SCHRODINGER EQUATIONS WITH NON-SYMMETRIC POTENTIALS
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INFINITELY MANY POSITIVE SOLUTIONS OF NONLINEAR

MANUEL DEL PINO, JUNCHENG WEI, AND WEI YAO

ABSTRACT. We consider the standing-wave problem for a nonlinear Schrodinger equation, cor-
responding to the semilinear elliptic problem

—Au+V(z)u = |ulP" u, u e H'(R?),

where V() is a uniformly positive potential and p > 1. Assuming that

a 1
Vi) =V o ).
(0= Voo b Lo + e
for instance if p > 2, m > 2 and ¢ > 1 we prove the existence of infinitely many positive solutions.
If V(x) is radially symmetric, this result was proved in [43]. The proof without symmetries is
much more difficult, and for that we develop a new intermediate Lyapunov-Schmidt reduction
method, which is a compromise between the finite and infinite dimensional versions of it.

as |z| — +o0,
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

In this paper we consider the problem of finding positive solutions of the classical semilinear
elliptic problem
—Au+ V(z)u = [ufu in RY, (1.1)
where A = Z 7 stands for the Laplace operator in R, V(z) is a non-negative potential,
and p > 1.
Equation (1.1) arises in various branches of applied mathematics and physics (cf. [12] and

references therein). For instance, in condensed matter physics one simulates the interaction
effect among many particles to obtain a focusing nonlinear Schrodinger equation of the form

i
81&
where i is the imaginary unit, & the Planck constant and W (zx) a given potential. Standing
wave solutions of (1.2) are those of the form
Y(t, ) = e My (h~ )
where u(z) is a real-valued function. Then (1.2) reduces to equation (1.1) for u, where V(z) =
W (hx) — .

In what follows, we shall only consider positive, finite energy solutions of (1.1). Namely, we
are concerned with the problem:

— 2+ W (@) — |94 in [0, 00) x RY, (1.2)

—Au+V(zr)u—uP =0 in RV, (1.3)
u>0in RN, u e H'(RY). ‘
Associated to (1.3) is the energy functional
o 1 2 2 1 p+1
E(u) = 5 /]RN {|Vu| + V(z)u }dx 01 o ul de, (1.4)

where u; = max{u,0}. In all what follows, we make the following structure assumptions on V'
and p:
V is locally Holder continuous, V € L®(RY) and Vy = infycpn V(2) > 0 (1.5)
l<p<oofor N=2and1<p< £ for N > 3. (1.6)

Under these hypotheses, it is standard that classical solutions of (1.3) correspond precisely
to non-trivial critical points of £ in H(RY).

Let us denote the set of solutions of problem (1.3) by Sy. A natural question is whether or
not Sy # (). When V is radially symmetric, the answer is yes (cf. Theorem 4.6 in [24]). But
the answer is no when the potential is increasing along a direction (cf. Theorem 1.1 in [15]).

If we further assume that

lim V(z) = Vs > 0, (1.7)

|z|—o0
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the existence of a positive solution of (1.3) has been widely investigated. For example, if we
further suppose that
inf V(x) < Vg, (1.8)

zeRN

then one can show that (1.3) has a least energy (ground state) solution by using the concentration
compactness principle (cf. [31, 32, 24, 39]). But if (1.8) does not hold, problem (1.3) may not
have a least energy solution and solutions have to be seeked for at higher energy levels. Results
in this direction are contained in [6, 7, 9], where a positive solution has been found by variational
methods under a suitable decay condition on V' at infinity.

The structure of the solution set Sy may be quite rich and interesting. Let us consider for
instance the semi-classical limit case:

—&2Au+ W (z)u —uP =0 in RV,
u>0in RY, ue HY(RY),

where ¢ > 0 is a small parameter. Naturally, problem (1.9) is equivalent to problem (1.3)

for V(x) = Wi(ez). It is known that as £ goes to zero, highly concentrated solutions near

critical points of the potential W can be found, see [1, 10, 11] [17]-[20], [25, 27, 37, 42], or near
higher dimensional stationary sets of other auxiliary potentials [3, 21, 33, 41]. The number of

(1.9)

solutions of (1.9) may depend on the number or type of the critical points of V(z). It is rather
difficult task to understand the structure of Sy for an arbitrary potential V. For instance, a
conspicuously unanswered question is whether or not Sy # () for any potential V' satisfying
(1.7).

Summing up, the above-mentioned work concern the existence of positive solutions, i.e.,
Sy # (. There is less work on the multiplicity of positive solutions of (1.3), namely on estimating
#(Sy). A seminal result in this direction was given in Coti-Zelati and Rabinowitz [16] where
V(z) is spatially periodic. In that situation they prove the existence of infinitely many positive
solutions, distinct up to periodic translations, via variational methods.

Recently, by assuming that V' = V(]z|) is radially symmetric, the second author and Yan [43]
proved that problem (1.3) has infinitely many positive non-radial solutions if there are constants
Ve >0,a>0,m>1,and o > 0, such that

V(r):VOO+Tim+O< >, as r — +00. (1.10)

Tm—i—a

An alternative proof through min-max methods was given by Devillanova and Solimini [23].

The proof in [43] uses in essential way the radial symmetry of the potential V. On the other
hand, it is conjectured there that the result should remain true when the symmetry requirement
is lifted:

Conjecture [43]|. Problem (1.3) has infinitely many positive solutions if there are constants
Voo >0, a>0,m>1, and o > 0, such that the potential V(x) satisfies

a

V@ﬁﬂ@+uw+0<

as |z| — +oo. (1.11)

)
|I|m+a )
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Results in this direction with non-symmetric potentials, as far as we know, there are only
perturbative results (cf. [14, 4]). For instance, if V(z) tends to V., from above with a suitable
rate:

V(z) > Ve >0, |l‘im (V(z) — Voo)em”‘“‘ = 400, for some 77 € (0,v/ V), (1.12)
and V satisfies a global condition:
sup ||V(ZE) — VOO||LN/2(B1(;B)) < V, (113)
zeRN

where V is a sufficiently small positive constant (with no explicit expression), Cerami, Passaseo
and Solimini [14] proved that problem (1.3) has infinitely many positive solutions by purely
variational methods. (In [4], Ao and Wei gave a new proof of this result, using localized energy
method. The new techniques also allow them to deal with more general nonlinearity.)

The main purpose of this paper is to prove the above conjecture under some additional
assumptions. In [43], the fact that V is radially symmetry allows to build a k-bump solution
for an arbitrary £ > 1 with a k-dyadic symmetry, reducing the problem to just adjusting one
parameter representing the location of a single bump along a given ray. A finite dimensional
Lyapunov-Schmidt reduction method is used.

When V' is non-symmetric, we cannot constrain the bump configuration to any symmetry
class. We are thus forced to deal with a large number of bumps and therefore with a huge
number of parameters which need to be adjusted. This poses a tremendous difficulty in the
construction comparatively to [43]. In Lyapunov-Schmidt reduction for problems like (1.3) the
situation of adjusting a finite number of points (finite dimensional Lyapunov-Schmidt reduction
method), and that of adjusting a higher dimensional object such a geodesic in a suitable metric
as limiting concentration sets (infinite dimensional Lyapunov-Schmidt reduction method) have
been treated. In this work we develop an intermediate Lyapunov-Schmidt reduction method,
which consists of the finite dimensional procedure for large number of reduced equations, which
in the limit become an ODE system of limiting Jacobi-type operators (see (8.9) below). Treating
the discrete problem needs a method, technically delicate, which we interpret as an intermediate
procedure between the finite and the infinite dimensional one (see for instance [22], [21], [38]
and references therein for the latter). The main difference between the intermediate and infinite
dimensional reduction, is that in the latter procedure only the variations in the normal direction
are needed so the usual Jacobi operator for a curve appears. In the former procedure we also
need to take into account variations in the tangential direction of points, which in the limit may
be interpreted as a reparametrization of the curve. This seems to be a new procedure, with
potentially many interesting applications.

Our main result removes the symmetry assumption on V' when N = 2.

Theorem 1.1. Let N = 2. Suppose that V(x) satisfies (1.5) and (1.11) for some constants
Ve >0,a>0, and

~1
min {1, F—}m > 2, 0 >2. (1.14)



INFINITELY MANY POSITIVE SOLUTIONS 5

Then problem (1.3) has infinitely many non-radial positive solutions, whose energy can be
made arbitrarily large.

If (1.11) holds in the C" sense, then “c > 2” in (1.14) can be improved to be “o > 17. The
condition on p can be further relaxed if we assume more regularity of the condition (1.11) or if
p is an integer.

The results in [14, 4] make us think that condition (1.11) could be improved. In fact we
believe that the optimal condition should be (1.12). We stress that our result does not require
a global perturbative assumption such as (1.13) on V. In addition, it is worth pointing out that
the results on the existence of positive solutions in [6, 7, 9] do not include the polynomial decay
case (1.11).

Finally, we remark that for N > 3, Theorem 1.1 holds if we assume the following additional
symmetry assumption on V: after suitably rotating the coordinate system,

V(z) =V ") =V( —2"), (1.15)

where = (2/,2") € R? x R¥~2. An open question is whether or not the same result holds
when N > 3 with no extra assumption made.

Throughout the paper, we shall use the following notation and conventions:

e For quantities Ax and B, we write Ax ~ Bk to denote that there exists a positive
constant C' such that 1/C < Ax/Bg < C for K sufficiently large; Ax = O(Bg) means
that |Ax /Bg/| are uniformly bounded as K tends to infinity; Ax = o(Bk) denotes that
|Ax/Bk| — 0 as K — oo.

e For simplicity, the letter C' denotes various generic constant which is independent of K.
It is allowed to vary from line to line, and also within the same formula.

e We will use the same |y| = ||y||> for the Euclidean norm in various Euclidean spaces RY
when no confusion can arise and we always denote the inner product of a and b in RV
by a - b.

e For the index j € {1,2,..., K}, we shall always use the convention that j — 1 = K if
j=land j+1=1if j =K.

e The cardinality of a finite set E will be denoted by #F; The Lebesgue measure of a set
E C RY will be denoted by |E].

e The transpose of a matrix A will be denoted by AT

e For each function w(z) defined in RY| if w is radially symmetric, then there is a real
function w(r) such that w(z) = w(|z|). With slight abuse of notation, we will simply
write w(r) instead of w(r).

In the next section, we will describe the procedure of our construction and give the main
ideas of each step.

Acknowledgments: The authors are grateful to Frank Pacard for sharing his ideas and for
useful discussions. Manuel del Pino is supported by Fondecyt grant 110181 and Fondo Basal
CMM. J. Wei is supported by a NSERC from Canada. The research of W. Yao is supported by
Fondecyt Grant 3130543.
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2. DESCRIPTION OF THE CONSTRUCTION

We will prove the slightly more general version of the Theorem, for N > 3 where we assume
even symmetry in N — 2 the remaining variables in the sense that

Viz) =V (' 2") =V (2, —2"), (2.1)
where x = (2/,2") € R? x RN=2. We assume this henceforth.

We shall briefly describe the solutions to be constructed later and will give the main ideas in
the procedure of the construction. In particular, we shall introduce the intermediate reduction
method, which we believe can be very useful in other contexts.

Firstly, without loss of generality, we can assume that V,, = 1 by suitable scaling. As
developed in [43], we will use the loss of compactness to build up solutions. More precisely, we
will construct solutions with large number of spikes whose inter-distances and distances from
the origin are sufficiently large.

By the asymptotic behaviour of V' at infinity, the basic building block is the ground state
(radial) solution w of the limit problem at infinity:

—Aw+w—wP =0, w>0in RY,
w=w(|z]), weH(RY).

The solutions we construct will be small perturbations of the sum of copies of w, centered at

some carefully chosen points on R? x {0} C RY, where 0 is the zero vector in RV 2.

