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More General Problems. The method of separation of variables can also be used to
solve heat conduction problems with boundary conditions other than those given
by Egs. (8) and Egs. (24). For example, the left end of the bar might be held at a fixed
temperature T while the other end is insulated. In this case the boundary conditions
are

u0,nH =T, u AL,y =0, t>0. (43)

The first step in solving this problem is to reduce the given boundary conditions to
homogeneous ones by subtracting the steady state solution. The resulting problem
is solved by essentially the same procedure as in the problems previously consid-
ered. However, the extension of the initial function f outside of the interval [0, Liis
somewhat different from that in any case considered so far (see Problem 15).

A more general type of boundary condition occurs when the rate of heat flow
through the end of the bar is proportional to the temperature. It is shown in

Appendix A that the boundary conditions in this case are of the form
1, (0,1) — hu(0,0) =0, w (L, )+ hau(L,t)y =0, t>0, (44)

where /; and /1; are nonnegative constants. 1f we apply the method of separation of
variables to the problem consisting of Egs. (1). (3),and (44), we find that X (x) must
be a solution of

X' +2X =0, X0 -mnX0 =0 X'(L) +hX(L) =0, (43)

where % is the separation constant. Once again it is possible to show that nontrivial
solutions can exist only for certain nonnegative real values of X, the eigenvalues, but
these values are not given by a simple formula (see Problem 20). It is also possible
to show that the corresponding solutions of Eqs. (45), the eigenfunctions, satisfy an
orthogonality relation and that we can satisfy the initial condition (3) by superposing
solutions of Eqgs. (45). However. the resulting series is not included in the discussion
of this chapter. There is a more general theory that covers such problems, and it 18
outlined in Chapter 11.

0 .6

PROBLEMS

In each of Problems 1 through 8, find the steady state solution of the heat conduction equation
i, = u, that satisfies the given set of boundary conditions.

1. w(0,1)y =10, w50, =40 2. w0, =30, 1u40,1) =-20

3 u (0,0 =0, wl,y=0 4 1,0, =0, wulty=T

S.u0,0 =0, uglL,ty=0 6 u@0n=T, wu(L,n=0

7. 1,0, —u©,8) =0, ul,)=T & wO,n=T, wLn+ul,b)= 0

9. Let an aluminum rod of length 20 cm be initially at the uniform temperature of 25°C.

Supp'ose that at time ¢ = 0, the end x = 0 is cooled to 0°C while the end x = 20 is heated
to 60°C. and both are thereafter maintained at those temperatures.

(a) Find the temperature distribution in the rod at any time .
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(b) Plot the initial temperature distribution, the final (steady state) tempera:_-: &
tion, and the temperature distributions at two representative intermediate =«
same set of axes.

(c) Plotu versust forx = 5,10, and 15.

(d) Determine how much time must elapse before the temperature at v = 7 o 3
(and remains) within 1% of its steady state value.

(a) Let the ends of a copper rod 100 cm long be maintained at 0°C. Supp:~: =&
center of the bar is heated to 100°C by an external heat source and that this - s
maintained until a steady state results. Find this steady state temperature dis:~ %

(b) Aratimer = 0 [after the steady state of part (a) has been reached], let th= - -
be removed. At the same instant let the end x = 0 be placed in thermal ¢
reservoir at 20°C, while the other end remains at 0°C. Find the temperature =+ & T
of position and time.

(c) Plot u versus x for several values of /. Also plot u versus ¢ for several vz _.-

(d) What limiting value does the temperature at the center of the rod apr:. =
long time? How much time must elapse before the center of the rod cools 17 -
of its limiting value?

Consider a rod of length 30 for which & = 1. Suppose the initial temperaturz Z-2
Is given by u(x,0) = x(60 — x)/30 and that the boundary conditions are - - :30
1(30,t) = 0.

(a) Find the temperature in the rod as a function of position and time,

(b) Plot v versus x for several values of ¢. Also plot u versus ¢ for several vz _:~ ¢

{c) Plot u versus ¢ for x =12, Observe that u initially decreases, then inirzoex
while, and finaily decreases to approach its steady state value. Explain physic.
behavior occurs at this point.

Consider a uniform rod of length L with an initial temperature given by
u(x,0) = sin(mx/L),0 < x < L. Assume that both ends of the bar are insuiz:i-:
(a) Find the temperature u(x,1).

(b) What is the steady state temperature as t — 00?

(¢) Leta® =1and L = 40. Plot u versus x for several values of 7. Also plot -
several values of x.

