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In the limit of an asymptotically large diffusivity ratio of order O(e~?) > 1, steady-state spatially periodic patterns of
localized spots, where the spots are centred at lattice points of a Bravais lattice, are well-known to exist for certain two-
component reaction-diffusion systems (RD) in R2. For the Schnakenberg RD model, such a localized periodic spot pattern
is linearly unstable when the diffusivity ratio exceeds a certain critical threshold. However, since this critical threshold
has an infinite order logarithmic series in powers of the logarithmic gauge v = —1/loge, a low-order truncation of this
series is expected to be in rather poor agreement with the true stability threshold unless ¢ is very small. To overcome
this difficulty, a hybrid asymptotic-numerical method is formulated and implemented that has the effect of summing this
infinite order logarithmic expansion for the stability threshold. The numerical implementation of this hybrid method
relies critically on obtaining a rapidly converging infinite series representation of the regular part of the Bloch Green’s
function for the reduced-wave operator. Numerical results from the hybrid method for the stability threshold associated
with a periodic spot pattern on a regular hexagonal lattice are compared with the two-term asymptotic results of [10]
[Iron et al., J. Nonlinear Science, 2014]. As expected, the difference between the two-term and hybrid results is rather
large when ¢ is only moderately small. A related hybrid method is devised for accurately approximating the stability
threshold associated with a periodic pattern of localized spots for the Gray-Scott RD system in R?.

Key words: singular perturbations, localized spots, summing logarithmic expansions, Bravais lattice, Floquet-Bloch
theory, Green’s function.

1 Introduction

Spatially localized spot patterns occur for various classes of reaction-diffusion (RD) systems with diverse applications
to theoretical chemistry, biological morphogenesis, and applied physics (cf. [27], [28], [20]). More generally, a wide
range of topics in the analysis of far-from-equilibrium patterns modeled by PDE systems are discussed in [22].

In this paper we formulate and implement a hybrid asymptotic-numerical theory for accurately calculating a
stability threshold for a periodic pattern of localized spots in R? that occur for two specific singularly perturbed RD

systems of the general form
(1.1) v = e*Av + f(u,v), Tur = DAu + g(u,v).

Here 0 < e < 1, D > 0, and 7 > 0 are parameters. The two specific systems we consider are a simplified form of

2uv? where a > 0, and the Gray-Scott

(GS) model, for which f(u,v) = —v + Auv? and g(u,v) = (1 — u) — uv? where A > 0. Our analysis for each of these

the Schnakenberg model, for which f(u,v) = —v + uv? and g(u,v) = a — e~

systems will focus on the semi-strong interaction regime characterized by e — 0 with D > O(1). In the limit ¢ — 0,
each of these two systems support localized steady-state spot patterns, where the localized spots for v are taken to
be centred at the lattice points of a general Bravais lattice A.

There is a rather extensive literature on the existence and stability of 1-D spike patterns on the finite and infinite
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line for specific two-component RD systems, such as the Gierer-Meinhardt (GM) and GS models, in the semi-strong
regime (cf. [6], [7], [26], [9], [31]). On a bounded 2-D domain with Neumann boundary conditions, a leading order in
v = —1/loge rigorous theory was developed to analyze the stability of multi-spot steady-state patterns for the GM
model (cf. [32], [33]), the Schnakenberg model (cf. [35]), and the GS model (cf. [34]), in the parameter regime where
D = Dg/v > 1 in (1.1). One of the key results of [35] for the stability of multi-spot patterns on a finite domain
for the Schnakenberg model is that there is a stability threshold, corresponding to a zero eigenvalue crossing, that
occurs when D = O(v~!) where v = —1/loge, with the pattern being linearly stable only when D is below this
threshold. This instability is manifested as an asynchronous, or sign-fluctuating, perturbation in the amplitudes of
the localized spots, and it triggers a nonlinear mechanism leading to the annihilation of only some of the spots in
the pattern. As such, this instability has been termed a competition instability (see [33], [34], and [5] for an analysis
of this instability for several RD systems). Other instabilities, such as spot self-replication processes, can occur for
certain RD systems of the form (1.1) when D = O(1). In particular, a hybrid asymptotic-numerical theory to analyze
spot self-replication instabilities on a bounded 2-D domain for the Schnakenberg and GS models was given in [11]

and [5], respectively. A similar analysis for the Brusselator model on the surface of a sphere was given in [25].

In [10] the linear stability of a periodic pattern of spots for the Schnakenberg model was investigated. For ¢ — 0,
the method of matched asymptotic expansions was used to construct a steady-state localized one-spot solution within
the fundamental Wigner-Seitz cell of the lattice, and this solution was then extended periodically to all of R2. To
determine the linear stability of this solution with respect to O(1) time-scale instabilities arising from zero eigenvalue
crossings, the Floquet-Bloch theorem was used in [10] to formulate a singularly perturbed eigenvalue problem in the
Wigner-Seitz cell Q with quasi-periodic boundary conditions on 9. From an analysis of this eigenvalue problem,
it was shown that there is a continuous band of real spectra lying close to the origin in the spectral plane, which
satisfies |A\| = O(v) where v = —1/loge, when the inhibitor diffusivity D satisfies D = Dg/v + O(1) for some
leading-order stability threshold Dy. However, since Dy is independent of the lattice geometry, and depends only on
the area || of the Wigner-Seitz cell and the parameter a > 0 in the Schnakenberg model, the effect of the particular
lattice arrangement of spots on the stability threshold only occurs at a higher order term in the expansion of the
stability threshold for D. Upon fixing |Q2] = 1, in [10] a two-term expansion for the stability threshold in the form
D = Dy/v+ Dy +o0(1) was calculated, where D; was found to depend on the lattice arrangement of spots through the
regular part of the Bloch Green’s function for the Laplacian. By optimizing Dj, it was shown in [10] that a regular
hexagonal arrangement of localized spots has the largest diffusivity threshold. This result of [10] is given below in
(3.22) of §3. In §2 we give a very brief outline of lattices and reciprocal lattices, while in §2.1, we introduce the Bloch

Green’s function and derive a key property for its regular part.

More generally, the competition stability threshold for a periodic pattern of spots for the Schnakenberg model has
an infinite logarithmic series in powers of v = —1/loge of the form D = v~'D(v), where D(v) is an infinite series in
powers of v, with D(0) = Dy and D’(0) = D;. Since the logarithmic gauge v decreases very slowly as € decreases,
many terms in this series are typically needed to provide an accurate quantitative prediction of the stability threshold
when ¢ is only moderately small. In 2-D dimensional domains, related infinite logarithmic expansions also arise in
the analysis of singularly perturbed eigenvalue problems (cf. [30], [12]), in calculating the mean first passage time
for a Brownian particle to leave a domain through a narrow gap (cf. [24]), in nonlinear biharmonic problems of
MEMS (cf. [16]), and in determining the drag coefficient for slow viscous flow past a cylinder (cf. [14], [8]). A unified

theoretical framework to treat such diverse problems with infinite logarithmic series is surveyed in [29].
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One main goal of this paper is to formulate a hybrid asymptotic-numerical method to calculate an approximation
for the competition instability threshold for the Schnakenberg model that is accurate to all orders in v. Instead of
determining the individual terms in the infinite series representation of D(v), in §3 we derive a new reduced problem
that, when solved numerically, has the effect of summing the infinite series for this stability threshold. This reduced
problem, in the form of the scalar nonlinear algebraic equation given in (3.19) below, involves both a nonlinear
function associated with the steady-state construction of the locally radially symmetric spot profile as well as the
regular part of the Bloch Green’s function for the Laplacian. Results for the optimal stability threshold from our
new hybrid method is compared with the two-term asymptotic result of [10].

