u>0 on M. (5)

Clearly, every solution of (5) is a critical point of the functional

S (Bgu)? + 37, (anSeg” + byR7)dud;u + 452 QquPdvol,
Sg(u) = 7 N—4 :

(fM u%dvolg) B

Consider

P(g) = inf {5g(u) cu € H*Y (M), u> O}.



We refer to P(g) as the Paneitz energy. Clearly it is a conformal invariant.

A similar question is whether or not the set of all positive solutions to the
() —curvature equation is compact. As far as we know, the only results in this
direction are given by Hebey-Robert [15] and Qing-Raske [25]. Both papers
give positive answers provided M is locally conformally flat and satisfies
some additional assumptions. Compactness is also studied for non-geometric
potentials of Paneitz operator in Hebey-Robert-Wen [14].

In this paper, we prove the non-compactness of the set of solutions to
the () — curvature problem in large dimensions. We construct a blowing-
up sequence consisting of exactly one bubble. More precisely we prove the
following theorem.

Theorem 1.1. Assume N > 25. Then there exists a C° Riemannian metric
g on SN and a sequence of positive function u, (n € N) with the following
properties:

i) g is not conformally flat,
i) wy, is a positive solution of the Q — curvature equation (5) for all n,
iii) E,(u,) < P(SN) for all n and E;(u,) — P(SY) as n — oo,
iv) Supgn U, — 0O as n — oo.
Here P(SY) denotes the Paneitz energy of the round metric on SV.

For convenience (and by stereo-graphic projection), we will work on RY
instead of SV. Let g be a smooth metric on RY which agrees with the
Euclidean metric outside a ball of radius 1. We will assume throughout the
paper that det g(z) = 1 for all z € R, so that the volume form associated
with g agrees with the Euclidean volume form. Precisely, we will consider

N —14
Pu = 5 u%, u>0 in RY. (7)

IS

Our goal is to construct solutions to the @) — curvature equation (7) on
(RY, g). Though we shall follow the main ideas in [3] and [4], there are some
major difficulties in fourth order equations. The main difficulty is that we
need to ensure that u is strictly positive on RY. In the Yamabe problem
case, one constructs solutions of the form

UIUO+¢

where wg is the standard bubble and ¢ is the error. As long as ||¢|| 51 is small,
it can be shown easily that u > 0. In the prescribed ) curvature problem,
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even if we can show that [|¢||g2@yy is small, it is not guaranteed that w is
positive. To overcome this difficulty, we need to use a weighted L*° norm

1llx = Ilug ' @l oo vy

and we have to show that ||¢||. is small which then implies that u is positive.
We use a technical framework which is more closely related to the finite
dimensional Liapunov-Schmidt reduction procedure, as in [12], [26], and [31].
Another difficulty is the choice of the auxiliary function f(s). In the second
order Yamabe problem case, a linear function is chosen to obtain N > 52 ([3])
and a cubic polynomial is chosen to obtain N > 25 ([4]). While in the fourth
order case, the best choice for f seems to be fourth order polynomial. (Linear
function only gives N > 52.) A surprising fact is that in both Yamabe and
(Q—curvature problems, the two dimensions 52 and 25 are the same.

The organization of the paper is as follows: In Section 2, we introduce the
special metric g in this paper. In Section 3, the first approximation of the
solutions is given. In Section 4, we calculate the corresponding A, S,, R,
(), under this special metric g, and then acquire the estimate of the energy
functional. In Section 5, the invertibility of the linearized operator is settled.
In Section 6, we solve the nonlinear problem. In Section 7, a variational
reduction procedure is processed. In Section 8, we show that the energy can
be approximated by an reduced energy functional. In Section 9, we compute
the reduced energy functional in terms of an auxiliary function f. In Section
10, we choose a linear auxilliary function to show that the reduced energy
functional has a strict local minimum when N > 52. In Section 11, the
dimension is reduced to N > 25 by choosing a fourth order polynomial. In
Section 12, we prove the main theorem by a gluing method. Finally in the
appendix, some inequalities used in the paper is proven.

Acknowledgment. The first author is supported by an Earmarked Grant
from RGC of Hong Kong and a Focused Research Scheme from CUHK.

2 The Special Metric g

In this section we introduce the metric which will be used in this paper.

In what follows, we fix a multi-linear form W: RY x RY x R¥ x RN — R.
We assume that W, satisfy all the algebraic properties of the Weyl tensor.
Moreover, we assume that some components of W are non-zero, so that

n

Z (Wikje + Wigj)* > 0.

3,5,k ,0=1



For simplicity, we put

Hi;(y) = Z Wipja¥Up¥q

p,q=1

and

Hij(y) = f(lyl*) Hij(y).

where f(|y|?) will be chosen later. (Specifically, we shall choose f(s) =
7 —12000s + 241152 — 1355 + s*. The number 7 depends only on the dimen-
sion N and will be chosen later.) It is easy to see that H;;(y) is trace-free,
Z?:l yZHZ](y> =0 and Z?:l @Hz](y) =0 for all Yy < RN.

We consider a Riemannian metric of the form g(x) = e"®) where h(z) is
a trace-free symmetric two-tensor on RY satisfying h(0) = 0, h(z) = 0 for

5(@)| + [OR(@)] +16%h(@)] +10°h()] + [0*h(a)] < o
for all z € RY, where a > 0 is a fixed small number, and
hij(@) = pe® f(e~*|a|*) Hi(x)

for |x| < p. We assume that the parameter €, ;1 and p are chosen such that
i <1lande < p<1. Note that ZzN:1 x;hi;(z) = 0 and Zfil 0;hij(x) = 0 for
|z < p.

For later purpose, we need to understand the Green’s function of Ag.

Denote G(z,y) be the Green’s function of A, in RY. Then the Green’s
function of A2 is

G(z,y) = /RN Gz, 2)G(y, 2)dz.

Since |G (x, )| < Cld(z,y)]*~~, [VG(x,y)| < Cld(z,y)]'~~ and [V2G(z, y)| <
Cld(z,y)]™", we know that
|G (2, y)] < Cld(w,y)]*",
[VG(z,y)| < Cld(z,y)""
[V2G(z,y)| < Cld(z,y)~"
dyu

Here d(z,y) is the distance between z and y under the metric g. It is easy
to see that

d(z,y) = 14 O(a)]|lz -y
since g = ¢ and « is sufficiently small.

Notations In what follows, we use C' to denote the variable constant which

is independent of a and €. |O(A)| < CA and 0o(A)/A — 0 ase — 0.
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3 First Approximation of the Solutions

In this section we will provide an ansatz for solutions of Problem (7).
Denote

N—-4

/\/5 T2

N—-4

where vy = [N(N —4)%(N —=2)(N +2)/2] ¥ , X >0and e > 0. It is well
known [17] that ug is the only positive solution of

N—4 xu

A%y = ug in RY.
5 o

Observe that u(z) satisfies (7) if and only if v(y) =& 2 u(ey) satisfies

N -4
Py = e (8)
2
where g(y) = g(ey). Denote
N—-4
. N_4 N Tz
Uo(y) =€ 2 uoley) =N Nty — &P ;

where &' = £/, X' = A\/e. The configuration set for (¢, \) is
AN N ! 1 / 3
A= N)eR ><]R:|§|§1,§<>\<§ .

We will look for a solution to (7) with the form ug(y) + ¢(y). It is easy
to check that ¢ must be a solution of

Py — =2l f9=-R+N(@) iR, (9)

where
R(y) = Py — "2y, (10)
N(@) = g+ o - A2 T s,

5
A main step in solving (9) for small ¢ is that of a solvability theory for
8

the linearized operator P; — g~



4 Preliminary Estimates

In this section we will mainly estimate the energy functional. From now
on, denote h(y) = h(cy) and R, S;, Q5 are the corresponding Ricci tensor,
scaler curvature, () — curvature under the metric g.

Lemma 4.1. For |y| < p/e, it holds

1 ~ 1 - ~ ~ ~

I~
|
&
>
3
NI,
)
>
v
g

+Z |:8hms a hsy) (ajilms)(am St

- }Nlms(amiilsj) - ;Nlms<8mjhsi> - (ammh'js)ilsi - hjs(ammhsi)
+O(|h|?|0°h| + | h|0R]%).

For |y| > p/e, we have

Rij = O(Oé82).

Proof. Recall that fi;z => %gim(a@mk + OkGime — OmGre). Since h is trace-
free, we have det § = 1 for all y € R. This implies Y, Th, = 3=, , 55" Ordic =
%&f log|g| = 0. Therefore, we obtain

= 0l =Y ol + Y T = > T,
m m lm

lm

= 0.7 =) T (12)
m lm
Direct calculation shows

S0 =3 % [amiﬁmj + O s — 8mmilij}

+ Z % |:(8m]~7’m8)(asilzj) + ﬁms(amsizz])]
+ }1 [(@hms)(@nﬁsg) — (OPims) (Dihs;) + (D5hms) (Omhras)



_ (ammﬁsi)hjs} + O(|RI?|8%R] + |R||0R)?),

and
Y TaT= % [@ij)(amﬁgi) - (@ij)(aeilmz')] + i(ajﬁmé)(aiﬁgm)
£m 4m
+ O(|h]|0h)?).
Since " Ophi = 0 for |y| < p/e, the lemma follows from (12). O

Thus we have the following calculations for the Ricci tensor R = Zsi g"Sfést gy,

Corollary 4.2. For |y| < p/e, we have

ﬁij = Z ammhz] + Z hons amshlj (aﬁﬁmj)(amﬁmﬂ
+ Z { (9 hms (0 hsy) (8jﬁm8)(8mﬁsi) = (Ohms) (Dihisim)

— huns(Omiliss) = Pons(OmiPisi) + (Do) hsi + s (D)
+ O(|h[*|8°h| + |1||OR[?).
For |y| > p/e, it holds
R = O(ag?).
Lemma 4.3. For |y| < p/e, there holds

1 T2 7121927 1 1 (7117 (2
Sy =7 “Z%@M + O(hI*|0%h] + |1]|OR|%).
For |y| > p/e, we have

S; = O(ag?).

Proof. The detailed proof can be found in [3, Prop. 26], noting that > _ O Pt =
0in |y| < p/e. O

The above lemma and a direct computation show the following conclusion.



Corollary 4.4. For |y| < p/e, we have

1 ~ 1 ~ ~
Ag¥5= — 35 > Osehi)® — 3 > (Ochui) (sichant)

i,k.lm ik, lm
+ O(|0h|?|0h| + |h||0*h|? + |h||OR||OR| + |h|?|0*h]).

For |y| > p/e, it holds
AgSg = 0(0454).
Now it is ready to estimate Q3.

