
447
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appropriate comPuter soitu'zrre ln attv case' after some simplilication the

(-l).'- (i),. " (:)'-:0',:(i). -:
ef{icientll ) bv t'istt.tg

resuit is
(48)

Equation (48) gives the particr'rlal soltttion of the s1'stem ('10) that satisfles the rnitial cotrditLon

x(0) : 0. As a result,,, o,fi.r, slightlv fro]x the pur,i*to1. solutions obtarined in the precedit.tg

three exampler. ro ur,tuin it''" t"?"t;i solution of Eq' (40)' vol]Y:iii j: the expresston tn

Eq. (ag) the general solution 1lO; of tt.," hor.nogeneous svsten colrespondirlg to Eq (40)'

Eachofthemethoclsforsolvingnonhonogeneousec]uatiolstrlllonreadvarrtages
andclisadr,antages.Themetlroclofunc]etermineclcoeflicientsrcquiresnointegra-
tion. but rt is limrtecl in scope an<l mav entail ihe solution of several sets of algebratc

equations.Thernetlrod-ofciiagonalizationrequiresfinclingtheirrr,erseofthetrans-
forn-ratiorrrnatrixandthesolutionolasetoluncoupledlirstorderlrneal.equatlons,
followed b,v a matilx multiplication. Its main aclvaniage is that for Hermitian coeffl-

cient matrices, the rn'erse of the transfnrr'roiion rnatrilx can be rvritten down without

calculation-afeaturethatisnroreimportantforlargesystems.Themethodof
Laplace transforms rnvolves a matrix inu"rrjon",o-fincl ihe tiansfer *ratrix' followed

by a multipiicatloll' ancl finall1'bv the determrnation of the inverse t1'ansform of each

term in the resultrng expression tt t' pu't''uiot:f'v u'"iut 
1t-t P::^b.lttt 

rvitl-r forcing

furctions that involve disco'tir-ruous or impulsive terms. Variation of parameters ts

the most general *"trloJ, on the otir., rrunJ,lt inuolu., the. solution of a set of lin-

ear algebrai. 
"quurro,ri 

,o,iih variable .o"tnJi"ntr, follorved b-v^ an rntegration and a

matrix rnultiplicatron, so it ma1, also O" 
'n" 

,r-,"ri romplicated'from a computational

viervpoint, Fo, *o''y'ilutt 'y'i"*' 
with constant coeiflcrents' such as the one i' the

examples in this sectrJn,.iiiiirr.r. *ethocls work well, and there may be little reason

to select olle over another'

.l.cl
n svstelll of equiittonsthe glve

,'\V-l \lx
-1/

the ger-reral solutron of

r>0

t>r)

In each of Problerns 1 thlough 12 tlrcl

' .': (: -)*. (i)

''.:(; -:).-(::ll)
s ,. = (: -i)". (-:-:;
,,.:(-i -i),,-,(,,r,--)

, ,,' = (l i),-. (-i)'

n ,. = (-i 
-1),- 

- (1)
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,,.=f, -l),.-'(-l)'

'u 
.'= (7 ll).. (-1)'
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l12,x'=l ,;
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Chapter 7, Systems of First 9:4:: t,":grEg!g:.*ii

rvhere.rl is the current through the inductor,.v2 is the voltage clrop acr.oss the c,:._-
and 1(r) is the current supplied bv the external source.
(a) Determine a fundantental natfix V(r) for the homogeneous sYstem correspr _ :.
Eq. (i). Refel to Problem 25 of Section 7.6,

(b) If /(r) : e 't2, determi'e the solution of the system (i) that also satisfies ti. :

conditrons x(0) : 0.

".':(? -;)..(."',,) ' o<'[<'zr

n . = (l _;)'-' (:::) | ., . n

13' Theelectriccircuitshou'ninFigut'eT.g.Lisdescribeclbythesystemofclifferential c:-

r1x /-+ -l\ /;\
,i,=[ ; -.Jx-(-,J/ttr'2 / \"/

l.

2 " -"

r3=4ohms .R=4ohms
FIGURE 7.9.1 The circuit in problem 13.

In each of Problems l4 and 15, verify that the given vector is the general soiutrr.
corresponding homogeneous system, and then solve the nonhomogJr"ous sysrem :
that 1 > 0,

/t -r\ t1 .-r /r+,*=6 _i),,_( r,) x:,(l),*,,(i),
\.. _L/ \ .r 

/ \., \./

/t -2\ /-2r\ /r\ ltt15. rx =(" _)).*(,._'',). x,. :,,{r),- -.,(i),,Ll \r _t/ 
\_/ \I/

16, Let x = d(/) be the general solution of x,= p(t)x + g(t), and let x: \,(/) :.:
particular solution of the. same system. By considering th. diff.r.nce @(r) _ r :
that sQ) = u(l) *v(r). where u(r) is the general solution of the homogeneou:
x, : P(r)x.

