ON THE CLASSIFICATION OF STABLE SOLUTION TO
BIHARMONIC PROBLEMS IN LARGE DIMENSIONS
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ABSTRACT. We give a new bound on the exponent for nonexistence of stable
solutions to the biharmonic problem

A2y =uP, ©>0in R®

where p > 1,n > 20.

1. INTRODUCTION

Of concern is the following biharmonic equation
A*u=uP, u>0in R" (1.1)
where n > 5 and p > 1. Set

Ay () ;:/R |Ap|?da —p/R uPrpide, Vo € HA(R™). (1.2)

The Morse index of a classical solution to (1.1), ind(u) is defined as the maximal
dimension of all subspaces of H2(R™) such that A,(¢) < 0 in H%(R™) \ {0}. We
say u is a stable solution to (1.1) if A, () > 0 for any test function ¢ € H?(R"),
i.e., the Morse index is zero.

In the first part of the paper, we obtain the following classification result on
stable solutions of (1.1).

Theorem 1.1. Letn >20 and1 <p <1+ %. Then equation (1.1) has no stable
solutions.

In the above theorem, p* stands for the smallest real root which is greater than
Z—:g of the following algebraic equation

512(2 — n)a® 4+ 4(n® — 60n? + 670n — 1344)2° — 2(13n® — 424n? + 3064n — 5408)2*
+2(27n% — 572n% + 3264n — 5440)2® — (49n> — 772n? 4 3776n — 5888)x?
+ 4(5n> — 66n? + 288n — 416)z — 3(n® — 12n* + 48n — 64) = 0.
Some remarks are in order. Let us recall that for the second order problem
Au+u?P =0 u>0in R"*, p>1, (1.3)

Farina [4] gave a complete classification of all finite Morse index solutions. The
main result of [4] is that no stable solution exists to (1.3) if either n < 10,p > 1
orn > 11, p < pyr. Here pyr denotes the well-known Joseph-Lundgren exponent
([9]). On the other hand, stable radial solution exists for p > pyy.

For the fourth order case, the nonexistence of positive solutions to (1.1) is shown
if p < 21 and all entire solutions are classified if p = 24, See [13] and [16]. When

n—4’ n—4°
p > 21 radially symmetric solutions to (1.1) are completely classified in [5], [6]
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and [12]. The radial solutions are shown to be stable if and only if p > p’;; and
n > 13, where p;; stands for the corresponding Joseph-Lundgren exponent (see[5],
[6]). In the general nonradial case, Wei and Ye [17] showed the nonexistence of
stable or finite Morse index solutions when either n < 8, p >1lorn > 9,p < ﬁ.
In dimensions n > 9, a perturbation argument is used to show the nonexistence of
stable solutions for p < -2 + ¢, for some €, > 0. However, no explicit value of €,
is given. The proof of [17] follows an earlier idea of Cowan-Esposito-Ghoussoub [3]
in which a similar problem in a bounded domain was studied. Theorem 1.1 gives
an explicit value on €, for n > 20.

In the second order case, the proof of Farina uses basically the Moser iterations:
namely multiply the equation (1.3) by the power of u, like u?, ¢ > 1. Moser iteration

works because of the following simple identity

4q at1 "
/n Uq(—AU) = W/Rn |VU 2 |2,Vu S O&(R )

In the fourth order case, such equality does not hold, and in fact we have

4 1 .
/n ul(A%u) = ﬁ /Rn |Au%|2 —q(q—1)? /n u?3|Vul|t, Yu € C2(R™).
The additional term [g, u?™3|Vu|* makes the Moser iteration argument difficult
to use. In [17], they used instead the new test function —Aw and showed that
fR2 |Au|? is bounded. Thus the exponent —< is obtained. In this paper, we use
the Moser iteration for the fourth order problem and give a control on the term
Jgn w73 |Vu|* (Lemma 2.3). As a result, we obtain a better exponent 2 + ¢,
where €, is explicitly given. As far as we know, this seems to be the first result for
Moser iteration for a fourth order problem.

In the second part of this paper, we show that the same idea can be used to
establish the regularity of extremal solutions to

A?2u=Au+1)P, A>0 in Q

u >0, in Q (1.4)
u=Au =0, on 0Of)

where 2 is a smooth and bounded convex domain in R™.
For problem (1.4), it is known ([2]) that for p > 2+2 there exists a critical value
A* > 0 depending on p > 1 and 2 such that

o If A € (0,\*), equation (1.4) has a minimal and classical solution which is
stable;

e If A = \*, a unique weak solution, called the extremal solution u* exists for
equation (1.4);

e No weak solution of equation (1.4) exists whenever A > \*.