Lemma 4.5. For |y| < p/e, we have

Qg N 4(N — 1) i,§m |:(awhmk) + (afhmk)<azz€hmk)
1 ~ -
B m ”st(ammh”)(ﬁssh”)

+ O(|0h?|0R| + |R]|0?h)? + |h||Oh||0%h| + |h?|0*R]).
For |ly| > p/e, there holds
Q; = O(agh).
Proof. This is a direct result of (4), Lemma 4.1, Corollary 4.2 and 4.4. [

Our next goal is to estimate R(y) defined in (10).

Lemma 4.6. For |y| < £,

Aliig — A%lig = — (Oshij) (Dijiin) — 2(0shis) (Dsijiin) — 2hij (Dssiyio)
+ O(|h]|h])|0%Tio| + O(|h]|0h])|8* 0| + O(|h|*)|8" o)

For |y| > £,

A%~—A2~=0( - )
e E RO e

Proof. The computations follow easily from the definition of Aj; and the
properties of h. n

By Lemma 4.3, Corollary 4.2 and the properties of h, it is also not difficult
to verify the following two lemmas.
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Lemma 4.7. For |y| < £,

Z (5,598, 112620
9;(559" ditig) = O ( ; N—QO) :
= (I+]y—¢1)

For |y| > 2,

2

0,(S;574ig) = O @ )
RE A (e

Lemma 4.8. For |y| < £,

_ /R

Z@(R”@iuo) = — E(ajmmhij)(aiuo) - 5(8mmhij)(aiju0)

4,J

2,20
e
ro )
(L+ |y —&pHr—20

For [y| > 2,

2
9,(R"dyiig) = O ae )
2 R0m) (u++y—eDN2

Combining the above results, we have the following estimate for R(y).

Proposition 4.9. It holds

( 10
e p
C or <t
rpy—epyn w“—s
1
R(y) S C as or — < < —
Grp—eprt  Jroshisg
1
0 for |y| > —.
\ £

Let us consider the energy functional Ej(v) associated to Problem (8),
namely

1 T N—4
Eg(’l]) = 5 /RN (Agv)2 + Z((ZNS§9 7 4+ bNjo)aﬂ)ajU + TQ@UQdy

i?j

(N—4)2/ 2N
S Y dy.
AN Jon O

In what follows, we will calculate the energy Ej(ig), which is a important
step for the existence of the solutions of our equation. First we have

11



Lemma 4.10. For |y| < p/e,
(Ayiig)* — (A’&O)Q
= > e Dihje) (Oprtio) (D5tin) — > 2hij (Do) (Do)

Zj kZ iaj’k

2
+ Z hthfjl akkuO az]u(] <Z hzg 8zju0 )

1,5,k,0
+ O(|h[|0h[*)|0T0|* + O(|h[*|0h])|Die| |00 | + O(|B]*)| 000>, (13)

While for |y| > p/e, we have

(Agtin)* — (Atip)* = Oa(1 + [y — €)*7Y). (14)

Proof. 1t is easy to check that

(Agin)? — (Adp)? = (Z(@gw 8u0> + 3 2084537 (Drt) (035700)

i,5,k,¢

+ 575 — 6)(F* + 81e) (9y50) (Bnetic)-

1,5,k 0

By direct calculation, we have

2
(Z 0,5 aja0>
4,3

= Y (Owhi)(Oehje)Ostiodsiio + O(|1]|0h]*)[Diio|,

,L'7j7k7e

Z 23" (O™ Oriin 03 Tig

i,5.k,0
= — Z (Oxhe) Drtio Dyt + Z [ (Ox P ) e + (Ol mz)hkm] Oyt Oi g
i,kf i,k.lm
+ Y 2hij(Okhie) Oyt + O(|h|?|OR )| Do |07
ikl

and

D (G = i) (@ + 0ke) (D) (Oneio)

i?j7k7z
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= _ZQiLijaijaOakkﬂ0+ Z Bimﬁmjaijaoakkﬂo

.5,k i,9,k,m
2
+ (Z ﬁijaija()) + O(|h)?)|0%)?.
2%

Therefore, for |y| < p/e, 3, 0;hi; = 0 yields (13). Since h = 0 for |y| > 1/,
(14) can be easily gotten. This concludes the proof. O

Lemma 4.11. It holds

/ (Agig)* — (Adp)?
/B > hichjo(Dintio) (Do) /p (Z O )2

2 ikt
OGP 40 (a(%)N_4) |

Proof. Since for |y| < p/e,

€

|R||0R |00 + [BI*|0R||00||0%d0| + |h]*|0% 0|
< C/«LS 30(1 4 ’y _€/|)34—2N
<CM€N 1(1+‘y £DN 1+4 QN’

from Lemma 4.10 we have
| (g? - (i
/ Z hlg 6 h]g)(akkU,Q)(a UO Z 2BU (akkﬁ,o)(a”ao)
B

L i,4,k.0 1,5,k
2
+ Z hzéhjé 8kkuo aljuo (Z hz] azjuo ) dy
2,9,k 0
20N g\ N—4
+O(MN1)+0< (p) ) (15)

On the other hand, integrating by parts and using ) . (91»71@» =0 for |y| < p/e
and h(y) = 0 for |y| > 1/, we know

Z / hie(Dihj) (Ortio) (Oyiio) + haehje(Ortio)(Dijilo)

i,5,k,L
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= Z whgz (akkUO)(a “0) + hwhﬂ(akkuo)(awuo) O ( <€>N4>

igkt P
= — ”Zk:g /RN hieho(Oiin) (0;io) + O ( ( >N4)
_ ‘”ZH s hieh;e(Duin) (0 u0)+0< (;)M). (16)

Next, direct computation shows

N (i) + N? 44N
(N —3) (N2 —4N +8) W70/ T N2 N 18
AN — 4PN 2N, |y — &0y
N2—4N+8 (2 + |y —¢?)?
AN 4P (N2 —2) 5
N2—4N+8 V(2 +|y —¢?)*

o (Oyjkrllo) =

(0y5ti0) (Okrio )

Recalling h is divergence-free, we get

Z/ 2] akkuo az]“())

1,5,k

”Zk/RN 82] hUUO akkUO) + @] (a( >N_4)
N—-4

”Zk/RN hmuo Ukkuo) + O < <Z> > .

Since SN, 9;hi; = 0 for |y| < £, it follows that

/ hij (Orjuntia) = / (Oujnrhis)ig
RN RN

_ R Va2 — AR
— /RN\BP (awkkhw)uo = O (Oé(p) > .

Thus
e\ N—4
Z/ 1+ (Ohkiio) (D) = O <a<—> ) . (17)
ik Be P
s
The proof of the lemma is completed by (15), (16) and (17). O
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Lemma 4.12. For |y| < p/e,

> 8557 stioyitg = ~1 > (Oehui)*(sin)* + O(|h||OR[*)[ Do |

1,7 ikl,m

For [y| = p/e,

> 8330kttt = O(az®(1 + |y — &')°N).

i7j

Proof. Recalling that g = €, this lemma is an easy consequence of Lemma
4.3. O

Lemma 4.13. We have

/ Z anggijOiﬂoﬁjﬂo
RN <

/BEMM o)D) +O(/L3512V()—]V1)+O(a<%)N4).

Proof. This follows from Lemma 4.12 by direct calculation. O

Lemma 4.14. It holds

/ Z bNR 0 U005
/B 115) o) (D) (B )

Q'ijs

Proof. From Corollary 4.2, we have
/ > " bnRYdsiigdyig
RN T

15



= / Z ammﬁlj)alﬂoa]ao
B

Li5,m
/ > (0ihuns) (Diham) (Do) (Do)
BB 1,7,1M,8
+ 7 5 Z [ ms(amshm) - (asﬁm])(amﬁ&) + (azﬁm8>(am}~lsj)
2 4.9,m,s

2 4.5,m,s
20N N—4
+O(pPev=1) + O (Oz<£> )
Since
cos (N=d) o o (N4, 03
OitioBjtio = 3 N3y W™ = o gy NE Ly e

it is easy to check, noting that Zfil aiﬁij =0,
. e\ N—4
Z/ (Ormri ) Osiiod;io| < c/ 4 h)a2 + O (ap2(—) )
i,7,m BE Rn\Bg p
2 (YN
0 (ap <p> ) .

Integrating by parts, we have

== Z 8m[i~lms(as]~lz])]azﬂoa]a0 + O(a2p2(%)N4)
©,7,M,S R

- /B s (33O (Dsind;i0) + Ol p(p)N Y,

,7,M,S

> [ @i 5 B (@it (90

4,5,m,s

Z/ O s (s ) Driiodsie + O (p) =

%,J,m,8
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and

The proof is complete.

Lemma 4.15.

N —4 .
T qug

7 B T ~2
8<N /BE ot zﬁhmk’) (8€hmk)(aﬁ,€hmk) Ug

/ hij) (Dsshis)ug
By -

”;’ijs

N—4
—l—O( 3&?12V0N1)—|—O<ap4 (%) > )

Proof. This is an easy consequence of Lemma 4.5.

Now we have the following estimate of Ej(7y).

Proposition 4.16.

2F = 2K — Z hzﬁhjl zk‘kUO) 8 U'O / (Zhw azJUO )
i,

Bﬁzjké

WY @b 0o
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b 7 7 ~ ~
+ 7N 5 Z his(Ommhjs)(Oitio) (O;tio)
L §,j,m,s
N —4 ~ - - ~
8(N — 1) / Z [(aiéhmk)2 + (8€hmk)(amhmk)} Ug
By i,k0,m
N -4 - .
4(N —2)2 / Z (3mmhu)(8ssh”)u§
Bg ,5,m,s
+O (pPe™=1) +0 <a = N_4),
(1#=¥5) +0 ()

where E s the constant such that

N —4 1 N
F=_"_" ) dw.
N /RN(HW) Y

Remark: Note that
E = P(SY). (18)

5 Linearized Operator

In this section we develop the invertibility theory for the linearized oper-
8
N+4 ~N—-1

ator P; — =5—=1, " in suitable weighted L> spaces.
We define two norms
2 .
1 AL+ ly—=&P™ |
||¢||* = Ssup Z 11210 E\N_41i + |8 ¢(y)|’
verY iS5 | e+ elf) @
Xgw-e1=ey(L+1ly =DV xqegyeeieny (L 1y = DY
HCH** = Sup 10 +
JERN UE Qe
N+o
X{jy-g1>1 (1 + 1y = &)
+ - Sl

where xg is the characteristic function on the set S, and 0 < ¢ < 1 is a small
constant.
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Denote

oy, _ Oy

Zy = — = j=1,---,N.
0 aA/ 9 J aé‘; ] ) 9

First, we consider the following problem Given C € C*(RY), find a

function ¢ such that for certain constants ¢;, i = 0,1,--- , N,

N +4

Py — i o= <+Zczxz in RY,

=0 (19)
RN

where x(y) = x(Jy —¢'|) is a cut-off function satisfying x(y) = 1 for |[y—¢'| <
ro, X(y) = 0 for |y — &'| > ro + 1. Here ro > 0 is large but fixed.