(d) Describe briefly how the temperature in the rod changes as time progrss-z-
Consider a bar of tength 40 cm whose initial temperature is given by u(x,0) = - =
Suppose that &® = 1/4 cm?/s and that both ends of the bar are insulated.

(a) Find the temperature u(x,t).

(b) Plot u versus x for several values of 7. Also plot u versus ¢ for several vz -
(c) Determine the steady state temperature in the bar.

(d) Determine how much time must elapse before the temperature atx = 40 ;=
1°C of its steady state value.

Consider a bar 30 cm long that i1s made of a material for which o® = 1 and w7 - =2
insulated. Suppose that the initial temperature is zero except for the intervz. ?
where the initial temperature is 25°C.

(a) Find the temperature u(x,?).

(b) Plot u versus x for several values of . Also plot u versus ¢ for several va._:-
(c) Plotu(4,r)andu(ll,¢) versust. Observe that the points x = 4andx = 11 27z -
rically located with respect to the initial temperature pulse, yet their tempszr: ..
are significantly different. Explain physically why this is so.
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Consider a uniform bar of length L having an initial temperature distribution given by
f(x),0 < x < L. Assume that the temperature at the end x = 0 is held at 0°C, while the
end x = L is insulated so that no heat passes through it.

(a) Show that the fundamental solutions of the partial differential equation and boundary
conditions are

Uplx, 1) = e ALY G2 — Dy /2L, n=1,2,3,....

(b) Find a formal series expansion for the temperature u(x,!)

oo
n(x, 1= Z Cnull(xs I)
n=1
that also satisfies the initial condition 1(x,0) = f(x).
Hint: Even though the fundamental solutions involve only the odd sines. it is still possi-

ble to represent f by a Fourier series involving only these functions. See Problem 39 of
Section 10.4.

In the bar of Problem 15, suppose that L = 30, o’ = 1, and the initial temperature distri-
bution is f(x) = 30 —x for 0 < x < 30.

(a) Find the temperature u(x,?).
(b) Plot i versus x for several values of £. Also plot u versus ¢ for several values of x.

(c) How does the location x,, of the warmest point in the bar change as ! increases? Draw
a graph of x,, versus .

(d) Plot the maximum temperature in the bar versus ¢.

Suppose that the conditions are as in Problems 15 and 16 except that the boundary
condition at x = 01is u(0,1) = 40.

(a) Find the temperature u(x,t).

(b) Plot u versus x for several values of t. Also plot u versus 7 for several values of x.

(c) Compare the plots you obtained in this problem with those from Problem 16. Explain
how the change in the boundary condition at.x = 0 causes the observed differences in the
behavior of the temperature in the bar.

Consider the problem
X" 40X =0 X0y =0, X'(Ly=0. (1)

Let A = u?, where u = v +iowithvando real. Show that if o # 0, then the only solution
of Egs. (i) is the trivial solution X (x) = 0.
Hint: Use an argument similar to that in Problem 23 of Section 10.1.

. The right end of a bar of length a with thermal conductivity x; and cross-sectional area A,

is joined to the left end of a bar of thermal conductivity «, and cross-sectional area As.
The composite bar has a total length L. Suppose that the end x = 0 is held at temperature
zero, while the end x = L is held at temperature 7. Find the steady state temperature in
the composite bar, assuming that the temperature and rate of heat flow are continuous at
x=a

Hint: See Eg. (2) of Appendix A.

Consider the problem
Py = Uy, O<x<L, >0
1(0,6) =0, u (L.t +yu(L,t) =0, t>0 (1)
w(x,0) = f{x), D<x=L.
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(a) Letu(y,t) = X(x)T(t),and show that

X"+2X =0, X)) =0, X' (L)y+yX(L)=0.

T + 2T =0,

where 5 is the separation constant.
(b) Assume that 2 is real, and show that problem (ii) has no nontrivial so. 22
(c) If» > 0,let & = p? with u > 0. Show that problem (ii) has nontrivial s ..
w is a solution of the equation

peosul + ysinpl = 0.

(d) Rewrite Eq. (iii) as tan uL = —u/y. Then, by drawing the graphs o . = i
y = —ul/yL for 1 > 0 on the same set of axes, show that Eq. (iii) is satist.s
many positive values of u1; denote these by i, iz, . .., iy, . .., ordered in .n
(e) Determine the set of fundamental solutions u,(x, ) corresponding t =x:2
found in part (d).