The regularity of the extremal solution of problem (1.4) at A = A, has been
studied in [3] and in [17], where they showed that the extremal solution is bounded
provided n < 8 or p < e +¢e,, 1 > 9 (g, very small). Here, we also give a
explicit bound for the exponent p in large dimensions and our second result is the
following.

Theorem 1.2. The extremal solution u* of (1.4) when A = X\* is bounded provided
that n > 20 and 1 < p < 1+ 22— where p* is defined as above.

n—4’



CLASSIFICATION OF STABLE SOLUTIONS 3

8,/8/3

(n—8)3/2

As n — 400, the value ¢, is asymptotically and thus the upper bound

for p has the following expansion

8 8./3/3 |
. (n —8)3/2 JrO((n—8)2

On the other hand, for radial solutions, the Joseph-Lundgren exponent ([9]) has
the following asymptotic expansion

1+

). (1.5)

16 1
n8 (n — 8)3/2 JrO((n—8)2)'

In this paper, we have only considered the fourth order problems with power-like
nonlinearity. Other kinds of nonlinearity, such as exponential and negative powers,
also appear in many applications. See [3]. However, our technique here yields no
improvements of results of [3] in the case of exponential and negative nonlinearities.

This paper is organized as follows. We prove Theorem 1.1 and Theorem 1.2
respectively in section 2 and section 3. Some technical inequalities are given in the
appendix.

1+

(1.6)

2. PrRoOOF OF THEOREM 1.1

In this section, we prove Theorem 1.1 through a series of Lemmas. First of all,
we have following.

Lemma 2.1. For any ¢ € C§(R™),o >0, v > 1 and e > 0 arbitrary small number,
we have

[ @uren? < [ (@ +emufted =t oV, @)
[ a2 = [ (@wen? - evatead =t - ca V), (22)

/n((m)ij)%p%Y S/n((uﬁﬁ)ij)? +€/Rn |V 27427
o [ vl 03

where C'is a positive number only depends on v, and |[V*(o*)| is defined by
IVHNI? = o727V | + 7 (A%7)] + V2" 2.

In the following, unless otherwise, the constant C' in this section always denotes
a positive number which may change term by term but only depends on 7, .

Proof. Since ¢ is compactly supported, we can use integration by parts without
considering the boundary terms. First, by direct calculations, we get
(AW p"))? =[(Au)p]? +4VUTVET AP U +4AVu' VT AuY o7
+4(Vu'V")? + 280w ApT Y + u? (A7) (2.4)

We now need to deal with the third and the fifth term on the right hand side of
the above equality up to the integration both sides.
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For the third term, we have
[ awvoveer = - [ @iene
= [ @)~ [ ;s
where f; = % and f;; = %. (Here and in the sequel, we use the Einstein sum-
mation convention: an index occurring twice in a product is to be summed from 1 up

to the space dimension, e.g., u;v; = >, uv;, 0; (uu; ;) = Zlgi,jgn 0; (usuj0;).)
The first term on the right hand side of the previous equation can be estimated as

2 [ @07 = [ ) = [ (e
- [ @@

Combining these two equalities, we get

2 [ Avevere = [ o))
—/ 2(u”)i(u?);(07)i 0" — | 20w )i(u?);(07);(97)i
+ [ @A+ [ @),

Rewriting the above equality we have

4 [ AuVuIVT o7 :2/ |Vu7|2A<p7g07+2/ Va7 2|V |2
R" R R"

— 4/ (u”)i(u"’)j(wv)ijgo"’ — 4/ (< VU’Y, VQO’Y >)2.
(2.5)
For the fifth term on the right hand side of Equation (2.4) we have

AuuTApTYY = —/ u? < Vu?, V(ApT) > o7

n

Rn
—/ < Vu', V7 >u”’A<,o”Y—/]R VU ?PApTe?.  (2.6)
Combining Equations (2.4), (2.5) and (2.6), one obtains
[z [ @y
=2 [ VPSP -4 [ (930 (9 vu)

+ /n u? Y A% (p7) — Q/n u? (Ap”)2. (2.7)

Now by the Young equality, for any € > 0, there exists a constant C' = C(v,¢)
such that

Va [V < VU [T + |V '™

1 m
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and
7 (V27 (V' V)| < S|V P27 + Cu?| V27 2.