Proposition 5.1. Assume N > 18, (¢, N) € A and « is small and fized.
Then for small , there is a unique solution ¢ to (19). Moreover

o]l < Clicl+

where C' 1s independent of o and €.
To prove the above proposition, we need the following priori estimate.

Lemma 5.2. Under the assumptions of Proposition 5.1, for any solution ¢
to (19), there exists a constant C' such that

6] < ClI¢Is-

Proof. We use the contradiction argument as in [12] and [26]. Assume there
are sequences &, — 0 and the corresponding (,, ¢, such that ||(,|[. — 0
but ||¢,|l« = 1. For abbreviation, we omit the subscript n in the following
proof. Testing the equation against ¥Z; and integrating by parts four times
where Y(y) is a smooth cut-off function satisfying x(y) = 1 for |y — &'| < £,
X(y) =0for [y — &[> £ and|V1X|<C’(),1§i§4.weget

B N+4 2. _
E Cz’/ X722, :/ (Pgn(XZj) - iy ' XZ; ) ¢ — CXZj-
- RN RN RN

This defines a linear system in the ¢; which is “almost diagonal” as ¢ ap-
proaches zero, since we have

dig \ >
- XZoZj = doj | X ox )

19




Ol \* .
XZiZ-:(Si-/X(—> Vi=1,---,N.
\/RN J J 8y]

8
On the other hand, using A?Z; — 844" Z; = 0 and the estimates of Sy,

R Qs in the previous section, we have
9 g )

- /RN {AE(;‘(ZJ-) — XAX(Z;) =0, [(anggst + bNﬁ“) at(XZj)}

N —
+ T4Q§>_<Zj}¢
= o(pe™) || o]

It is also easy to get

/ (25 < Cpe|Cln
RN
Thus we conclude

lci] < o(ue'®)||@]l + Cre™|| ¢ Vi=0,---,N,

so ¢; = o(ue'?).
Next we claim that, for any fixed R > 0,

16| L (Br(ery) = o(ue™).

Indeed, by elliptic regularity we can get a ¢ such that %10 — ¢ in CL _(RN)
and

~ N+4 &
A%p — ; iy *p=0  inRY,
This implies ngS is a linear combination of the functions Z;, j = 0,1,--- , N,

see [1A9] On the other hand, the assumed orthogonality conditions on ¢ yields
fRN ¢xZ; = 0 for all j. Hence ¢ = 0, which concludes the claim.
Now rewrite the equation in the following form

o(y) = /}RN G(y, 2) Zﬁj [(aNSggij + bNﬁij)aigb] (2)dz

20



[ ARG 00000 + [ Gl e T (2

RN 2 RN 2

+ /RN G(y,2)C(z)dz + Z ci /RN Gy, z)xZi(2)dz. (20)

We make now the following observations: B B
Owing to S5(z) = O(ae?), 0S5 = O(ae?) and RY(z) = O(ag?), IRY (z) =
O(ag?), we have

/RN Gl 2) 320y |(anSgg” +vRY)Di0)] (2)dz

i’j

— 0(ac®) / Gy, 2)|00(2)|d= + O(ac?) / Gy, 2)|P(2)|d=
By By/e

= T+11. (21)

For |y_§/| S %7

1 pet® €
I| < Cac?l|d]. / [ +04—N_3}dz
1 ||¢||{ T e )

+/ 1 a d
z
eyt |y — 2N (L4 2 = gDV

g
+ ozp?’(—)N_ﬂ
p

pel?e (14 |y = &'|)°
(14 Jy — &Py
10

< Caploll. | o g + a5 2

where we use, for any 0 < s,k < N such that s + k£ < N,

< Callg]. [

1 1
dz < C(1+Jy— ¢, 23
/RN [y — 2V (L+ [z — &N+ (I+ly=€D (23)

The proof of (23) is standard and is given in the appendix. Similarly, for
’y - él‘ < -2%7
111 < Caloll. [ g +a O e
- A+ly—gPr—1 - p

On the other hand, for |y — &'| > £

2e?

1 pet® £
I| < Cac?l|d]. / [ +oz—N_3}dz
1 ||¢||{ L e o)

21




+/ 1 a q
z
o<t |y — 2N (L4 2 = POV

e =

«

< 0ol g (25)
where we use, for any 0 < s,k < N such that s + &k < N,
/ ! — ! —dz < OrF(1+ |y — &)Y, (26)
|y =2V (L4 |z = gVH

which is a direct result of (23) and the proof is also given in the appendix.
A similar proof also gives

< ool a for |y — ¢ > 2. P
11 CPloll g forl= €1z 4 @D
Since Q3(2) = O(ae?), we similarly have
N -4
—5 Gy, 2)Q5(2)9(2)dz
RN
10
< 4 HE E\N—4 _d< P 9
< Caplloll. | o S+ o€l 2L 9
and for |y — ¢'| > £,
N -4 Q
——0G 3 dz| < Cp o]l : 29
Therefore, combining (21), (22), (24), (25), (27)-(29), we finally have
/ Gy,2) D 0 | (an S5 + byR7)0;0] (2)dz
RN Iy
N —14
= |5 Gy, 2)Qs(2)¢(2)dz
RN
Carloll. | g +aS | dorly—¢l <
* 14 |y — g)N-14 o o - 2_5’
- (I+1ly=¢0 p (30)
2 @ "< P
X f =& > —.
Cp ”(bH (1 + |y _ £/|)N—4 or ‘y £| = 9

Next note that

[, 6 () P




cei[ o o uf ! o)
i Br(e)  Jr<zgice e | [y =MLz = E)°

Since [|¢|| oo (Br(ery) = 0(pe'?), it is easy to check that

1 ¢(2)
dz
/BR(E/) ly — 2V (1 + |z = &))®
10

He E\N—4 ' 14
o(1) {(1 + ‘y _ 5/|)N—14 +O‘(;> ] for |y — ¢'| < —

«
f &>
(T Ty — €D orlv—elz

o(ue™)

1 ¢(2)
dz
/R<z—5'<g ly — 2N (1 + |z = ))?

< el [ pe
R3 * <1+|y_€/|)N—14

oSV oy <2
< p

Ey4 a s P
Ca(p) H¢H*<1+ ly — &|)N-4 for [y = ¢'[ = -

1 9(2)
dz
/|zs/|zg ly — 2N (1 + |z = &)?
10

€\4 HE E\N-4 et P
I [ gt -l £

2e
<
€ o P
C(=)3|o]|. fi &> L
Cr Wl g or [y~ ¢ > £
Thus

/]RN G(y, ,Z)N;L 4ﬂ0(z)%q5(z)dz

c pet €\N-1 N P
(10l o) [ g +oGr] orw-ci<2,

- °y3 o no P
C(;) ||¢||>«<(1 =it for |y — &'l > %
(31)

Similarly,

/RN Gy, 2)((z)dz = {/|z§/|<§+/§<|ze|<;+/z5'>;} Gy, 2)¢(2).
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Using (23) and (26), we have

10
pe p
C||<||**(1—|—|y—§/|>N_14 for |y—£/| S L
<
- 10

1P N P

‘ / Gy, 2)C(2)
lz—¢'|<2

EN_
Cl¢la(5)* for |y — €] < .
RO B . .
Ljp—gl|< L — -
€ € ||C||** (1 T |y _g,l)N_4 or |y g | = 9
and
€ — /
Cl¢llea )" for Jy — & < -,
/| BCCEICIE . f p
z—¢|>1 —¢ > =,
€ HCH** (1 + |y_§/’)N_4 or |y 6‘ - 28
So
G(y, 2)¢(2)d=
RN
pet € \N-1 N P
il | () for [y — ] < £
1_|_ _ ¢I\N—-14 26
- (I+ly—=¢&1) p (32)
o W P
OIC || for |y — &'| > 2.
Since we have know ¢; = o(ue'?), it holds
LY ICOENCFACLE
i RN
1 1
< Clg / z dz
1 Jon =X T g
10
HE E\N-4 / P
ot | oG orly-gl< L,
1_|_ _ ¢I\N-14 ¢
_ (T+1]y—¢1) p (33)
10 « g >ﬁ
e Ty e orly =12 52

Now we obtain that, by combining (30)-(33) and choosing R large enough,

1 1 __ ¢/|\N—4
[ N (1+ |y af ) ] o] < C[C]|4s + 0(1).
(

210 S\N_4
-enr= ()
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Taking the derivative in (20), we have

0,00) = | 0,62 3 0. [(axSia + R0 ()=
N —4 |
- [ 06w a0 )z
N+4 2
+ [ 0,6 5 o)

R

+ [ 0,602
+ Z Ci /RN ain(ya Z)Zi(Z)dZ.

Since 9,,G(y, 2)| < C[1 + O(a)]|x — y|>~", similarly we can prove that

__ ¢/\N-3
[ — T Ch Ut ) ]ra¢|s0||<||**+o<1>.
(

-ep G “

It is also similar to get that

[ ! O 2 o s
(

o ope® £\N—-2 o
e ()

] [0%6] < CI¢]l s + o(1).

So we finally have

which is a contradiction. O

Proof of Proposition 5.1. Consider the space
H= {¢eH2(RN): / XZid=0 Yj=0,1,-- ,N}
RN

endowed with the inner product (¢,v) = [on AgpAgp. Problem (19) ex-
pressed in weak form is equivalent to that of finding a ¢ € H such that, for
any ¢ € 'H,

y - N —4
0=~ D (enSag” + IR0 + 5= Qa00

N+4_ -5
— Uy v+ | .
RN

RN 2
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With the aid of Riesz’s representation theorem, this equation can be rewritten
in ‘H in the operator form

¢ =K(8)+¢

with certain ¢ € H which depends linearly on ¢ and K is a compact operator
in H. Fredholm’s alternative guarantees unique solvability of this problem
for any f provided that the homogeneous equation ¢ = K(¢) has only the
zero solution in H, which is equivalent to (19) with ¢ = 0. Thus existence of
a unique solution follows from Lemma 5.2. This finishes the proof. O

Remark 5.3. The result of Proposition 5.1 implies that the unique solution
¢ =T(C) of (19) defines a continuous linear map from the weighted L> space
L2, equipped with norm || - ||+, into the weighted L™ space LS, equipped with

* 7
1 [l

It is important for later purposes to understand the differentiability of
the operator T" with respect to the variables £ and X'

Proposition 5.4. Assume (', \') € A. We have
IV anT (Ol < ClI¢]f s

Proof. Denote formally Z = 0-¢. We seek for an expression for Z. Then Z
satisfies the following equation:

N
Ntd & N+d, , =
Pz — uy 2= 9 e (g 4)¢+;diXZi

N
+ Z Czagr(XZl) n RN,
1=0

where d; = Occ;. Besides, from differentiating the orthogonality condition
fRN oxZ; = 0, we further get

6 00(x2) + |

RN

RN

Choose by such that

o [ xazi= [ o0z
0 RN RN
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Since this system is diagonal dominant with uniformly bounded coefficients,
we see that it is uniquely solvable and that

|be| < Cue®llg-

uniformly in (£, \) € A.
Let us now set

N
n=42+ Z bixZi. (34)
i=0
Then 7 satisfies
N
N —'I_ 4 Nﬁ g N
Pg77_ 9 U 77:<+Z;deZz in R 5

where

~ N+4_ 2. N +4 .
E= S () = T ) + g e

N
+ Z 0205/ (XZz)
i=0
Applying Lemma 5.2,

Il < ClI s
It can be directly checked that
N+4 25,
bl || By (xZi) = —5—a9 " (xZ)| < ClIgll,
N+4_ &
|5 a6 <ol
and
leiBg (X Zi)ll o < ClIC s
Thus ||¢][sx < C|[¢]|s, and then
171l < ClIC -
Obviously ||0;Zi||« < C||¢|l« < C||C||««. Therefore, we get by (34) that
121« < Cl ¢l
The corresponding result for differentiation with respect to A’ follows simi-
larly. This concludes the proof. ]
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6 Nonlinear Problem

We recall that our aim is to solve Problem (10). Rather than doing so
directly, we shall solve first the intermediate problem

N44

N
Pyp— —5—ig ‘¢ =—R+N(¢)+ ZO ecxZi i RY,

(35)

Ngbej:O vVj=0,1,---,N.
R

Proposition 6.1. There ezists a unique solution to (35) such that
ol < /7

where B > 0 is a large number independent of o and €.