4

An External Heat Source. Consider the heat conduction problem in a bar thz® = =
contact with an external heat source or sink. Then the modified heat conduct:zz o <z

= oty + 5(x),

where the term s(x) describes the effect of the external agency; s(x) is positive 127 = » wria
negative for a sink. Suppose that the boundary conditions are

w(©,n =Ty, u(ll,t) =T,

and the initial condition is

u(x,0) = f(x).

Problems 21 through 23 deal with this kind of problem.

21. Write u(x, ) = v(x) + w{x,t),where v and w are the steady state and transizz:
solution, respectively. State the boundary value problems that v(x) and w(x.: =
satisfy. Observe that the problem for w is the fundamental heat conduct:n
discussed in Section 10.5, with a modified initial temperature distribution.

¢ 22. (a) Suppose that & = 1 and s(x) = k, a constant, in Eq. (). Find v(x).

(b) Assume that7y =0,7, =0,L =20,k =1/5,and that f{x) =0for0 < x -
mine w(x, ). Then plot u(x,t) versus x for several values of t; on the same 22
the steady state part of the solution v(x).

5'?/ 23. (a) Leto? =1 and s(x) = kx/L, where k is a constant, in Eq. (i}. Find v(x}.
(b) Assume that 7y =10, T, = 30, L = 20, K = 1/2, and that f(x) =0 fc:
Determine w(x,t). Then plot u(x,t) versus x for several values of ¢; on (r.& =iz

also plot the steady state part of the solution v(x).
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General Problem for the Elastic String. Finally, we turn to the problem . - s
wave equation (1), the boundary conditions (3), and the general ir.=. =
Lo (4), (5):

u(x,0) = fx), u(x,0) = g(x), O<x< L.
where f(x) and g(x) are the given initial position and velocity, rescz.. =
string. Although this problem can be solved by separating variables = =
discussed previously, itis important to note thatit can also be solved s .7 3
together the two solutions that we obtained above. To show that this =< -~
be the solution of the problem (1), (3), and (9), and let w(x, 1) be the .2
problem (1), (3), and (31). Thus v(x, 1) is given by Egs. (20) and (22 .=
given by Egs. (34) and (36). Now let u(x,1) = v(x,t) + w(x, ¢); wha: o=
u(x,t) satisfy? First, observe that

2 -
@ty =ty = (AU — V) + (@Pwyy —wy) =0+ 0 =1
so u(x, 1) satisfies the wave equation (1). Next, we have

w(0,6) = v0,6) + w(0,1) =0+ 0 =0, u(L.ty =v(L,t)y +w(L.: =

so u(x,1) also satisfies the boundary conditions (3). Finally, we have
w(x,0) = vix,0) + wx,0) = f(x) + 0 = f(x)
and
U (x,0) = v, 0) + w, (x,0) = 0+ g(x) = g(x).
Thus u(x, ) satisfies the general initial conditions (37).
We can restate the result we have just obtained in the following wz. ~
z} wave equation with the generalinitial conditions (37). you can solve ins:= .. %
what simpler problems with the initial conditions (9) and (31), respect: =
add together the two solutions. This is another use of the principle or <. 7.

o

PROBLEMS Consider an elastic string of length L whose ends are held fixed. The string .+ ~
=————==== with noinitial velocity from an initial position u(x.0) = f(x). In each of Problz~ .=
carry out the following steps. Let L = 10 and a = 1 in parts (b) through (d).

(a) Find the displacement 1t(x,#) for the given initial position f(x).

(b) Plot u(x,r) versus x for 0 < x < 10 and for several values of r between ¢t = .-
(c) Plotu(x,r) versus ¢ for O < ¢ < 20 and for several values of x.

(d) Construct an animation of the solution in time for at least one period.

L

4 {;‘

(e¢) Describe the motion of the string in a few sentences.

x/L, 0<x 2,
"2 1.f(‘)=[2\/L <x <UL/

; L4 2L —x)/L. L/)2<x<L
' dx/L, 0<x<L/4,
& 2 fo=1{L L/d <x <3L/4,

4L —x)/L, 3L/4a<x<L
$ 3 Flo =8x(L - x)?/L3

. : 1, L/2-1<x<L/2+1 (L>2),
4 flo = '
.?/ F) [O, otherwise
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Consider an elastic string of length L whose ends are held fixed. The string is set in motion
from its equilibrium position with an initial velocity u/(x,0) = glx). In each of Problems 5
through §, carry out the following steps. Let L = 10 and a = 1 in parts (b) through (d).

(a) Find the displacement u(x, 1) for the given gx).

(b) Plot u(x, ) versus x for 0 < x < 10 and for several values of ¢ between 1 = 0 and ¢ = 20.
(c) Plotu(x,r) versus ¢ for 0 <t <20 and for several values of x.