Let K € N, be the number of spikes, whose locations are given by Q; € RY, j =1,... K.
We define

(2.2)

wg,(r) = w(r — Q;) and U(x ZwQ , for z € RY. (2.3)

A natural and central question is how to choose QJ S such that a small perturbation of U will
be a genuine solution.
Assuming that
inf |Q,| — oo and 1nf 1Q; — Qi — oo,

1<j<K

by the asymptotic behaviour of V' at infinity and the property of w, one can get (at least
formally) the following energy expansion

EU)=KIy+ap Z Q™™ — —70 Z (|Q; — Qi]) +other terms, (2.4)
J#l

J(Ql?"'7QK)
where Iy, ap and 7 are positive constants. Here £(U) is the energy functional defined at (1.4)
and we denote the leading order expansion as J(Q1, ..., Qk).
Observe that for any rotation Ry around the origin in RY, there holds

‘](RGQla R 7R0QK) = J(Qla <o 7QK)'

Hence any critical point of J(Q1,...,Qk) is degenerate. Therefore, except in the symmetric
class, it is not easy to find critical points of small perturbations of J(Q1,..., Q). This means
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that it is not easy to apply the localized energy method directly. However, this observation
gives us some enlightenment in the non-symmetric setting. Actually, when we restrict @);’s on
a plane, this suggests us to introduce one more parameter to deal with the degeneracy due to
rotations as we will see in Section 5.

Under the condition (1.15), there is no essential difference between N = 2 and N > 3.
Hence from now on we will restrict Q;’s on the plane R? x {0} C R". To describe further the
configuration space of @);’s, we define

Q? = (Rcosbj, Rsinf;,0) € R* x {0}, for j =1,..., K,
where
, 27
QJ:OC—F(]—l)? € R.

Here « is the parameter representing the degeneracy due to rotations, and R is a positive
constant to be determined later. Observe that each point Q? depends on «. Thus we write
Q7 = QY(ar). When a = 0, the Qs are the points used in [43]. If V(z) is radially symmetric,
it is obvious that the parameter a plays no role in the construction in [43]. But it is very

important in our construction as we will see in Section 6.
For the constant R, we introduce the so-called balancing condition:

agmR™"! = 2sin ¥ (2Rsin ), (2.5)
where ag = ¢ [y w?dz > 0, and ¥ is the interaction function defined by
U(s) = —/ w(z — s€) div(w?(z)€)dz. (2.6)
RN

Here € can be any unit vector in RY (cf. [34, 35]). The balancing condition (2.5) can either be
understood as a consequence of a conservation law or can be seen as a condition such that the
approximation U is very close to a genuine solution (cf. Appendix in [35]). Assuming that

d= 2Rsin% — +00, as K — 400,
we will see that (cf. Lemma 3.3)

Ol— R~ 2 in{|Q% — Q) = d ~
Q| = R 27TKan, and r?;gl{]Q] Q/l}=d~mnK.

Next we define a small neighbourhood of Q° = (Q9,...,Q%) on (R? x {0})X in a suitable

norm to be made precise and introduce another parameter. Let f;, g, € R, j =1,..., K, we
define

Q; = Q) + fiii; + git; = (R+ f;)i; + g;t5, (2.7)
where

il; = (cosf;,sin6;,0), and £; = (—sin6;, cos;,0).

Keep in mind that f; and g; measure the displacement in the normal and tangential directions
respectively.
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Writing Q; = Q;(«), 7i; = i;(a) and £; = £;(), we note the following trivial but important
fact:
Qila+2m)=0Q,(a), Va eR, andVj=1,... K. (2.8)

We can now introduce another parameter q and define a suitable norm. Denote

q= (fh"' Jvagla"' 7gK)T ERQKa

that is, ¢; = f; and gx4; = g; for j =1,..., K. We define
q= (.fl?"' 7fKagla"' 7gK)T7 andq: (fla 7]EK7§17”' 79K)T
where for j =1,... K,

Y

. . 2
sz(b+1—fﬁégafj:(ﬂ+l 2f; + Ji- ﬁi(w

: K . 2
9; = (gj+1 — gj)%: G; = (gj+1 — 295 + g5 1)4 37

fr+1 =11, Jo= fx, 9xk+1 = g1, 9o = 9K-

Observe that if f; = f(6;) for some 27 periodic smooth function f, then fj is the forward
difference of f and f; is the 2nd order central difference of f.

With these notation, we can define the configuration space of @);’s by

Ag = {(Ql, ..,Qk) € (R* x {0} | Q; is defined by (2.7) and [|q]|, < 1},

where ||q|l« = ||alloo + [|4]lcc + ||l is & norm on R?X. In the following, we assume that Q); is
defined by (2.7), the parameter a € R and the parameter q satisfy
lallx = llalle + lallse + llaflec < 1. (2.9)

For any (Q1,...,Qk) € Ak, an easy computation shows that for j =1,... K,
Qjl = R+ f; + O(R™"),
and

Qi1 = Qil = d+2(f; + ;) + OK ™).

Define p = m;?{\QJ — @i}, it follows that
J

p=d+O(K™), and mln {|QJ|} R+ O(1). (2.10)

.....

We will prove Theorem 1.1 by showing the followmg result.

Theorem 2.1. Under the assumption of Theorem 1.1, there is a positive integer K, such that:
for all integer K > Ky, there exist a € [0,27) and (Q1,...,Qk) € Ak such that problem (1.3)
has two solutions of the form

Zw r—Q;)+ o(x), (2.11)
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where ||| g1 @ny + || @||pee@yy — 0 as K — +o00. Moreover, the energy of u is given by

1 1
E(u :K(———)/ wl dz + o(1). 2.12
w=x(3--5) . (1) (212)
Remark 1. It is worth pointing out that the solutions constructed in this paper are different
from those found in [14, 4]. The reason is simply that the inter-distances and distances from
the origin of the spikes of the solutions given in (2.11) tend to infinity uniformly as K goes to
infinity, but those of the solutions found in [14, 4] do not.

Remark 2. The fact that we can find at least two solutions of the form (2.11) is nontrivial.
This is due to the fact that we need to choose the first starting point Q°. It turns out that there
are at least two such points to choose (see Section 6).

Remark 3. As K — 400, (fj,9;) is the discretization of two second order ordinary differential
equations (8.9).

To prove Theorem 2.1, it is sufficient to show that for K sufficiently large there are parameters
a and q such that U 4 ¢ is a genuine solution for a small perturbation ¢. To achieve this goal,
we will adopt the techniques in the singularly perturbed problem. Unlike problem (1.9), there
is no apparent parameter in (1.3). As stated in Theorem 2.1, we use the number of the spikes
as the e type parameter. This idea comes directly from [43] and goes back at least as far as to
[30].

Before we sketch the procedure of our proof, we briefly introduce the abstract set-up of the
Lyapunov-Schmidt reduction (although it is always used in a framework that occurs often in
bifurcation theory).

Let X,Y be Banach spaces and S(u) is a C' map from X to Y. To study the equation
S(u) = 0, a natural way is to find approximations first and then to look for genuine solutions as
(small) perturbations of approximations. Assume that U, are the approximations, where A\ € A
is the parameter (we think of A as the configuration space). Writing u = Uy + ¢, then solving
S(u) = 0 amounts to solve

Lg]+ E+ N(¢) =0, (2.13)

where
Lig] = S"(Uy)[¢], E = S(Uy), and N(¢) = S(Ux + ¢) — S(Ux) — S'(Ux)[4].

Here S'(U,) is the Fréchet derivative of S at Uy, E denotes the error of approximation, and
N(¢) denotes the nonlinear term. In order to solve (2.13), we try to invert the linear operator L
so that we can rephrase the problem as a fixed point problem. That is, when L has a uniformly
bounded inverse in a suitable space, one can rewrite the equation (2.13) as

¢=—L7[E+ N(¢)] = A(¢).

What is left is to use fixed point theorems such as contraction mapping theorem.

The Lyapunov-Schmidt reduction deals with the situation when the linear operator L is
Fredholm and its eigenfunction space associated to small eigenvalues has finite dimensional.
Assuming that {Z;, ..., Z,} is a basis of the eigenfunction space associated to small eigenvalues
of L, we can divide the procedure of solving (2.13) into two steps:
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(i) solving the projected problem for any A € A,
Lig)+ B+ N(8) = 32,2,
]:

<§Z5,Zj> :0, \V/j = 1,...,n,
where ¢; may be constant or function depending on the form of (¢, Z;).
(ii) solving the reduced problem
cj(A)=0,Vj=1,...,n,
by adjusting A.
Let us now turn to our problem (1.3). In this case,
S(u) = —Au+V(w)u— o,
Ll¢| = —~Ad + V(x)o — pU"™'o,
E=-AU+V(x)U-UP?,
N(§) = ~(U +9)% + UP + U6,
Observe that all of these quantities depend implicitly on « and q even though this is not
apparent in the notation.

By the Lyapunov-Schmidt reduction, the procedure of construction is made up of several
steps which we explain next and postpone the proofs of major facts in later sections.

Step 1: Solving the projected problem.
Let o € R and q satisfy (2.9). We look for a function ¢ and some multiplier B € R?K such

that —~
fRN<bZdex:O, Vi=1,..., K,
where the vector field Zq, is defined by
Zq,(r) = Vuw(r — Q;). (2.15)
By direct computation, we have
aU = = — —
F —(Zoy M1y Zau - Tk, Zgu 11,5 Zoxe -tK)T.

This is the first step in the Lyapunov-Schmidt reduction. It is done in Section 4 through
some a priori estimates and contraction mapping theorem. A required element in this step is
the non-degeneracy of w (cf. Lemma 3.1). It is worth pointing out that the function ¢ and the

multiplier B found in Step 1 depend on the parameters o and q. Hence we write ¢ = ¢(z; o, )
and B\: B(a,q).
Step 2: Solving the reduced problem

By Step 1, it is known that B is small. But it is not easy to solve B(a, q) = 0 directly since

the linear part of the expansion of B in q is degenerate (due to the invariance of J(Q1,...,Qk)
under rotations).
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More precisely, let us write R N
B(e,q) =Tq+ @(a,q),
where fq is the linear part and ®(«, q) denotes the remaining term. As we will see in Section
5, Tq does not depend on « and there is a unique vector (up to a scalar)

qo=(0,...,0,1,..., 1) ¢ R*¥
K K

such that qu =0.

By the Lyapunov-Schmidt reduction again (called the secondary Lyapunov-Schmidt reduc-
tion), the step of solving the reduced problem ((«,q) = 0 can be divided into two steps. To
write the projected problem of 3 = 0 in a proper form, note that

oU Lo & ( ou U oU
- =R) ——+ f'——g-—)=Rq +at) o,
] ; J agj J af] ( 0 ) aq
where qt = (—g, f) for q = (f, g). Hence we define
F=03- v(Rq, + q*), for every v € R. (2.16)

Obviously the new multiplier 5 depends on the parameters «, q and v. Thus we write B =

-

Bla,q,7).
Step 2.A: Solving g(a,q, v) = 0 by adjusting v and q.
In this step, for each o € R, we are going to find parameters (v, q) such that

Bla,q,7) =0, and q L q,. (2.17)
It can be seen as the step of solving the projected problem in the secondary Lyapunov-Schmidt
reduction. To achieve it, we will use the condition (1.14). This step is done in Section 5 by
using various integral estimates and contraction mapping theorem. A key element in this step
is the invertibility of an 2K x 2K matrix whose proof is given in Appendix A.
When Step 2.A is done, we denote the unique solution of (2.17) by (y(«),q(«)). Then the
original problem (1.3) is reduced to the problem y(a) = 0 of one dimension.

Step 2.B: Solving v(«) = 0 by choosing «.

At the last step, we want to prove that there exists an « such that y(«) = 0. As a result, the
function uw = U + ¢ is a genuine solution of (1.3).

This step is the second step of solving the reduced problem in the secondary Lyapunov-
Schmidt reduction. To achieve this step, by Step 2.A, the function ¢ = ¢(x; @, q(a)) found in
Step 1 solves the following problem:

L¢] + E + N(¢) = ()52, (2.18)
Jav 9 20,dz =0, Vj=1,...,K, '

where all of the quantities depending implicitly on («a,q) are taken values at (o, q(«)). To
solve y(a) = 0, we first apply the so-called variational reduction (often used in the localized
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energy method) to show that equation 7(«) = 0 has a solution if the reduced energy function
F(a) = E(U + ¢) has a critical point. Secondly, by using (2.8), it is easy to check that F'(«)
is 27 periodic in «. Hence it has at least two critical points. More details of this step will be
given in Section 6.

Finally, this paper is organized as follows. Some preliminary facts and estimates are explained
in Section 3. In Section 4 we apply the standard Lyapunov-Schmidt reduction for Step 1. Section
5 contains a further reduction process for Step 2.A which reduces the original problem to one
dimension. In Section 6 we carry out Step 2.B and then complete the proof of Theorem 2.1. At
the last, we discuss some possible extensions in Section 7.

