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l.b
In each o1'Problcnrs 1 thlough 6:

(a) Express thc ttcrtctal solr-rtion of thc r:,iven svstem of ecluations in telms of real-valuecl
fur-rctions.

(b) Also ch'alr'a clilection llcld, skctch a ferv of the trajectories, ancl clesclibe the behavior of
the solutions :ts / -) .

/t -'\ a^r . /-1 -l\Lx:l' -lr *,t t.x:l r ,l*\r -1 I \ , ,/
I 

-\\ 
I ) 

--\,-:(; _.)' dQ.t':(; ;)--/ \; t/

/t r\ 
-.r | | 2\5.r:l' 'l'. dA ,, *:{ . ;l-\: l/ E/v 

\ . ,/

In each of Proltlcnts 7 lncl ti. express thc gencraL soiution of thc given system of cclu:rtions in
lell)t: ol tt;,1 rlrlLIr.l ILlltctl()ns.

lt l ,r\ (4 n :\-':l: ' ,l\ h':l r-r olx
\.r I r/ \ 2 _l ,tl

In cach of Proirlenr,s 9 anci 10. fincl thc solution ol the given initiai value plobler.r.r. Describe the
behavror of thc solutiolt as I --+ cx:.

l1 -5t tt\ . /-.1 2\ / r\', *:{, ',)' rrn':(') r0.\:(_'l _;l- xrur:(_r)\r -.^t \tt \ / \--l
ln each ol Problcnts 1 1 ancl l2:
(a) Fincl the eige rtvitlues of the given svstenr.

(b) Choose ln rnitial point (othcr thiin the oligin) and drar.v the corresponding trajectory in
lhe:.tL.rr-plane.

(c) For \/our lraicctor'f in part (b). clraw the graphs of -r1 versus I and of .t2 versus ,,

(d) FoL lor.tl tlir.jcdt()r'r' in ltart (lr), clrarv thc corresponding graph in three-dimensional
I-I1 .r; -SpilcC.

i3 r\ / 4 r\

'] X':(i ,)' 6,i?,tzx:l:;)"
\ r '..' 

\-r </

in cach ol Problcnrs i-l throLrgh 20. the coelhcicnt uratlix contrins x palanleter a. In e:rch of
titesc probleurs:

(a) Dcterntinc thc cigcnvalues in tcrms ol cr.

(b) Find the clitical value or values of a u,helc the clualitative natule of the phasc portrait {or
the systern changes.

(c) Dral a phase portrait fol a value of a slightly belolv, and for anothel value siightly above,
cach critical virluc.
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'r-:(_1 li)- d.22,, .:(: '),,.\-r -+t \s .t,l
In each of Pr-obiems 21 and22,solve the siven system of equations by the mer:
19 of Section 7.-s. Assume that I > 0.

/-t -r\,',,.:(-j_i)- :2 l: -'\
\- ,/ -zi*:\t _r)-

In each of Problems 23 and 2,{:

(a) Find tl.re eigenvalues of the given svsrcnt.
(b) choose an initial point (other than the origin) ancl ch-au,the correspondi.._.
the x1-r2-plane. Also draiv the trajectorics in the ,rrx:- and.r2.r3-planes.
(c) For the initial point in part (b), dra'v rhe corresponding trajectorv in.r1.r;.,,..

/-: 1 o\ /-+ 1 o\t I ll ; "\zi.s:l-t -_ nl' 622+ -:l_r _t rr l.\o o -:) \n ,, !)
2-5, consider the electric circuit shorvn in Figure 7.6.6. Suirpose that A

C:jF.andL:8H.
(a) Sho'v that this circuit is described b1'the system of cliffer.ential equarr,.

,1 /'\ -(-, -i\/,\,r'\ri:\ z -rl\r/
rvhcre 1is the curler.rt through the incluctor and / is the voltage drop acros, .

Hirrt. See Problent 20 of Section 7.1.

(b) Find the genelal solution of Eqs. (i) in terms of r.eal-valued funcri.n,,.
(c) Find 1(/) and y(r)ii1(0) = 2A and ]r(01 :3V
(d) Detcrmine the limiting values ol 1(l) and I/(r) as r - :x). Do thesc .

depend on thc initiai conditions'J

6a

6a
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FIGURE 7.6.6 'I'he circuit in problcm 25.