(d) Construct an animation of the solution in time for at Jeast one period.

(e) Describe the motion of the string in a few sentences.

5 () = 2x/L. O0<x<L/2,
ST L vl L2<x<L

4x/L, 0<x<L/4,
6. glxy =31, L4 < x <3L/4,
ML —-x)/L, 3L/d4<x=L

7. gx) = 8x(L —x)?/L°

{1, L2~1=<x=<L/2+1 (L>2),

8 gl = .

) 0, otherwisc

9. If an elastic string is free at one end, the boundary condition to be satisfied there is that
i, = 0. Find the displacement u(x,f) in an elastic string of length L, fixed at x =0 and
free at x = L,scl in motion with no initial velocity from the initial position u(x,0) = f(x),
where f is a given function.
Hint: Show that the fundamental solutions for this problem, satisfying all conditions
except the nonhomogeneous initial condition, are

1, (x, 1) = sin A,.x COS Apat,

where &, = Qn — D/(2L)y,n = 1,2,.... Compare this problem with Problem 15 of Sec-
tion 10.6; pay particular attention to the extension of the initial data out of the original
interval [0, L.

6’2 10. Consider an elastic string of length L. The end x = 0 is held fixed, while the end x = L

&

is free: thus the boundary conditions are u(0.1) = 0 and 1, (L. 6 = 0. The string is set in
motion with no initial velocity from the initial position u(x,0) = f(x), where

} 1, L/2~1<,X<L/2+1 (L > 2),
flx) = o
0, otherwise.

(a) Find the displacement u(x, ).
(b) With L = 10 and ¢ = 1, plot i versus ¥ for 0 < x < 10 and for several values of ¢. Pay

particular attention to values of r between 3 and 7. Observe how the initial disturbance is
reflected at each end of the string.

(¢) With L = 10 and a = 1, plot u versus { for several values of x.
(d) Construct an animation of the solution in time for at least one period.
(e) Describe the motion of the string in a few sentences.

11. Suppose that the string in Problem 10 is started instead from the initial position
f(x) = 8x(L — x)*/L*. Follow the instructions in Problem 10 for this new problem.

o
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(a) Using the form of the solution obtained in"Problem 13, show that

P(x) + Y(x) =0,
—ag' (x) + ay’ (x) = glx).

(b) Use the first equation of part (a) to show that ¥'(x) = —¢'(x). Then use =7 = =
equation to show that —2a¢’ (x) = g(x) and therefore that

px) = 5 / g(&) dE + dlxg),
a Jy

where xp is arbitrary. Finally, determine ¥(x).
(¢) Show that

.
¢ 1 xat
ux, t)y = =— / g(&) dé.
za x—at
18. By combining the results of Problems 16 and 17, show that the solution of the =*
[ @ty = Uy,
ulx,0) = f(x), w,(x,0) = glx), —0C < X < 00
is given by
! ( 0 1 U(\ (t)+f( z)]+ 1 /\fu! (g 15
ux,n =z |fx—a x+at)|+ — s (€) dE.
4 2 ' 2(1 X--af s )
; Problems 19 and 20 indicate how the formal solution (20), (22) ot Eqs. (1),(3),anc - - @
: shown to constitute the actual solution of that problem.
19. By using the trigonometric identity sin A cos B = } [sin(A + B) + sin(A — Bi i
the solution (20) of the problem of Egs. (1),(3).and (9) can be written in the 277 -
20, Let h(£) represent the initial displacement in {0, L], extended into (=L, Oyasar oo &

tion and extended elsewhere as a periodic function of period 2L, Assuming that -
h" are continuous,show by direct differentiation that u(x, 1) as givenin Eq. (28)sz7 e s
wave equation (1) and also the initial conditions (9). Note also that since Eq. ' -
satisfies the boundary conditions (3), the same is true of Eq. (28). Comparir: T,
with the solution of the corresponding problem for the infinite string (Problem -~

that they have the same form, provided that the initial data for the finite striri ="
originally only on the interval 0 < x < L,are extended in the given manner ove: PR

-axis. If this is done, the solution for the infinite string is also applicable to the o

21. The motion of a circular elastic membrane, such as a drumhead, is governed U
dimensional wave equation in polar coordinates

w4 (1), -+ (L = auy.

Assuming that u(r,8,1) = R(1)© (BT (t), find ordinary differential equations s> - "~
R(r),®(#®),and 7).