Proof. In terms of the operator T defined in Remark 5.3, Problem (35) be-
comes

6 = T[-R+ N()] == A(9).
For a given large number 3 > 0, let us set
S={peHNLI®RY): [l¢]. <5}.
From Proposition 5.1, we get
[A@)]l+ < CUIR]l4s + [[N()]lx)-
According to Lemma 4.9, direct computation shows
| R« < C. (36)

Here C'is independent of « and €. By the mean value theorem, we also easily
have

IN (@)l < C™7 0I5 (37)

Thus A(¢) € S.
Furthermore, it is easy to check that for any ¢, ¢s € S,

IN(61) = N (62)[|x < O] 1 — ]l

So

[A(¢1) = A(@a)ll« < CIN(61) = N(¢2)]|er < O] d1 — 05,
which implies that A is a contraction mapping with the norm || - || inside S.
Therefore the contraction mapping theorem yields the proposition. O
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Our purpose in the remains of this section is to analyze the differentia-
bility properties of the function ¢ defined in Proposition 6.1

Proposition 6.2. The function (§,N) — ¢(&', N') provided by Proposition
6.1 is of class C* for the norm || - ||.. Moreover

Vol < C.

Proof. First, we come to the differentiability of ¢ x. Consider the following
map H: A x HNLP(RY) x RN — L2(RY) x RN of class C1:

N
~ ~ N+4
Pg(Uo + (b) - (Uo + ¢) N:} - Z CiXZi
=0

H((E,N), ,¢) = /RN XZo®

/R ) >;ZN¢

Problem (35) is then equivalent to H((¢', \'), ¢, ¢) = 0. We know that given
(&', \') € A, there is a unique solution ¢ yy. We will prove that the linear
operator

IH((¢,N), ¢, ¢)
9(¢,c)

:HN L:O(RN) x R+
(& N)sb(er A1y oC(er A1)

— L(RY) x RNV

is invertible for small € and . Then the C' regularity (&', \) — ¢(&', \)
follows from the implicit function theorem. Indeed, we have

OH((¢', X), ¢,¢)

9o.0) [p, d]

((5/)\/)#5(5/7)\/) 7(—'(5/,)\/))

N
N+4 _ 8
5 (o + drerx)) T — Z diXZ;
i=0

— / XZop
RN

/ XNZN®
RN

Since ||¢@ )|« < C, the same proof as that of Proposition 5.1 shows that
this operator is invertible for £ and « small.

Pyp —
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Since now ¢ = T[~R + N(¢)], we have
Jed = B T[—R + N(@)] + T[~0¢ R+ do ()]
This implies, by Proposition 5.1 and 5.4,
106l < CUIRw + ING) e + 10 Rlles + 10 N(@)]]2).

Direct calculation shows

N+4, 0 - T
~—— Beio + 0e9) | (o + ) ¥ — |
A4(N +4) -2

— WUO N4 (0§/ﬂ0)¢.

e N(¢) =

Hence we can obtain
10 N (9)[lee < C*7[0(1 + 0g0]l.) < C7(L+ [[Oegll).  (38)
It is easy to check
10 Rl < C. (39)
Since we already have (36) and (37), we can conclude
100l < C.
The corresponding result for differentiation with respect to A can be
gotten similarly. The proof is concluded. O
7 Variational reduction

As we have said, after Problem (35) has been solved, we find a solution
to Problem (7) if (&, ') is such that

(& N)=0  for alli. (40)

This problem is indeed variational: it is equivalent to finding critical points
of a function of (¢, \'). To see this, we define

fg(fl, >‘I> = Eg[a0(5/7 >‘I> + ¢(’£I7 )‘/)]

where ¢ is the solution given by Proposition 6.1.
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Lemma 7.1. (¢, N) satisfies System (40) if and only if (£, N') is a critical
point of Fy.

Proof. Since

N —4 PR
Py(tio + ¢) — 5 (g + @) ¥=1 = ZCiXZi7

=0

we have
N
8(5/7)\/).?:[](5/, )\/) = Z C; /N XZZ [8(517)\/)@0 + 8(5/7)\/)@5]7
i=0 R

from which the necessity follows. In what follows we assume O\ F5(&', N') =
0. Then

N
> / XZi [@swﬂo + 09| = 0.
i=0 RN

Using Proposition 6.2, we can directly check that

8521]0 + agiqﬁ = ZZ + O(l),
a,\/ﬁo + (9)\/¢ = Zo + 0(1).

Thus the above system for ¢; is diagonal dominant, which gives ¢; = 0 for all
t=0,...,N. This concludes the proof. ]
8 Energy Expansion

In this section we obtain an expansion of Fj.
We first need to acquire a more refined estimate for ¢. Let w(y) satisfies

i) w=Ri+> caxZi in RV,
i (41)

where
Ri(y) = — ne'x(y) [Qﬁzj(@m‘ss%) + 2(0:H5) (055t0) + (0ssH i) (050

b — - b — -
- TN(@SSHU)(@WO) - %(ajssﬂij)(@uo)]-
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Here x is the cut-off function such that x(y) = 1 for |[y| < £ and x(y) = 0
for [y| > 22. We define

1+’y S,DN 14+1 ;
HUW’-—SHPZE: PET 0w (y)|,

L*W—fWNlo
R, = ( Ri(v)|.
[isN[j Sup 210 |Ri(y)

A similar proof as that of Proposition 5.1 shows that there exists a unique
solution w to (41) such that

lwlli < CllRall. < C. (42)

We introduce again that

2 .
1 A+ly =D
||901||/*/ = SUJ\}?Z { 1220 + |8 Sol(y)la
RN T

rp-epy=m + a3 °

v Xipi<ey(L+1y =PV Xpeayey(L+ ]y = &PV
[p2]l7s = sup 2.20 +
p2e ae

N+o
X1y (L + 1y = &)
- " lpa(y)l-

Lemma 8.1. The function ¢ — w satisfies the estimate
I —wllZ < C.

Proof. Obviously,

N+4 N .
P§(¢_w) B (Qb w) = —Ry + N(¢) +ZCiXZi in RV,
RN
(43)
where
R2(y) :Ag’ao - AQ’ELO — Mglo)z Z |:2H’Lj (8ijssﬂ/0) + 2<asﬁ23)(az]sﬂ0)
97,8
o by by o
+ (assHij)(aijUO) (assH1])<awU0) — 7(8J53HU)(81UO)] .
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It is easy to check

( 2_20

(e p
“Arp-epy=  rW=o

1

R <qC ae fi —< <=,

|Ra(y)| ATy —en or . ly| < =
1
0 for |y| > —.
\ 15

On the other hand, since |N(¢)| < C(1+ |y — &)V "12|¢|? and ||¢||. < C, we

have

2_20
HE E\N+4 P
C + a(-) for |y| < =
1+ __ ¢I/YN-16 5
IN(¢)| < ( ly—¢&'1) P
C “ for |y| > P
(L+ |y —&pn+ T €
Similar to the proof of Lemma 5.2, we obtain
16 —w|[} < Cl| Re|lS, + CIN ()%, < C. O

Proposition 8.2. The following expansion holds

(5 )‘ =2F — Z hzéhjﬂ zkkUO) a uO / (Zhw aszO >
i,j

BBZ]kK

Bﬁzkfm

£

,@ 1) Oifa) (B4700) (510

gZJms

/ BZ]) - Bsi(asﬁmj) + ﬁsj(&ﬁms)
B

‘E’z]ms

/B hmjs) (itio) (Do)

’;z]ms

/ Mhmk) (Ochmi,) (az‘izhmk)] i
B

2 iklm

/B hij)(Dsshij)up

QZJms
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/ Z 20i;(Dsjsslo) + 2(0shiy) (Digaiio) + (Dsshis) (Dijlo)
B

2 4,8

b
o
=
=
o,
o
<
N
S

Proof. Since ¢ is a solution to (35),
[ Batio+ 91250+ Y (awSig + xR0, + 0100
RN v
N -4 .
+ 5 Qalio + 0)6

N —4 N4
-5 [ o

(44)

On the other hand
/N AgUOA§¢ + Z(CLNSgg J + bNR ])aiU08j¢ + —quogb
R i

/ {P“ljbo — A2’Z~L0 — Z |:2h” (&jssﬂo) -+ 2(8Si~zlj)(8wsao) + (8ssh”)(8”u0)
RN —

1,7,8
b ~ b = _
- g(assh )(aZJUO) - TN(aJSShZJ>(aZu0):| }¢
[ 3 [P @) + 20.55)(00) + (D) O t)
1,7,8
by by = _
- 7<asshw><awu()> = Djoshig) (Dr) | (6 = w)
[ 3 [P @)+ 20.55)0) + (D) Ot
©,7,S
by, . = . N = .
= = (Osshij)(Oi5t0) — 7(8jsshij)(aiuo)}w
N —4 N
LAl / i
2 Jan
N -4 Nid
=hL+L+I3+—— / ﬂévﬂlgﬁ.
2 RN
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Since
Pyitg — A%ig — [zhij(aijssao) + 2(95hij) (Dijsiio) + (Dsshiz) (Dijiio)
%,7,8

O Do) Do) — 2 Dy (D) '

2
2 .20
_Curmarm =g
e b
we have
L] < Ce® | log e| + Caz,o(;)N—‘*. (46)
Since

> [Qﬁij(aijss%) + 2(Dshig ) (Dijsiio) + (Dsshiy) (Do)

©,7,8
bn ~ . by ~ .
- 7(8sshij)(8ijuo) - 7(3jsshij)(aiuc>)} ’
10
e p
C f < =
e k=g
= ae P
f > L
CTry—en™ or vl = ¢
and ||¢ — w||} < C, we obtain that
L] < Cufe? | log | + ca2p<§>N4. (47)

Since [Jw|l, < C and h =0 for |y| > 1.