3. PRELIMINARIES

In this section we present some preliminary facts and some useful estimates.
First we recall some basic and useful properties of the standard spike solution w defined by
(2.2) and those of the interaction function ¥ defined in (2.6).

N+2

Lemma 3.1. I[f1<p<oo for N=2and1 <p< 375

of the problem:

for N > 3, then every positive solution
—Au+u—uP =0 in RY, (3.1)
u>0imRY ue H(RY), ‘
has the form w(- — Q) for some Q € RN, where w(x) = w(|x]) € C®(RYN) is the unique positive

radial solution which satisfies
1 w'(r)

. No1 o .
Tlg(r)lor T e"w(r) = ey, Tlirgo o)

= 1. (3.2)

Here cy,, 15 a positive constant depending only on N and p. Furthermore, the Morse index of
w s one and w 1s nondegenerate in the sense that

Ker (—A+1—puw’™") N LRY) = Span{0,,w, -+ , Oy w} .

Proof. This result is well known. For the proof we refer the reader to [12] for the existence, [26]
for the symmetry, [29] for the uniqueness, Appendix C in [36] for the nondegeneracy, and [8] for
the Morse index. O

Lemma 3.2. For s sufficiently large,
U(s) =cnps 7 e (1+0(s). (3.3)
where ¢y, > 0 s a constant depending only on N and p.

Proof. This lemma follows from Taylor’s theorem and the Lebesgue dominated convergence
theorem. We omit it here and refer to [27, 34] for details. O

Next we study the balancing condition (2.5). Assuming that

d= 2Rsin% — 400, as K — 400,



INFINITELY MANY POSITIVE SOLUTIONS 13

by the expansion (3.3), both positive numbers R and d are uniquely determined by K. Moreover,
we have the following expansions.

Lemma 3.3. For K sufficiently large,

d=mK + <m— %) In(mln K) + O(1), (3.4)

1 N -
R="KmnK + —(m— —3>K1n(man) + O(K).
2w 2 2

Proof. From the balancing conditon(2.5), the number d satisfies the equation
d™(d) = agm(2sin %)m (3.5)
By using (3.3), for K sufficiently large, equation (3.5) becomes
cN,pde*%e*d(l +0(d™)) = agm(27)" K" (1 + O(K %)),

from which we obtain
dm+1 z e d ~ K m.

Let d = mlIn K + d; with d; = o(ln K'), we have
cnp(min K)mﬂ_%e_d1 (1+0(1)) = agm(2m)™ (1 4+ O(K~?)).
It follows that
e ~ (mln K)mﬂ_%.
Therefore,

d, = (m - ?) In(mIn K) + O(1),

from which we get the expansions of d and R. OJ

In the next section, we will apply the Lyapunov-Schmidt reduction. After refinements by
many authors working on the subject or on closely related problems, this type of argument is
rather standard now. However technical difficulties arise when the number of spikes goes to
infinity or the number of spikes is infinity (cf. [34]). To deal with these difficulties, the following
lemmas are useful.

Lemma 3.4. There exists a constant C depending only on N such that for any K € N, and
any Q= (Q1,...,Qx) € (RM)X,

#{Q;|tp/2 < 1Q; = al < (L+1)p/2} < Cn(£+1)N, (3.6)

forallz € RN and all ¢ € N, where p = min; 4{|Q;—Qi|}. In particular, if @ = (Q1,...,Qk) €
(R? x {0})X, then for all x € RN and all ¢ € N,

#{Qi | tp/2 <1Q; — o] < (€+1)p/2} <6(¢+1). (3.7)
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Proof. When p = 0, the result is trivial. It remains to consider the case p > 0. For ¢ = 0, it
suffices to take Cy > 1. For £ > 1, let Q;,’s (k = 1,...,n) be the points satisfying

002 < |Q;, — 2l < (£+1)p/2.
By the triangle inequality, we have
(6 =Dp/2 <y — =] <(+2)p/2, Vy € Bya(Qjy)-
Hence for all k =1,...,n,

Bp2(Qii) C Bevaypsa(w) \ Be-1)y2(2)-
Since B,2(Q;,) N Byj2(Qj,) = 0 for I # k, we conclude that

> 1B2(Qs)| < |Baypsa(@) \ Bu-nyp(x)].
k=1

Therefore, taking Cx = supey, %, we have

n<(@+2)N — (-1 <On(e+1)N

which implies (3.6).
IfQ=(Q1,...,Qk) € (R? x {0})¥, the above argument implies that

Z |By2(Q,) NR? x {0} < |Beyaypy2() \ Bu—1)p2(z) NR* x {0},
st

which implies that
n<(l+2%——-1)%2<6((+1).
Therefore, we get the estimate (3.7) if we restrict Q = (Q1, ..., Qx) on (R? x {0})¥. O
Given Q = (Q1, ..., Qk) € (RM)X with p = min;4{|Q; — Qi|} > 0, for any ¢ € N, we divide
RY into K + 1 parts:
Qﬁz {xERN’|x—Qj| = min |z — Q| Sﬁp/2}, vVi=1,...,K,

1<ISK
and Qf ;= RV \ U, Qf. Then the interior of Q) N Qf is an empty set for j # I.

Lemma 3.5. Suppose that I'(r) is a positive decreasing function defined on [0,00) such that
for some b€ R and n > 0,

I(r) ~rPe™ asr — oo. (3.8)
Then there ezist positive constants py and C' (independent of K ) such that

(i) for all K, € Ny, all (Q1,...,Qx) € (RM)X with p > po, and allz € QO (jo=1,...,K),

we have
K

Y (e = Q) < OO I (|x — Q). (3.9)

J=1
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In particular, if (Q1,...,Qk) € (R? x {0})X, then
K
D Iz — Q) < CUI(|w = Q).
j=1

(ii) for all (Q1,...,Qx) € (RM)E with p > py and all jo € {1,..., K},

> I(1Qj — Q;) < CT(p).

J#jo

15

(3.10)

Remark 4. A similar result holds when I'(r) has polynomial decay. For example, if for some

integer n € N,

I(r) ~ 1" asr — 400, where b < —n,

then there are positive constants py and C (independent of K ) such that for all K € Ny, all

(Q1,...,QK) € (R® x {0})X with p > py, and all jo € {1,..., K},

D O I(1Q; — Qi) < CT(p).

J#jo

This kind of property is useful and important in the construction of infinitely many solutions of

problem with critical growth.
Proof. Given x € ng, by definition we have
[z — Q| < lp/2and [z — Q| < |o —Qj], Vi=1,...,K.
Thus there is an integer 0 < ¢y < ¢ such that
lop/2 < |z — Qjo| < (bo +1)p/2.

By the property of I'(r) and Lemma 3.4, for p sufficiently large, we have

K 400
Y (e = Q) < Onllo+ DN (Je = Qp) + Cn Y (s + 1)V ' T(sp/2)
J=1 s=lo+1

< Cn(lo+ )" (Jz = Q) + Cllo +2)" 1T ((Go + 1) p/2)
< CON(Jr = Qg ),

where in the second inequality we use the following inequality:

—+00

(s+DVL  I'(sp/2)
Z (bo+2N=1 (o +1)p/2) ~

S=£0+1

To prove it, for p sufficiently large, by (3.8), we have

F(Sp/2> < S b —n(s—Lo—1)p/2
T (L + 1)p/2) —O<£0+1) ‘ '
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Hence

—+00 _ “+o00
S LDV Ten2) o SR (e ) e

ot (lo + 2)N-1 F((€0 + 1)p/2) - G ly+1
+oo
<C Z e~ M(s—to—=1)p/4
s=lo+1

+oo
< C/ e~ gt < O,
0

In particular, if (Qy,...,Qk) € (R* x {0})X, then by (3.7), we can take N = 2 in the above
arguments.
To deduce (3.10) from (3.9), denote

~

Q = (le s 7Qjo—17 Qjo-i—la ey QK) € (RN>K_17
and
p=min{1Q; - Q|3 # 4o I o} 2
Take j; € {1,..., K} such that
’Qjo - Qj1| = IZI;IH {|Qj0 - Ql’}7
J0
and choose ¢ € N satisfying
(6 =1)p/2 < |Qj, — Qj| < lp/2.
Then by (3.9), we have
21Q. — Qi [\ N1
S (@, - <o+ 2@y o, o))
J#Jo p
< CI'(1Qj, — Q)+ CI'(p) < CT'(p),
where in the second inequality we use the following inequality:
Qjo — Qi [V (1Qj, — Q) < CP¥II(P), for |Qj — Q| = 5> po.
To prove it, we only need to apply (3.8). O

A simple corollary is the following result which is useful in our construction.

Corollary 3.6. There are positive constants py and C (independent of K) such that for all
K, 0 e Ny, all (Qy,...,Qk) € (R? x {0} with p > po, and all x € Qﬁo (jo=1,...,K), we

have

K
Zij (z) < Clwg,, (), (3.11)
j=1

and
Z e MR —Qjo < Ce ", (3.12)

J#jo
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To analyze the interactions between spikes, we prove some estimates concerning convolution
of functions with suitable exponential decays.

Lemma 3.7. Given I, I two positive continuous radial functions on RY with the following
property:

Ii(r) ~ e and Iy(r) ~ r2e™™" asr — oo,

where by,by €R, n1 >0, 9y > 0. Let £ € RY tends to infinity. Then, the following asymptotic
estimates hold:

(i) If ;1 < na, then
/ Iz — §Iy(x) do ~ |¢|e ™ El
RN

Clearly, if n1 > 12, a similar expression holds, by replacing by and 1, with by and n,.
(i1) If m = 19, suppose that by > by for simplicity. Then

gt St eIl i by > N

[ ne-on@de~ (e mle)es, it = -5,
N

R e, b < —51,

Proof. This result follows from the Lebesgue dominated convergence theorem. The argument is
standard and is omitted here, we refer the reader to Lemma 3.7 in [2] for details. 0

By the property of w, as a corollary of Lemma 3.7, we have the following integral estimates.

Lemma 3.8. Suppose that |Q; — Q| is sufficiently large, then the following estimates hold:
(i) for everyp > 1,

/RN we,wp, dr = (o + o(1))w(|Q; — Qxl),

where 7y = [pn wP(x)e™" dx > 0 is a constant;

/ wo,wo, dv = O(e” 14 UlQ, — Q;|~N=3/2);
RN
(iii) let Q, = {x € RN | |z — Qi = min |z — Q,|}, then

1<<K

_ptlin. _ _N=3
/ ngka dl’:O(e Bl Qk‘|Qj_Qk| 2 )7

Qp
and

_ inf2. PO, _N_3
/Q why why L de = O (e R Q) - "),
k

Proof. Since the argument of proof is somewhat standard, we give only the main ideas of the
proof.

(i) It follows from Lemma 3.1 and Lebegue’s dominated convergence theorem (see e.g. the
arguments used in the proof of Lemma 2.5, in [30]).
(ii) By Lemma 3.1 and a simple computation, we get the estimate from Lemma 3.7.
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(iii) By the definition, for all x € Q, wg,(z) < wg,(x) for every 1 < j < K. Hence by
Lemma 3.1 and Lemma 3.7, we have

pt+l  ptl
» ptl  phl _ptlig. _N-3
/Qk We W, dr < /Qk ij wg: dr < Ce™ 2 Qs Qk||Qj — Q" 7,

and
2 p1 min{2, 251} min{2, 21}
/ Wq,Wq, dr < C W, o, du
Q. Q.
. +1 o _N=3
S 06_ 11111‘1{27 pT}lQJ Qk||Q‘7 — Qk}| 2,

O

Using above integral estimates, we can get the expansion of the energy of approximate solu-
tion.

