A Complete List of Formulas (and Theorems) in MATH400-101

Part I: First Order Equations
a(x,y, wuy + b(x,y, wu, = c(x,y,u)

1. Method of Characteristics:

dx _dy _du
a b ¢
Suppose that the initial conditions are given by (xo(£), yo(£), uo(£)). Then we need to solve

Z_;‘ = a(x,y,u), x(0) = xo(&)
L = b(x,y, u), y(0) = yo(é)
= c(x,y, u), u(0) = uo(é)

2. General Solutions for
a(x, y)uy + b(x, y)uy = c(x,y)

Method: 1) Solve the characteristics:
dy _ bx,y)
dx  a(x,y)

to get F(x,y;&) = 0 and then solve & = f(x,y). 2) Change variable

X =xy = f,y),ulxy) = UX,y)

New equation for U:

and integrate.

3. Traffic Flow Problem:
pr+ c(p)px =0, p(x,0) = po(x)
where Q' (p) = c(p).

General solution:
x=c(@éNr+ €
Shock:
ds _ Qp)-0p) . _
—=——,5(to)) = X%
dt P+~ p-
Expanding fan:

u=H(A) = H();C), where c(H) = A

4. Fully nonlinear problem:
F(x,y,u,uy,uy) =0

Charpit’s equation:

g = Frx(0 = 00

LdTi = Fg, y(0) = yo($)

g—i = —F = pFu, p(0) = po(¢)

g—‘j = ~Fy = qF., q(0) = go(¢)

d_L; = pF, + qF,, u(0) = ug(¢)
where (po, qo) is computed via

F(x0,Y0, Pos 40) = 0, tty = PoXy + qoYy

Part I: Second order PDEs: general Formula



1. Wave Equation on the whole line:

Uy — Pty = f(x,1), =00 < X < +00, W
u(x,0) = ¢(x), u;(x,0) = Y(x),—00 < x < +o0
D’ Alembert’s formula
1 1 X+ct 1 t x+c(t—5)
u(x,t) = —(¢(x — ct) + p(x + ct)) + — w(s)ds + — f ( f, s)dy)ds
2 2c x—ct 2c 0 x—c(t—s)
2. Diffusion Equation on the whole line:
u; — kityy = f(x,1),—00 < x < 4+00,t>0 2
u(x,0) = ¢p(x), —00 < x < +00
Solution formula . D e
u(-xst):f S(x_y»t)¢(Y)dy+f f S(x_yst_s)f(yss)dyds
—c0 0 —c0
where
x2
Sx, 1) = e
krt
3. Laplace equation on a disk
Uy + Uy = 0in {x* + 3 < a?} 3)
u(a, ) = g(0)
Poisson’s formula:
el )
,0) = d
u(r, 6) 212 jo‘ a? + r? —2arcos(d — ¢) ¢
4. Wave Equation on the half line:
Uy — ity = f(x,1),0 < x < +00,t>0
u(x,0) = ¢, u;(x,0) = Y(x),0 < x < +00 @
u©0,1)=0
Method of Reflection: extend f, ¢, oddly to (—co, +00).
There is a similar formula for Neumann boundary condition.
Inhomogeneous BC: u(0, ¢) = h(?). Use V(x, ) = u(x, t) — xh(z).
5. Diffusion Equation on the half line:
U — kg, = f(x,1),0 < x < 400, >0
u(x,0) =¢,0 < x < 400 &)
w0, =0

Method of Extension: extend f and ¢ oddly. Solution formula:
00 t (00
u(x,0) = [T(S(x =y, 0= s(x+y,060)dy + [J [, (SCx=y,1 =) = S(x+y,1 = $))f(, $)dyds

Part III: Boundary Value Problems and Method of Separation of Variables
1. Method of Separation of Variations
Step 1: Find the right separated functions. Plug into PDE and obtain two ODE:s.
Step 2: Plug BC (homogeneous or natural BC). Distinguish EVP and ODE.
Step 3: Solve (EVP) and (ODE)



Step 4: Sum-up.Plug in the inhomogeneous BC.
2. Standard Eigenvalue Problems
X”+/1X=0,0<x<l

2.1) Dirichlet BC: X(0) = X(I) = 0

2
2= %,xn = sin(Zr0.n =12, .
2.2) Neumann BC: X' (0) = X' (1) =0
2
/ln — %,Xn = COS(%X),” B Os 152s

2.3) Periodic BC: X(0) = X(1), X (0) = X (I)

21 = (2nm)?* 2nm
"= T

2
l—z’X” =acos($x)+bsin( x),n=0,1,2,...

2.4) Summary of Robin boundary condition eigenvalue problems

X' +1X=0,0<x<1,
X (0) — apX(©0), X () + a,X() =0

Hyperbola:

1 1 1
I= Na+-)——==0
ap + a; + apq; (Clo + l)(a1+ ] 2

divides the parameter space (ay, a;) into Five Regions. Depending on the regions, the number of negative or zero
eigenvalues can be determined.