The second main goal of this paper is to extend the hybrid theory to accurately determine the competition stability
threshold for a periodic pattern of spots for the GS model. For a fixed D, ¢, and lattice arrangement of spots, in §4 we
formulate a new reduced problem that determines the competition stability threshold value of the feed-rate parameter
A that is accurate to all orders in v = —1/loge. This reduced problem, in the form of the nonlinear algebraic system
of (4.13), now involves the regular part of the Bloch Green’s function for the reduced-wave operator. This Green’s
function, which is required to obtain a highly accurate stability threshold, was not considered in [10]. In §5.3 of [10]
only a two-term expansion in v for the stability threshold was obtained.

For both the Schnakenberg and GS models, we show that our hybrid method provides a significantly more accurate
determination of the stability threshold than the two-term expansions of [10] when ¢ is only moderately small. In
contrast to the earlier analyses in [30], [12], and [24], for summing infinite logarithmic for the eigenvalues of the
Laplacian in 2-D domain with small holes, the main novelty of our analysis is that the local behaviour of the spot
profile satisfies a nonlinear, rather than a linear, problem. In addition, as mentioned above, the implementation of
our hybrid method for accurately calculating stability thresholds requires obtaining a tractable analytical expression
for the regular part of the Bloch Green’s function for either the Laplacian or reduced wave-operator. In the study
of wave-scattering by arrays of cylinders, the numerical computation of the Bloch Green’s functions is well-known
to be a challenging problem owing to the very slow convergence of their infinite series representations in the spatial
domain. Methodologies to improve the convergence properties based on the Poisson summation formula are surveyed
in [17] and [18]. In §6 of [10] an Ewald-summation approach, motivated by the analysis of [3], was used to derive
a computationally tractable explicit formula for the regular part of the Bloch Green’s function for the Laplacian.
This explicit formula involves two rapidly converging infinite series, one each over the direct and reciprocal lattices
associated with the periodic pattern. In §5.1, we extend this methodology to derive a similar formula for the regular
part of the Bloch Green’s function for the reduced-wave operator, which is required for an accurate determination of

the competition stability threshold for the GS model given in §5.2. The paper concludes with brief discussion in §6.

2 Lattices and the Bloch Green’s Functions

In this section we recall a few basic facts about lattices and we introduce the Bloch Green’s function for the reduced-
wave operator that plays a central role in the analysis in §4.
Let I; and 5 be two linearly independent vectors in R?, with angle 6 between them, where without loss of generality

we take I to be aligned with the positive x-axis. The Bravais lattice A is defined by
(2.1) A= {mll +7’L12‘ m, nEZ},

where Z denotes the set of integers. The primitive cell is the parallelogram generated by the vectors I; and l5 of area
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[l; x l2|. In particular, for a regular hexagonal lattice with a unit area for the primitive cell we have l; = ((%)1/ * , O)

and Iy = (%)1/4 (%, ?) . In Fig. 1 we plot a portion of this hexagonal lattice.

1Ny2

Figure 1. A regular hexagonal lattice. The fundamental Wigner-Seitz (WS) cell 2 for this lattice is the regular
hexagon centred at the origin.

The Wigner-Seitz (WS) or Voronoi cell centred at a given lattice point of A consists of all points in the plane
that are closer to this point than to any other lattice point. It is well-known that the WS cell is a convex polygon
with the same area |l; X l3| of the primitive cell, and that the union of the WS cells for an arbitrary oblique Bravais
lattice tile all of R? (cf. [2]) so that R? = (J, ., (2 + ), where Q is the WS cell centred at the origin, referred to as
the fundamental WS cell. In Fig. 1 we show this fundamental WS cell for the regular hexagonal lattice.

As in [3], we define the reciprocal lattice A* in terms of reciprocal vectors dq and dy by
(2.2) A* = {md1 + ndy ‘ m, n € Z} . where d;-l; =4,

where d;; is the Kronecker symbol. The first Brillouin zone, labelled by g, is the WS cell centred at the origin in
the reciprocal space. Other authors (cf. [17], [18]) define the reciprocal lattice as A* = {2rmd;,27n dg}m,nez. Our
choice (2.2) for A* is motivated by the form of the Poisson summation formula of [3] given in (5.4) below, and which
is used in § 5.1 to numerically compute a required Bloch Green’s function.

A more precise characterization of the fundamental WS cell, as required below in §2.1, is as follows. We first

observe that there are eight nearest neighbour lattice points to x = 0 given by the set

(2.3) P={ml;+nly| me{0,1,-1}, ne {0,1,-1}, (m,n) #0}.
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For each (vector) point P, € P, for i = 1,...,8, we define a Bragg line L;. This is the line that crosses the point
P, /2 orthogonally to P;. We define the unit outer normal to L; by n, = P;/|P;|. The convex hull generated by these
Bragg lines is the fundamental WS cell 2, and the boundary 99 of this cell is, generically, the union of six Bragg
lines. For a square lattice, 02 has four Bragg lines. The centres of the Bragg lines generating 02 are re-indexed as
P; for i =1,...,L, where L € {4,6} is the number of Bragg lines de-marking 92. The boundary 9 of Q is the

union of the re-indexed Bragg lines L;, for i = 1,..., L, and is parametrized segment-wise by a parameter ¢ as
(2.4) _{er{ vty | —t<t<t, i=1,...,L, L:{4,6}}.
Here 2¢; is the length of L;, and n;- is the direction perpendicular to P;, and therefore tangent to L;.
An important consequence of this construction is that Bragg lines on 02 must come in pairs. In other words,

suppose that P is a neighbour of 0 and that the Bragg line crossing P/2 lies on Q2. Then, by symmetry, the Bragg

line crossing —P /2 must also lie on 0.

2.1 The Bloch Green’s Function for the Reduced-Wave Operator

In our analysis of the stability of spot patterns for the GS model in § 4 below, the Bloch Green’s function Gy(x) for

the reduced-wave operator plays a prominent role. It satisfies
1
(25 a) AGb — be = 75(X),
D
subject to the quasi-periodicity condition on R? that
(2.5) Gyx+1)=e®Gy(x), leA,

where A is the Bravais lattice (2.1). As we show below, (2.5 b) indirectly yields boundary conditions on the boundary
O of the WS cell. The regular part Ry(k) of this Bloch Green’s function is defined by

(2.5¢) Ry(k) = hm (Gb( )+ 217r10g|x|) .

A key result, as needed in §4, is that Ry(k) is real-valued. A similar result for the regular part of the Bloch Green’s

function for the Laplacian was proved in Lemma 2.1 of [10]. For completeness, we give the simple proof here.
Lemma 2.1 The regular part Ry(k) of the Bloch Green’s function Gy(x) satisfying (2.5) is real-valued.