Lemma 3.9. For K sufficiently large, for any o € R and q satisfies (2.9) we have
K
—m 1
EWU) = Klo+ (a0 +0(1) D_1Q51™" = 5> (30 + o(1))w(|Q: — Q51)
j=1 i#]
+O(KR™™) + O(Ke™ ™25 =57

where 7y = [pn wP(x)e™" dx is a positive constant given in Lemma 3.8,

1 1 a
Iy=(z——— Pl d ——/ 2 dux.
0 (2 p—i—l)/RNw z, and ap = 5 wa x
Proof. The proof is delayed to Appendix B. OJ

4. THE LYAPUNOV-SCHMIDT REDUCTION

The aim of this section is to achieve Step 1 in the procedure of our construction described in
Section 2.
Before stating the main result, we first introduce some notation. Let n € (0,1) be a constant
chosen later, we define the weighted norm:
K
( Z e*n‘x*Qj‘) -1 h(l’)
j=1
where ); is defined in (2.7). In what follows, we assume that (Q1,...,Qk) € Ak, ie., the
parameter q satisfies (2.9).
We first claim that

12| Lo mivy < C|h|ss and ||h]| Loy < CK||h|4 for 1 < g < oo. (4.2)
Indeed, the second inequality in (4.2) follows directly from

, (4.1)

|2l = sup
zCRN

K
()| < |[h]lw Y e Ul va e RN

J=1
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To prove the first inequality in (4.2), it suffices to show that ZJK: e~ Me=Qil < . Indeed, for

any z € RY, we can choose ¢ € N, and j, € {1,..., K} such that = € Qfo \ Qﬁ(}’l Hence by
Lemma 3.5,

K
0< Y el < CpNTlemnte2 < (4.3)

=1

Denote By, = {h € L*(R")|||h||.. < oo}. Then B,, is a Banach space with the norm ||A|...
To show the completeness, suppose that {h,} is a Cauchy sequence in B... By (4.2), {h,} is
also a Cauchy sequence in L>°(RY). Hence h,, converges to a function h., in L*®(R”"). By the
definition of Cauchy sequence, for any € > 0, there is ng € N such that

K
-1
() — hk(x)|<Ze’"|‘”’Qj|> < N — hilles < &, Vo € RN, if 0,k > no.
j=1
Letting k — oo, we get
K

-1
|hn () — hoo(x)\<26_’7|x_Qj‘> <e, Vo e RY if n > ny,

Jj=1

which implies that ||, — hoo|lss — 0 as n — oo.
Now we can state our main result in this section.

Proposition 4.1. Suppose that V(x) satisfies (1.11) for constants Voo >0, a € R, m > 0 and
o >0. If N > 3, we further assume (1.15). Then there is a positive integer Ky such that: for all
K > Ky, every a € R, and q satisfies (2.9), there exists a unique function ¢ € W2*(RY) N Bg
and a unique multiplier E € R*K such that

{L[¢]+E+N(¢>=A-%—‘;,

(4.4)
Jn 9 Zq,dz =0, ¥ji=1,.. K,

where
By = {¢ € LOO(RN) B < COK—min{l,%}m(ln K)‘%} '

Here Cy is a positive constant independent of K. Moreover, (a, q) — ¢(z; a, q) is of class C1,
and

min{p—1,1}

- a¢ 8¢ —min{1,252}m -1
R 1”8_a||**+”8_q”** <C(K (L5571 (111K) 2)

The proof of Proposition 4.1 is somewhat standard and can be divided into two steps:

(i) study the invertibility of the linear operator;
(i) apply fixed point theorems.
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4.1. Linear analysis. Let M denotes an 2K x 2K matrix defined by

oU oU
My= | X vik=1,.. 2K 15
i /R 54, dar (4:5)

Lemma 4.2. For K suﬁ‘iczently large, given any vector be R2K | there exists a unique vector
ﬁ € R2K such that Mﬁ =b. Moreover,

1Bllee < C1]l oo, (4.6)
for some constant C' independent of K.

Proof. To prove the existence, it is sufficient to prove the a priori estimate (4.6). Suppose that
18] = ||8]|c, by the definition, we have

K ~
> M =b;. (4.7)
k=1
For the entries Mj;, by Lemma 3.3 and Lemma 3.8, we get
M| < Ce ™" < CK™(mInK)™, Yk # j, (4.8)
and
“doe = ¢y > 0, Vi=1,...,2K. 4.9
M= [ (5o e = >0, v (19)

Hence by (4.7)-(4.9), for K sufficiently large, we have

~ -~ -~ CO ~ -
collBlloc < ol B < Y 1M1 Bl + [bs| < Zl1Bllc + [Pl
k]

from which the desired result follows. ]
We can now formulate our main result in this subsection.

Lemma 4.3. Under the assumption of Proposition 4.1, there is a positive integer Ky such that:
for all K > Ky, every a € R, and q satisfies (2.9), and for all h € B,., there exists a unique

function ¢ € W22(RN) N B,. and a unique multiplier 3 € R such that

Lo =h+ ,
@ =h+5-5 o (4.10)
Jan @20, dz =0, Vj=1,... K.
Moreover, we have
[8]lx + 18]loc < CliAlls (4.11)

for some positive constant C' independent of K.

Proof. To solve (4.10), we first consider weak solutions. Define

H = {u e H'RY) | (u, (~A+1)"'Zg,) =0, Vj = 1,...,K}.
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Then H is a Hilbert space with the standard inner product:

(u,v) = /RN(VuVU + uv) dx.

Since the vector function Zg, decays exponentially at infinity, by integration by parts, it is not
hard to show that for ¢ € HY(RY), ¢ € H is equivalent to

/NQSZdex:O, Vi=1,... K.
R

As usual, ¢ € H is a weak solution of (4.10) if and only if it satisfies the following equation:

/ {vd)w TV (2)dyp — pUp_l¢<p} de = / hode, Vo € H.
RN RN
By the Riesz representation theorem, the last equation can be written as

¢+ Klg] = h,

where % is defined by duality and & is a linear compact operator due to the exponential decay of

U and |V (z)—1| < Clx|™ for |z| large. Using the Fredholm alternative, showing that equation

(4.10) has a unique weak solution is equivalent to showing that it has a unique solution for
= 0. Moreover, by (4.2), h € LYRY) for all 1 < ¢ < co. By the standard elliptic regularity

results, ¢ € W24(RY). Hence ¢ is a strong solution and ¢ € L>®(R") by the Sobolev imbedding

theorem. Therefore, to prove Lemma 4.3, it is sufficient to prove the a priori estimate (4.11).
To prove (4.11), we first multiply equation (4.10) by g—U and integrate over RV to obtain

~ ou ou
Mp = L —dr — h—d 4.12
G- [ o Gode— [ nGods (1.12)
where M is an 2K x 2K matrix deﬁned in (4.5).
By the integration by parts,
| o zo,do= | oLizo)d
RN RN

Observe that
L[Zg,] = (V(z) = 1) Vwg, — p(UP™ — wh 1) Vg,
We claim that
‘ / L[¢] Zq, dx‘ < Cde™ ™51 || . (4.13)
RN

Indeed, on one hand, by the assumption (1.11) and ¢ € H, we have
‘/ )~ 1) Vug,ode| < O(R™ K + B )¢]..
RN

On the other hand, by mean value theorem and (3.11), for |z — Qx| < 2mIn K, we have

-1 -1 2
jur— — wgk | < ngk Zij'
i#k
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Thus by Lemma 3.8,
\/ﬁ—“W“—wa5mem4§0@”m“9wa
RN

Combining the above estimates we get (4.13).
Since w decays exponentially at infinity, we have

| / hZq, dz| < Clh]... (4.14)
RN
Combining the above estimates (4.13) and (4.14), by Lemma 4.2, we get

1Blle0 < € (de™ =051 + ]l ) (4.15)

Now we prove the a priori estimate (4.11). First we show that ||¢|.. < co. To prove it, by
the maximum principle, we prove that there exist constants 7 and C' (all independent of K)
such that for all z € RY \ UK, B(Q;,7),

K

p(z)| < C (HLWH** + 13?2{ ||¢||L°°(B(Qj,r))) Z e Me=Qil, (4.16)

J=1

To prove the above pointwise estimate, we first show the independence of 7 on K, for x €
RN\ Uf:1 B(Q,,7), by Lemma 3.4, we have

Ur)< Y, we-Q)+) > w(z —Q;)

Qs —al<p/2 (=1 0p/2<]Q; —al<(t+1)p/2
Sw(r)+CY Nl < Cu(r).
=1
Thus we can take 7 sufficiently large but independent of K such that
pUP (x) < (Vo —n*)/4, Vo e RN\ UL, B(Q;, 7). (4.17)
Now we claim that for 7 sufficiently large (independent of K), in RV \ UL, B(Q;, 1),
LIW_] > ceW_, and LIW,] > oW,
where Wy (z) = Zszl e*e=Qil and ¢y > 0 is a constant independent of K. Indeed, for x €
RN \ Uf:l B(QjaT)v
K
N -1 _ _ol < Vo—1?
L] = > {Viw) =P F o — pU el = 2oy,
(W] Z (z) U By Nt e > =W

Jj=1

by the assumption (V1) and inequality (4.17).
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The remaining part in the proof of (4.16) is to apply the maximum principle for the linear
operator L in RV \ UL, B(Q;, 7) to obtain

K K
) < € (IEl6lle+ 509 6lmiaie,m ) Do+ 53 et
VRS j=1

j=1

for any ¢ > 0, where C'is a constant independent of K and ¢§. Letting 6 — 0, we get the desired
estimate (4.16). Hence

HWMSC@MWM+S®Hme@m><W- (4.18)
1<j<K

Now we can prove the a priori estimate (4.11). Arguing by contradiction, assume that there
is a sequence of (o), h(5)) satisfying (4.10) such that

16l =1, and 2] = 0(1), as K — oo.

(For simplicity, in the following we will drop (K) in the superscript) As a consequence of (4.15),
~ U -
15 - a_q(;c)] <C (de—min{l,%}d‘,¢|yoo + HhH**) ;enlejl_

Since [|@]loc < C||@|ls and ||h]|w = o(1), we get ||L[¢]|l.« = o(1). Hence (4.18) implies that

there exists a subsequence of ); such that
9l (B(@;m) = C >0 (4.19)

for some fixed constant C' (independent of K). Since ||¢||o < 1, by elliptic regularity estimates,
we get ||¢||crryy < C. Applying Ascoli-Arzela’s theorem, one can find a subsequence of Q;
such that ¢(z 4+ @);) converge (on compact sets) to ¢. It is not hard to show that ¢ is a
bounded (weak and then strong) solution (actually bound by e~"%l) of

_A¢m + Qboo - pwp_1¢m =0.

Furthermore, since ¢ satisfies the orthogonality condition fRN ¢ Zq; dxr = 0, the limit function
0o satisfies fRN O Vw = 0. By the non-degeneracy of w, one has ¢,, = 0, which is in
contradiction with (4.19). This completes the proof of Lemma 4.3. O

Remark 5. If V(x) is a bounded measurable function such that there is no nontrivial solution

of
~Ap+V(z)p =0, |p(z)| < Ce Ml in RV, (4.20)

our arguments still work by adding 0 to the points Q);’s.

Remark 6. Since the Morse index of w s finite, using a similar argument in the proof of
Lemma 4.3 (cf. [4]), one can show that

0]l @yy < Cllhl L2 (4.21)



24 MANUEL DEL PINO, JUNCHENG WEI, AND WEI YAO

for some positive constant C' independent of K. Indeed, since T is independent of K, one can
first prove that

Cllol o < [ {1968 + V@ =716} da

4.2. Nonlinear analysis. Summarizing, for any h € B,., by Lemma 4.3, there is a unique
function ¢ € H N W22(RN) N B, satisfying (4.10). Hence we can define a linear operator from
B.. to H N W?22(RY) N B,, and denote it by L=!. Then the equation (4.4) is equivalent to

¢=—L"" [E + N(gb)}.
Before we give the complete proof of Proposition 4.1, we first show the estimate of the error.