Thus by the equation (2.7), together with the above two estimates, one gets:
[ @y - [

The estimates (2.1) and (2.2) follow from this easily.

Next we observe that |[V2u7[2¢?" = [$A|Vu7]2— < Vu?, VAW >]p*’. Thus up
to the integration by parts, with the help of equation (2.5) and the estimates we just
proved, the estimate (2.3) also follows by noticing the identity [o, (A(u7¢7))? =
Jan [V2(u7¢7)[2. The proof of Lemma 2.1 is thus completed. O

(A2 < e / V[t 4 60 / W27,

n

Let us return to the equation
A*u=uP, wu>0 in R™ (2.8)
Fix g =2y —1>0and v > 1. Let ¢ € C§°(R™). Multiplying (2.8) by u?p?” and

integration by parts, we obtain

AuA(ulp®) = / uP 9?7, (2.9)
Rn n
For the left hand side of (2.9), we have the following lemma.

Lemma 2.2. For any ¢ € C(R™) with ¢ > 0, for any € > 0 and v with q defined
above, there exists a positive constant C' depends on vy, e such that

2
/ 7 AuA (uig?) > / (Autg7Y? - / Cu? V()|
n q Rn Rn

- [ Pt vl (20)
Proof. First, by direct computations, we obtain
AulA (U7 p?) =Au((2y — Du®? "2 Aup?®? + 2(2y — 1)u? 2VuV ()
+ (27 = D2y = 2w [ VuPe® + w71 ARY),
(AuY")? =2 72 (Au)?p? + 9 (v = 1?74 V| ™
+2(y — D2u® 3| Vaul? Aup®.
Combining the above two identities, we get
2 2
%AuA(qupz’y) =(Aup")? + 2922 AuVuV ) + %uQW_lAuAQOZ'Y
=72y = )% Vulf?. (2.11)
For the term u??"2AuVuVp??, we have
w2 AuVUuV T =0; (v ?uiug (927);) — (27 — 2)u® 3 (u;)2ui (9*7);
—u g (97); — P P (973
We can regroup the term u?"~2u;u;;(¢%7); as
20T uiu (%) =0 (u* 2 (ui)* (0*7)5) — (27 = 2)u® P () (9*7);

—u? 72 (ui)* (%) 5
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Therefore we get
2uP7 2 AuVuVe*Y =20;(u® 2w (9*7);) — 9;(u® 72 (i) (97);)
— (27 = 2)u 7 (u)?u; (9*7); + w2 (ui) (977
— 27.1127_211,2"&]'(@27)1']'. (212)

For the last three terms on the right hand side of (2.12), applying Young’s inequality,
we get

0?77 () *u; (977) u TVl + Cu ||V ()],

< —
7T 62 (v - 1)
_ 9 _
w7 (u;)* () 5] < WU“ HVu|tp? 4+ Cu® VA (e,

&
W s (67 )] < Ut Ul 4 CuB V()]
Y

By the above three inequalities and (2.12), we have

/ 272u? 2 AuVuVe?? > —%/R u27_4|Vu|4<p27—C/R u? || VA (?)]. (2.13)

Similarly we get
2
/ lu%*lAuAgoQ” > —E/ uP TVt p? — C/ u? || VAH®)]. (2.14)
n (g 2 R™ R™
Inequality (2.10) follows from (2.11), (2.13) and (2.14). O

As a result of (2.1) and (2.10), we have

2
/n lAuA(quazw) Z/n(A(uA’g@V))Q - /R" CUMHVLL(SD%)”

q
- / (V2 (7 — 1)? + )| Vuf 1>, (2.15)

Next we estimate the most difficult term [, u*Y~*|Vu|*¢?Y in (2.15). This is the
key step in proving Theorem 1.1.