26. TheelectliccircuitshorvninFigureT.6.Tisdescribeclbvthesl,stemofclifferer

| ,, l_ \(t lt\ I" tlltt,r,\r/:t_, _ r f\v/\ C RC/
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where 1 is the current through the inductor and l/ is the voltage drop across the capacitor.
These differential equations rvere derived in probrem 19 of Section7.1.
(a) Show that the eigenvalues of the coefficient matrix are real and different if L > 4R2Ci
show that they are complex conjugates if L < 4R2C.
(b) Suppose that R= I a, c= 

11 F, and l= 1 H. Find the general solution of the
system (i) in this case.

(c) Find 1(t) and V(, tl' I(0): 2A and y(0) = 1 V
(d) For the circuit of part (b) determine the lirniting values of 1(r) and v(r) as r --+ se. |s
these limiting values clepend on the initial conditions,l

27' In this problem we inclicate horv ro shorv thar u(r) and v(t). as given by Eqs. (17), are
linearly independent. Let r1 - ), * i4 and /"-r = ). - lp be a pair of conjugate ergenvalues of
the coefficient nratrixA of Eq. (1);let 6itt : a * jb an6 q rti: a - ltr t.ih. 

"oi."rpondingeigenvectors. Recall that it',vas statecl in Section 7.3 thattwo different eigenvalues have
lineally independent eigenvectors, s o if r1 171, then f (1) and { 

(1) are linearly independent.
(a) First we shorv that a and b are linearly independent. Consider the equation
cra * czb:0. Express a and tr in terms of qltt and 6(1), and then show that
tcj - iL2r{'l't rc, = rc2rl'l' : g.

(b) ShowthatcL - ic2 : gandcr f ic2 : eand thenthatcl : 0andc2 : 0. Consequently,
a and b are linearly indcpendent.
(c) To show that u(/) ancl v(r) are linearly independent, consider the equation
cru(h) -r- c2Y(Iir) :0, rvhere /p is an arbitrarl'point. Rewrite this equation in terms of a
and b, and then proceed as in part (b) to show that c1 : 0 and c2 = 0. H"n"" u(l) and v(t)
at'e linearly independent at the arbitrary point /6. Therefore, they are linearly independent
at every pornt and or1 evcry interval.

28 A mass n1 on a spring rvith constant k satisfies the differential equation (see Section 3.7)

mu" + ku :0,
whcre tt{t) is thc displacentent at time r of the mass from its equilibrium positron.
{a) Let.ll : tr,.r2 : L', And show that the resulting sVstem is

FIGURE 7.6.7 in Problem 26

(b) Find the eigenvalues of the matrix for the system in part (a).
(c) Sketchseveraltrajectoriesofthesystern.Chooseoneofyourtrajectories,andsketch
the corresponding graphs of-r:1 versus I and.r2 versus /. Sketch both graphs on one set of
axes.

(d) What is the relation between the eigenvalues of the coefficient matrix and the natural
frequencv of the spring-rnass sl,stenr?

. : (-!,,,, j)-

The circuit
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Tlre columns of v(l) are the same as the solutions tn Eq. (27) of Section 7.5. Thus
the diagonalization procedure does not offer any computational advantage over the
method of Section 7.5, since in either case it is necessary to calculate the eigenvalues
arnd cigenvectors of the coefficient matrix in the svstem of differsntial equations.

Consider again the systent of differ.ential equations

x' : Ax. (45)

rvhere A is given by Eq. (33). Using the transformation x : Ty. where T is given by Eq. (35),
You can reduce the sl'stern ('15) to the diagonal system

(46)

Obtain a l'undamental rnatnx for the system (46), and then transform it to obtain a fundamen-

' 
: (: -','), = o,'

tal matrix for the original systern (45).
Bv multiplying D repeatedlv ivith itself, *,e find thar

o,: /o u\. 
o, : (,' o\.

\o tl \o -tl'
Thereforc. it follows froni Eq. (23) thar exp(Dt) is a diagonal
e ' on the diagonal; that ts,

,o' - 
/e3' 0\

\,, ,-')
the requirecl fundamental matrix V(r) by nultiplt,ing T and

tt r\ /.,,, U\ | ,., c-,\v'" : (z -,) (' n ," ): l,),, -:',- )
fundamental matrix is the same as the one found in Examp

matrix rvith

(41)

the entries e3' and

Finally. rve obtain

Observe that this

exp(Dt):

(48)

(4e)

lel

1.1
given system of equations.

@(r) satisfying O(0) : L

/-1 1\t'':( I ;)'
\ 8 -1/

lt 1\+'x':ta 
-,,1*\' -/

/-t -1\0.",:l , .1"
\ 

r -L/

)t -1\8 x'=[. 
-.1*\.- '/

lil0BLEMS In each of Problenrs I through 10:
'::+ (a ) Find a fundamental rnatrix for the

(b) Also find the fundamental ntatrix

/z -r\t':(; 
-').\- -/

, ,.' : (: _1)"

, -,=(? _;)"

''.:(: -i).
i

,i

H
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i1.

9.

/ | i r\-:l 2 t -' l*\-8 -5 -31
Solve the initial value problem

/t -r 4

=l: 2 -I
\2 r *1

.,r, : (_i)
/t*': I.
\J

'': (-i -i),. ."" : (;)

10. x

).