Lemma 4.4. Given (Qq,...,Qk) € Ak, then for any fired 0 <n < 1 and K sufficiently large,
there is a constant C' (independent of K ) such that

|E||,, < CK—™mL5"m iy ) ~s, (4.22)
Proof. By the definition, we have
K K , K
E = (V(:L‘)—l)ij—{(Zij> —Zw’éj}.
j=1 j=1 j=1
By B
Claim 1: There exists a constant C' (independent of K') such that

|Er ]l <CRT™ < CK ™(InK)™™. (4.23)

Claim 2: There exists a constant C' (independent of K') such that

p—

HEQH** < Cfdf%efmin{l7 71 }d < CKfmin{l,%}m(ln K)fmin{¥,m+1}. (4.24)

If both Claim 1 and Claim 2 are true, the desired estimate (4.22) follows.
Proof of Claim 1: Note that for |x| < R/3, by the triangle inequality, we have

v — Q5 = 1Q5] = |2[ = R/2.
Hence for all |x] < R/3, by V € L*°(RY) and Lemma 3.1, we get
K K K
|Ey(z)] < C Zw(x - Q,) < Cle—(1=-nR/2 Z e M@l < o g —m=3 Z e~ 7@l

J=1 Jj=1 Jj=1

For |x| > R/3, by the assumption (1.11), we have |V (z)—1] < CR™™. Hence for all |x| > R/3,
K K
|E1(l‘)‘ <CR™ Zw(x _ Q]) < CR™ Z o~ lz—=Q;1
j:1 j:1

Combining these estimates, Claim 1 follows.
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Proof of Claim 2: For z € Q%H, where ¢ € N, is chosen later, we have

K K
Bafo)] < K7 Y (o) + 3wl (o)
j=1 j=1

K K
< OKP! Z e Plr=Qil < o Pl (p-mite/2 Z e~ Mz=Qjl
j=1 j=1
Since p > % In K, by choosing £ > %W{Q (independent of K'), we have

KP o= (p=n)lp/2 < KPP~ (p—n)tm/4 < CK ™3,

Thus for all z € QY% ,

K
|Ey(x)] < CKm3) "ol
j=1
By the definition of Q, j = 1,... K, |z — Q;| < |z — Q| for all z € Qf and 1 < k < K.
Thus |z — Qx| > § for k 7& j. Hence by mean value theorem and (3.11), for all = € QK-, we have

Bl 1<zw%> wQ1+sz,<p<szk>p1szk+szk

k#j
< OV yp 12%
k#j
Since ¢ is independent of K, for all z € Qf, by theorem 3.1 and (3.12) we have

|Ea(z)| < Ce™ (p—1)|z— Q;\Zp Mt o= le—Qul
k#j

< C'p*%eﬂﬂw*Qﬂ Z e~ min{1, 5571} Q- Qx|
k#j
< Cd7¥€7min{l,%}defn\x762j\'
Combining these estimates, Claim 2 follows. OJ

Now we are in the position to give the proof of Proposition 4.1.

Proof of Proposition 4.1. Let Cy be a positive number to be determined later, we define
BK = {¢ S LOO(RN) : HQSH** < COK—min{l,%}m(ln K>_%} '

Then By is a non-empty closed set in B,,. Now we define a map A : B — HNW?22(RY)NB..
by
A(¢) = —L7'[E+ N(¢)].

Now solving equation (4.4) is equivalent to finding a fixed point for the map .A.
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Since ¢ is uniformly bounded for ¢ € Bk, by the mean value theorem, there is a positive
constant C' such that for all ¢ € By,

IN(9)] < Clg|™P2,
and for all ¢, ¢ € By,
[N(61) = N(@a)] < C(gn["™ P71 4 |21y — o],
Thus by (4.3), one has
IN(@)]]sx < Clop|mmtr2,
and we have that

IN(¢1) = N(d2)lle < Ol [P+ [| o P11 |61 — o

Hence by Lemma 4.3 and Lemma 4.4, for K sufficiently large and Cj large we have
IA@) s < CUIE]ex + N(9)[lse) < CoK ™™ (I K) 72,

and

A1) — Ab2) e < CIN(G1) = N(69)llex < ~ll61 — Jllons

which shows that A is a contraction mapping on Bg. Hence there is a unique ¢ € Bk such that
(4.4) holds.

Now we come to the differentiability of ¢(z;a,q) of (a,q). Consider the following map
T :R x R* x B x R* — B x R*( of class O

(“A+1)1S(U+¢)— B (~A+1)"1

dq

T(a,q,6,0) = fRNCb?Ql e

fRN ¢ZQK dZE

~

where B = W22(RY) N B,.. Equation (4.4) is equivalent to 7 (,q, ¢, 3) = 0. By the above
argument, we know that, given o € R and q satisfying (2.9), there is a unique local solution

-~ ~

(o, q), B(a, q)). For simplicity, in the following, we write (¢, 5) = (¢(«, q), B(a, q)). We claim
that the linear operator

-~

8T<&aq7¢7ﬂ) :BXRQK_)BXRZK

(4, 8)  MNaaed
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-~

is invertible for K large. Then the Cl-regularity of (a,q) — (¢, ) follows from the Implicit
Function Theorem. Indeed we have

-~

oT a, q, ¢7 ﬁ o
@9 2D) g
0(6.5) lwash)
(A+ DS U+ )] - (-A+1)1%E
_ fRN ¥ ZQ1 dx
f]RN (Y2 ZQK dx
Since ||¢||w < CoK~™n{L55"3m(In K)~2 by Lemma 4.2, the argument in the proof of Lemma
4.3 shows that % ( 5 is invertible for K sufficiently large. This concludes the proof
’ a?q?d),

of Proposition 4.1.
Next we study the dependence of ¢ on (a, q). Assume that we have two solutions correspond-
ing to two sets of parameters. One of them denoted by

L[¢] + E+ N(¢) = 3 - VqU,

corresponds to the parameters o and q; the other denoted by

o o

L+ E+N@) =5 VaU,

corresponds to the parameters & and q. Observe that ¢ is L?-orthogonal to V4U while gb is
L*-orthogonal to VqU. To compare ¢ with ¢, we first choose a vector & so that

bw =+ VU

satisfies the same orthogonality condition as ¢. Moreover, by the equation of ¢?, the function
¢ satisfies the equation

Lg.) + (L = L)[¢] = & - LVQU] + E+ N(9) + § - (VqU = VoU) = 3 - VU.
Taking the difference with the equation satisfied by ¢, we get
Lo, — ¢ = (L = L)[g] +& - LIVqU] + (E = E) + (N () — N(9))
- B (VqU o %CIU) + (B_ B) ’ qu'
Note that by (2.7), for j =1,..., K, we have

o

|Q;j — @] < C(R[ar — o] + la — af|)-
Assume that (R|& — o| + ||q — q|s) < 1/2, then we have
N —min{1,25%2}m -1 Q A
(L = L)[@]]lss < CK ™50 (In K) 72 (Rl — o + ||d — d|),

p—

1 - LIV QU] [lv < CK 2205527 (1)) 3|5,
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|E — E.. < CK ™05 (0 K)73(R|é — af + |G — dl|),

o o

IN(¢) = N (@)l < CllN27" + 1012 @ = Dllen + CllAIE P RIG — af + 16 — alloo)
< CK*min{L%}m(pfl)(ln K)f% ¢ — ¢H**
+ (K mnttmmm gy K =2) "M (RIG — o] 41§ — qlls),

13 (VU = VaU) e < C||B]loo(Ré — o] + [|d — al|oo)
< OK - mn5Em (10 )72 (R)6 — o] + [|d — )
Hence by Lemma 4.3,

1

4 5 3 — min{1,2=7}m _ 1\ min{p—1,1} ., )
160 = Dlles + 18 = Blloo < C (K™= (10 K)72) ™2 (R|é = oo + (14— dlloo)
+ OK ™5 m (1 )72 |5 o
+ ORI (1 )~ 6~ ...
On the other hand, by the definition of ggw, we have
[&loc < Cll]sx (Rl = alloo + 1§ — qlloo)
< OK ™SI (0 )72 (R]l6 — oo + G — gll).
Hence
° N —min{1.2= v, _1\min{p—1,1} ° °
16 = Gllee + 118 = Blloo < C(E~™™MEZ" (10 K)72) ™ (R]|é = alloo + (|G — glloo)-
Therefore, we conclude that

min{p—1,1}

1,00 ¢ ~ min{1.B=1 1
1Y% " . < K min{1, 55" }m In K) 2
RN e+ 152 < (0 K)3)

5. A FURTHER REDUCTION PROCESS

The main purpose of this section is to achieve Step 2.A. As explained in Section 2, we define
F=p3- Y(Rqy + q), for every v € R. (5.1)

Then equation (4.4) becomes

> 0 0
Lig]+ E+ N(¢) :ﬁ-a—z+va—g. (5.2)

Note that ¢ does not depend on ~, but ﬁ depends on the parameters o, q and v and we write
B =B, q,7)
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In this section we are going to solve 5(04, q,7) = 0 for each o € R by adjusting v and q. We
multiply (5.2) by g—g and integrate over RY to conclude that

oU oU

oU -
/RN(E—FLM —l—N(qS))a—qu:Mﬁ—i-’y . a—aa—qda:

By Lemma 4.2, solving 5( a,q,v) = 0 amounts to solve

ou oU oU
E+ L N —dx = ——d 5.3
[ B+ L+ N@) 5o = [ oG dn (5.9
For this purpose, in the next subsection, we will computer the projection of the error and the
projections of the terms involving ¢.

5.1. Projections. We first compute f]RN E g—z dx. Recall that

oU - R - g
3_(1:_(3@1 'n17-~-7ZQK'nKaZQ1 't1>"'7ZQK'tK)T‘

Lemma 5.1. Under the assumption of Proposition 4.1, for sufficiently large K, the following
expansion holds:

_ (Qy Qk)
EZq, dv = agm|Qy| ™" (1Q; -
|, 2 e 2 M0 - Qi =g,
+ R Il (ov, @) + R P Ulko(v, @) + R I 3(v, q)
+ R min{27n,p+é_" }mHkA(Oé, q>
where 1 is a small positive constant chosen later, ayg = %IRN w*(x)dz, and (o, q)’s are

smooth vector valued functions, which are uniformly bounded as K — oo.

Proof. By the definition,

K K
/ EZ,, de/ ) — Dwg, Vwg, dx—/ {(Zij)p—ngj}Vka dr.
RN N =1 j=1

/ N s
g g

Iy 1P

Claim 1: There are smooth vector valued functions IIy 1, I} 2 and II; 3 of o and q such that

I = agm|Qy) ™! |gk| + R (o, q) + R I o (e, q) + R 3(r, Q).
Claim 2: There exists a smooth vector valued function 11 4 of o and q such that
~ ST W(Q; - Qi) % ri) R N R)
j

J#k
where 7 is a small positive constant chosen later.

Combining Claim 1 and Claim 2, we get the desired result. The remainder of this proof will
be devoted to the proofs of Claim 1 and Claim 2.
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Proof of Claim 1: We divide [; into two parts:

I :/ (V(z) — Dwg, Vwg, dx+2/ — 1) wg,Vwg, dx .

J/

111 g
I12

Write Ill = ]111 + ]112, where

B |z|> &

I = / (V(z) — 1)wg, Vwg, dx, and I 15 = / (V(z) — Nwg, Vwg, dx.
lz|<5

On one hand, since V € L>®(RY) and (2.10), by the triangle inequality and the property of w,
we get |I11;] < Ce 2 < CR™™73. On the other hand, by (1.11) and Taylor’s theorem,

[112 :/ a kavak dﬂf‘i‘O(R m= U)
|

:c|>7 ’JI|
= /|+Q " mw(y)VU}(y) dy + O(R™™°)
Y+Qr|>73
— m‘@k| m—1 ’gzl ;L /RN 2(1.) de X O(R*mfa) N O(R7m73>,

where in the last equality we use the following identities:

/ w(y)Vw(y) dy = 0, / yiyrw(y)Vu(y)dy =0, Vi k=1,...,N,
RN RN

and
1
/ (y" @w(y)Vu(y) dy = ——/ w?dye, véeRY,
RN 2 RN

Therefore, we get

|~ 1&JFJFO(R ™) + O(R™™7P).

I = a0m|Qk |Q |

If (1.11) holds in the C* sense, i.e.,

ma I 0
_WW + <W>, as |37’ — 400,

VV(z) =
by a similar argument, we get
== 4+ +O(R™ 7)) + O(R™ 7).

Iy = aym|Qy|™

For the term I;5, we claim that there exists a constant C' (independent of K') such that

2] < CR™™e d~"2" < CR™>™.
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Indeed, by Lemma 3.3, Lemma 3.5 and Lemma 3.8, we have

‘Z/RN )—1) wQJVkad:v)

< ‘ /x|<(V( r) — 1) wg, Vwg, dx’ + ‘ /|:0 (V(z) = 1) wg, Vwg, dx

3

:U

< C’Ke_R/2 + CZ R me 10— |, — Qk|_T
itk
< CR™e™d~"T < CR™™

Combining the above estimates, we complete the proof of Claim 1.
Proof of Claim 2: We first divide I5 into two parts:

12:/ pwg;I(Zij)Vka dx
\RN 7k 2

I

K
+ /]RN {(Zij)p — we), —pwg—kl Zij — Zw%j}vw% dx .
j=1

! itk itk .