Lemma 2.3. If u is the classical solution to the biharmonic equation (2.8), and
@ is defined as above, then for any sufficiently small € > 0, we have the following
inequality
1 2
-9 [ vt <5 [ @@+ [ v
n R7l RW,

4 .
- w2ytr=l,2v, 2.16
/Rn @3+ e (216)

Proof. 1t is easy to see that

1
/ u? V| tp? = —4/ u” |V |1, (2.17)
n Y Rn
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and
/ u” |V [F :/ |V PV V) o
n RTL

= —Vu |V PVu) o7
RTL

:/ u_7|Vu7|2Au7<p27+/ u IV (| Va2V o2
n RTL
+/ w7 | VU PVu VT, (2.18)

where in the last step we used integration by parts. For the first term in the last
part of the above equality, we have

[ e PAEe =8 [ (= e Tl Tl ),
n RW,
(2.19)

Substituting (2.19) into (2.18), and combining with (2.17), we obtain

1
/ u? 4 V|t :/ $u77V(|Vu7|2)Vu7g027+/ u? 73 (|Vul?) Aup??
n Rn

R

1
—|—/n ﬁu (VU P)Vu ' V2. (2.20)

The first term on the right hand side of (2.20) can be estimated as
uTV (V) V= 2077 ()i (u?)i(u7);)

(u?)i(u?) (u?)iu?);

u
< 2y(u”)i(u”)ij +
w2
= 29|V2u"|? + ——|Vu L
2
As a consequence, we have

1 2 1
/—3u_7V(|Vu7|2)Vu73027S/ —2|v2m|2<p2”+/ S V[t
n Y v

n Rn 2’)/4
9
< / SV @R+ [ cut VA )
n ’}/ Rn
2
+/ 1+ 447 gu_27|Vu7|4<p27
w2y

2 ~ v\ 2 u2fy 40 27
:/RHT(A(UQD)) +/Rn0 VA

+ 4~%e
[ L
n 2y

where we used (2.3) in the last step.
For the second term on the right hand side of (2.20), applying the estimate (2.3)

from [17], i.e., (Au)? > %u”“, and the fact that Au < 0 from Theorem 3.1 in

w2V r?, (2.21)
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[16] or Theorem 2.1 in [18], we have

2 p
/ W 3(|Vul) Aug? < / o 2R () g
Rn n p+ 1

Vet P“ 272+

/n 2y -2+ 25

p+1 2y —24 2tL 2
+/ P T TVt (2.22)
n Q’Y -2+ L2

Auap

Using the inequality —Awu > 5 +1u%, we get
N s +1 2
/ VP 22 e Au@% < - / Lpﬂu%ﬂ)fl(p%. (2.23)
n 2’}/ p+1 Rn 2’)/—24—?

On the other hand, for the second term on the right hand side of (2.22), we have

/ u2772+pT+1VuV<p2“’=—/ %uQV*HPTﬂAgpQW

1 Pt
:7/ L w2 A(p%
{z|Ap?7>0}

—/ s (2.24)
{olapzi<oy L

where the first equality follows from integration by parts and L = 2v — 1 +

”—;1. As for the first term on the last part of (2.24), using the inequality Au <

—,/p—ilupT+1 < 0, we have
/p+1
2 2v—1 2 1
u T AuA T < — -
L Jialap>>0y {alapzr>0y L

Similar to the proof of Lemma 2.1, it is easy to get

ptl
'/ L aung < [ vt + [ o v,
{z|Ag27>0} R -

(2.26)

W AT (2.25)

By (2.25) and (2.26), we have

1
| / TuTE AP < / w TVl + / Cu® [V (™))
{z|Ap27>0} R Rn

(2.27)
Similarly, we also obtain

1
| / TuTE A < / w4 / Cu® V(™).
{z|Ap?7<0} R™ R™

(2.28)
By (2.24), (2.27) and (2.28), we have

| u2772+L;1VuV<,027|§5/ uZV*‘*IVu\“@Q”*/ Cu*" V4. (2:29)
Rn R™ R™
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Combining (2.22), (2.23) and (2.29), we get the following inequality
[ ivapau <e [ vapte v [ o i)
n Rn Rn

4 2y+p—1 27
— . 2.30
/n Ay —3+pp+1) v (230)

Finally, we apply Young’s inequality to the third term on the right hand side of
(2.20), and get

1
/ﬁu_“’ﬂVzﬂP)V?ﬂVg@%:/ u? 3 Vul*VuV (p?7)

<e / WAVt 4 / Cu |4 ().
n Rn

(2.31)
By (2.20), (2.21), (2.30) and (2.31), we finally obtain
1 _ 2
G-9 [ vt < [ @awep+ [ v
_/ 4 27+p*1<p2'v.
e (Y =3+p)(p+1)
(I