Proof: Let 0 < p < 1 and define Q, = Q — B,(0), where B,(0) is the ball of radius p centred at x = 0. We multiply

(2.5 a) by Gy, where the bar denotes conjugation, and integrate over 2,. Upon using the divergence theorem we get
(2.6) /GbAGb dx + /VG}, VGb dx = / Gb 3 Gb dx = /Gb 8 Gb dx — / Gb 8‘X|Gb dX
B, (0)

where 0,,Gp denotes the outward normal derivative of G on 9. For p < 1, we use (2.5 ¢) to calculate

2

_ 1 1 1

(2.7) / Gy Ojx|Gp dx ~ / (_27r log p + Ry (k) + 0(1)) (_27r +0(1 )) pdf ~ Dy log p — Ry(k) + O(plog p) .
95,(0) 0
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Next, we use (2.7), together with AG, = Gy/D in €, in (2.6). Upon letting p — 0 we obtain

(2.8) Ry(k) = —/G’b(x) OnGp(x) dx—i—})i_r)r%) [/ (VGb|2 + 11)|Gb|2) dx+ logp

P
To establish that R,(k) is real-valued it suffices to show that the boundary integral term in (2.8) vanishes. To

prove this, we observe that since the Bragg lines come in pairs, we have

L2
(2.9) /G‘b(x)anGb(x)dx— / G (X) VoG (%) -, dx — / G (X) VoG (x) - 7, dxc

i S +tn- - +ini

Here we have used the fact that the outward normals to the Bragg line pairs P;/2 + tr]il and —P;/2 + tmL are in
opposite directions. We then translate x by P; to get

(2.10) / Gy(X)V<Gy(x)n; dx = / Gy(X)V<Gy(x)-m; dx = / Gy(x+P;)ViGp(x+P;) -n; dx

P, —-P; —P,
Stng ThHm P CRl

Then, since P; € A, we have by the quasi-periodicity condition (2.5 b) that
Go(x + Pi)ViGy(x + P;) = (Gb(x)eikﬂ) (VxGb(x)e_ik'P") = Gy (x) VK Gy(x).
Therefore, from (2.10) we conclude that
/ G (X) VG (x) -, dx = / G (X) VG (x) - 1, dx,
it —Pi ting

which establishes from (2.9) that [, Gi(x) 9,Gy(x) dx = 0. From (2.8) we conclude that Ry (k) is real. [ |

In §3 and §4 below, we will analyze the spectrum of the linearization around a steady-state periodic spot pattern for
the Schnakenberg and GS models, respectively. For € — 0, it is the eigenfunction ¥ corresponding to the long-range
solution component u that satisfies an elliptic PDE with coefficients that are spatially periodic on the lattice. As
such, by the Floquet-Bloch theorem (cf. [15] and [13]), this eigenfunction must satisfy the quasi-periodic boundary
conditions W(x +1) = e"* 1 (x) for I € A, x € R? and k/(27) € Qp. This quasi-periodicity condition can be used to
formulate a boundary operator on the boundary 92 of the fundamental WS cell Q. Let L; and L_; be two parallel
Bragg lines on opposite sides of 9 for i = 1,...,L/2. Let x;1 € L; and x;2 € L_; be any two opposing points on
these Bragg lines. We define the boundary operator PV by
(2.11) Pp¥ = {qf ‘ ( 0. \P’(‘;)l) ) — ikl ( afq(f}({;l) ) . Vxpn €L, Vxpel_y, Leh, i=1,.. .,L/z} .
The boundary operator Py simply corresponds to a periodicity condition for ¥ on each pair of parallel Bragg lines.

As such, Py is the periodic boundary operator. These boundary operators are used in §3 and §4 below.

3 The Stability of Periodic Spot Patterns for the Schnakenberg Model

In this section we derive a new nonlinear algebraic system that accurately determines the competition stability
threshold for a periodic pattern of spots for the Schnakenberg model, with an error that is smaller than any power
of v = —1/loge. The previous analysis in [10] provided only a two-term expansion of the competition stability

threshold. The simplified form of the Schnakenberg model, considered in [11], is

(3.1) v = e2Av — v+ uv?, Tus = DAu+ a — e 2un?,



On Accurately Estimating Stability Thresholds for Periodic Spot Patterns of Reaction-Diffusion Systems in R? 7

where 0 < e < 1, D > 0, 7 > 0, and a > 0, are parameters. We first use the method of matched asymptotic
expansions to calculate a steady-state spot solution to (3.1) in the fundamental WS cell  centred at x = 0 subject
to periodic boundary conditions on 0f).

In the inner region near x = 0 we look for a locally radially symmetric steady-state solution to (3.1) of the form

1
3.2 u=——=U, v=VDV, = 1x.
(3.2) 75 y

Upon, substituting (3.2) into the steady-state equations of (3.1), we obtain that V ~ V(p) and U ~ U(p), with
p = |yl, satisfy the following inner, or core, problem:

(3.3 a) AV -V +UV?=0, AU -UV? =0, 0<p<oo,

(3.3b) U'(0) =V'(0) =0; V=0, U~ Slogp+x(S)+o(1), as p— oo,

where the unknown source strength S = fooo UV?2pdp is to be determined. Here we have defined A,V = V" +p~ 1V,

In [10], the following two-term expansion for the solution to (3.3) in the limit S — 0 was calculated:

Lemma 3.1 [see Lemma 5.1 of [10]]; For S — 0, the asymptotic solution to the core problem (3.3) is

S 53 b Uy
Vi~ sw o (mxabw + Vig) 4 U~S+S<xl+b”>+~--,
(3.4) o0
b 1
X~gtSats xa=gg [ Vipedp.

0
Here w(p) is the unique positive ground-state solution to A,w —w+ w? =0 and b = fom w?pdp. In terms of w(p),

and the linear operator LoVip, = A, Vi, — Vip + 2wV, the functions Uip(p) and Vip(p) are the unique solutions to

LoViy, = —w?Uy,, 0<p<oo; V:l’p(O)zo7 Vip—=0, as p— o0,

3.5 T
(8:5) AUy =w?, 0<p<oo; Uip(0) =0, Uy ~blogp+o(l), as p— oo; bz/prdp.
0

Numerical computations yield b =~ 4.93 and fooo Vippdp ~ 0.473, so that x1 ~ 0.0194.

Figure 2. Plot of x(S) (heavy solid curve), computed numerically from (3.3), and the two-term approximation (3.4)
for x(S) (dotted curve) valid for S < 1. They agree rather favorably on the range 0 < S < 2.

The derivation of this result is given in Appendix A of [10] and will not be repeated here. In Fig. 2 we plot x(.5),
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as computed numerically from (3.3), and we compare it with the two-term approximation from (3.4), which is valid
for S < 1. Our numerical results indicate that x’'(S) < 0 and x”(S) > 0 at least on the range 0 < S < 4.3. We recall
from [11] that the spot profile is linearly unstable to locally non-radially symmetric perturbations, which triggers a
nonlinear spot self-replication process, when S > 35 & 4.3. As such, in our analysis below we require that S < Xs.

The source strength S is determined by matching the far-field behaviour of the core solution to an outer solution
for u valid away from O(e) distances from the origin. In the outer region, v is exponentially small, and from (3.2) we
get e 2uv? — 2mv/DS§(x). Therefore, from (3.1), the outer steady-state problem for u is

a 27
Au=——+—=50(x), x€Q; Pou=0, x€IN,

(3.6) 1 g
un~——|Slog|x|+ x(S)+—|, as x—0,
NG g x| +x(5) +
where v = —1/loge and € is the fundamental WS cell. Upon using the divergence theorem we identify S as
Q
(3.7) al

:27r\/ﬁ.

Then, we introduce the periodic source-neutral Green’s function Gpo(x) and its regular part Ryo, which satisfy

1

AGPOZW_(S(X)’ x € (Q; PoGp():O x € 09,
(3.8) 1
Gp0~—2—log|x|+Rpo+o(l), as x—0; /Gpodx:O.
7T
Q
In terms of this Green’s function, the solution to (3.6) is u(z) = —27D~Y/2 [SG,0(x;0) — u.], where the constant wu,

is given by u. = [27v] 71 [S + 27vSRy0 + vx(S)]. An explicit expression for R,o on a Bravais lattice A was derived
in Theorem 1 of [4]. A steady-state periodic pattern of spots is then obtained through periodic extension to R? of
the one-spot solution constructed in 2.