-t \
;1",

by using the fundarrental niatlix O(l) found in Problen.r 3.

12. Solve the initial vtrlue problem

by using the fundarnental matrix <D(t) found in Problcm 6.

13, ShowthatO(l):V(r)VL{te;,u'ltereOtrlandV(l) areasclefineclinthrssectro.:

14, The fundamental matrix rD(l) for the system (3) rvas louncl in E,xample 2. S-
o(r)o(s) : o(r + s) b,v multiplf ing o(r; and Q(s),

15. Let O(t) denote the fundamental matrix satisfying O' : AO. O(0) = I. In the t;'
denoted this ntatrix by' exp(A/). In this problent rve shorv that tD does indee: '
principal algeblaic ploperties associated with the exponential function.
(a) Shorv that O(t)<D(s) - O(r +s); that is, show that exp(Ar)exp(As) : e\p 1
.Fllrt: Sl.rorv that if s is fixed and t is variable, then both (D(r)A(s) and <D(t + s, ,.
initial value problem Z' : AZ, Z(0) : O(s).

(b) Shorv that O(t)O(-/) : I;that is, exp(At) explA(-r)l = I. Then shorv thai
@(-rl : O-r0).
(c) Shorv that O(r - s) : O(r)O-r(s).

16. Shorv that if A is a diagonal matrix rvith cliagonal elements a1,o2,. ., ,c,,, the:. , ,

also a diasonal matrix rvith diagonal elements exp(drl), cxp(azl),. , . , exp(n,,/

17. Considel an oscillatol satisfying the initial valr.re ploblem

tt" + to2u = O, rr(0) : us, lr'{0; : 1,,.

(a) Let.r1 : 1,,r2 = rr', and transform Eqs. (i) into the fornr

x' : Ax, x(0) : xfi.

(b) By using the seLies (23), sl.rorv that

expAr : I cos rat + A 
tt't''.

(c) Find the solution of the initial value problern (ii).

The method of successive approximatior.rs (see Scction 2.8) can also be applie:
of equations, For example, consider the initial value ploblenr

x' : Ax, x(0) : xo,

whele A is a constant matlix ar-rd x0 is a presclibcd vector.

18.
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In each of Problems 1 through 4:

(a) Drarv a direction held and sketch a ferv trajoctor.ies.
(b) Describe how the solutions behave as / + oo.

(c) Find the general solution of the systent of equations.

PROBLEMS

-?\-lx
-41

grven system ol e- -, ..r-a

I 1\

o 1lx
| 0)

:\,1''.
2l

^ /1 -r\ /t
6.2 l*:[ ,)* 6a- 3 x=(*

\r -t/ - 
\d

^ /-: r\ / 1dA,-:(-t i)- 6e r-:(:
\*,1 -1/ \-i

In each of Problen.rs 5 and 6, fir.rd the gener.al solution of the

lr 1 r\ /O

'.:[: i-]lx '.:[:
\u -r ll \l

In each of Problems 7 through 10:

(a) Find the solution ol the given initial value problent.
(b) Draw the trajector,v of the solution in the .rt_r2-plane.
versus /.

and also drari' tl--.

":(i -i). -'u:(;)

*',=(t i). x,:(i)
\-: 1/ \*'r

'-:/l i1-. *ru, :/''\\-; -tt \-21

'n-:f l :). /'\
\-r - -1/ "",,:(o/

In each of Problerns 11 ancl 12:

(a) Fincl the solution of the given initial value problern.
(b) Drarv the corresponding trajectolv in .r1"r2.r3-space, a'd alsr.r clraw the -qrar

(t u rr\ /-r\
't-:l-1 | :l' xrir, :l zl

\r 6 2/ \-:o/
(-i ' '\ / 2\rzx:l r -j ll-. *,0':I il
\ r r -:J \-rl

In each of Problems 13 and 14, solvc the given svstem of cquations bv tl-re 6et: ..-
19 of Section 7.5. Assume that I > 0.

* ,.: (l _i). 'o 
,- : (l -i),,

\' '/ -'/

{L

6J

sz
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15. Sl.rorv that all soltttions of the system

x:

apploaclr zero as , -+ co ii and onlv if a

witl.r that of Plobleni 37 in Scction 3 'l'

16. Consider agnin the electnc circuit in Problem

by the system o{ clifferential equations

(a) Slio*'that tl.re eigenvalues are

(b) SuPPose that R= 1 A, C: I

y(0) : 2 V. Find 1(t) and v(t).