22, The total energy E(1) of the vibrating string is given as a function of time by

L
E(t) = / [%pu?(,\‘,[) + %Tu%(,\‘,m} dx,
0
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The boundary condition (18) then requires that

u(a,d) = % + Z a*(c, cosnf + k, sinnd) = f(9) (35)

n=1

for 0 < § < 27. The function f may be extended outside this interval so that it is
periodic with period 27 and therefore has a Fourier series of the form (35). Since
the extended function has period 27. we may compute its Fourier coefficients by
integrating over any period of the function. In particular, it is convenient to use the
original interval (0, 2); then

1 21

a‘c, = — f(8) cosnh do, n=012,...; (36)
T Jo
1 27

'k, = — f(#) sinnd do, n=172,.... (37)
T Jo

With this choice of the coefficients, Eq. (34) represents the solution of the boundary
vajue problem of Egs. (18) and (19). Note that in this problem we needed both sine
and cosine terms in the solution. This is because the boundary data were given on
0 < # < 27 and have period 27. As a consequence, the full Fourier series is required,
rather than sine or cosine terms alone.

0.8

PROBLEMS ‘Q 1. (a) Find the solution u(x,y) of Laplace’s equation in the rectangle 0 < x < a,0 <y < b,

that satisfies the boundary conditions

u(0,y)y =0, u(a,y) =0, 0<y<b,
w(x,0) =0, u(x,b) = glx), 0<x<a

(b) Find the solution if

X, 0<x<a/l.
glx) =

a—x, a/2<x<a

(¢) Fora =3andb = 1,plotu versusx for several values of y and also plot i versus v for
several values of x.

(d) Plot u versus both x and y in three dimensions. Also draw a contour plot showing
several level curves of u(x,y) in the xy-plane.

2. Find the solution u(x, v) of Laplace’s cquation in the rectangle 0 < x < a,0 < y < b, that
satisfies the boundary conditions

u(0,y) =0, w(a,y) =0, O<y=<b,
u(x,0) = h(x), u(x,b) =0, 0<x<a.
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(a) Find the solution u(x,y) of Laplace’s equation in the rectangle 0 < x < a. .
that satisfies the boundary conditions

u(0,y) =0, ula,y) = f(y), 0<y<b,
u(x,0) = hx), u(x,b) =0, O<x<a.
Hinr: Consider the possibility of adding the solutions of two problems, one wit: iz

geneous boundary conditions except for u(a, y) = f(y), and the other with hom oo ta g
boundary conditions except for u(x,0) = A(x). i

(b) Find the solution if A(x) = (x//a)2 and f(y) =1 — (y/b).

(c) Leta =2 andb = 2, Plot the solution in several WayYS: U VETSUS X, [4 VeISUS © .. 7%l
both x and y, and a contour plot.

- Show how to find the solution u(x,y) of Laplace’s equation in the rectangle .

0 <y < b, that satisfies the boundary conditions
u@,y) = k(y), ula,y) = f(y), O<y=<b,
uE,0) =hx),  uxb) =gk, O=<x<a
Hint: See Problem 3.

. Find the solution u(r,6) of Laplace’s equation

e + (/1) + (1/r) g = 0
outside the circle r = a, that satisfies the boundary condition
w(a,8) = f(6), 0<6<2nm,

on the circle. Assume that u(r,8) is single-valued and bounded for > a.
(a) Find the solution u(r,6) of Laplace’s equation in the semicircular regiit T
0 < @ < 7, that satisfies the boundary conditions
u(r,0) =0, u(r,m =0, O<r<a,
u(a,8) = f(8), 0<8<m
Assume that i is single-valued and bounded in the given region.
(b) Find the solution if f(8) = 6(x — 6).

{(c) Leta =2 and plot the solution in several Ways: U VEISUS 7, i VEersus #, i vers.s - .-
and 8, and a contour plot.

. Find the solution u(r,6) of Laplace’s equation in the circular sector 0 « - .

0 < 0 < «, that satisfies the boundary conditions
u(r,0) =0, u(r,a) =0, 0<r<a,
u(a,d) = f(6), 0<f<a.

Assume that u is single-valued and bounded in the sector and that 0 < « < 27

. (a) Find the solution u(x,y) of Laplace’s equation in the semi-infinite strip 0 < -

y > 0, that satisfies the boundary conditions

u(0,y) =0, u(a,yy =0, y >0,
u(x,0) = f(x), O<x<a

and the additional condition that u(x,y) — Oas y — oc.
(b) Find the solution if f(x) = x(a — x).
(c) Leta =S5. Find the smallest value of y, for which u(x,y) <0.1forally > y;.