Iy = / > [Qibij(aij%%) + 2(0hi3) (Dy550) + (Dushi)(9y5i0)
ly|<£ 1,9,

b ~ - b ~ .
— ?N(asshij)@ijuo) - %(ajsshij)(aiuo) w

+0 (an ) ). (18)
Thus, combining (44)-(48), we have
2F5(8", X) — 2E5(iio)
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/ B Z[Zhw Bijssiin) + 2(shi; ) (Dijstio) + (Dashi)(Dijiio)

¢ %,5,8

+ O (p’e*' p’|logel) + O <a p(p)N 4) : (49)

Using the fact that ||¢]|. < C, we have the pointwise estimate

2N

N+4

3 [0 o -] o+ 00— af @+ 0)| | < clo

which implies

= O(u™"1ex=1) + 0O (a(f)N)
p
Proposition 4.16 then gives the result. ]

9 Finding a Critical Point for Reduced En-
ergy Functional

We define a function F: RN x (0,00) — R as follows: given an pair
(€, N) e RN x (0, 00),

/ Z HMHJK zkkuﬂ) a uO / (Z H’L] az]uﬂ >

i,5,k,0



%,J,M,S
N —4 —
8(N— 1)/ Z [(almek) + (8mek>(azzZHmk>i| Ug
RY G ktm
N —4 — —
4(N —2)? /l;v Z (ammHlJ)(asus)ug
%,J,m,S

R 1,,8
by o = _ ON o = 1
= 5 OssHij) (i) — = (0jssH ) (Ostio) | w
where w(y) = w(y)/pe'® and w(y) is defined in (41).

Proposition 4.16 shows that the reduced energy functional Fj is close to
F.

Our goal in this section is to show that the function F'(¢', ') has a strict
(nondegenerate) local minimum point. First we have the following symmetry
result.

Proposition 9.1. The function F (&', N) satisfies F(§',\) = F(=&',X) for
all (€,\) € RY x (0,00). Consequently, we have %F(O, N) = 0 and
05w F(0,X) =0 for all X' > 0.

Proof. This follows immediately from the relation H.(—y) = H(y). O

To find a local minimum for F', we list some useful identities, which are
all direct consequences of definitions.

Lemma 9.2.

Oyig = —(N — 4)110(11)#?5,’2’
i ; =& ” 5’7
A = (Y =20 = i) Gy = (¥ o) g

(i = &)y — &) (ys — &)
O Iy~ €PF
0js(yi — &) + is(y; — &) + ij(ys — €2)
(7 1y~ €PP |

Oyjstio = —N (N — 2)(N — 4)io(y)

+ (N = 2)(N = 4)o(y)
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Lemma 9.3.

O H i = 21" (|y1*) Howve + [ ([y*) (OcHumi),
OseHomte = 263 f"(|y1?) Hunte + 2" (1) (0 Hyie )y + 2.f' (|y1?) (O Honk )i
+ f(yIP) (O Hmr) + 4" (1y1*) Hinkyitse-

Lemma 9.4.

Zyzaszs - 2Hmsu ZyjasHtj = _Hsta
i J

Z yjamsHij - _astm - amHi87 Z yﬂ(azZHmk) = aszk
j 4

Lemma 9.5.

Wikie + Wivin)?,
/831 i j 2N N—|—2) Z( kit + éjk)

,9,k,0
SN 1|
/ E ak z] — E zkj€+I/[/ZE]k) )
9B 1,5,k .5,k 0
§ : N-1 2
/ akZHz] S | zkj@"‘m@]k) .
dBlzij ,5,k,0

Lemma 9.6.

2SN
2 — . . . . . . . .
/8 E Hz]ypyq - N(N + 2)(N + 4) ;j k:(VVZkJP + Wlpjk)(Wzk]q + qujk)

By 5
|SN 2
+ IN(N 1+ 2)(N +4) (Wikje + Witjr)*6pg
> HyHy = ﬂZWm + Wipk) Wikjq + Wigin),
9B, - p q 2N(N+2) —~ Jp 1% J4 q7
/ Z (8, H 2y Yo = 2|S—N1|Z(Wk + Winie) Wikia + Wigir)
i = i ip, ikjq iqj
9B, — ] pJq N(N+2) ~ Jp J
- W Wi
N(N+2) ikjl ik pq>s

SN 1
/ Z (9 Hl] (9 HZ]) | | Z ikjp T M/ijk)(wzk]q + V[/lqﬂf)
0

By i, 2,7,k

’SN_1|
/831 2, a HZJ) - m ;(W’ijp + VVZp]k>(VV’Lk]q + Wiqjk>7
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[

/a Z 8MHZ] YpYqg = Z (Wikje + M/iﬂjk)Q(qu-

B 5,k i,5,k,¢

We mention that the proof of some identities in Lemma 9.5 and 9.6 can
be found in [3, 4]. The others may be proved by the same method.

Lemma 9.7. It holds

/ {Z H o Hit (0350 (9 ao)}

1,7,8,t

&=0

and

0? — —
—_— H: H ;1 (0;s5t0) (00
/RN aflllaft/] {'L,j,zs,t Y t< 0)( ’ 0)} £=0

=[SV Z(Wz‘kjp + Wipj) Wikjg + Wig) NN

ijk

(N — / fr NpN+5 (N + 2)rN+3 d
N~|—2 V2 + )N~ (A2 1 p2)N-1 T

Proof. Since

Z ﬁtjﬁit(aissaﬂ) (a]’ao)

i7j787t

— (o) Hyy Ha(N — 2)(N 4%3[

(v — E) (Y — &)

LT S )
O+ ly =P P+ Ty —¢PY

/N 4|y §/|2

= N(N = 2)(N —4)*f(|y|*)? T Y HyH&le
X;xz
and
0? — N .
m {”Z” Hthit(aissuo)(ajUO)} .
NN=4][2
— ANV - 2)(N — 4P (i) © 3ty

V2 + [y
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)\/N 4

—2(N = 2)(N +2)(N —4)2f(|ly[*)? (V2 [y[2)N1 Z

the lemma follows directly by Lemma 9.5 and 9.6.
Lemma 9.8. We have

/ {Zﬁijﬁstaﬁaoaﬁao} —0,
RN

1,,8,t

&=0
[ s | 2 i
_— H,:H ,0;;10050 =0.
/ / ij 44 stUig WoUst O
rn 08,08, Gt -
Proof. The lemma easily follows from
Z H i H 0570041
%,7,8,t
)\/N 4
= (N —=2)*(N = 4)*f(|y*) 5 > HyH. €88
N2+ [y — &) — j

Lemma 9.9. There hold

L {'Z <aeﬁmk>2<aiao>2}

i,0,k,m

£=0
SN 1| Z ikjl + Wzé]k) >\/N 4

i,5,k,0

. {% /0 210 420000 e

(N — 4
/ f )\l2+7’ )N QdT}
and

82
L e {Z-Z (@

7€’kam

|

mk)z(aiﬂo)z}

£=0
= [SMTDY - (Wikgp + Winge) (Wijg + Wigye) NN

Z'7_7‘7’€

BAN =N =47 [ ooy o s
-{N(NH)(NM)/O P22 + 2062 ()]
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(N — 1)rN+7 2rN+5 q
()\/2 + rz) (V2§ 2)N-1 r

N+5 27,N+3
/ f(r — | dr
N + 2 )\/2 + T2) ()\/2 + T2>N 1

+ |SN 1| Z ikjl + Wz@jk )\IN 45pq

i,5,k,0
4(N_4)2 o ane N\ g1y 2
'{N(N+2)(N+4)/O [P %) + 21 () F ()]
_ {2(]\/— (N = 2PN (N = 2)(N 4 8)rV+5 (N+4)TN+3} |
(A2 +r2)" (A2 r2)N-1 (N2 4 r2)N-2

N+2/f

. [2( —2)rV (N =2)(N +6)rV* (N + 2)7,N+1:| |
()\’2 + r2) (A2 + r2)N-1 (V2 4 r2)N2

Proof. Direct computation shows

AW 2 IN—4 |y §/|2
= AN =47 [l )+ 20 Qo) (o) N ey vz 2

NS I M CE NN Ul M </ PY 0

2 _ ¢I12\N-=-2
A2+ ]y =P G

0? — .
2y ivy &'/:O
2\ g/ ‘yP)‘,N *
= 16(N = (N = 2)(N = 42 [y (2 + 2/ (wP) (0P| 3w v 2 i

/\/N 4

= 32N = 2N = 4P [l () + 20 (o) (8P)] e D M

= SOV = 2 = 42 (W + 2 () )| e 3 i

)\/N 4

8= 42 [ Qo)+ 26 () (")) 5oy 22% y
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2)\/N 4

AN = DV = 2 = P e X @ P
k,l,m
)\IN—4

C8(N — 2)(N — 42 f([y[?)? (CESTELE S (OcHomr) *ypyq

k,l,m

2)\/N74

= 2N = 2N = AP e s S O P

ktm

)\/N—4

+2(N - 4)2f(|y|2)2(X2 TR D (OcHoi)* 0.

ktm

Using Lemma 9.5 and 9.6, we finish the proof. O
Lemma 9.10. We have

/ { > (aﬂms)@jﬁms)@aoaﬂo}

9,7,M,8

§'=0
|SN ll( ZkJ€+I/VMJk) AN

2(N —4)° 2 41/ 2 9012 rN+3
Soven fy IO G

& o
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©,7,M,S

N+5

N(N +2)(N +4) /0 [T2f,(7"2) + f(TQ)} mdr
BN = 2N =4 [y PN+
N(N+2)(N+4) /0 [P () + F ) f(r%)] Wdr

16(N — 4 / porp
NNV ) )\’2+r)N2 g
2(N 4)?