T2

By the definition (2.6) of the interaction function ¥,

Q; — Qk
== W10, - Q)=
j#k J
For the term Iy, we divide the domain of integration into K + 1 parts: Qf,...,Q%.;. On

Q1. by taking ¢ large but independent of K, we have

K
‘(Zw%)p - wgk _pwg_kl ZwQ]’ -
j=1

i#k J#k

KPePtr/2 < O g—m3,

On Qf, 1 =1,..., K, by the definition, we have
|z — Qi <|r—Qy], V2 €Qf, and V1 < j < K. (5.4)
Since /£ is independent of K, for z € %, by mean value theorem and (3.11),

K
{3 wo,)” — why, —puty e, — Sty }Vuig,| < futy (3 va) g, Y uby ).
j=1 j#k i#k

J#k
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Note that for z € Qf, |z — Q| > p/2 for all j # k. Hence by Lemma 3.1, (5.4) and Lemma 3.5,
and by choosing 0 < n < 1 sufficiently small, we have

p—1 2 P
wly, (D wo,)” +we, Y wh,
j#k J#k
< Cp~min{2p} 5 {e—(p—l—n)lz—le ( Z e—lm—le)z 4 e~ (=n)lz—Qxl Z o~ Plz=Qjl }wgk
j#k J#k

— min{2 PEL=0Y g o i N1
SC@ min{2, = }dd min{2,p} =5 wT]k.

Similarly, for all z € Qf (I # k), by mean value theorem, (3.11), Lemma 3.1, (5.4) and
Lemma 3.5, we have

K
\{(E:uwﬂp—ﬂék—pwafE:W%“EZW&}Vka5“7@W%WE1§:M%4*%;w@}a
j=1

%k i#k J#l

and
-1
kawgl Z wq; + wgkal
i
< Cpmin{Zpp {6—(2—77)|$—QkIe—(p—l)lﬂﬂ—Qzl 1 e em)le=Qul ~le—Qil

(Ml Qul = (r-Dle-Qil §7 e—u—czj\}e—n\x—@k\
J#kl

1—
p+2 1 7p—77}d€_77|w_Qk‘ .

< Cd min{Q,p}% e~ min{2—n,

Since p > 1, we can choose n > 0 such that p —n > ’#. Hence, there is a constant
(independent of K) such that for all z € RY,

K
P P p—1 P
H(Zij) — W, ~ PWq, Zij _Zij}vak
j=1 ik j#k
< O~ min{2.p} 5 o~ min{2-n, P51 d —n|r— Q|

Therefore,

p+1l-n

}d < CR™ min{2—n, 75 }m

p+1-n
2

|[22‘ < Cd- min{2,p}%€f min{2—7,

Combining the above estimates, we complete the proof of Claim 2. 0
Now we can analyze f]RN E g—g dx. Before we do this, we define

_V(d)

W(d)

d= d=d+0(1),

and for j =1,..., K, we denote

L K K
fi=f+fioi= - fj—l)%7 G; =9; + 9j-1 = (gj41 — 9j—1)%~
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Lemma 5.2. Under the assumption of Proposition 4.1, for sufficiently large K, the following
expansion holds:

RN

p+1

+ R L (o, q) + R (In K)* 5, g, 4, @),

where IT1 (v, q), . .., 4(«, q), II5(a, q, @, §) are uniformly bounded smooth vector valued functions
with M5(,0,0,0) =0, and T is an 2K x 2K matriz defined by

61A1+C4[ CQAQ

T = , (5.5)
—C2 A2 C3 Al
Here I is the K x K identity matriz, both Ay and Ay are K x K circulant matrices given by
-2 1 0 -~ 0 1 o 1 0 --- 0 -1
1 -2 1 0 - 0 -1 0 1 0 - 0
o 1 -2 1 0 - o -1 0 1 0 -
Ay = ) Ay = . )
o --- 0 1 -2 1 o --- 0 -1 0 1
r 0o -~ 0 1 =2 r 0 --- 0 -1 0
and ¢y, co, c3,C4 are constants given by
K? ~ K ~K? ~
Clzm, CQI(d—l)E, ng—dﬁ, c4:d—m—1. (56)
Proof. First a simple computation shows that
1 @k 0 1 (@) + ar)
Qi = = QR+ @l T ST
G Tl gy

= R+ R g — (m+ 1) fidiy |+ O(R™2).

To estimate I, by direct computation, we have

Qj+1 — Q;
Q)1 — Q]
= { — sin % +(fj—g)R™" - ij‘l% —(fi—9)(fi + g'j)R_Q}ﬁj
+ { cos % +(f; — gj)R_l% - %(fj - gj)QR_Q}Fj +O(K*(InK)™1),
Qj*l - Qj
Q-1 — Q]

™

LT ; — . - i ; —“in
_ { —sin - + (=fjo1+g) R —g;.R 1K (=fj-1+9)(f; + gj-1)R 2}”1‘

™ . LT 1 . o) - _ _
- {COSE—'—(_fj—l +g;)R 1} — 5(—fj—1+gj)2R Z}thrO(K ‘(InK)™h),
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and
(Q51 - Qi)
2 2 )
= W(d+ (2f; +5) ) + V({275 +2F 1 + (- 9)*R7 L}
+ W()O(K ),
(Qjm - Q)
2 . 2 )
= W(d + (2 +3) ) + VD] ~ 255 — 21 + (fa )R
+ U (d)O(K?).
Therefore,
> Q- diE s
je{k—1,k+1} J
2
= —2sin %w)m 20 (d) 25 { = 2F + )7+ (5 + 20)F |
+ ()R { f = )7+ (= 20,08 | + W()O(K™?).

Combining the above estimates and Lemma 5.1, we get

/ EZq, dv = GOR_m_Q{ —(m+ 1) fi+ (fr — %gk) +d(fi + %gk)}ﬁk;
RN

1_ ~1- . O\r

+ aoR*mJ{gk + (§fk — k) — d(§fk + gk)}tk

+ R I (o, q) + R o(e, q) + R 5(c, q)

+ R min{2*77’p+§_n}mnk74(oé, q) —+ Rfm*g (ln K)ang,(&, q, q, Q)

where ITy (o, q)’s and I 5(cv, q, 4, q) are smooth vector valued functions, which are uniformly
bounded as K — oo. Moreover, I 5(a,0,0,0) = 0. The desired result follows. O

Next we compute [,y (L[o] + N((ﬁ))g—g dz.

Lemma 5.3. Under the assumption of Proposition 4.1, for sufficiently large K, the following
expansions hold true:

/ L[¢]8—U dr = K~ 25 H1=30=3bm 1y )2 [14(w, q),
RN 8q

and

N(d))a—U dx = K~ min2r=mm(y K7 T (a, q),
RN 8q

where I, q), IT7(c, q) are uniformly bounded smooth vector valued functions.
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Proof. By integration by parts, (4.13) and Proposition 4.1, we have

[ pie o, | = | [ o1Za]ds] < Caem 08 o]
RN

n

< CK—min{Q,g—&—I 2D 2}m(an)
For the second estimate, since ||¢|).. < CK~mn{L"3"}m(In K)~2 we have
CUP2|p|?, for |¢] <U/2,
IN(8)| < )
Clol, for |¢| > U/2.
We claim that

N($)Zo, dx’ < O|o|2, < CK-mnte=nim iy gyt

‘]RN

Indeed, when p > 2, this follows from |N(¢)| < C|¢|?>. Now we consider the case p < 2. In this
case, it is not hard to get |N(¢)| < CUP~?|¢|?. Since U > wy,, we have

IN(¢)Z0,| < CUP2wg, |0)* < ng—kl|¢|2, ifp <2,

from which we get the desired result. 0

5.2. The invertibility of 7. In this subsection, we study the linear problem T'q = b and get
the following result, whose proof is delayed to Appendix A.

Lemma 5.4. There is an Ky € N such that for all K > K, and every b € R?X | there exists a
unique vector ¢ € R*) and a unique constant v € R such that

Tg=b+vq, gL q. (5.7)
Moreover, there is a positive constant C which is independent of K such that
1G]l < C(in K)?|[b]| o (5.8)

Denote the inverse of 7" in the sense of Lemma 5.4 by T~!. Since q, depends on the parameter
q, the matrix 77" depends on q and thus we write 77" = T".

5.3. Reduction to one dimension. Now we can state the main result in this section.

Proposition 5.5. Under the assumption of Theorem 1.1, there is an integer Ky > 0 such that:
for all integer K > Ky and for each o € R, there exists a unique (q,7v) = (q(«),v(«)) such that

ﬁ(a, q,7) = 0. As a result, ¢(z;a, q()) and y(«) satisfy the equation:

{LM +E+N(¢) =%,

. (5.9)
Jan 0 2q,dv=0,Vj=1,... K.

Moreover, the function ¢(z;a, q(a)) is of class C' in o, and we have

[6er < CoR ™™= (I K) 72, gl + R7|Oag]l. < CK*(In K)?, (5.10)
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where C' is a positive constant (independent of K ), and
1
O<u<min{a—2, min{l—n,]%}m—Q}. (5.11)

To prove Proposition 5.5, it suffices to solve B(a, q,7) = 0 for each a. By the results in the
preceding subsections, we can rewrite this equation in a more explicit form.

Lemma 5.6. For every a € R, the equation g(a, q,7) = 0 is equivalent to
—agmR " *Tq+ ®(a, q) =7 q, (5.12)
where T is the 2K x 2K matriz defined in (5.5), ® denotes the remaining term, and

oU oU
q, = RNa—aa—qu—M(Rqo‘i‘ql)

By Lemma 5.2, Lemma 5.6 and Lemma 5.6, we have the following estimate of ®(a, q).

Lemma 5.7. Under the assumption of Proposition 4.1, for K sufficiently large, the following
expansion holds:

(I)(q) = R_m_aﬂl (017 q) + R_m_3H2(a7 q) + R_2mﬂ3(a7 q)
+ R L (0, ) + R (In K)* M (v, ¢, @, Q)

+ KSR (I K)? (o, @) + K MEPIT (0 K) T T (o, g),

where II;(a, q)’s and I5(c, q, q, q) are smooth vector valued functions, which are uniformly
bounded as K — oo. Moreover, II5(,0,0,0) = 0.

Now we are going to solve (5.12) and then complete the proof of Proposition 5.5.
Proof of Proposition 5.5. By Lemma 5.4, equation (5.12) is equivalent to
q = (agm) "' T, " [R™®(ar,q)] = F(a).

By Lemma 5.7, since min{2 — 1, I#} <min{2, p—n} <min{2, 5 +1-2,p—12} for 0 <n <
p—1, we get

(agm) ™' R™*®(a,q) = K *1I(a,q) + (K ' In K)Z(a, q, 4, ),
where both IT and = are smooth vector valued functions, which are uniformly bounded as K

tends to infinity. Moreover, g(a, 0,0,0) = 0.
Hence by Lemma 5.4, for ||q||« < 1/2, we have

|F@)|ls <C (K *(InK)*+ K '(InK)*) < CK *(InK)?,
and

. _ _ . 1 .
17 () = F@)l. < ¢ (K"(In K)* + K~ (n K)*) [la — afl. < Slla —dll,

since ||(T;' =Ty )b, < CKR™™(In K)?||b||cc|lq—q|+. Therefore, F is a contraction mapping.
By the Banach fixed point theorem, the result follows.
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To show the differentiability of q(a). Consider the map 7 (o, q) = q — F(a,q) : R x R*K —
R2K of class C''. Since %—ﬁ = O(K+'(InK)?), % o) =1 = %—i(a, q(«)) is invertible, we get
the differentiability of q(«).

Next we study the dependence of q on a. Assume that we have two solutions corresponding

to two sets of parameters. One of them denoted by

q = (aom) Ty [R™0(a,q)] ,
corresponds to «; the other denoted by

q = (agm) Ty ' [R™?®(4,q)]

corresponds to . Assume that R|a — a| < 1/2, by a direct computation and Lemma 5.4, we
have

la — 4. < CK~#(In K)*(R|& — al),

from which we get the desired result. O

6. PROOF OF THEOREM 1.1: VARIATIONAL REDUCTION

In this section, our purpose is to achieve Step 2.B in the setting up of the problem and then
complete the proof of Theorem 2.1.

To solve y(a) = 0 in Step 2.B, we will apply the variational reduction. To do this, we first
introduce some notation. Let o € R and ¢ = ¢(x; o, q(«r)) be the function given in Proposition
5.5, we define the reduced energy function by

F(a)=EU +¢) : R - R, (6.1)

where we write U = U(z; a, q(«)).
By (2.8), both U and ¢ are 2m periodic in a. Hence by Proposition 5.5, the reduced energy
function F'(«) has the following property.