17, Consider the initial value problenr

x' = Ax + g(r). x(0) = xo.

(a) By referring to Problem 15(c) in Section 7.7, shou,that

, I'
x : O(r)xu- / <D'r -stgrsrds,
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I = 8 henrys



Defi14ion of the Laplace Transform 315

iTftOBLEMS In each o1'Problems 1 through 4, sketch the graph of the given function. ln each case deter-mine r'vhether'/ is continuous, piecewise contl'utus, or neither on the interval 0 < / < 3.

). f'(t1:
t?. 0 < I < 1

l, 1<.t<2 l.fcl:
3-t, 2<t<3

-5. Find the Laplace transform of each of the following functions:
(a) f1r; :1
(b') f (t): t2

(c) f fr: /', where n is a positive integer
6. Find thc Laplace transform of /ir) : cosr/r. where a rs a real constaltt.

Recall thatcoshDl:(sr'r1,t,')12ancl sinhbt:(,,i,,_,.-t,,,1l2.lneachofproblenrs7through
10, find thc Laplace t'ir'rslorrn of the given functiorla ard D are r.eal constii.rs.
1. f'ttt: coshbr

9. { (t) : e"'cosh b/

["' o < t < ]

l./,r':1r2-,. 1.t<2
[n -, 2 < r < -\

[,,. o<r<l
)..f11t: {,r_1,, -,. l<r.2

L
[l' 2 . t 5 .1

ij. I (t) : sinh br

10. /ft) : c"rsinh b1

12. .f (.t) : cos bl

11 f ( l) : e"t cos ltt

lr' (l < t < I12. ltt):l
[n' I '/ ' ..

Ir, 0. r < It-21.ftn:12-t.11t<2
lo 2'r ' o-

1, 0<t<1
3-1, l-<t<2
I, I < r < -1

Recall that cosbl = (etbr + e-ibt)12 and that sinbt: (eibt .- e-it,t)121, In each of problerns l1
tlrrotrgh l;1. find the Laplace transform ol the given function; a ancl l: are real constants,
Assutne that the necessar)r elementary integratio-n formulas extend to this case.

in cach of Problerrrs L5 through 20. use integration by parts to fincl the Laplace transfor.m of
the given functionln is a positive integer anJ c is a real constant.

11. f (., : sin br

13. .f(li = e"tsinbl

15 ./'(t): teu'

Li . .f lt) = | cosh 1r1

19. l'ttl = t2 sin al

16. .f (r) = I sin at

18. .f (t) = t"e"l

20. .f (t) = tr sinh rrl

Iu cach of Problenls 21 thlough 24. find the Lapiace translorm oi the givel lulctror.r

In each of Proble ms 2-5 throush 28. cletermine whether the given inte gral converges or.cliverges.

zs. 
1,,- 

r.i + t)'r ttt

t, l,* t"2e' ttt

26. lo rc 'dt

,t l"- e-'t cost dl



3_?!_
9!:s L t_y _9. Ue!!p! sg"J*

The rnost important.erementar)' applications of the Laplace trtrnslorn: .-:studv of mechanical vibr.tions and-ir the anarysis of erectric circurls: r,:.. -rng equarior.rs were cleri'ecr iu Sectio' 3.7. A vi6rating spring_rr.r; r;;,.- '
equation of rrotion

,,'!*y*+ktt=F(t).
Ltt- dt

rvhere nl is the mass. 7 the clamping coefrrcient, rt the spring constant, an: japplied external force. The equation that describe, nn .l..tii. circurt cor- ,..:inductance L, a resistance R. and a capacitance c (an rnc ci..ui9'is

,,1:e ^Lle l^t-- n- + ,r_i - ,e : Ert,.

rvhere pil) is the chargc on the cap.citor ancr ri(r) is the apprrecr 
'ortage..L::tlre cu'rent I(r) : dQ(t),/r1r, ri'e can dil'ferentiate Eq. (32) and rvr.ite

,d:l ^,ll L. tt EtJl-K(tr-71 :-;rrt'
Suitable i'itial conditions or.r u, e, or.I must also be prescribed.