In Theorem 2 of [4] it was proved that, within the class of oblique Bravais lattices with unit area of the primitive
cell, Ry is minimized for a regular hexagonal lattice. For the class of lattices A for which [I1| = |l2|, we let I} =
(1/4/5in(6),0) and ly = (cos(#)//sin(0), /sin()), where 6 is the angle with respect to the horizontal axis. For this
choice, the area || of the fundamental WS cell is |©2] = 1. Then, from Theorem 1 of [4], R, is given explicitly by

1 1 : i€ /6 - 2ming\ 2 i0
(3.9 Rpoz—%ln(%r)—gln’\/smﬁe ¢/ }:[1(1—6 ‘) ‘, E=¢€".
In Fig. 3 we plot R, versus 6 for this class of lattices. For a regular hexagon, where § = 7/3, we have Rpo ~ —0.21027.
To study the linear stability of the periodic spot pattern with respect to fast O(1) time-scale instabilities, we use
the Floquet-Bloch theorem that allows us to restrict the analysis to the fundamental WS cell 2, provided we impose

quasi-periodic boundary conditions on 0€2. Upon introducing the perturbation

(3.10) U= u, + ey, v =1, +eMp,

in (3.1), where u. and v, denote the steady-state solution, we obtain a singularly perturbed eigenvalue problem for

¢ and 1 on Q, which is formulated in terms of the quasi-periodic boundary operator Py of (2.11) as
52A¢—¢+2ueve¢+vgn:/\¢, x € Q; Pro=0, x€09Q,

(3.11)
DAn — 26 2ugved — e 202 = Ay, x € Q; Prn=0, xe€dN.
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Figure 3. Plot of the the regular part R, as given in (3.9) (cf. [4]), of the periodic source-neutral Green’s function

for oblique lattices of unit area for which Iy = (1/4/sin(#),0) and lo = (cos(6)/+/sin(8), \/sin(0)), so that |I;| = |l2|

and || = 1. The vertical line denotes the hexagonal lattice for which § = /3. The minimum occurs for the hexagon.

In the inner region near x = 0 we introduce the local variables N(p) and ®(p) by

1 _
(3.12) n=5Np, ¢=2p), p=b, vy=c'x
Upon substituting (3.12) into (3.11), and by using u. ~ U(p)/v/D and v, ~ VDV (p), where U and V satisfy the

core problem (3.3), we obtain on 0 < p < oo that

A,® — O+2UVP + NV? = 2D, -0, as p— 0o; '(0) =0,
(3.13) AN =20V®+NV?,  N~Cllogp+B], as p—oo; N'(0)=0.
Here C = [° (2UV® + NV?) p dp is a normalization constant, and B = B(S; \) is determined as part of the solution
to (3.13). A key observation, as obtained by comparing (3.13) with (3.3), is that at A = 0 we have

(3.14) ®=C0sV, N=COsU, B(S0)=x(5).

To formulate the outer problem, we use the fact that v, is localized to calculate in the sense of distributions that
e72 (2ueved + mv2) = ([ (2UV® + NV?) dy) 6(x) = 2rC5(x). By combining this expression with (3.11), and
labelling v = —1/log e, we obtain that the outer problem for 7 is

An— —n=—"9x), x€Q; Pen=0, x€0Q,

(3.15) o .

77~<10g|x|—|——|—B>7 as x—0.
D v

At the competition instability threshold, corresponding to the zero-eigenvalue crossing, we set A = 0 in (3.15) and
then write the solution to (3.15) for k € Qp/(27) with k # 0 as

2nC

(3.16) n(x) = *TGbO(X),

where Gyo(x) is the Bloch Green’s function for the Laplacian defined for k # 0 and k € Qp/(27) by
AGy = —0(x), X €Q; PrGp =0, x€09Q,
(3.17) 1
Gpo ~ ~5- log |x| + Rpo(k) +0o(1), as x—0.
Here Ry (k) is the regular part of Gpo. In Lemma 2.1 of [10] it was proved that Ry (k) is real-valued, while in Lemma
-1
2.2 of [10] it was proved that Rpo(k) ~ [kT Qk] as |k| — 0, for some positive definite matrix Q.
In §6 of [10], an analytical expression for Ryo(k) when k # 0 and k € Qp/(27) was derived by adapting the
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procedure used in [3] for the Helmholtz operator. The resulting expression consists of two infinite sums, one each

over the direct and reciprocal lattice, and is given by

- |27d — k|? 1 1 ikl 2,2 v logn
(3.18) Ryo(k) 7deZA* exp( g ord kP T in ;e Ex(Un™) = - = 5>
1#0

where v = 0.57721 - - is Euler’s constant and F;(z) = [~ t~'e~*dt is the exponential integral (cf. §5.1.1 of [1]). In
(3.18), n > 0 is a cutoff parameter chosen to ensure that both infinite sums have good convergence properties.
Finally, upon expanding (3.16) as x — 0, and then comparing the resulting expression with the required singular
behaviour 7 ~ CD~*(log x| + v~ + B) from (3.15), we conclude at A = 0 that
1 alQ|
3.19 ~+x'(S) = 27 Ry (k) , S = ,
(319) > +X(8) = ~2nRu(K) 5

This nonlinear algebraic equation, not derived in [10], determines the competition instability threshold with an error

v=-—1/loge.

that is smaller than any power of v.

To compare stability thresholds on different lattices, we fix the area of the fundamental WS cell as |2 = 1.
For a given lattice A, (3.19) is an implicit equation determining critical values D(k) of D for which A = 0 is in
the spectrum of the linearization as 27k is varied in the first Brillouin zone. Since x”(S) > 0, and S is inversely
proportional to D, it follows that the minimum value D* of D(k) is determined by the minimum value R}, defined
by Rj, = mingecq,/(2x) Reo(k). The critical value D* determines the competition stability threshold for a given
lattice A. Finally, to determine the lattice arrangement with the largest stability threshold, i.e. that maximizes D*,
we simply define K} by
(3.20) K:= max R}y, Ry = keégi/%n) Ryo(k) .

Then, to within all powers of v, the optimal stability threshold D,y is the root of the nonlinear algebraic equation
a

- 27T\/Dopt ’

To determine a two-term expansion for the root to (3.21) when v <« 1, we simply substitute the two-term expansion

1
(3.21) ;—l—x’(S) = 27K}, S v=-—1/loge.

for x(S) as S — 0, as given in (3.4), and solve for Dgp¢. In this way, we obtain the two-term asymptotic expansion

a2

(322) DOpt,Q = m [1 + v (27T,C: —+ Xl) + O(VQ):I ,

in powers of v, for Dypi, where x1 and b are defined in (3.4). This two-term result was derived previously in [10].

This simple analytical method, which relies critically on the observation that B = x/(S) at A = 0, provides a
rather expedient approach for calculating the optimal competition instability threshold in D. However, it does not
characterize the spectrum contained in the small ball |A| = O(v) < 1 near the origin when D is near the leading-order
stability threshold a?/(472bv). This latter, more refined, analysis is given in §3 of [10].

