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1.

2.

Special Instructions: No notes, book, or calctlator allowed

Identify whether cach of the following statements are true or false. You must give
reasons for your answers.

(i) Avg(siz) = Arg(z) + Arg(zz).

(i} Re(#/2) = —Im(z)/|z|*.

(iil) sin(nd) = Im{(cos @ - isin 8)"} wherc n is a positive integer.
(iv) f(z) = |z|* is analytic at z = 0 but not at any other point.

(v} u =r"cos(nd) is a harmonic function, where n is a positive integer, r? = 22 + e
and tand = y/x.

(vi) If f(2) = w -+ 4v is an entire function, then u? — v? is a harmonic function.
(vii) Let M = max(|e?*"|) over the disk |2] < 2. Then, M = 1,
(vili) | sin{z)] is bounded as |z] - oc.

(ix) the equation /z - (1 — ) = 0, where \/Z is the principal branch of the square
root function, has no solution.

(x) |e’| < el*!” for all 2.
(xi) log{e*) = z. _
(xii) [,z Y?sin(y/2)dz = 0 where C is the simple closed curve |z| = 1 oriented

counterclockwise, and /z is the principal branch of the square root function.

Consider the function f(z) defined by

Continued on page 2
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(i) Determine the Laurent series of f(z) centered at zp = 0 that converges in the
region |z > 2.

(ii) By using the Laurent series in {i), and by integrating it term by term, evaluate
[ [ () dz where C is the simple closed curve |z| = 4 oriented counterclockwise.
Confirm your result by using the residue theorem applied to the function f(z) on
the region |z| < 4.

(15] 3. Consider the following function f{z) defined by
. 1
TS =)

/(2)

(i} Identify and then classify all of the singular points of f{z} in the complex plane.
(ii) Calculate [ f(z)dz where C is the circle || = 10 oriented in & counterclockwise

sense.

i(15] 4. Let a > 0 with a real. By using residue theory, calculate values for the following
integrals in as compact a form as you can:

2 o's) N
1 rsinz
) I = ey /1 ith 1; i) I = S—— [
(i) /0 panpr LE with a > 1; (ii) /o P z

[15] 5. By using residuee theory, calculate the following integrals:

* sing S >
) [ = e (T Hy I = — .
(i) L z(z? + 1) ¥ (&) /0 (x2+ 1) d

{100] Total Marks

The End
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Marks

(30) 1. Identify whether each of the following statements are true or false. You must give
reasons for your answers to receive credit. (Hint: very little calculation is needed to
solve these).

() Log(z?) = 2Log{2).

(i) |e=*"| < 1 when |[Arg(2)! < =/2.

(iii) f{z) = |z)? is differentiable a¢ z = 0 but is not analytic at z = 0.

(iv) If f(z) = w+ 4v is an entire function, then wv is a harmonic function.

{v) Let f(z) = 2(z —4). Then max,, in pif(z)] = 2, where D is the region |2} < 1,

(vi) Suppose that f(z) is an entire function that satisfies [f{z)| > 1 for all z. Then,
f(2) must be the constant function.

(10] 2. Let f(2) = (#2+1)'/3. We seek to construct a branch of f(z) that is analytic in |2] < 1,
with branch cuts on portions of the imaginary axis, and that satisfies f{0) = 1.

{i) Show how to construct this branch by specilying the range of angles arg {z — 1)
and arg (z + ) appropriately.

(i) Next, define this branch of f(z) in terms of the principal value of some Jogarishm
function.

(iii) For this branch of f(z) calculate f(2+ 2i).

Continued on page 2
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3.

4.

5.

6.

Calculate each of the following integrais over the simple closed curve C:
| o 2°/(2% + 2z) d7 where C is the counter-clockwise circle |z| = 2.

(1) f.2z%e"/#dz where C is the counter-clockwise circle |2| = 1.

(i) fo 27 "sin(3z) dz where C is the counter-clockwise circle |z| = 1.

(iv) [o(z—2i)~ ~2 Log(#) dz, where Log(z) denotes the principal value of the jogarithm
function, and ' is the counter-clockwise circle |z — 2¢] = 1.

Consider the function f(z) defined by

_ sin(iz/4)
1(z) = 22(1 —e®)’

(i) Identify and then classify all of the singular points of f(z) in the complex plane.

(i) Calculate the first two terms in the Laurent expansion of f(z) in powers of z
which converges in 0 < lz{ < r;. What is the radius r; of convergence of this
series?

(iii) Caleulate I = [ f(z)dz where C is the counter-clockwise circle |z} = 1.

Calculate the following integrals in as explicit a form as you can:

oo gl/3 ' T cos(nb)
) 1= 5 d i) [ = —— df
) /0 2 Az 8 i 1 /0 T4 & cos(0)
In (ii}, n is a non-negative integer and k is real with k* < 1. (Hint: In (i) it may be
helpful to first write cos(nd) = Re(e™?).)

Suppose that p(z) = ap + a1z 4+ -+ + ayz” is a polynomial of degree N > 2 with
an # 0 and ag % (. Suppose that z;,..., 2y are distinet roots of p{z) = 0. By using
residue theory appiied to the integral

where the contour C is to be chosen appropriately, derive an explicit formula for the

sum
N
§=2.7

F==1

‘,NME i

in terms of some of the coeflicients ag,...,ayx of the polynomial. Does your formula
still work if the roots of the polynomial p(z) are not distinct?

Total Marks

The End
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