we have noted previousry, i'Sectio' 3.7,tltatEq. i:r; tor ttr. spring*nr.-,.an! Eqst (32) or (33) for rhe electric circuit .re idenlical mathematicalli -onli'in the inrerpretario'of rhe consrants and variabr", 
"pp;;;i;g rn rh;are other ph'sical p'obrenrs trrat also leacl to the same ctiii.erenrrai ecluai. -

once the mathematical probren is sol'ecr, its solution ,"" tr.-i,ri",:preted r:ivh-icher"er corresponcl.ng phvsical problern is of imrlediate i.tereslIn the problem lists follo*'ing thii and other sections i' this .rrulri* arc r. _:initial value problems for seco'd order linear diffcrential .quuiio,r, *,ir:. . ,coefficients. Many can be interpreted as rnodel, uf pnrti.uto,llnu-"ri.oi ,..,,,-usually we do not point this out explicitlv 
-'- '.-srsr Hrr?Yo

6-L
PROBLEMS

%--l
In crach of Problems I thloLrgh

-l1. l(.tl: -;--_
.t'+4

2{ Alr\ 
-,. r \r/ .lr+3,i*4

)t -L )
J. r \r/ J-+l.r+.\

/\ + I1 E,.,/ / \.\r:
.\-_1,\+l

1ar) /r,., _- -:- --. _J-r4J-F-)

In each of Problerrs 1 I through
problent.

10. llnd the inverse.

a

Laplace translornt of the qrven

1, .'', - - - . ;
i.r - I ).

4. F (.t) : -).1

l2 -.1 - fr

?, _ 1
h F/c] 

-- :--,

x A,. - 
srl-tlt- Il- l: -H-

- 2' .1

s: + 2r'+ lt)

23, use the Laplace translornt 1o solve the given tn

I l, t," - _r" * 61, :0; l(0) : t, ),(0; : _1

12. r"'* 3,r,'* 2r:0; 1,(0) = l. f,(0) :0
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-$lrli:tion of Initial Value problems

.i", _ $ 1*1,tt12t')-/_,t,_l._
and-assurning that the Laplace transfornr ot thisVer.ifi,that !r.p,.*L Lrdrr)L(,rin ()t Inls set.les can be contputecl ternt Lr1.terrn,

l{sintl : i 
--,rt+a' l>1'

(b) Let

,,,r_l(sin1)/r, r7o.-lt/--r)'
Fincl thc'fat'lor scrjcs for'/ ab.ut r = 0. Assunrirg that the Laplace tr.ansrornr o1 thisl'ur.rcli.n can be conrpntcd ier.nr by rernr,.,,.,.ir;,';ir;,

13. i," - 2-t, -r 2,t,= (): ,\,r0) :0. r,r0r : I

I-1..r --ir -J.r=01 .\r{r,= j. I ),:J
1.5 ,y" - 2,y + 4,r = 0l .l,iur _ 2. .i,t0) :0
1Ar". l -1- -\ + -\_I = (J: ,l(0) = 2. 1,,i0) = ,1
17. .v,i+r - 4y"'+6,v,, -,11,, r-_l):0. ,r,(01 = 0. _I,,(0) : l, r,,(0) = 0. _r,,,,(0) : l18, .1,t+r -1,= {): ),(0) = 1, 1,,(ill = 0 _v,,((.)) = I, 1,,,,(0) : fl19. ,'iar -.i.r,:01 f(0): l, .),,f0) = 0, .1,,{0) = _2^ 1,,,,(O) = 020 1t" y ro2,t,= gg521. r,r: = O, .r,t()r : ]. ,1,(U) :0

21 . l'' - 2t,' r 2t, : cos ri t,(il) : l. _],,(0) = 0
22 1,' - 2y, + 21, _ ,-,. ,f (U) : 0. i,,(0) : 1

23 y' +2),'* ), = 4e ,; .\,(0) = 2, _],((-)) : _l
In each of problenrs 24

lr:::y i;;;ff;j[?.lii,ii,]lif,ilii,i::l:i:lliill"'':'],,'":lt.=,_1,il,i:i',i:TJi:i:;Jilil )ectron 6 3. you rnal'wis'to rci'cr.to p'oblcurs 21 thr.ough 2.1 in Sccti.n 6.r.

21.r.*.,-/1 0'1-n.
'-1,,. .-r</<.!l ')'(0):l .r"(01 =i;

(

2--s. .y,'+, = l/, o < t < l.'-lO, l<t<)ol l((l) -(l'.\'r0) :i)
t-

I

26, nt, *.+v= lI' (l<l< l.' t-li' 1<r<cx': l'(il):o' -\'fo)=o

Ir' o-r.I,
27. t"+, -- Jr-. l- ) )-lL-r, t<t<2. 

"y(0) :0, ,r,,(0)=0
lo 2lrco-;

tt 
:L::?ffirlt;X1:tttt of certain functions can be rou'd co'venientry r'om rheir Tavror.

(a) Using the Tavlor. series for sin /

L{l (.t)l - arctan(1,/r,), r, > l