/ f )\/2 + T2) 2dr
N+3
LBV —ap / fr e
NN+2 /\’2+7~2)N2
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+ SV T (Wikge + Wien) NN 65

i7j7k7£

. {4(N_2)(N_4> /OOO [,r,Qf/(TQ) +f(r2)}2

N(N +2)
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N+4 (V22N (V24 2Nl
I6(N = 2)(N —4)2 [ o o NS
NI, P ]
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I T e [
N(N +2)(N+4) J, (N2 +72)
Proof. Direct calculation shows
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)\/N—4
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(N —4)%u5(y)

)\le4

= 8OV = 42y (1?2 + S (1) S (1P| P DELER
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2 pl 2)\2 )‘/N_4 2 el b
HAWN =0 W G e L%Hmsyzyaé@
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2 212 . 4 et
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IN—4

= 16V = 1 =2 =42 [ () + 115 Tz 2 o

)\/N—4

=8V =20V =42 [ ) + F )] s s 2 M

)\/N74
- 32(N - 2)(N - 4)2 |:|y|2f/(’y|2)2 + f(|y|2)f/(|y|2)] (/\,2 + |y|2)N_1 Z ansypyq

)\/N74

O+ Ty

BN = 2)(N — 42 [y £ (o) £ () + F(o1)]
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)\/N—4

+ 8<N - 4>2f/(|y|2)2 ()\,2 + |y|2)N_2 Z HZ’LSypyq

/\le4
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Z [Hrns(Og Hins )Yyp + Hins(Op Hims )] -

Lemma 9.5 and 9.6 then yield the result. O

Lemma 9.11. It holds

Z [ﬁms(asﬁm> - ﬁsi(asﬁmj) + Hsj(aiﬁms)

Z7J7m78

Proof. Direct computation shows

Z ﬁms (asﬁz’j ) am [aﬂloﬁj ﬁo]

,J,M,8
=2 Hpu0:Hij)Dimiodsio
1,7,m,S
2 £ (11212 AN S
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)\/N—4

+4(N = 2)(N = 4)* f(|y|*)? V2 [y — RN Z Himn Hjm&i€;
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_ P 2 212 A 2
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)\IN—4
+ (N - 4)2.f(|y|2)2 ()\/2 4 |y _ 5,‘2)]\772 ZHw(azH]s)g;

Z?J?‘S

The lemma follows immediately. O]

Lemma 9.12. We have

/ { Z Hsi(ammﬁjs)aiaﬂajaO}
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Z7J7m7s

8 — =
- H;(0mmH ;5)0;t00;1
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= ’SN71‘<Wikjp + Wipjk)(m/iqu + I/Vl‘qjl@))‘m]i4

2N — 4)? e

e B (R T R T Pt

Proof. 1t is directly checked that

Z Fsi (ammﬁjs ) azaO aj 17/0

©,7,M,S
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e {ij Hsi(ammHﬁ)aiuoajuo}

£=0
/\/N74

O+ Ty — Py
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we conclude the proof by using Lemma 9.5 and 9.6. [
Lemma 9.13. The following hold
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=[SV Z Wikje + Wigze)? NN~

1,7,k

- {N(N#H) | BV 8767+ 208 917675767
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Lemma 9.5 and 9.6 then give the result. O]
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Lemma 9.14. We have
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we obtain the result by Lemma 9.5 and 9.6. [

Lemma 9.15. There hold
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Recall the equation for w and note that if { =0, Ry(y) = 0, so w|g—o = 0.
The Lemma is easily concluded. [

Combining the above identities, we have the following proposition.

Proposition 9.16. It holds that

F(0,\)
= ¥|SN_1| Z (Wikje + Wigie) XV~
oy
an(N —4) [ 5. oo o PN+5
{_m/o [r2f'(r?) +2f(7”)f(7”)]md7‘
an(N —4) [~ 2\2 NS
- ON ; f(r?) ()\/2+T2)N72dr
bN(N —4) [ 5. o 12 PN+3
B N(N+2)/0 L0 e
1 > 10 2\2 2\ f11(, 2
+2N(N—1)(N+2)/0 [3(N+8)f(r) +2(N +8)f(r) f"(r?)
+ 2(N + 18)7“2f/(7°2)fll(7'2) 4 47,4f//<7n2)2
PN+3
4 4T2f(7”2>f”,(7’2) 4 47“4f/(7”2)f”/(7'2)] Wdr
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+ m /OOO |:47“2f/(r2)2 + (N + 8)f<7‘2)f/<r2) + 2T2f(7,2>f//(r2):|

T’N+1

’ (A2 +r2)N—4dr
_1 / fr )\’2—1—7"2) 4dr

2 T‘N+3
N+ 4)f/(r?) + 207 () Wd}

N(N —2)? (N+2)/0 [(

Next we compute the Hessian of F' at (0, \’). Because of Lemma 9.15, it
is obvious that

o2 _ ) _ i .
Ay D [QHU(@USSUO) + 2(0:H ) (03jsti0) + (0ssH i5) (9;5100)
agpagq 1,358

b

2

(8881_]2])(81]“0) - %V(ajssﬁij)(aiao)]w}

&=0
= 0.

Proposition 9.17. The second order partial derivatives of F(', X') at (0, \)
are given by

%F(O, )
= % S 2]; ikip T Winge) Wikjg + Wigge) NV
{0 [ [ - ] o
S [T e+ 2000 76%)

(N _ 1)7“N+7 27“N+5 q
) [ (N2 4 r2)N o ()\/2+72)N1] r
P N+5 9 N+3
—2an(N —2) / fr [ \2 +),,,2) ()\/2_:7#2>N—1} dr
8bN( TN+5
N+4 /0 [ 0®) + f(r )]de

+%f14—2)/f[ 201122 4 () (r ﬂﬁdr

33



+

.{_

pN+3

+ by (N 2)/00[2f( W)+ 10V e

by / o

bN(N—|—2 T‘N+1
i / o ﬁd
_2bN/ f(r )\’2—1-:2)1\7 2d7’
rN+3
+bN/0 {(N+4)f( () +2r f(r 2)f~(r2)] Wdr
4(N —3)
(N —1)(N +4)

: /OOO [3(N +8)f/(1r*) + 4r [ (r?)? + 2(N + 18)r* f(r*) f" (1)
+ 2(N + 8)f(7"2)f”(7'2) + 4T2f(7’2)f/”(7'2) + 47"4f/<7”2)f”/(7°2)]

,,nN+5

’ (A2 + r2)N-2

| e+ v e 00 2060 10

N+3

dr

2(N — 3)
N -1

r

8(N —3) 00 o S pr2 FN+5
S (v-2p (N+4)/ [N+ L) + 2076 Wdr}
N N1 IN—4
]if(N —|—)2) |57 Zkzg ikjt T Wuzjk) A dpq

o [T e+ 250 )

N+4 )/,
_ [2(N — DN =2)rV7 (N =2)(N 4 8)r¥ (N + 4)7=N+3} |
(N2 + 72)N (N2 + 72)N-1 (V2§ r2)N-2
— a7N i f(?”2)2
_ [2(N — DN = 2N (N = 2)(N +6)rME (N + Q)TNH] |
(A2 +r2)N (N2 r2)N-1 (N2 4 r2)N-2
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_ bNJ(\fN+_42) /OOO (P21 () + ()]
. {Q(N — )Nt (N 4 4)pNF3

()\/2+T2)N B ()\/2+T2)N—1 dr

Aby(N=2) [*,, , N+5
+—]§§+4 ) / [ (7"2)2+f(7"2)f(r2)} Pt

———dr
N—|—4/ f )\’2—|—7‘2)N2
+

2(N — 1)(N +4)
. /0 [3(]\[ + &) f/(rH)2 + 4r* f(r®)? + 2(N 4+ 18)r2 f/ (r*) £ (r?)

£ 2AN + 8 (1) (1) + 4G L) + 4 £ ) £
| {QW —3)r (Y +4)TN+3} ar

(V2 4 72)N=2 (N2 4 p2)N-3
faoT | [ (S0 + 2 6

2(N — 3)riv+s N+ 2)rN+
(V21 r2)N=2 (N2 4 2)N-3

N+ 2 g e
/ fr [ (N2 4 r2)N-2 N ()\/2+7,2)N_3] dr
(v -2p (N+4)/O (N +4)f'(r?) + 202" (r%)]”

' {Q(N — 3N (N + 4)7~N+3} dr}'

()\12 +T2)N_2 (/\/2 +T’2)N_3

In summary, we have reduced the derivative of F' and the Hessian of F
to integrals in terms of an auxilliary function f. In the next two sections,
we choose the auxilliary function f so that I’ has a strict local minimum at
(0,1). More precisely, we have to choose a function (which is a polynomial)
so that the following conditions are satisfied
(F1) 25(0,1) = 0;

(Fy) the matrix (e gz ;5, F(0,1)) is positive definite;
P >q
(F3) awF(O 1) > 0.

We remark that by Proposition 9.1, it holds that aF (0 1) =0, 86/\2—,?(0, 1) =

0. Conditions (F})-(Fz) ensure that F' has a nondegenerate local minimum
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at (0,1).
Our first choice is a linear function.

10 Linear function and the case of N > 52

In this section, we show that when N > 52 the choice of suitable linear
fuction satisfies (F})-(Fz). (Surprisingly, this dimension 52 also agrees with
the second order Yamabe problem by Brendle [3] in which he also chose a
linear function.) The computations are unfortunately complicated even in
this case. Many of the computations below are carried out by Mathemat-
ica. Since all these computations only involve finding the roots of certain
polynomials, the computing errors can be controlled.

Let the auxiliary function be

f(s)=71+s.
Using the software Mathematica, we get the following two propositions.

Proposition 10.1. Assume N > 12, we have

F(0,\)
_ (N_4)2 N-1 2F[%_3]F[%+3} /
~ 4(N? —4)(N—8)’S | 2 (Wakge+ W) T[N + 1] 1),

/L‘7j7k7€

where I' denotes the usual I' — function and

I(\)
A% 5 4 3 2
= TN W) (N° —4N* —80N® 4 208N? — 32N — 192)
2(N —2)\N°r
(N o 2)2)\/47_2
Proposition 10.2. Assume N > 12, we have
82
——F(0, N
se05 FOX)
o (N_4)2 |SN—1|F(%_3)F(%+3)
N(N —8)(N +4)(N? —4) ['(N)
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: { > Wikip + Winjt) Wikjq + Wigg) J1(X)

i?j7k

+ Z (Wikje + Wiéjk)QfSqu2(/\/)},

1,5,k
where
Ji(N)
6/\/6 5 A 3 2
= —— (N°> —4N™ — 44N 112N“ — 32N — 96
10 ( * )
—4(N = 2°N* (N? —4N —4) T
and
Jo(N)
NO(N —2) (N* — N* — 56 N2 + 40N + 88)

N —10
— NN =2)> (N> —4N —4) 7.

Remark 10.3. In the above two propositions, the assumption N > 12 guar-
antees the integrations in two propositions are finite.

Lemma 10.4. Assume that N > 52. Then there exists a v € R such that
I'(1) =0, I"(1) >0, I(1) < 0, J1(1) > 0 and Jy(1) > 0.

Proof. I'(1) = 0 is equivalent to

YN +5NT+05NT2 =
8
- (N —12)(N —10) (
12(N —2)
- N-10

N® — 4N* — 80N® 4 208N? — 32N — 192)

(N? —8N?+16) 7
A(N — 2)?