17. Consider again tl.re svsten'l

x

arid ad - bc > 0. Con.rpare this result

26 of Sectiorr 7.6. This circuit is described

alsothlt/1U;:lAnno

* (l)

(: ')

*d<0

r 1\lo rllr\_t - lt I-t 1 I l\Y/
\ c RCI

real and equal if L - 4R2C'

F^andt:4H.SuPPose

It r\
,,,:l*=(, -l)- (i)

\r Jl

thatwediscussedirrE,xanrple2.Weforrnd,therethirtAhasadoubleeigenvaluerl-_t'.:2
witli a single intr"p"nirt"i tigenvector llt' = 

" ' -1)r' or arly nonzero multiple theteof'

Thus o.e solurion "t 
ri*'tl.i!t" (i) is xririr; :611),:r ancl a secoud independe.t soluttou

has the fot'n-t

L't'(I)=qrt':'-4e:''

wl.rere{and4satisfY
(A-2I)f=0, (A-2I)4:{ (ru

in the text rve solveci the first cquation for f and then the second equation for 4 Here tve

ask I'ou to procee d itt tltc tcverse ordet

(a) Shorv tlrat 4 satisfies (A - 2I)2n = 0'

(b)Shorvthat(A- 2D2:0.Thtrstlregeneralizecleigerrvector4calrbechosenarbitrarii-v.
except that it must be independent of f"''
(c)Let4=(0,-1)T..Tlrendetet.rnine!fromthesecotldofEqs.(ii)andobservethat
t:(1,-1)':{(,j.Thischoiceoft1 reproducestliesolr.rtionfoundinExanlple2.

(d) Let 4 = (1,0)r and determine the corresponding eigenvector {'

(e) Let n: &t'k2)1'where /c.1 ancl k2 are arbitrary numbers'Then deternrine {' Horv ts

it related to the eigenveclol'6'r')')

Eigenva|ues of Nlultiplicity 3. If the matrix A lras an eigerrvalue of algebraic multiplicity 3,

then ther.e mav be either o.e. two, or three corresponding linearly independent eigenvectors'

Tl.re gener.al solurion "f 
,h;'.;r;;;;, -_Ax is diffeient, depending on the number of eigenvec-

tors associated with the tripie cigenvalue. As notecl in the text, there is no difliculty il there

are three eigenvectors, sinrc theri there are three indepe^dent solutions of the form x : tr"''

The foliowi'g tivo problems illustrate the sol'tion proiedure for a triple eigenvalue rvith oue

or two ciqenvcctors. respectivcll'
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18. Consider the sys1,'nr

/I
It:,4X= | 2
l.\-

11\

: 
-:)'

(a) Shorv thar r : 2 is an eigcnvalue of algebraic multiplicity 3 of rhe ;
A and that there is only one corresponding eigenvector, namely,

(b) UsinLl the ixrl\rr'nration in part (a), rvrite clown one solution x(1)(r, -
'fhere is no otltcr sL 111jq1 ctl tlte purely expolential foLm x = 69.,.
(c) To fincl a scconi.l solr.rtion. asslune that x = Ete2, + ne2,. Shorv that <- _

ecluations

(A - 211{ : Q, {.A - ZI)q : f.

Since { has .heady been for.rntl ir part (a), solve the second equatio. ..'
multiple of {(1) that appears in 4, since it leacls only to a multiple of thr- _
Then rvrite dorvn e sccond solution *t:)ir; of the system (i),
(d) To lirrd a thir I s1rl11ysn, assume that x : E(2 l2)e2' + 4te2' 4 4e2'. Si. : ..

satisfy thc ec1ua1i, ;rr

2f;{: 11. (r\ - 2l)ri : f, A - ZI)C: n

The flrst two equatro.s are the same as in part (c), so solve the third eq-.
neglecting the multrlr)e of f(1) thlt rrppears. Then write down a third sol-:
s_vstenl (1).

(c) Writc dos,n u funclanrcnlrrl nrllrix V(r) for the system (i).
(f) Fornt a ntatr.i.r-l''',ith tlie cirlcnvector qiriin the first colurnn an:
eigenvectors 17 an.l 1 irr the second and third columns. Then find T-r anc ,
J : T- 

j,\T. 
Th- , ,r,l;ix.I is thc .lorclan form of A.

19. Considcr thc sr

(a) Sho* that r : I is a triplc cigc'valuc of the coefficient matrix A a'
only trro linc:trlt' i:. I .;.r.n11r'ir, r'ir,Lrtre.clors. *,hich rve rnay take as

Write don'n t*o l,r r'1r inclcpcnclent solutior.rs *{t)1t) and x(2)1f; of Eq
(b) To fincl a thirci. lution,lssrru.ic that x : ltet + qet;thenshowthat €

(A - I)f :0,
rA-I1a:{.

'' 
: (_)

/s -? -r\I'':'\':[ : -: -]l-
\-+ J ,t/

,:(i)'''':(:)