From the numerical computations in §6.1 of [10], based on the explicit formula (3.18) for Ryo(k), it was shown
in [10] that Rj, is maximized for a regular hexagonal lattice. From Table 2 of [10], we identify K} ~ —0.079124,
corresponding to this hexagonal lattice. On this optimal hexagonal lattice, we set a = 1, and in Fig. 4 we compare,
for a range of v values, the two-term result for the stability threshold (3.22) with the corresponding result, accurate
to all orders in v, computed numerically from (3.21). In solving the nonlinear algebraic equation (3.21) we computed
X' (S) from the numerical solution to the core problem (3.3). We observe from Fig. 4 that the two-term expansion

(3.22) is accurate only for relatively small v. In fact, for € = 0.02 the two-term result over-estimates the threshold
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Figure 4. Plot of the optimal stability threshold D, on a hexagonal lattice versus v for the Schnakenberg model
with @ = 1. The range 0.096 < v < 0.34, corresponds to 0.3 x 107* < & < 0.0528. The heavy solid curve is the
two-term result (3.22). The solid curve is the result computed from (3.21) that is accurate to all powers of v. For
e =.01, e = .02, and &€ = .05 there is a 7.6%, a 9.4%, and a 17%, difference, respectively, between these two results.
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Figure 5. Plots of the stability threshold D* for the Schnakenberg model with a = 1 and ¢ = 0.01 on a class
of lattices with unit area, with primitive vectors I3 = (1/4/sin(f),0) and Iy = (cos(#)/+/sin(f), \/sin(d)), where
the parameter 6 satisfies 0 < 6 < 7/2. This threshold D* is computed from (3.19) where Ryo(k) is replaced by
R}y = mingeq, /(2x) Reo(k). The vertical line at 6 = 7/3 corresponds to the regular hexagonal lattice.

from the more accurate theory by approximately 9.4%. This suggests that at small but finite &, the formulation (3.21)
provides a considerably more accurate prediction for the stability threshold than the two-term result (3.22).

Next, we illustrate how the competition stability threshold for D varies with respect to the lattice. For sim-
plicity, we consider the class of lattices A for which |l;] = |ls| and |Q] = 1, where I; = (1/4/sin(6),0) and
Iy = (cos(0)/+/sin(0), \/sin(@)) for 0 < 6 < 7/2. At each value of 6, we numerically compute R}, by discretiz-
ing k-space as in §6.1 of [10]. The stability threshold D* versus 6 is then obtained by solving (3.19) numerically,
where we replace Ryo(k) on the right-hand side of (3.19) with Rj,. For a = 1 and ¢ = 0.01, corresponding to
v = 0.217, in Fig. 5 we plot D* versus . A zoom of this plot for § near 7/3, corresponding to the regular hexagonal

lattice, is shown in the right panel of Fig. 5. As expected, the optimal threshold occurs for the hexagonal lattice.
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4 The Stability of Periodic Spot Patterns for the Gray-Scott Model

In this section we formulate a new hybrid asymptotic-numerical method to determine an approximation, accurate to
all orders in v = —1/loge, for the optimal competition instability threshold for a periodic pattern of spots for the
GS model. Previously in [10], a two-term expansion for the threshold was derived. In implementing our theory, we
will need to analyze the Bloch Green’s function for the reduced-wave operator, which was not considered in [10].

On the fundamental WS cell 2, the GS model in the dimensionless form of [19] is
(4.1) v =2 Av — v+ Auwv?, Tus = DAu+ (1 —u) —w?, x€Q; Pou=Pov=0, xe€0Q,

where ¢ > 0, D > 0, 7 > 1, and the feed-rate parameter A > 0 are constants. Here Py is the boundary operator
corresponding to periodic boundary conditions on 9, as defined in (2.11).

We first construct a one-spot steady-state solution to (4.1) with spot centred at x = 0 in  in the regime A = O(¢)
by using the approach in §2 of [5]. In the inner region we introduce the local variables U, V, and y, defined by

(4.2) u:LU, U:@V7 y =¢ !x,
AVD €
into the steady-state problem for (4.1). For ¢ < 1, we readily obtain that U(p) and V(p), with p = |y|, satisfy the
same core problem (3.3) as for the Schnakenberg model, where S = fooo UV2pdp.
To formulate the outer problem for u, we observe that since v is localized near x = 0 we have in the sense of
distributions that uv? — &2 (fRz VD (Ae)tUV?2 dy) §(x) ~ 2mev/DA~'S §(x). Then, upon matching u to the

inner core solution U, we obtain from the steady-state problem for (4.1) that

" Au+%(1—u):%55(x), x€Q;  Pu=0, x€Q,
UNA\E/E(Slogx|+;q+x(S)), as x— 0,

where v = —1/loge. The solution to (4.3) is u = 1 — 27eSG,(x)/(AVD), where G,(x) is the periodic reduced-wave
Green’s function with regular part R, satisfying

1
D
Gp(x) ~ —%log|x| +R,+0(1), as x—0.

AG, — =G, = —-4(x), x€Q; PoGp =0, x€09Q,

(4.4)

By expanding u as x — 0 and comparing it with the required behaviour in (4.3), we obtain that S satisfies

(4.5) S+ v[x(S)+27SR,] = A”;/E .

To analyze the linear stability of the steady-state solution u. and v., we introduce (3.10) into (4.1) to obtain the

Floquet-Bloch eigenvalue problem
(16) 2A¢ — ¢+ 2Au,ve.p + AvPn = A, x € Q; Pro=0, xe€nN,
4.6

DAn — 1 — 2ueved — v2n = Aty x € Q; Prop =0, xe€00.

In the inner region near x = 0 we look for a locally radially symmetric eigenpair of the form

D
n:AfFDN(p), ¢>:g<b(p), p=1Iyl, vy=¢'x.

From (4.6), we obtain to within negligible O(g?) terms that N(p) and ®(p) satisfy the same inner problem (3.13) as

(4.7)

for the Schnakenberg model. To determine the outer problem for 7, we calculate in the sense of distributions that



On Accurately Estimating Stability Thresholds for Periodic Spot Patterns of Reaction-Diffusion Systems in R? 13
o000 + v21 — VDA e [Jzz QUV® + V2N) dy] §(x) = 2mev/DA~1C(x). Then, by asymptotically matching 7
as x — 0 with the far-field behaviour of N(p) in (3.13) as p — 0o, we obtain from (4.6) that the outer problem is

(147X)  27e

An — = Cé
n D n AVD

(x), xeQ; Prn =0, x€9Q,
4.8
o gc{lo |x+1+B} as x—0
n A\/E g v ) )
where B = B(S; ) is to be computed from (3.13). We recall from (3.14) that B = x/(S) at A = 0.

At the competition instability threshold, corresponding to the zero eigenvalue crossing, we set A = 0 in (4.8) and

then write the solution to (4.8) as

2meC
_ G ,
/D)

where Gp(x) is the Bloch Green’s function for the reduced-wave operator, as defined by (2.5). Then, by imposing
that the behaviour of n as x — 0 agrees with that in (4.8), we obtain at A = 0 that C' + 27vCRy(k) + vB = 0, where
Ry(k) is the regular part of Gp(x), as defined in (2.5 ¢). Finally, upon setting B = x’(.5), and recalling (4.5) for the

(4.9) n(z) =

determination of S from the steady-state theory, we conclude at A = 0 that

AvvD 1

(4.10) S+ vx(8) +27SR,] = = =+ X(8) = —2mRy (k).

In order to compare our results with those in [10], we introduce A, v, and Dy, defined by

_ A |Q| _ D() _ 27'I'D0
(4-11) A_s 21’ b= v’ h= | 7
so that (4.10) becomes
1
(4.12) S+v[x(S)+2nSR,) = Ayvp, -t X' (S) = =27 Ry (k).

We first fix e, D, and the lattice A with |©2] = 1, and we let S(k) denote the root to the second equation in (4.12).
Since x”(S) > 0, the left-hand side of this equation is monotone increasing, so that S(k) < S*, where S* is the root
of v™1 +X/(S*) = —2nv R}, where R} = Mingeq, /(2x) Ry(k). Then, since the left-hand side of the first equation in
(4.12) is monotone increasing in S when v < 1, it follows for v < 1 that the largest value of A for which A = 0 is in
the spectrum of the linearization is given by
(4.13) A = \/IleL (S* +v[x(S*)+21S*R,)) , % +X'(S*) = —27R;} .