-y (WoaN—a) <o

The assumption N > 52 guarantees that there exists a solution 75 € R.
Indeed, the discriminant is (after simplified) that

AN =
16(N — 2)2
(N — 10)2(N — 12)(N + 4)

(NS — T2N7 4+ 1200N° — 7200N° + 15616 N*
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— 31744N® + 34048N? + 47104N — 49152).
Using Mathematica, we may solve the algebraic equation

A(N) := N® — 72N 4+ 1200N® — 7200N°® + 15616 N* — 31744 N>
+ 34048 N? 4 47104N — 49152 = 0 (50)

and find that the largest real solution is about N =~ 51.1957. Thus a real 7
satisfying I'(1) = 0 must exist for N > 52. We choose

—0On + VAN 99
=" Y7 51
TN 20[]\[ 507 ( )
since
99 99,
YN+ ﬁN(_%) + CYN(—%)

49N+ 26730N° — 1865112N* + 18883712N° — 36441904N? — 9453152N + 45467520
B 625(N — 12)(N — 10)(N +4)

> 0

for N > 52. In fact, we can solve the algebraic equation

49N + 26730N° — 1865112N* + 18883712N3
— 36441904N? — 9453152N + 45467520 = 0

and get the largest N =~ 51.7253, while ay < 0 for N > 52.
For this 7,y and N > 52, we have

I"(V)]ry = 1"(1) = 3I'(1)
24(N —2) (N3 — 8N? 4 16) 7y
B N —10

32 (N® — 4N* — 80N® + 208 N? — 32N — 192)
(N —12)(N — 10)
- 24(N —2) (N — 8N? +16) 99
N —10 50
32 (N5 — 4N* — 80N3 + 208 N? — 32N — 192)
a (N —12)(N — 10)

= AlN > 0,

since the largest IV satisfying A;y = 0 is N ~ 47.248.
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Similarly, we can check that, for N > 52,

6
Ji ()|, ————  (N® —4N* — 44N3 + 112N? — 32N — 96
—4(N =2)*(N —4N—4)(—%)

> 0.

Also we have that
(N —2)(N*— N3 —56N? + 40N + 88)
N —10
99

— (V-2 (N - AN —4) (—55)

So(Dlry > =

> 0.

Finally, we compute the discriminant of /(1) and get

24(N — 2)% (N7 — 22N6 + 156N — 400N* + 672N? — 448N2 — 1024N + 768)
(N = 12)(N = 10)2(N + 4) !

which is checked always negative for N > 52. So I(1) < 0.
The proof is complete. O

Proposition 10.5. For ty chosen in Lemma 10.4, the function F(&',N') has
a strict local minimum at (0, 1).

Proof. Since I'(1) = 0, we have 53, F'(0,1) = 0. In addition Proposition 9.1
shows %F(O, 1) = 0. Therefore, (0,1) is a critical point of F(&', ).
Since J1(1) > 0 and J5(1) > 0, it follows from Lemma 10.4 that the matrix

(ag/a—;gF(O, 1)) is positive definite. Lemma 10.4 again shows that I”(1) > 0,

which implies ég\—%zF(O, 1) > 0. Consequently, (0,1) is a strict local minimum

point. ]

11 Fourth polynomials and the case of 25 <
N <52

Our ultimate goal is to reduce the dimension assumption N > 52 to
N > 25. Unlike [4], where a cubic polynomial is chosen, we have to select a
4th order polynomial

f(s) =7 —12000s + 2411s* — 135s® + s™. (52)
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Remark 11.1. The coefficients in f(s) are not unique. And they are chosen
in order to verify the conditions (F )-(Fs). We have also tried cubic and fifth
polynomials. They give larger bounds on N.

Using the software Mathematica, we get
Proposition 11.2. Assume N > 25,
F (O N )

L[5 -9 [5+7]
T[N + 1]

|SN 1‘ Z ikjl + VVMJR) I()\I)

2
16(N ~,

where I' denotes the usual I' — function and

I(\)
(N — 4)(N 4 14) )20

- _ NO + 42N° — 768 N* — 17248 N> + 38768 N2
(N—24)(N—22)(N—20)< * +

— 2336N — 38400)

2T0(N — 4)N15
TN Z2)(v —20)

<N6 + 32N% — 612N* — 10768 N3 + 24672N? — 640N

_ 25600)

(N — 4)\16
(N —=20)(N +12)

(23047N6 + 543484 N° — 10985408 N* — 146678256 N>

+ 351063488 N? — 16180224 N — 363260160>

30(N — 4)\™
(N +10)(N +1

2] (22499]\76 + 356784N° — 7984044 N* — 76228592 N

+ 193344928 N? — 4902016 N — 209193984)

(N —18)(N — 4)\*2
(N 4 8)(N + 10)(N + 12)
— 3847 N* — 2265707776 N* — 18567 N> — 14204127072N3 + 47047 N?

(27’N6 1 9052921 N® + 47 N5 + 84049210\

+ 40189627120N? + 73607 N — 1125216800N — 128007 — 45033619968)

30(N — 18)(N — 16)(N — 4)\*°
(N +8)(N + 10)(N +12)
— 3857600N* — 8647 N3 — 293177600N> + 15847 N? + 6480763800N 2

+ 28807N + 61721600N — 46087 — 740659200)

(97’N5 4 1928800N° — 547 N4
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2(N — 18)(N — 16)(N — 14)(N — 4)\® ( s s
- 24117 N°® 4 72000000 N
(N 4 6)(N +8)(N + 10)(N + 12)
— 144667 N* — 288000000N* — 1350167 N2 — 5760000000 N>

+ 3086087 N? + 14976000000N? + 3471847 N — 2304000000 N
— 6943681 — 13824000000)

2400(N — 18)(N — 16)(N — 14)(N — 12)(N — 4)(N — 2)7 0
* (N1 6)(N 1+ 8)(N + 10)(N + 12)

<N3 _ N2

+ 16)
(N — 18)(N — 16)(N — 14)(N — 12)(N — 10)(N — 4)(N — 2)272 )\ <N2
B (N +4)(N +6)(N +8)(N + 10)(N +12)
4N — 4) }

Also by Mathematica, the following holds.
Proposition 11.3. Assume N > 25,
92
06,08,
2(N — 4)?

= wiowinS

F(0,\)

r(f-7r&+5)

2 (N +1)

: { > Wiy + Wipjie) Wikjq + Wigje) Ji ()

/[:7j7k

+ Z (Wikje + ijk)25pqc]2(>\/)}

i’j7k’e
where

Ji(N)
6N (N 4+ 10)(N + 12)(N + 14)(N + 16) 5 A 5
- (N- 2(2)(N —)2(0)(]\7 —)1(8)(N —)1<6)(N —2) (N° —4N* - 380N
+ T84N? — 32N — 768)
135N6(N 4+ 10)(N + 12)(N + 14)
2(N — 20)(N — 18)(N — 16)(N — 2)
— 16N — 12160)
NN +10)(N + 12)
~ 4(N —18)(N — 16)(N — 2)

(19N° — 76 N* — 5776 N® + 11872N?

(340883 N° — 1363532N* — 80448388 N*
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+ 167226320N? — 2575840N — 170104608)
135¢'2(N + 10)
2(N — 16)(N — 2)
+ 153424 N — 10644864)
2\/10
(N —=2)
— 1072342204 N3 + 2087 N? + 2287434512N2 + 4167 N + 60226528 N
— 6407 — 2486027776)
15NE(N — 14)
2(N — 2)(N +8)
— 21607 N3 — 7715200003 + 43207 N? + 1728204800N?
+ 56167 N — 30860800N — 103687 — 1851648000)
- 2;6_(]\2[ )(_]\;?(é;[ & f)& (24117 N® 4 108000000N° — 96447 N*
— 432000000N* — 1060847 N3 — 4752000000N? + 2700327 N2
+ 12096000000N? + 1543047 N — 3456000000N — 4629127 — 10368000000)
N 6000N4(N — 14)(N — 12)(N — 10)(N — 2)7
(N +6)(N +38)

(27321N° — 109284 N* — 4808496 N* + 10054304 N?

(TN® + 8647921 N° — 47 N* — 34591684 N* — 1247 N*

(277 N® + 9644000N° — 1087 N* — 38576000 N*

(N? — 4N —4)

NIB(N +10)(N 4+ 12)(N + 14)
- N® + 40N° — 612N*
XIN—2)(N —20) (NN —iev ) T
— 14416 N® + 33088 N? — 1344N — 33536)
135\16(N + 10)(N + 12)
8(N — 20)(N — 18)(N — 16)(N — 2)
+ 145840N? — 864N — 154880)
NM(N +10)
— 69141 N° + 1566133 N° — 25714074 N*
SN —18)(N = 16)(N —2) *
— 353077328 N + 877267784 N? — 17765904N — 935422272)
15)\/12
+
8(N — 16)(N — 2)
— 297250720 N3 + 795284368 N? + 714144 N — 887282432)
)\/10

"~ 4(N = 2)(N +38)

(TN® + 214N° — 3384N* — 61888 N?

(112495N° + 1742122N° — 30701832N*

(27N® + 9052921 N° + 87 N® + 85669210N°
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— 3127 N* — 1709000832N* — 15687 N3 — 10658431936 N 4 41607 N
+ 32630916432N? + 53767 N — 7615136 N — 102407 — 37788230528)
15N8(N — 14)

8(N —2)(N +8)
— 648076800N? + 43207 N? + 1543040000N? 4 56167 N
4 216025600N — 103687 — 1851648000)

NO(N — 14)(N — 12)
4N +6)(N +38)
— 72000000N3 — 1157287 N? — 4032000000N?2 + 385767 N
4 2880000000N + 2314567 + 6336000000)

N 1500N4(N — 14)(N — 12)(N — 10)(N — 2)7
(N +6)(N +8)
(N? + 7N* — 48N® + 16N? + 384N — 864) .

(277N® 4 5786400N° — 1087 N* — 7715200N* — 21607 N*

(24117 N* + 72000000N* — 48227 N*?

(N? —4N —4)

Remark 11.4. Similarly, the assumption N > 25 is necessary in Proposition
11.2 and Proposition 11.3, otherwise the integrations diverge.

Lemma 11.5. Assume that N > 25. Then there exists a v € R such that
I'(1) =0, I"(1) >0, I(1) < 0, Ji(1) > 0 and Jy(1) > 0.

Proof. By the software Mathematica, I'(1) = 0 is equivalent to the following
quadratic polynomial

BinT? + BonT + Bsy

= (N — 144N 4+ 9112N"% — 332800N" + 7744896N® — 119529600N
4 1232785280N° — 8335672320N° + 35049651968 N* — 81419810816 N
+ 72565198848N? 4 41687285760N — 81749606400) 7
+ (—27025N" + 3697664 N"'" — 2182864880 + 7232839376.V?
— 145917536656 N® + 1798916204864 N7 — 12415144280448N°
+ 29852476048896 N + 160699860860416 N* — 1111179746377728 N3
+ 1284360017780736N? + 1838260974256128 N — 2852825357352960) 7
+ 168227346 N — 21204491480N'" + 1108805978944 N *°
— 30273127750912N? 4 427225222251424N® — 1914627449132672N 7
— 25810516485700352N° + 354281472809361408 N> — 800700785348505600 N*
— 5829654487294640128 N3 + 15038003695249195008 N2
— 1338454157952024576 N — 14134493112544788480 = 0.
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After simplified, the discriminant is

(N —24)(N — 22)(N — 20)(N — 18)(N — 2)*(N + 4)(57441241N""
— 13316757740N'® + 1421208951488 N 15

— 92295209252880N ' + 406088751 7487792 N '3

— 127528377218205952 N + 2932837691854966528 N 1

— 49861018904126426112N ' + 624738394629537111040N?