By (2.9), (2.15) and (2.16), since the number ¢ is arbitrary small in those three
places, we have for § > 0 sufficiently small, the following inequality holds

2 2 _1\2
/n(l —4(y = 1)? = )(AWT7))*~ /Rn(zvv— 1 (dy 8_73(1 p)(lz3 1) JuP TRl
= /R Csu [ V4], (2.32)

where Cj is a positive constant depends on & only. Here, we need 1 —4(y—1)% > 0,
since we have assumed that v > 1 in Lemma 2.1. So v is required be in (1,3). If
we can choose § small enough to make 1 — 4(y — 1)? — § positive, by the stability
property of function u, we obtain

/ (E — po)uPtip*T < / Csu® [V ()], (2.33)
n Rn

where F is defined to be

2 2 2
gl 87 (v —1)
E=p(l—4(y—-1)2% -~ + . 2.34
=4 =17 ¢ (Ay=3+p+1) (234
Now we take ¢ = 0™ with m sufficiently large, and choose 1 a cut-off function
satisfying 0 < n < 1, n = 1 for |z| < R and n = 0 for |x| > 2R. By Young’s
inequality again, we have

| IVl < oort [ s

SC’(s’ER_l%G/ uznhm_ﬁ +eC’5/ u? TP Ip2vm - (2.35)

n
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where Cjs . is a positive constant depends on 6, €, § is a number such that 2(1—6) +
(2v+p—1)0 =2ysothat 0 < 0 < 1 for 2 <2y <2y+p—1. By (2.33) and (2.35),
we get

(B3 - <C) [

Since 6 is strictly less than 1 and will be fixed for given ~y,p, we can choose m
sufficiently large to make 2ym — ﬁ > 0. On the other hand, if £ > 0, we can find
small § and then small €, such that F — pd — eCs > 0. Therefore, by the definition
of function n and (2.36), we obtain

(B~ pi—<C) |

Br

uP T2 hprm < C57ER_ﬁ/ u27)27m_ﬁ. (2.36)

n n

bt < C(;’ERiﬁ/ u?. (2.37)
Bar

By (2.10) of [17], we have [, u® < CR" 77, as a result, the left hand side

of (2.37) is less equal than C(;,ERnfﬁfl%s, which tends to 0 as R tends to oo,
provided the power n — % — 1f9 is negative, which is equivalent to (p+2v—1) >
(p — 1)% according to the definition of 6. So, if (p +2y —1) > (p — 1)§ and
E — pd — Cse > 0, we have u = 0.

Thus, we have proved the nonexistence of stable solution to (2.8) if p satisfies
the condition (p +2y —1) > (p —1)% and E > 0 (for §,¢ are arbitrary small).
By Lemma 4.1 in the appendix, the power p can be in the interval (25,1 + %).
Combining with Theorem 1.1 of [17], we have proved Theorem 1.1, i.e., for any

l<p<l+ %, n > 20, equation (2.8) has no stable solution.

3. PROOF OF THEOREM 1.2

In this section, we present the proof of Theorem 1.2. We note that it is enough to
consider stable solutions uy to (1.4) since u* = limy_y-uy. Now we give a uniform
bound for the stable solutions to (1.4) when 0 < d < A < X*, where d is a fixed
positive constant from (0, \*).

First, we need to analyze the solution near the boundary.

3.1. Regularity of the solution on the boundary. In this subsection, we es-
tablish the regularity of stable solution of (3.1) and its derivative near the boundary
of the following equation:

A’u=Au+1)P, A>0 in Q
u >0, in Q (3.1)
u=Au=0, on 0f)

Theorem 3.1. Let Q) be a bounded, smooth, and convexr domain. Then there exists
a constant C (independent of A, u) and small positive number €, such that for stable
solutions u to (3.1) we have

u(x) <C, VeeQ.:={z€Q: d(z,00) <€} (3.2)
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Proof. This result is well-known. See [11]. For the sake of completeness, we in-
clude a proof here. By Lemma 3.5 of [3], we see that, there exists a constant C
independent of A, u, such that

/(1 +u)Pdz < C. (3.3)
Q
We write Equation (3.1) as

Au+v =0, in Q

Av+A1+uw)P =0, in Q

u=1v=0, in 0.