Lemma 6.1. The function F(«) is of class C' and satisfies F(a+27) = F(«) for every a € R.

With this notation, the next lemma shows that if F'(«) has a critical point then vy(a) = 0
has a solution. In other words, after the Lyapunov-Schmidt reduction, the following lemma
concerns the relation between the critical points of F'(«) and those of the energy functional

E(u).

Lemma 6.2. Under the assumption of Proposition 5.5, there exists Ky € Ny such that: for all
integer K > Ko, if ag be a critical point of F(«), then vy(ap) = 0 and the corresponding function

u(z) = U(z; oo, g(ao)) + ¢(; a0, gleo))
is a solution of (1.3).

Proof. By Proposition 5.5, for K sufficiently large and for every a € R, ¢ = ¢(x;a, q(a))
satisfies the equation
ou

s (6.2)

SWU+¢) = 7(e)
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By the definition (6.1), we obtain
F'(«) :/ S(U + ¢)(0,U + 0,0) dx,
RN

where 0,U = g—g + ?)_Z - 0,q and 0,0 = % + g—z - Jaq. Thus by using (6.2),

ou
F'(a) = 'y(a)/ —(0,U + 0,9) dz.
RN Ja
If a be a critical point of F(«), then F'(ap) = 0. Hence to prove y(ap) = 0, it is sufficient to
show that
ou

| e 0aU + 00 dr #0. (6.3)

In fact, by Proposition 5.5 and Proposition 5.5, we have

ou oU dp 0o
00U+ 0p0 = — + — - Oy — + — - 0.9. 6.4
T00= 50 T aq Pt ga Taq O (6.4)
Recall that
ou L, oU
9 = (e +a7) aq
hence by Proposition 4.1 and Proposition 5.5, we have
K 'R a—U(E)CMU + 0,¢) dx = (1 + 0(1))/ (Op,w)? do,
RN a(]{ RN

which implies (6.3) and completes the proof.
O

Proof of Theorems 2.1. By Lemma 6.1, F(«) is 27 periodic and of class C'. Hence it has at
least two critical points (maximum and minimum points) in [0,27). Therefore, Theorem 2.1
follows from Lemma 6.2. 0J

7. GENERALIZATIONS AND DISCUSSION

In this section we first give some slight extensions of the results proved in the previous sections.
Finally we would like to discuss some related questions we do not answer in this paper.

7.1. More general nonlinearities. Unlike the minimization method, we do not use the homo-
geneous property of the nonlinearity of equation (1.3). Therefore, our argument can be applied
to construct infinitely many positive solutions for a more general problem:

—Au+V(x)u— f(u) =0 in R,
u>0in RN, u e HY(RY),
where f: R — R is at least C'*(R) for some v € (0,1), and satisfies the following conditions:

(f1) f(u) =0 for u <0, f(0) = f(0) = 0;
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(f2) The equation
{ —Au+ Veu — f(u) =0 in RY,
u>0in RN u e HY(RY),
has a nondegenerate solution w, in the sense that
Ker (—A 41— f'(w)) N L>®(RY) = Span {0,,w, - -+ , Oy w} .

Remark 7. It is not hard to see that our argument can be used to deal with the homogeneous
Dirichlet boundary condition problem of (1.3) in RN \ Q, where Q is a bounded domain in RY.

7.2. Sign-changing solutions. Suppose that (1.11) holds for some constants
—1
Ve >0, a<0, and min{l,pT}m >2, 0> 2.

If N > 3, we further assume (1.15), using almost the same argument, our method can be applied
to construct infinitely many sign-changing solutions of the problem

—Au+V(z)u —|uf7u=0in RY v e HY(RY). (7.1)

A similar result can be found in [13] when V(z) tends to V from below with a suitable rate.
We emphasize that our method can be applied to a more general non-even nonlinearity.

7.3. Remarks on condition (1.14). In this subsection we consider the possible ways to im-
prove the condition (1.14). Recall that the key step in our method is to solve the following
equation:

—aymR™"*Tq + ®(a,q) = v qy,

the property of T" has been described in Lemma 5.4. We pose the condition (1.14) such that
®(a,q) is a smaller term comparing to R~™ 2Tq. Hence, to refine the condition (1.14), the
estimate of ®(«, q) is the key point. A better estimate on ®(«, q) gives a weaker condition on
m and o. For example, for N = 2, if we assume that the following asymptotic behaviour of V'
holds in the C! sense:
a a1(0) 1
V(z) =V + + +O(| ), as |z| — oo,

|x|m |x’m+1 x|m+1+01

where a;(6) is an 27 periodic smooth function. Here (r,#) is the polar coordinate. Then “o > 27
in the condition (1.14) can be improved to be “o; > 07.
To get a better estimate of ®(«, q), an improvement of approximation is needed. Recall that

E = Z ) — 1w, — {(ZwQ]> Zng}

\ J/

E1 E2
The leading term of E} is given by Zjil (V(Qj) — 1) wg,, which is O(R™™) by (1.11). Moreover,
it is known that ¢y = —Iﬁw — %m - Vw is the explicit solution of

Lo[po] = —Apg + o — puw’ oo = w in RV, and /N woVwdr = 0.
R
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Thanks to the polynomial decay of V', we can improve the approximation and write F; into two
parts: one is O(R™™) having explicit form; and the other one is O(R™™!), which is enough for
a better estimate of the part in ®(«, q) from FEj.

However, for the term FEj, the situation is more difficult. Recall that in the proof of Claim 2
of Lemma 4.4, we Show that Fy ~ d~"7 e min{LE} Gince w(r) ~ r_%e*’", subtracting the
terms of order ="z e~ min{l,2}d the next term is O(d_¥_16_ min{l,2}4) Tt is not enough for a
better estimate of the part in ®(a, q) from Es.

Except for getting a better estimate of ®(«, q), another feasible way to improve the condi-
tion (1.14) is to apply min-max theorems to study the reduced energy functional £(U) and its
small perturbations. A useful property is that the matrix 7" has only one zero eigenvalue, K — 1
negative eigenvalues, and K positive eigenvalues.

7.4. The anisotropic case. Observe that the leading term in (1.11) is radial. Thus it is
interesting to consider the fully anisotropic case of the problem (1.3) for N = 2.

Question 1. Do there still exist infinitely many positive solution of problem (1.3) if there are
constants Voo >0, m > 1, 0 > 0 and a positive 21 periodic smooth function a(0) such that

Viz) = v+ﬂ+o( ! ). as | - oo, (V3)

[ ||t
Here (r,0) is the polar coordinate.

Inspired by the results in [14, 4], the answer is very likely yes. But in this situation, the
idea of uniformly distribution of points on curves does not work. Indeed, let I' = (r(0), ) be a
closed curve in the polar coordinate system. Denote its length by L and its natural parameter
by s(6). If one puts K points on the stretched curve RT" for some positive constant R. After
some computations, we get the balancing condition on I' and R:

{ (5 fov w?dy) R = CU(HE) £,
C{ma(B(s))y(s) — @' (0()7* (5) ()| ™2 + 5"(s) = 0,

where C' > 0 is a constant, L is the length of v and 6(s) is the inverse of (). However, it can
be proved that system (7.2) has a solution if and only if a(f) = constant. Therefore, it is to
be expected that the spikes cannot be uniformly distributed on a closed curve if a(f) is not a
constant function.

A feasible way to answer Question 1 is to develop a theory like [5]. But a more accurate reduc-
tion procedure would be required since the mutual angles between the adjacent rays connecting
spikes and the origin goes to zero as K tends to infinity.

(7.2)

7.5. Optimal condition on the decay. It seems that our argument here can only deal with
the case of polynomial decay. Inspired by [14, 4], it is reasonable to believe that there are
infinitely many positive solutions when the potential V satisfies the following decay assumption:

37 € (0, V. hm (z) — Vao) €M7 = 400, (V4)

Hence it is natural to ask the following questlon:
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Question 2. Does Sy # 0 for any potential V' satisfying (1.7)¢ Is the condition (V4) sufficient
and necessary for #(Sy) = oo, i.e., on the existence of infinitely many positive solution of
problem (1.3) 7

7.6. Higher dimensions. For the higher dimension case, i.e., N > 3, as we have seen, our
arguments still work under the weak symmetry condition (1.15). It is natural to ask the following
question:

Question 3. Does the week symmetry condition (1.15) can be dropped when N > 32 Do the
points can be distributed in a higher dimensional set, such as spheres in R3?

7.7. Higher dimensional concentration phenomena. Next we turn to the higher dimen-
sional concentration phenomena. Inspired by the results in [3, 21, 33, 41| and [34, 8], it is
interesting to ask the following question:

Question 4. Does there ezist solution of problem (1.3) concentrating on higher dimensional
sets, e.g., curves? That is, does the Ambrosetti-Malchiodi-Ni conjecture in [3] still hold without
the small parameter €, even in the radial symmetry case? If the answer is yes, are the solutions
constructed in Theorem 2.1 bifurcations sets?

Under the condition (1.7), Question 4 is not easy even in the radial symmetry case. For
example, assuming that N = 2 and V(x) is radially symmetric, if one try to construct a positive
solution concentrating on a circle with radius R, a simple computation gives V'(R) ~ 1/R,
which is incompatible with limjg|_ V(2) = V.

8. APPENDIX A: CIRCULANT MATRICES AND PROOF OF LEMMA 5.4

In this section we will prove Lemma 5.4. To this end, we need some notation. Denote the
K-dimensional complex vector space and the ring of K x K complex matrices by C* and Mg,
respectively. Let b = (by, b, ...,bx) € CX we define a shift operator S : C¥ — CF by

S(bl,bg, e ,bK) — (bK,bl, e 7bK—1)'

Definition 8.1 (cf. [28]). The circulant matric B = circe{b} associated to the vector b =
(by, by, ..., bg) € CE is the K x K matriz whose nth row is S" 'b:

by by -+ br1 bk
bk b1 -+ bg_o brx_1
B={: = - ;
bs by -+ by by
by bz -+ bx Iy

We denote by Circ(K) C My the set of all K x K complex circulant matrices.
With this notation, both A; and A, in (5.5) are K x K circulant matrices. In fact,
Ay = cire{(-2,1,0,...,0,1)} and Ay = circ{(0,1,0,...,0,—-1)}.
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Let € = €% be a primitive K-th root of unity, we define
1

X = ——(1,é71, 200 EDEINT e oF for =1, K,
VK
and
1 1 . 1 1
' € K2 k-1
\/E 1 £-2 ... c(K=2) (K=2)(K~1)
1 K-1 (K—1)(K-2) 6(K71)2

For the circulant matrix B = cire{b}, let
N=br+boe o f b BV for =1, K. (8.1)

A simple calculation shows that BX; = A\, X;. Hence ); is an eigenvalue of B with normalized
eigenvector X;. Since {Xi,..., Xk} is a linearly independent set of vectors in C¥, all of the
eigenvalues of B are given by \;, [ =1,..., K.

Lemma 8.2 (cf. [28]). All circulant matrices have the same ordered set of orthonormal eigen-
vectors {X;}. Moreover, Pk is the diagonalizable matrix.

Using these notation, we study the invertibility of T'.

Lemma 8.3. There is an Ky € N such that for all K > Ky and every b € R?X | there exists a
unique vector q € R*) and a unique constant v € R such that

Tq=b+vq, g9l q. (8.2)
Moreover, there is a positive constant C' which is independent of K such that
lall> < Cllbllz, [l@llz < COnK) (b2, and [[gllz < C(n K)*?|[b]|2. (8.3)

Furthermore, the number of zero (negative, positive) eigenvalues of T is 1 (K — 1, K ), respec-
tively.