Equation for negative eigenvalues:

_(ao +ay)y

A = —y?, tanh(yl) =
y~, tanh(yl) R

, X = cosh(yx) + 2 sinh(yx)
Y
Equation for zero eigenvalue
agp+a;+apal =0,1=0,X=1-aqapx

Equation for positive eigenvalue

(ap + apps

A =p%, tan(Bl) = 7 — ava, X = cosh(Bx) + % sinh(8x)

3. Sturm-Liouville Eigenvalue Problem
(p(O)X) + ()X =0,0 < x <,
X (0) = hoX(©0) =0, X (1) + X)) =0
Lagrange’s identity: 1
[ 1y =swr 1= wrs ~pf ol

1) all eigenvalues are real
2) /11 > Olfl’l() > 0,/’11 >0
3) Different eigenfunctions are orthogonal with respect to the weight function w:

!
f w(x) X, X,,dx =0
0



4) eigenvalues are discrete and approach to infinity
A <h<..<A,<..,4, > +x

5) Expansion with respect to the eigenfunctions:

FO) =) AXa(0)

A= folX” fw(x)dx
! fOlXﬁw(x)dx

4. Bessel functions: )
o1
R'+-R -ZR+AR=0,0<r<a, R@=0
r I

Then
2

Z
A= R() = TP m = 1,2, .
a a

where Bessel function of order zero of first kind:
P |

]0 +—Jo+Jy=0,Jp(0) =1
z

Bessel function of order n: 5

P | n
Jn +=Jy+Jy - _2Jn =0, Jn(Z) ~ 7"
z z
The zeroes of J, is denoted as
O0<zipn<2on <o <Zmn < ...

5. Method of Separation of Variables for heat equation/wave equation
1) Diffusion equation without source:
Uy = kuy,0<x <1

u(x,0)=¢
w0, =0,ull,t) =0

oo

o onm
u(x, f) = Z ape sm(Tx)

n=1

where l
2
a, = —f ¢(x) sin(ﬂx)dx
[ Jo l

Similar formula for wave equation.
2) Diffusion equation with source:
Uy = Kty + f(x, 1),

u(x,0)=¢
u(0,1) = h(t), u(l,t) = k()

Expansion:

U= Z_; 1y (1) sin(?x)

fet) = Zl £() sin(?x)



= . onm

¢M—;%mqw
Then we need to solve
) 2nm
u, + ki, = l—z(h(t) = (=1)"k(®) + fu(®)
un(o) = ¢n
3) Wave equation with source:

Uy = Cz“xx + f(x’ 1),

M(.X, O) = ¢9 Mt(-xs O) = ‘l’
u(0,1) = h(r),u(l, 1) = k()

Expansion:

= u) sin($x)
n=1

e = Y fDsin(F)
n=1

6 = ) dusin()
n=1

W)ZWmHm

n=1

Then we need to solve

4 Ay = S = (1K) + f()

Un(0) = ¢y, 1, (0) = W,

4) Higher-dimensional Diffusion equation without source:

1 Ugg
u,=k(urr+—u,+—2),0$r<a,0$6<27r
r r

u(r,8,0) = ¢(r, 9)
u(a,0,z) =0

_ @ Z .
u= Z e CEN (L 1) (@ COS MO + Dy siD 6)
a

m,n

fo fo ré(r, 2)J (22 1) cos mOdOdr
fo " r(r, 2)JA (2 1 r) cos?(m@)dOdr

6 Method of separation of variables applied to Laplace equation
6.1) Laplace equation in rectangle and cubes

mn —

u(x,y) = X(0Y(y)
6.2) Radial Domains

u(r,8) = R(r)®(6)

Upy

1
Au=uy+ —u, + —
r r



1) solution to
Au=0,0<r<a,0<6<2n, ua,d) = h(p)

is given by

u(r,0) = ag + Z r'(a, cos(n@) + b, sin(nd))

n=1

where
an

2 2 21
w=rr [ #@6.0 = [ ocosnrdon, = — [ nosinuorao,
T Jo wa 0 TT 0

6.4) Laplace equation on wedges, annulus, exterior of disk
7. Method of separation of variables for Diffusion equation in a disk: polar coordinate

1
Ur = k(urr + U+ —214(.)9)
r r

u(r,0,0) = ¢(r, 0)
u(a,0,t) =0

The solution is given by

e

1

t

)

u(r,0,1) = Z Z TnC 1) cOS(1O) + by sin(nO))e ™
m=1 n=0

1 a
where 2
foﬂ [ " ¢(r,0) cos(nf)do (22 r)rdr
. T foa J2(*2)rdr
b foa fozn o(r, 0) Sin(ne)dg-]n(z"%r)rdr
m,n =

nj(;u J2(2r)rdr
Part IV: Properties of Second Order PDEs
1. Classification of second order equations

A Uy, + 2a12uxy + axniuyy + biu, + bzl/ty =0

Type of PDE:s: Elliptic, Parabolic, Hyperbolic
Change of variables to standard form
ax = 01165 + a126,,

ay = 6121(9,5 + azzan
Then
E=anx+ayy
n = apnx+ayy

2. Well-posedness of PDE problems: (a) existence (b) uniqueness (c) stability
3. For wave equation
Uy = Cllyy

Domain of dependence, domain of influence
4. The energy of wave equation

1 00 ) CZ +00 5
E@) = 3 u; (x, Hdt + > ui(x, dx

00



dE

dt

The energy of diffusion equation

1 —+00

E(r) = Ef u(x, Hdx

dE

< 0

dt ~
Uniqueness of wave and diffusion equations.
5. For Laplace equation

Au=finD

5.1) Uniqueness: The solution to Dirichlet BC is unique; the solution to Neumann BC is unique, up to a constant;
the solution to Robin BC is unique provided a > 0,a # 0.

Uniqueness proved by energy method (and divergence theorem):

0
quuzf u—u—j‘IVul2
D op OV D

5.2) Laplace equation on a disk: Poisson formula

Au=0in0<r<a,0<6<2n, ua,od = h(6)

a2 _ r2 27 h(¢)
,0) = d
u(r6) = = fo 217 2arcos0—g)°?
5.3) Mean Value Theorem: If Au = 0 then

1 27
u0) = 5- fo u(a, §)dp

5.4) Maximum Principle: If Au = 0 in D then maxp u = maxyp u and equality holds if and only if u = Constant