If we denote fi(u,v) = v, fa(u,v) = A(u + 1)P, we see that % =1>0 and
% = Ap(u + 1)P71 > 0. Therefore, the convexity of Q, Lemma 5.1 of [14], and
the moving plane method near 92 (as in the appendix of [7]) imply that there
exist tg > 0 and « which depends only on the domain €, such that u(zx — tv)
and v(x — tv) are nondecreasing for t € [0,%9], v € R™ satisfying |v| = 1 and
(v,n(z)) > a and = € 0N. Therefore, we can find p,e > 0 such that for any
x € Qe:={2€Q: d(z,00) < €} there exists a fixed-sized cone I', (with x as its
vertex) with

e meas(I'y) > p,
eI, C{z€Q: d(z,090) < 2¢}, and
o u(y) > u(x) for any y € T',.

Then, for any x € ., we have

1
meas(T';)
This implies that (1 4+ u(x))? < C, therefore u(z) < C. O

(14 u(@))? < /(1+u)pg%/§z<1+u)f’ga

x

Remark: By classical elliptic regularity theory, u(z) and its derivatives up to
fourth order are bounded on the boundary by a constant independent of u. See [15]
for more details.

3.2. Proof of Theorem 1.2. In the following, we will use the idea in Section 2 to
prove Theorem 1.2.
First of all, multiplying (1.4) by (u + 1)? and integration by parts, we have

/QA(qul)Pﬂ:/QAQu(uH)qz/a 9(Au) +/QA(u+1)A(u+1)q. (3.4)

Q 3n

Setting v = u + 1, by direct calculations, we get
[ = [ ez + [ 26 -1 vt
Q Q Q

+ 2/ Y2 (y — D 3 Av| Vo2, (3.5)
Q

/AvAvq:/q(Av)2vq_1+/q(q—1)|Vv|2Avvq_2. (3.6)
) Q Q
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From (3.4), (3.5) and (3.6), we obtain

o _1)2 1}4’02774 vPte )
P T R RN R i B RV )

For the second term in (3.7), we have

/|Vv|4 24 —4/ v |Vt = %/|V07|2V1}7(7VU*7)
Q
\VU'V\QVW V(Vu ) Vor [V 2 Au?
— ) + + )

VY VY

1
= —4/ v‘”V(|V1ﬂ|2)Vzﬂ + VU 2 AvT — —/ v2"’_3|Vv\2@.
7 Ja Y Joq on

(3.8)

Simple calculation yields
1 _ 2 y—1 2y—4 4, 1 2y—3 2
— [ vVUTFAYY = —— [ vVt = [ 0T T V[ A (3.9)
7 Ja v Q Y Ja

Substituting (3.9) into (3.8), we get

1
/|vv|4v27—4:/U2’y—3|vv|2Av+?/U—Wv(‘vv’yp)vvw_/ |Vv|2@
Q Q 7 Ja o0 on

(3.10)
We now estimate the second term on the right hand side of (3.10). From the proof
of Lemma 2.3, together with the identity $A|Vv?|? = [V207 24+ < VAv7Y, Vo >,
the following inequality holds

1
5 [oviwepwe < g [weete 2 [ ooy
7 Ja Q

1 aIVuvr]2 2 v
— - — A7 A1
+72 oo On ok /asz( Y on on - (311)

By (3.10) and (3.11), thanks to the convexity of the domain Q, we get

9
/|w4 2y-1 ¢ / 27—3|W|2Av+?/Q(Awf—(m—m/m\w?@%. (3.12)

For the first term on the right hand side of (3.12), since v = u + 1 we have

2)\
v 2 <0 by

Av = Au < 0 by maximal principle, and the inequality Av < —
Lemma 3.2 of [3]. Thus

/1}2773|Vv|2Av§/7 Av%*?ﬁ%wVi}\z.
Q o \p+l

Moreover, we have

[ax
273 pt1 2 p+1 9~y _94 P+l
/ Her T V2 = /92 _|_er1V(v7 T )
2X
\V p+1
/ p V2 A,

2y —24 2L
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For the second term on the right hand side of the above equality, using the inequality

Av < — Qj‘l B <0 again, we have
[ 2\ 2\
p+l 2'\/72+p—+1 p+1 2v+p—1
/2 —o et TAvS Tyt '
Q &Y 2 Q &Y o