This coupled nonlinear algebraic system, not derived in [10], determines the optimal competition instability threshold
to within an error that is smaller than any power of v.

We identify the optimal lattice as the one that minimizes A*. To determine this optimum lattice we must minimize
S* and R, with respect to the lattice A. As such we define K}, and R} by
(4.14) Kys = max Ry, Ry = kegl;r/l%r Ry(k); Ry = mAin R,.

In this way, we obtain on the class of Bravais lattices that the minimum value of A at which a competition instability
occurs is given by

1
T

We emphasize that this result for A4, is accurate to all orders in v. To obtain a two-term asymptotic result Aqps 2

1

(4.15) Aopt = (Sopt + v [X(Sopt) + 27 Sopt R3] ~+ X' (Sopt) = —27K, .
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for Aqpy, in powers of v when D = Dy /v > 1, we proceed as in [10]. For D > 1, we have that

(4.16) Ky = Kyso +O(v), Kgso = max Ry, Ry = keér;i/r%zﬂ) Ryo(k),

where Rpo (k) is the regular part of the Bloch Green’s function for the Laplacian defined by (3.17), and given explicitly
in (3.18). In addition, for D > 1, we have from (4.4) that R, = D|Q|™' + Ryo + O(D '), where R, is the regular
part of the periodic source-neutral Green’s function of (3.8). In this way, for D = Dy/v > 1, (4.15) reduces to

1 . 1 X
(4.17) Aopt ~ \/TTL [(1 + 14)Sopt + 27V Sopt (m/&n Rp()) + vx(Sopt) + (’)(1/2)} , - + X' (Sopt) = =27k 50 + o).

To obtain an explicit two-term result for Aqpg, we use x(S) ~ /S + x15 + --- for S <« 1, as given in (3.4), to

obtain from the second equation in (4.17) that
v
Sopt ~ Vb [1 — 5 (u +2mK;.0) + O(ﬁ)} .

Upon substituting this expression, together with x'(S) ~ —b/S? + x1, into the first equation of (4.17) we obtain,

after some algebra, that

b . *
(4.18) Aopt = Aopt2 + O(%) Aopt2 = \/; [2 tutv (Xl (1—p/2)+2m i Rpo — WTICgsO)} ’

where i = 27 Dg/|Q|. This two-term result agrees with that in Principal Result 5.1 of [10].

The numerical results of [10] showed that K} is attained at a regular hexagonal lattice. In addition, from Theorem
2 of [4], mina R, is also attained at a regular hexagonal lattice. Therefore, from (4.18), the two-term expansion for
A is optimized for a regular hexagonal lattice. On a regular hexagonal lattice, in §5.2 we will compare results from
the two-term expansion Agpg 2 from (4.18) with the more accurate result Agpt, as obtained by solving the nonlinear
algebraic system (4.15), that accounts for all powers in v. To solve (4.15), we first must obtain analytical results for

Ry(k) and for R, associated with the reduced-wave operator, on an arbitrary lattice A.

5 Numerical Computation of the Competition Stability Threshold for the GS model

In this section we compute numerical results for the optimal competition stability threshold for the GS model from
(4.15). To do so, we first must extend the analysis of [3] and [10] to derive an explicit formula for the regular part
Ry (k) of the Bloch Green’s function for the reduced wave-operator, as defined by (2.5). This reduced-wave Green’s

function was not considered in [10].

5.1 Numerical Computation of the Bloch Green’s function for the Reduced-Wave Operator

We seek a rapidly converging expansion for the Bloch Green’s function for the reduced-wave operator on all of R?

that satisfies

1 )
(5.1) AGy(x) = 5Go(x) = =0(x);  Gy(x+1) = e ®lGy(x), leA,
where k/(2m) € Qp. The regular part Ry(k) of this Bloch Green’s function is defined by
. 1
(5.2) Ry(k) = )11_% (Gb(x) + o log |x|) .

To derive a computationally tractable expression for Ry(k) we will follow closely the methodology of [3].
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We construct the solution to (5.1) as the sum of free-space Green’s functions
(5.3) Go(x) = Y Groo(x +1) **,
leA
which guarantees that the quasi-periodicity condition in (5.1) is satisfied. That is, if Gy(x) = D>, Giree(x +1) ekl
then, upon choosing any I* € A, we have Gy, (x +1*) = e~*"" G (x) . To show this, we use I* +1 € A and calculate
Go(x+1") =) Gree(x + 1"+ 1) e*t =3 " Gpee(x + 17 +1) e D 7k = o=k Gy (x)
leA leA
To analyze (5.3) we use the Poisson summation formula with converts a sum over A to a sum over the reciprocal

lattice A* of (2.2). In the notation of [3], we have (see Proposition 2.1 of [3])

(5.4) S Fx ) ekt = i| S f(2rd— k) e CmaR | x ke R,

|2
leA deA~

Here |Q)| is the area of the primitive cell of the lattice, and f is the Fourier transform of f, defined in R? by
£ —ix- 1 ¢ ip-x
(55) fo) = [re = rax,  f= o [ fererrap,
R2 R2

By applying (5.4) to (5.3), it follows that the sum over the reciprocal lattice consists of free-space Green’s functions
in the Fourier domain, and we will split each Green’s function in the Fourier domain into two parts in order to obtain
rapidly converging infinite series. The free space Green’s function satisfies AGpree — D7 Gpree = —6(x). By taking

Fourier transforms of this equation, we get that Ggee(P) = Ghee(|p|), where

(56) Gfree(p) - M7 p= |p| .
In this way, and since || = 1, we calculate the right-hand side of the Poisson summation formula (5.4) as
(5 7) 1 Z é (2 d k) eix‘(Q‘ﬂ'd—k) Z e’ix'(2ﬂ'd—k)
. T free \&TTQ — = To—3 110 . 1 °
| e e 12md — k|2 4+ &

To obtain a rapidly converging series expansion, we introduce the decomposition
(5.8) Gireo(21d — k) = a(27d — K, 1)) Cree(27d — k) + (1 — a(2nd — k, n)) Giveo(21d — k) ,

where the function o(27d — k,n) is chosen as

2rd — k| + &
(5.9) a(2rd — k,n) = exp (—W) .
Here 1 > 0 is a cutoff parameter to be specified below. With this choice for «, it is readily verified that

lim o(2nd — k,n) = 0; lim a(2rd —k,n) =1; — >0, sincea>0, >0,
n—0 n—00 an

which shows that 0 < o < 1 when 0 < 1 < 0.

With this choice for «, the sum over d € A* of the first set of terms in (5.8) converges absolutely. We will apply
the inverse transform (5.5) to the second set of terms in (5.8) after first writing (1 — o) Gpee as an integral. In this
way, since 0 < a < 1, the choice of 17 determines the portion of the Green’s function that is determined from the sum
of terms in the reciprocal lattice A* and the portion that is determined from the sum of terms in the lattice A.