Proof. Note that (8.13) is the Euclidean norm, hence it suffices to perform the analysis of the
eigenvalues. To this end, first by (8.1), the eigenvalues of A; are

A= -2+ + BN — _ggin? %, l=1,....K, (8.4)
and the eigenvalues of Ay are
Aoy = €71 — EDID — 9j6in w l=1,...,K. (8.5)
Write diag(eq, ..., ck) for a diagonal matrix whose diagonal entries starting in the upper left
corner are cy, ..., cyg. Denote the diagonal matrix of A; and As by

D1 = diag()\l,l, >\172, . 7/\1,K> and D2 = diag(>\271, )\2,2, ey )\Q,K)7 respectively.
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Since Py is the diagonalizable matrix for circulant matrices, we have

Pl 0 P 0 c1D1+cql 3D
plrp=| % (" (T ) (8.6)

0 szl 0 PK —CQDQ Cng
Since the matrix 7' is real and symmetric, all its eigenvalues are real and satisfy the equations
A2 — [(Cl + Cg)/\Ll + C4}A + (Cl)\l,l + C4) (Cg/\u) + C?\%,z = 0, (87)

forl=1,..., K. Let
ap = (e +e3)Ay 4 oy and By = (e + ) (eshiy) + A5, Vi=1,.. K.

Then by (5.6), (8.4) and (8.5), we have
~ K?*  ,(-1m

oy = (d — 1)— sin®
m

+(d—m—1)>0,

and

K? , (1= 1)r K2 (- 1)r
ﬁl:—{<dﬁ—(d—1)>sm I +(m —1)d+1}—sm 7 <0.
Denote the solutions of (8.7) by A;; and Ay, with Ay, < Ay for I =1,..., K. Then

AU_(;’< ,/1—0%4r )<0 AQI_O;(,/l—aiilJr >>0, Vi=1,.. . K.

In particular, for [ = 1, we have
Al,l = 0, A271 = J— m — 1. (88)
For [ =2,..., K, by Lemma 3.3, we have

4@ ( K2 s1n2( —|—md> 25 sin (l;)” C
d

a2 - 2 -1 i\ 2 s =
T mare
and
dK?2 . 2 (-7 \4K2 . 2 (I-1)7
A (—ﬁ sin —>7r—251n =
4 A o > vi=2.. K,
% <dK2 sin2 (EUT 1)” + d) d
where C' is a positive constant. Therefore, for all [ =2,..., K,
d C _ 1 1~
—Nyy > 3 E > C and Ay > oy > 2d for some constant C' > 0,

from which we get ||q|2 < CHbHQ.
Define f; = f;4+1 — f; and g; = g;41 — g;- Then

{ ar(fy = Fim1) + 2G5 + Gjm1) = & — cufy,
—co(fj + fi—1) +e3(g5 — Gi-1) = @5,
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where ¢; = b; and ¢; = bgy; for 7 = 1,..., K. By a similar argument in the proof of
lall2 < C[[b][2, we can get

lall < Cn K)'?|b]|2.
When this is done, let f; = fj11 — 2f; + fj—1 and ¢; = gj+1 — 29; + gj—1. Then
e fj = ¢ — cufj — (95 +9j-1),
csg; = @i + c2(f + fi-1)-
Using a similar argument, by the definition of ¢;’s, we get
ldfl2 < C(n K)*?|b]|2.
O

Now we are going to prove Lemma 5.4. An important observation is that the system T'q = b
can be seen as the discretization of the following continuous system:

—(m+1)fO) + (/" = g)O) +d(f +g)(60) = #(0), € (0,2n),
9(0) + (' = 9)(0) = d(f' +g")(60) = (), 0 € (0,2), (8.9)
F0) = f(2m), f1(0) = f'(2m), 9(0) = g(27), ¢'(0) = g'(2m).

Lemma 8.4. For K sufficiently large, given ¢, satisfying fo%cp = 0, the system (8.9) has a
unique solution (f,g) satisfying fo%g = 0. Moreover, there exists a constant C' > 0 such that

I flle2o2m) + llgllc2qo2m) < C ([0llcoqo2ny + llellcoqo.em)) - (8.10)
Proof. Let h = E(f + ¢'), then system (8.9) becomes
[ —mf+h =g,
f'—h =o. (8.11)

f, h are 27 periodic.

Since f()% ¢ = 0, from the second equation we get

0
M@zﬂ@—lw—%. (8.12)

Here we take ¢, = 12;;7 0% f—= fo @ such that — 2” f+ d-! 0% h = 0. Hence g can be

solved by
0 0
——/ f—l—dl/ h + cg,
0 0

where we take ¢, = % OQF foe f— 6/1\_1% OQW foa h such that fo%g = 0.
By (8.12) the first equation in (8.11) becomes

et pr=or 2 o [T [ -EE [
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To solve the above equation, we first integrate it over [0, 27] to get f ==

SN

Note that m — 1 + % > 0, by the boundary condition, f is uniquely given and satisfies
1 fllczo2m) < C ([0llcoozmy + lllcoqozny)- Therefore,

0 R 0
“1
- / f+d / h + ¢,
0 0
satisfies the same inequality, where

h(9)=f(9)+2ﬂ(g?__llzm)/0%¢ UW_/ / o

O
Remark 8. Letc= /m —1+ 0%, by the equation of f, we can get
27 o .
(d— ) 1 / —1 s
f6) /0 [ (d—m—1) 2mc? Giol ’S)](b(S) s+ 0 (0, 2ﬂ62]90(5> s,

}rc 62#060(973) +€*C(9*8) , if O < S,
Go(0,s) = { 2¢(e? —1){ } ro=

2c(e2}rc—1) [60(9—5) + eQﬂce—c(G—s)}’ Zf@ > 5.

Actually there is a Green’s matrix

co.n— (0
(6,7) = Ga1(0,s) Gao(6, s)

>
~—
ke
[\
—~
o)

Va)
~—

N——

such that . o
0) = G11(0, d G12(0, ds,
10)= [ Gu.s)ots) s+ [ Gulb.s)els)ds
and

_ /0 T G (6.5)0(s) ds + /0 T G0 5)o(s) ds.

Lemma 8.5. Under the assumption of Lemma 8.3, there is a positive constant C' which is
independent of K such that

lqll. < C(in K)?|[b]| - (8.13)
Proof. Claim 1: There is a positive constant C' (independent of K') such that
[l < CIbll. (8.14)

To prove it, we only need to consider the case b L q,. For 7 =1,..., K, we define

qj = (fl,ja S 7fK,j7gl,j7 s 7gK,j)T7



46 MANUEL DEL PINO, JUNCHENG WEI, AND WEI YAO

where , ,
™ T
fl,j = ?Gll(elae‘j)a gi; = ?Ggl(@,@),

This corresponds to take ¢ = 2?”5(9 —40;),p=0for j =1,..., K, where § is the delta function
in the distribution theory. For j = K + 2,..., 2K, we define

a; = (frs--- 7fK,j>gl,j7-'~agK,j)T>

where
Jij = —%Gw(@z,el) + %Gm(elaej)a g5 = —%Gm(@l,eﬂ + %GZQ(QZH%)-
This corresponds to take ¢ = 0, = —226(0 — 0,) + 226(0 — ;) for j = K +2,...,2K. By the
property of Green’s matrix, for j =1,..., K, we have
Taq; =¢;+17j;
for j = K +2,...,2K, we have

Tq; = —€x41 + € + 75,
where €; = (8;1,...,0;2k)" is standard orthonormal basis of R** and 7j = O(K*Z) is the local
truncation error for the Green’s matrix in the finite difference method. Since {61, C, € K, —€x i1t

€K 12, —Cr1+Ear | is a basisof {b € R*X |b 1 q,} and write b = Z] L bj ej—l—zj o b (=€ g1t

€;). Then we get q =q + q, where g = 23 L bia; + ZJ —k420jq; and T'q = Zj i1 05T
On one hand, by the property of Green’s matrix, we get ||q||oc < C||b||oo- On the other hand,
by Lemma 8.3, we get

ldllee < llalle <CI1 Y b7l < KV Y0 1Tl < CE2|b]loc
JAK+1 JAK+1

Combining these two estimates, we get ||q|lco < C||b]|oo-
Claim 2: There is a positive constant C' (independent of K) such that

lalls = llallee + ldllee + lléll < C(ln K)|b]|cc. (8.15)
Proof of Claim 2:
Define f; = f;4+1 — f; and g; = g;41 — g;- Then
{ ar(fi = fi-1) + 2@ + Gj1) = 65 — ey,
—ca(f + Fi-1) + e3(G5 — Gj-1) = @5
By using a similar argument, we can get

ldllsc < C[[bllc + (In K)[|afloc < C(In K)|[b[c. (8.16)
Let .]7‘] = fj+1 — 2f] + fj_l and gj = 9j+1 — 29j + gj_l. Then

{ cifj = ¢ —cafj — c2(g; + gj-1),
c3g; = @i+ ca(fy + fi-1)-



INFINITELY MANY POSITIVE SOLUTIONS 47

Similarly we obtain
ldllee < Clbllee + (0 K)[ldlo + (In K)[[dllec < C(In K)?[b][oo. (8.17)

Actually if one can show that ||ql|. < C||b||«, then we can get ||q|| < C||b|ss by Lemma 8.3
since the local truncation error for the Green’s matrix is O(K ~*

O
Now we can use Lemma 8.5 to prove Lemma 5.4.

Proof of Lemma 5.4. To prove Lemma 5.4, it suffices to prove the a priori estimate (5.8). let
v=—(b-qy)/(qy - qy). By Lemma 4.2, for q satisfies (2.9), we have

R'qy = coqy + O(KR™™),

which implies that |[R7'q;||c < C and |R7'q;-qy| > CK. Hence ||7q;|co < C||b||s. Therefore,
by Lemma 8.5, we have

ldll. < C(InK)*[b + yay [l < C(In K)*||b|.

0
9. APPENDIX B: ENERGY EXPANSION
In this section, we give the energy expansion of £(U + ¢) and prove Lemma 3.9.
Proof of Lemma 3.9. By (1.4), we get
K
u) = ZE(U}Q] Z/ (Vwe, Vwg, + V(z)wg,wg,) dr
i=1 ij R
I Jo
1 K K
+— { wit — w .pH}d:):.
p+1 RN = Q] (; QJ)
Js
Claim 1: By (1.11), there are positive constants Iy and ag such that
Ji = Ko+ ag(1+o(1 Z Q;™™. (9.1)

Indeed, by the definition of the energy functional, (1.11) and Taylor’s expansion,

Ji=Kly+ - Z/ )—1) wQ diE—Kfo—i-aoZ(@j M+ O(RT 0'))7

7j=1

where
1 1

]0:(_——)/ wPt dz, and aozg/ w? dx.
2 p+]. RN 2 RN
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Claim 2: By (1.11) we have

Z/ wg,we, dv + O(KR™ amy,
it RY

Indeed, the term J; can be divided into two parts:

Z/ wQ we, dr + = Z/ ) — 1) wo,wq, dr .

J/

g

J21 J22
For Jag, by (1.11), we have
[ Joo| S CR™™Y e 197Q|Q; — @i~V < CKR™™e NI < CKRT™,
i#j
Claim 3: Let Q € Ak, we have

Z/ wh) wg, dz + O(Ke™ ™25 Hg=75%)

i#]
Indeed, write
K

R O S P

For z € QY% , where ¢ € N chosen later, we have
K K K

1 1
B3] < 5 w%?+<Zij)”“}sm( p+1+mzwp+l)

j=1 j=1

By choosing ¢ > M (but independent of K'), we get

J,

K+1

|Es| dz < CK” Z / wiy ™ de < CKPuP(lpf2) < CK 22,
K+1

For x € Qf, j=1,2,..., K, by a similar argument in the proof of Lemma 4.4, we have

2
—1)(p— -1
‘Es—ng g in‘ < CYWNhe l)ng ( E in> :
i#j i#]

Applying Lemma 3.8, we get

Y [ b,
i#j VR

K
2
gCE /ngj1<g in) dx + CK~2m=2
i=17% i#j

< CKe—min{Q,%}%z—% < CK—min{Q,%}m-ﬁ-l(an)l/Z’

which implies Claim 3.
Combining our Claim 1, Claim 2 and Claim 3, the desired result follows from Lemma 3.8.
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At the last, by (1.4), Lemma 4.4 and Proposition 4.1,

EWU + 9) =8(U)+%/RN{|V¢|2+V(:c)¢>2}d:c+/RN (VUV¢+V(z)Ug) dx
1 p p
—_ m . {(U+¢)++l U +1}dl‘
1
:8(U)+§/RN {(U+¢)ﬁ —UP+E}¢dx
1
) N{(U+¢)T1—Up+l—(p+1)Up¢}d$

=E(U) + O(K 9], ) + O(K||[lexl| Ellx)

= K1y + (ag + o1 Z|Q3_m——2%+0 w(|Qi — Q)
i#]

+0 (K_ mln{?,pT}m—i—l (11'1 K)l/?) )
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