Hence, we obtain

[ 2\ 9 2M
/ 21-3|Vu2PAv < — rHl Y /Lmﬂ—l, (3.13)
Q Q

o o | PtL +1
o0 2y — 2+ = on 2y -2+ 5=

where we used v|pa = u + 1jgpq = 1, for the boundary term in (3.4), (3.12) and
(3.13). By the remark after Theorem 3.1, we find that there exists a constant C
(the constant C' appeared now and later in this section is independent of u), such
that

| avapig 25 g <0 (3.14)
Combining (3.7), (3.12), (3.13) and (3.14)7 we get
_ _1)2 u )2 8\ (y — 1)° _ L’YQ w p+q
(=46 =17) [ (A7 (s i =25 [y <

(3.15)

IE (1 —4(y = 1)?) > 0, p(1 —4(y — 1)) + 205" — 2 5 0 and s a stable

solution to the equation (1.4), we have

87 (v —1)* 72 C
p(1—4(y—1)%) + - /u+1p+q§—.
(=0 =17 (4y+p—3)(p+1) 27—1) Q( ) A
This leads to u + 1 € LP19,
Ifp+qg> (=L ) , then classical regularity theory implies that u € L ().
Therefore we have established the bound of extremal solutions of (1.4) if

8v%(y — 1) 72
p(1—4(y—1)%) + - =—>0
( ( ") (Ay+p=3)p+1) ¢
and
8 4
p<77+n :
n—4

By Lemma 4.1 and Theorem 3.8 of [17], we prove the extremal solution u*, the
unique solution of equation (1.4) (where A = A\*) is bounded provided that
(1) n<8,p>1,
(2) 9<n<19, there ex1sts €n > 0 such that for any 1 <p < 2 + ¢,
3) n>20,1<p<l+ m. (p* is defined as before.)
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4. APPENDIX
In this appendix, we study the following inequalities

" 82 (y — 1)
2y-1 (y-3+p)p+1)

p(1 —4(y = 1)%) >0, (4.1)
8y+n—-4

n—4
In order to get a better range of the power p from (4.1) and (4.2), it is necessary
for us to study the following equation (Letting p = 8yfn—d 4 (4.1)):

p< (4.2)

n—4
8v+n—4 ) 2 872 (y = 1)° _
ﬁ(1 4(y —1)?) 71 + (37 BE =T ) 0. (4.3)

We can only consider the behavior of (4.3) for v € (1,2). Through tedious com-
putations, we see the following equation which appeared in the introduction is the
simplified form of (4.3). As a consequence, they have same roots in (1, 2) :

512(2 — n)°® 4 4(n® — 60n? + 670n — 1344)~° — 2(13n® — 424n? + 3064n — 5408)~*
+2(27n° — 572n% + 3264n — 5440)7* — (49n” — 772n” 4 3776n — 5888)7°

+4(5n> — 66n? + 288n — 416)y — 3(n® — 12n* + 48n — 64) = 0. (4.4)
We denote the left hand side of the equation (4.3) by (7). Notice that if v = 2=%,
then p= 2z and vy — 1= ﬁ. Hence
n—4 8 4 3 9
= -1 - 4dn — 512].
h(n_8) n_g[n 8n” — 56n~ + 384n — 512]

In fact, if n = 20, then h(%) = 512 > 0. On the other hand, it is also easy to see
that 7(2) < 0, while it is obvious that (4y — 3 + Sty (814 4 1) > 0 and

(2y—1) > 0 when v € (Z—:g, %) Therefore, by continuity, equation (4.3) possesses
a root in (2=%, 2). We denote the smallest root of (4.3) which is greater than =%

by p*. Once we pick out a v from the interval (%,p*), h() is of course positive.

po
By continuity, we can find a small positive number ¢ such that, the inequality
2 8v*(y—1)* 8y+n—4 8y+n—4
p(1 —4(y—1)?) — 2371 + (4713$p)(;+1) > 0 holds when p € ( W:Ll”él — 9, 7:{7”4 ).
So, we conclude that when v runs in the whole interval (2=2, p*), the power p can

n—=_8

no 14 %). We summarize the result as follows:

n—=_8’

be in the whole interval (

Lemma 4.1. When n > 20, we have p which satisfies (4.1) and (4.2) can range in
(25,14 222) and this interval is not empty.
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