With the expressions (5.9) for o and (5.6) for Ggee, we get

g ; ord — k|2 + L ix-(2rd—Fk)
(5.10) a(27d — k, ) Gpree (2nd — k) ™ (2md—F) — exp<—| T 12 + D) e

n? 2nd — k]2 + 5
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Thus, for all k, the sum of these terms over d € A* will converge absolutely. Following [3], we then define

2nd — K| + },) e (2md—k)
5.11 G ourier = - .
(5.11) fourier (X) deEA* eXP( e 27d — k|2 + &

For the (1 — &) Gee term in (5.8), we define p by p = |27d — k|, so that from (5.9) and (5.6), we get

N 1 24 1
(5.12) (1~ a(2nd — k.n) Cec(2nd k) = ——— (1 —exp (—p D )) .
p D n
Since [e~(PP+B)e ™ =28 gg — o=("+5)e™™ /1o (2 + 1)1, we calculate
T D
[e'e] _ p2+i e~ 2s §=00 2, 1

(5.13) 2/e*(ﬂ2+%)6‘2”25 ds = = (2 D)l = L (1_6,,:2 > 7

logn P + D s=logn P + D
so that from (5.12) and (5.13), we obtain
(5.14) (1 - @) Gpree = /ze—(ﬂ%)e”s—?s ds.

logn

To take the inverse Fourier transform of (5.14), we recall that the inverse Fourier transform of a radially symmetric
function is the inverse Hankel transform of order zero (cf. [23]), so that f(r) fo p) Jo(pr) pdp. Upon

using the well-known inverse Hankel transform (cf. [23])

o

_p2e—2s 1 s_p2 28
/e O pdolpr)dp = 5 e /,
0

we calculate the inverse Fourier transform of (5.14) as

//2 () e 2S,oJo(pr)dsd,o—*/ ~2s=e™*/D / =P o Jo(pr) dp | ds
0

Ologn logn
[ [
1 [ o o 2 1 (2 )
- e 2s5—e /D 2s e? dS - e 1 D ds .
27 2
logn logn

In the notation of [3], we then define Fyn,(|x|) as

1 s e €2s+i e~ 28
(5.15) Fang(Jx|) = E/ e ( * b > ds,
logn

so that by the Poisson summation formula (5.4), we have
(5.16) Gipatial(X) = Fang(1x]) + > e® Fang (Jx +1]) .
1%0
In this way, we write the Bloch Green’s function for the reduced-wave operator in the spatial domain as the sum
of (5.11) and (5.16)

7|2wd—k\2+%

e 2 eix‘(27rd—k:) ik
(517) Gb(x) = Z 2 d k2 1 +FSing(|x|)+Zelesing<|x+l‘)>
deA* |27d — k|* + D iig

where Fging(|x]) is defined in (5.15). From (5.11) and (5.16), it readily follows that Gourier(x) — 0 as 7 — 0, while

Gspatial(X) — 0 as 7 — 0.
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To derive an expression for Ry(k), we first must calculate the behaviour of G(x) as x — 0. From (5.11), we have

|2md — k|? + E) 1
5.18 CTVourier 0) = - R
(5:18) fourier (0) dZeA* exp( 7 2nd — k2 + 1

which is finite for all |27rd — k| and 0 < 1 < co. For the last set of terms in (5.17), we can take the limit x — 0 to get

’ Zeik'l Fsing(|l|)‘ < o0.
leA
120
In contrast, Fging(r) with r = |x| is singular at x = 0. The integrand in (5.15) has a maximum at the point s = s,,,
where the function ¢ = —r2e2/4 — ¢72%/D has a maximum. After calculating this maximum point, labelled by s,,,

we introduce a change of variables
1 1
$=8m+1/2, sm:filogrleog(D/él) .

In terms of ¢, we readily calculate that & = —(r/v/D) cosht, so that Fyng(r) in (5.15) becomes

1 7 X 2 D
(519) Fsing(r) /6_(7/\/E) cosht dt 8= log <77 ’I“\/>> 7

s 2
B

with the maximum of the integrand occurring at ¢ = 0. It is then convenient to decompose Fsing(r) as follows:

Lemma 5.1 The integral Fying(r) defined in (5.19) can be written as

[ AE (V) - (B (gpeoshs) 4] gor P <,
(5.20 a) Fiing(7) —{ zl,r[El ﬁﬁcoiﬂ *J\f’ for THYD s 2

where E1(z) = f:o t~te~tdt is the exponential integral, 3 = log ("2T2‘/5), and the integral J is defined by

T et 1
(5.20 b) J / = (W - 1) dt.

(r/\/ﬁ) cosh 8

The asymptotic behaviour of Fying(r) asr — 0 is
1 1 1
(5.21) Fling(r) ~ 5 logr + o {log (2@) - ’y] - B (1/9*D) ,

where v = 0.57721 ... is Euler’s constant.

Proof: We first assume 1?rv/D/2 < 1, so that 3 < 0. Since the integrand in (5.19) is even in ¢, we decompose it as

©0 B
Fsin (7") = i ef(r/\/ﬁ) COShtdt _ i / e*(’r/\/ﬁ) cosht dt .
£ 2 4m
0 —o0

In the first integral we let w = cosh¢ and use Ko(z) = [ (w?® — 1)71/2 e~ dw, where Ky(z) for z > 0 is the
modified Bessel function of the second kind of order zero. In the second integral, we let w = cosht for ¢ < 0. This

yields

1 T o—(r/VDuw
_ L / e

4 w2 —1
cosh 8

(5.22) Fing(r) = %KO (r/x@)
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We then add and subtract a term for the integral in (5.22) to get

w? —1 w

(5.23) Fying(r) = %Ko (7”/\/5) - ﬁ / w

7 e—(r/\/ﬁ)w 7 <e—(r/\/5)w e—(r/x/ﬁ)w)
— + w
cosh 8 cosh 8

1
n*D

Then, setting ¢t = rw/v/D in (5.23), we readily obtain the first equation in (5.20 a). Next, we calculate that
r
(5.24) ——=coshf =

oo [+ ()

Therefore, as r — 0, we have from (5.20 b) and (5.24) that

(5.25) g 7 = o)
' 2D B '
1/(n*D)

Since J — 0 and (r/\/ﬁ) cosh B — 1/(n*D) as r — 0, we use the well-known asymptotics Ko(z) ~ —logz +log2 —
v+ o(1) (cf. [1]), to readily obtain that the first line in (5.20 a) yields (5.21) as r — 0.
To establish the second line in (5.20 a) we begin with (5.19) for 8 > 0, and let w = cosht. In terms of w, we write

90 - 11 F et/vDw  F [ p=/VDw  o—(r/vVDiuw .
(5.26) =g | [ ot [ (e - |
cosh 8 cosh B
Upon setting t = (r/v/D)w in the two integrals in (5.26), we readily obtain the second line in (5.20 a). ]

The result in (5.20) expresses Fging(r) in terms of standard special functions together with an integral J, depending
on the two parameters r/ VD and n?D, that must be calculated numerically. For n?>D = O(1), one key advantage for
computing J numerically, as is easily observed from (5.20 a) and (5.24), is that J = o(1) when either r/v/D is small
or large. Then, upon substituting (5.21) into (5.17), and letting x — 0, we can identify R,(k) in (5.2) as
(5.27)

Ry(k)

1 Ey [1/(n*D)] ( |27d — k|* + 1) 1 o

— |log(2VD) —y— —————= +§ — D + klp ().

27 <og( ) i 2 e xp n2 |27d — k|2 + % IEZAe sing ([2])
140

Finally, to obtain R, in (4.4), as needed in (4.10), we simply set k = 0 in (5.27) to identify R, = Ry(0).

5.2 Numerical Results for the Stability Threshold

In this subsection we calculate the optimal competition stability threshold for the GS model from (4.15). As such,
we must compute Ry (k) and R, = R;(0) from (5.27). To compute these quantities we introduce subsets A and A* of
the direct and reciprocal lattices A and A*, respectively, defined by

(528) AE{nlll +TL2l2|—M1 <n1,n2<M1} s A*E{mdl +n2d2|—M2<n1,n2<M2} s 77,1,77,262.