— 5683787728574744100864N® + 36513302074683044208640N

— 158739757047539234324480N° + 443941679903779546513408 N
— 788934839032708877123584N* + 947159822427449128648704 N>
— 70877049300753252876288N? — 1727615795557515443306496 N
+ 1156307714218965199749120) = 0.

By Mathematica, we may check that the biggest zero of the last term is
N = 24.9422. Since N > 25, the discriminant is positive and there exists
a real Ty > 17000 such that I'(1) = 0. In fact, the largest N satisfying
17000815 + 1700085y + Bsy = 0 is about N ~ 24.9982 and 170008,y +
170008, + B3y — —o0 as N — +oo. Thus

1700085 + 1700085y + B3y < 0 when N > 25. (53)
On the other hand, the largest one to By = 0is N = 24. So
BlN >0 for N > 25. (54)

Therefore a 7, > 17000 does exist from (53) and (54).
As for 1"(1), we have

'l =11 -3rq)

TN TN

(N —4)
2(N — 24)(N — 22)(N — 20)(N + 6)(N + 8)(N + 10)(N + 12)
[(18713fv11-2782116ﬁv“)+-180731080fv9—-6710115152Aﬁ

+ 156124054384 N7 — 2341982210432 N° + 22336952299904 N°

— 126901060502528 N* + 358317913417728 N3 — 193547489329152 N2

— 744698653507584 N + 844209499668480) 7

— 239387740N" + 33343448176 N — 1965147182144 N

+ 62606999818560N® — 1119986901305472N7 + 9710408237796864 N6

+ 2497983280251904N° — 775332925643090944N* + 5322471076556407808 N>
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— 8454330859402850304N? — 1265620067537485824 N + 8423950663121633280]

(N —4) [BsnTn + Bsn]
2(N — 24)(N — 22)(N — 20)(N + 6)(N + 8)(N + 10)(N + 12)°

On account that Byy > 0 and 17000B4x + Bsy > 0 for N > 25, we know
that (1) > 0.

N
Come to Ji(1). Direct computation shows that

4(N — 22)(N — 20)(N — 18)(N — 16)(N — 2)(N 4 4)(N + 6)(N + 8)
N Ji(1)|7x

= (15158 N — 1928488 N + 106956432N? — 3385235008 N'®

+ 67144207872N7 — 861032971776 N 4 7082375502592 N°

— 35544691776512N* 4 95816075389440 N3 — 91338406885376 N>

— 68140868911104N + 124511268372480) 7y

— 204822475N M 4 24606405950 N0 — 1253228747592 N?

+ 34711856215872N® — 549030905462832N" + 4489294448546432N°

— 7165699950704832N° — 169724096918379392N* + 1156114211550506752N°

— 1776295972609390592N? — 81756788717899776 N + 1606525147689615360
= BenTn + Brn.

In respect that Bgy > 0 and 1700084y + By > 0 for N > 25, we obtain that
J1(1)|7—N > 0.
As for J5(1), we can check by Mathematica that

8(N — 22)(N — 20)(N — 18)(N — 16)(N — 2)(N + 6)(N + 8)
N J2(1)] 7y

= (757T9N' — 964244 N0 + 53478216 N — 1692617504 N® + 33572103936 N "

— 430516485888 N® + 3541187751296 N° — 17772345888256 N*

+ 47908037694720 N3 — 45669203442688N? — 34070434455552N

+ 62255634186240) 7y

— 73690617N ' 4 8757708965 N — 439144014720N?

+ 11871532517728 N® — 179607080990760N " + 1303031622196560N°

+ 730732776846400N° — 81834334806699648 N* + 487269552686137472 N3

— 729001679303608320N? — 294593226517125120N + 897917009560289280
= BsnTn + By .

Since Bgy > 0 and 170008sy+Bgy > 0 when N > 25, it holds that J5(1)
0.

e >
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Finally, direct calculation gives that

(N = 24)(N — 22)(N — 20)(N 4;\74)(N +6)(N + 8)(N + 10)(N + 12)1(1)
—4

(N'2 — 144N 4+ 9112N'0 — 332800N? + 7744896 N® — 119529600N "’

+ 1232785280N°® — 8335672320 N° + 35049651968 N* — 81419810816 N3

+ 72565198848 N2 + 41687285760 — 81749606400)7>

+ (19446 N'? + 2634424 N — 153791984 N + 5031783008 N?

— 100052361056 N® + 1212544446208 N7 — 8182468308224 N°

+ 18630407205888 N + 108938164472832N* — 719625359429632 N3

+ 817980109406208 N? + 1176909695483904 N — 1816259033825280)7

+ 94536729N "% — 11656568130 N + 593919303092 N1 — 15702815300040 N

+ 211574113757984 N8 — 815960309177792N7 — 13866450151972480N°

+ 171265848827756032N° — 341975328615126528 N4

— 2799428862920112128 N + 7040619868808921088 N2

— 607654647921180672N — 6549150991381954560

= [3’107’2 + 8117‘ + 812.

Because B, — 4B1gB1s < 0 and By > 0 for N > 25, I(1) then must be

negative.

The proof is complete. n

Similar to the proof of Proposition 10.5, we obtain the following

Proposition 11.6. Let N > 25. For 7y chosen in Lemma 11.5, the function

F(&',N) has a strict local minimum at (0,1).

12 Proof of the main theorem

In this section we prove the main result of this paper by a gluing method.

Proposition 12.1. Assume N > 25. Moreover, let g be a smooth metric on

RN of the form g(x) = e"®  where h(x) is a trace-free symmetric two-tensor

on RN such that

[h(@)| + [0h(x)] + [0*h(x)] + [0*h(x)] + [0*h(z)] < a

for all x € RN, h(0) =0, h(xz) =0 for |x| > 1, and

hie(x) = pe® f (€722 |*) Hy ()
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for |z| < p. If a and p* " u=2eN"2* are sufficiently small, then there exists a
positive solution u(x) to

Pyu —N_4% in RN,
/‘ / (LHMJ
N
supu>C R
|z|<e

Proof. By Proposition 11.6, the function F'(§', \) has a strict local minimum
at (0,1) and F(0,1) < 0. Hence, we can find an open set M C A such that
(0,1) € M and

F(0,1) < llaljl\/ft F(EN) <.

Using Lemma 8.2, we obtain

zfg(g,X):2E+u2g2°F(5/,x>+o( AT 4 p ) 4 O((S)N ).

)
Hence, if p*~"p=2eV =24 is sufficiently small, we have
F5(0,1) < }ﬁﬁ F;EN) < E
Consequently, there exists a point (£, \) € M such that
F3(€,N) < inf F5(¢',\) < E.
Then to(y) + ¢(y) is a solution of (8) with ||¢]|. < C.
Note that since [|¢]l. < C we have
«
oy)| <C ; < Cau 55
IS gy =g = o o

which shows that ug 4+ ¢ > 0 provided « is small. Thus ug(z) + €7¥¢($/€)
is the positive solution we need. O]

Proposition 12.2. Let N > 25. Then there exists a smooth metric g on RN
with the following properties:

1) gij(x) = &;5 for |x| > %

2) g is not conformally flat,
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3) There exists a sequence of positive function u, (n € RY) such that

2N 1 N
Lo ()
RN gy \ 1+ [y]?

sup u, — Q.
|| <1

Proof. Choose a smooth cut-off function n such that n(r) = 1 for r < 1 and
n(r) = 0 for r > 2. We define a trace-free symmetric two-tensor on RY by

hig(e) = D 4’|z = 2a}27 5" f (2w = ) Hig (0 = ),
n=~Np
where z,, = (,0,...,0). Clearly h(z) is C™.

Moreover, if N is sufficiently large, then we have h(z) = 0 for |z| > $ and
|h|+|0h|+|0%R|+|0°h|+|0*h| < a. Provided that n > Ny and |z —x,| < 7,
we have

5

hig(x) = 275" F(22" |3 — @) Hyg(z — ).

Hence we can apply Proposition 12.1 with g =273, ¢ =27, p = ;. From

4n? "
this the assertion follows. O

13 Appendix

In this section we will give the proof of (23) and (26). The proof of (23)
can be found in [18] and we repeat it here for the sake of convience.

Lemma 13.1. Assume that 0 < s < N andt > s. Then

. X C(1+ |z|)* ift <N,

dy << C+|z))* N1 +1log(l + | ift =N,
Bt (e 1 og 4 ep)]

C(1+ |z|)*>=N if t > N.

Proof. First, observe that the above integral is well defined since t > s. So
we only need to consider the case that |z| is large. Next we decompose it as
follows:

— y
woal<lsl Sy <o Jiyazoe ) 17—yl (1 y])!

2
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= [1 +[2+[3

I} may be estimated as follows. Since |y — x| < |z|/2 implies |y| > |z|/2,

1 1
I < / dy
s eis Ty (L Jal /2

1 |z|/2 1 N1y
<1+|a:|/2>f/o N

< Clz|*.

IN

I3 may be estimated similarly. Because |y — z| > 2|z|, |y — z| < |y| + |z] <
[yl + [y — 2[/2. Thus [y — 2| < 2[y[ and

]3 S/ ! N-—s ! tdy
y—zl>2lz) 1T — Y[V (14 |z —y[/2)

< 1 1
< rNldr
- /;lcd rN—s (]. + T/2)t

< Clz]*.

/ 1
<ly—a|<alz] (1 + !yl)

7

|w|N 3 </|y|<1 /1<y|<3|x) 1+ |y|)
3|z
<C - C’—i—C’/ PNty
|I| ® 1

Finally, we observe that

| A

Clz|st if t < N,
< < Clz]*Nlog |z| if t =N,
Clo|s=N ift > N.
Now it is easily seen that the lemma holds. O

Next we come to the proof of (26).

Proof of (26). Now t = N — k. Let L > 0 is a large number. If |y| < Lr, we
have

/ 1 1 d
z
B, |y = 2N (L4 [)¥F
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< / 1 Ly

4
= Jev ly = 2N (L |2 )NE
<O+ y)y N <ord+ y) N

For |y| > Lr, obvious % < C'since |z| < r. Thus, recalling that k& > 0,

we get
1 1
dz
/ — 2N 1+ IZI)
< C+ |y~ N/ w4
1) BT (1+ ‘Z|

< Crf(L+ [yl
This concludes the proof. O
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