MATH 516-101 Homework One

Due Date: September 29th,

1. This problem concerns the Newtonian potential
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1
u(z) = /1%3 mf(y)dy

For the following three parts, pick up only one part to fi
a) Show that if |f(y)| < ﬁ for @ € (2,3). Then |u(z)| <

nish
W% for ‘ﬂf| > 1

Proof. For |z| = R >> 1 we divide the integral into three parts:
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For I3, we can perform similar analysis: |y — x| < |y| + |z| < |y| + W;ZI‘ Thus |y| >
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since a > 2.
It remains to estimate I5:

I2§/ CLCZZJ<C(
5

1 C
SEERmTL ot 1ay)
<Jo—y|<2lz| [Z] 1+ [y] [z " Jiy<1 1+ |y 1<ly|<3)z| |Y]

3|z| 24
< C(O+/ s
1

] re

<

<
|z

(C+ ‘x’{i—alpha) <

since o < 3

C

— ‘.T|O‘_2

b) Show that if |f(y)| < &5, then |u(x)| < %log\xl for |x| > 1
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Proof. The proof is similar to (a) except in the last part, flg

@] rj% ~ Clog|z|

c¢) Show that if |f(y)| < ﬁ for o > 3, then |u(z)| < & for |z| > 1
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Proof. The proof is similar to (a) except in the last part, ff"ml Tj# <C
O

2. This problem concerns the Mean-Value-Property (MVP). We say v € C%(U) is subharmonic,
if
—-Av<0 inU

a) Prove that for subharmonic functions
1
v(z) < / vdy, VB(z,r) CU
|B($7 T)| B(z,r)

Hint: use the formula for ' (r).

Proof. Let ¥(r) = m /. 9B, (z) vdy. By the computation done at class,

Y (r) = r/ Av>0
By (x)

and hence

¥(0) < t(r)

1
‘aB(CC, T)| oB(z,r)

hence

v(z) << vdy

Integrating from 0 to r» we obtain

)
v(r) < — vdy
( ) ‘B(CE,T‘N B(z,r)

O
b) Prove that the Maximum Principle holds for subharmonic functions on bounded domains
max v = maxuv
U ou
Proof. Repeat the proof done in the class for the harmonic case.
O
¢) Let u be harmonic functions in U. Show that u? and |Vu|? are subharmonic functions.
Proof.
Au? = 2ulu + 2|Vul? = 2|Vul?
A|Vu|? = Zu?] + Vu-VAu = ZUZQJ
i, 4,J
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d) Let u satisfy
—Au=finU, u=g ondU

Show that there exists a generic constant C' = C(n, U) such that

<C
maxu < C(max|f| + max|g])
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Proof. Consider v(z) = u(z) + % maxy | f| — maxay |g| — —5,— maxy | f| and show that v is

subharmonic and then apply b).
Then —Av = —Au + maxy | f| = f + maxy |f| > 0 so v is subharmonic. By (b),

maxv = maxv < 0
U ou

3. This problem concerns Green’s function and Green’s representation formula.
a) Write the Green’s function for the unit ball B(0,1).
Proof. For n > 3,
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b) Use a) and reflection to find the Green’s function in half ball B*(0,1) = B(0,1) N {z, > 0}.

Proof. Let Gg,(p)(z,y) be defined at (a). Fix z € B*(0,1) we define z* = (z',—2,). Then

G(a:,y) =Gp, (m,y) - Gp, (:c*,y)