In our computations of Ry,(k) we set n = 3, My = 3, and My = 5. Using larger values of M; or M or using other values
of n between 2 and 4 had a negligible effect on our computed values of R,(k) and R, = R;,(0). In order to compute
R} = mingcq, /(2x) Ru(k), we first use a coarse grid to find an approximate location in k-space of the minimum of
Ry (k). After establishing by a coarse discretization that the minimum arises near a vertex of the reciprocal lattice,

we then sample more finely near this vertex. The finest mesh has a resolution of 7/100. To determine the value of
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Figure 6. Plot of the saddle-node bifurcation diagram S versus A, obtained from (5.29), for the GS model for a
periodic pattern of spots on a regular hexagonal lattice with || = 1, Dy = 1, and e = 0.02. The heavy solid and dotted
branches are linearly stable and linearly unstable, respectively, to competition instabilities. To leading order in v, the
zero eigenvalue crossing corresponding to the competition instability threshold occurs at Ag = (2 + p) \/17/7 ~ 7.34.

R} we interpolate a paraboloid through the approximate minimum and the four neighbouring points and evaluate
the minimum of the paraboloid.

As shown in §4, the bifurcation diagram of S versus A for a one-spot pattern is given by

(5.29) A=c¢ |2Q—7T|A, A= \/%(S-FV[X(S)-‘FQWSRP]) ,
where u = 27Dy/|Q?| and D = Dy/v. Here R, is computed from (5.27) with R, = R,(0). In Fig. 6 we plot the
bifurcation diagram of S versus A for a regular hexagonal lattice with |Q2] = 1 when ¢ = 0.02 and Dy = 1, so that
v = 0.256 and D = 3.912. The bifurcation diagram is seen to have a fold-point structure. The leading-order-in-v
result for the competition instability threshold is Ag = (2+17\/%\/5 ~ 7.34, and is indicated in Fig. 6. Only the heavy
solid portion of the solution branch in Fig. 6 is stable to competition instabilities (cf. [10]).

Next, on a regular hexagonal lattice with |Q2] = 1 and for a range of values of v, we compare the stability thresholds
from the nonlinear algebraic system (4.15), and from the two-term result (4.18). For the formulation (4.15), which is

accurate to all orders in v, we choose Dy = 1 and use D = Dy /v = v~1

in computing R} and R, from (5.27) on the
hexagonal lattice. Newton’s method is then used to compute Ay from (4.15). In contrast, on a regular hexagonal

lattice, and with D = Dy /v =v~1 > 1 and pu = 27 Dy/|Q| = 27, the two-term expansion Aopg 2 from (4.18) is

(530 a) AOpt,Q ~ AO + VAl + .. ,

(2+/L)\/Z;N . b . n N
T =T, A= u(szpo mRbO+X1(1 2)>~0.1764,

where we have used the values R}, = mingeq,, /(2x) Roo(k) &= —0.079124 and Ry ~ —0.21027.

(5.30 ) Ao

In Fig. 7 we compare the numerically computed Agpt, from (4.15) with the two-term result (5.30) for a range of v.
The left panel of Fig. 7 is for 0 < v < 0.44, which corresponds to 0 < € < 0.10. At v = 0.34, for which € &~ 0.05, the
difference between Ay, and the two-term expansion Ay 2 is about 8.3%. At v = 0.22, corresponding to € ~ 0.01,
this difference shrinks to about 2.8%. Thus, at only moderately small ¢ such as ¢ = 0.05, the formulation (4.15)
provides a significantly more accurate determination of the competition stability threshold than does the two-term
result (5.30). For much smaller values of € = e~ /7 the right panel of Fig. 7 shows that Aopt,2 = Aopt as v — 0.

Finally, to examine how the competition stability threshold depends on the lattice, we consider the simple class of
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Figure 7. Comparison of the two-term result Agp; 2, from (5.30), and the hybrid asymptotic-numerical result Aqpt,
from (4.15), versus v = —1/loge. These results predict the optimal competition stability threshold for a periodic
pattern of spots for the GS model on a regular hexagonal lattice with |2 =1 and D = 1/v.

lattices A for which |I1]| = |l2], given by l; = (1/4/sin(#),0) and Iy = (cos(#)/+/sin(f), 1/sin(f)), where the parameter
0 is the angle with respect to the horizontal axis. We fix Dy = 1, € = 0.05, so that v ~ 0.334 and D = 1/v =~ 2.996.
As 0 is varied, we compute the competition stability threshold that is accurate to all orders in v, which satisfies
(5.31) A= \/17# (S +vx(S)+27SRy]) , % +xX'(S) = —27Rj .

where R, and Ry = mingcq, /(2x) Ro(k) must be computed at D = 1/v ~ 2.996 from (5.27) at each lattice angle 6.
In terms of the solution A to (5.31), we define Ayum 1 = [A — Ao] /v, where Ay = @LBL\/E ~ 7.34. In Fig. 8 we plot

N
Apum,1 versus § and compare it with the correction term 4; from the two-term asymptotic theory, given by

b
(5.32) A = \[ (277 Ry — um Ry + x1 (1 - %)) ; b~ 4.93, X1 =~ 0.0194.
n

Here Ry and Ry, are computed from (3.9) (see Fig. 3) and (3.18), respectively. This plot shows that the hybrid
theory (5.31), based on the regular part of the Bloch Green’s function for the reduced-wave operator, also predicts
that the optimal stability threshold is attained for a regular hexagonal lattice. The plot also shows that the two-term

asymptotic theory is only in fair agreement with results from the more accurate hybrid approach when & = 0.05.

6 Discussion

The stability threshold associated with periodic patterns of localized spots for two specific two-component RD systems
in the limit of an asymptotically large ratio O(¢72) of the diffusivities has an asymptotic expansion in powers of
the logarithmic gauge v = —1/loge. In [10] a semi-rigorous analytical method, combining the method of matched
asymptotic expansions with a detailed spectral theory, was used to derive a two-term asymptotic expansion for this
stability threshold for the Schnakenberg, GS, and Gierer-Meinhardt RD systems. However, as is typical with infinite
logarithmic series, the two-term expansion is not expected to provide a very accurate prediction of the stability
threshold when ¢ is only moderately small.

To overcome this difficulty, we formulated and implemented a hybrid asymptotic-numerical method for determining
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Figure 8. Comparison of competition stability thresholds on the class of Bravais lattices with |lI1| = |l2|, given
by 3 = (1/+4/sin(f),0) and Iy = (cos(f)/+/sin(f), \/sin(h)), where the angle 6 is a parameter. For ¢ = 0.05 and
D = —10g(0.05) ~ 2.996, we compare Ayum1 = [A— Ag] /v from the hybrid theory (5.31) with the coefficient

A; given in (5.32) from the two-term asymptotic theory. The hybrid theory predicts that the optimal threshold is
attained for a regular hexagonal lattice.

an approximation to the stability threshold that is accurate to all orders in v. Although we have focused our analysis
only on the Schnakenberg and GS models, we emphasize that a similar hybrid method can be formulated for many
other two-component RD systems. The hybrid formulation consists of a nonlinear algebraic system involving a
function associated with the locally radially symmetric spot profile within the fundamental cell of the lattice together
with the regular part of this Bloch Green’s function for the reduced-wave operator. The nonlinear function associated
with the spot profile depends on the specific RD system, and must be computed from a numerical solution to a simple
ODE boundary value problem. In contrast, the regular part of the Bloch Green’s function, which depends on the
Bloch wavevector, is independent of the specific RD system. A key step in our analysis was to derive a rapidly
converging infinite series representation for the regular part of this Green’s function. Our numerical computations
for the Schnakenberg and GS models show, as expected, that there is a rather significant difference, at finite ¢, in

the prediction of the stability threshold from the two-term and the hybrid theories.
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