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20. Assume th:rt the systern clescr.ibecl bv the equatir )11 t.nu,, + yu, + ku: 0 rs critically clanrpedandthattheinitialconditionsareuiOl : u0,u, (0): qr.lf uo = 0,shorvthatu __+ 0ast -+ oobut that tt is neve.t zelo' If ,,,, i. posiiiu", detcrrrinc n .o,liition'o,r u(r that $,ill ensur.c thatthe nrass'asses through its cquilibriuur position afrer ir is rereasecr.2i Logarith[tic Decrernent. (a) For thc clamped oscillation clescrrbed by Eq. (26). showthat the tinte ltetu,een successive nraxima is 7,1 _ 2ti1t.(b) Sbou' that the ratio o1 the clisplacements at two sLrccessr'c nraxinra is given byexpli/7'(ti2rtt) obsel'vc that this ratio does not dcpencr on rvjrich pair of 
'raximats ch.sell 'J'he natural logarithnt of this latio rs callecl the rogar-rlhmic clecre'ent,rcl rsclenotccl bv A.

(c) Sholvthat a = ty/ttlL Sincen,Tr.andAarecluantitiesthatcanbenreasur.edeasrll,for
a nlecltilntcal svstenl' this resr.tlI pr-oviclcs a convenlent and ltractit.ulnrcthocl for c]eter.rni'-tng the damPing constant of the systenr. rvhich is mole cliflicLrlt to measur.e clire ctly. In par-trcular' 1or the tnotion of a'ibrating mass in . viscous fluicl, the damprng co.stant depcndson 1he viscositv of the.flurd; 1'or simple geometric shapes the lornr of this ciepe'dence isklttlrt't.t' atlcl thc prececling relation ailo,us the experinrental cleter.rnrnatroll ol the viscosity,-I'hts 

is one ol thc rnost accul.ate rvays of.cletcrntining thc viscositt,of a gas at high pressure.22 Rcferring to Problcrn 2l.lincl the logarithrnic decrement of the s-vsrem rn problem 10.23' For the s1'stem,in probieni 17, suppose rhat A - 3 and z7 : (J.3 s. Referring to probrcrn
21. cletcr.ntine tite value of the clailping coelficient y.

24 'fhe position oI a certain.spring-mass ryrr". satislies the initiar var,e pr.obrem

1u" * ku:0. ue) :2, &,(0) : 1,.

It'the pe|iocl ancl amplitude of the resultrng motion are observecl t. be r ancl 3, r.espectively,deterntine the ,,.alues of k ancl r.

&2 ZS Consider: rhc rnrrral value problern

u' t /rt' f u = 0. u(0) :2, u'(0) = 0
\\re wish to explore horv long a time rntelval is recluired for- the solutron to become .,neg-
li-qible" ancl how' this intervil depends un tl.re damping coefficient ),.'Ib be more pr.ecise,let us seek the tinre r such tliat i,,1t.11 .0.01 for atl r I ,. Note that critical cla'rping forthis prohlem occurs for 7 : 2.

fl :ilrl,;0.25 
and determine r! or ar least esrirnate it fairly accur.ately fi.om a ptot of

(b) Repeat part (a) for seve'ar other values of 7 in the interval 0 <. y < L,-5. Note that zstcaclilr,clecreases as i, rncreases for 1,rn this range.
(c) crcate a graph of z vcrsus y b1'plotting the pairs of virlues founcl rn parts (a) ancl (b).Is the graph a sntooth curve?
(cl) Repeat part (b) for values of y between 1.5 and 2. Shorv that r contr'ues to decreaseuntil y reaches a celtain critical value y6, after rvhich r increases. Find y6 and thecorresponcling minimum value of r to two decimal places.
(c) Another: wa\r lo proceed is to wrire the solution of the rnitrat value problem rnthe fornl (26)' Neelect the cosine factor and considel only thc exp.nertial factor and theantplltude ll rhen fincl an expression fo' r as a function of y. conrpare the approximateresults obrai.cd in this wa'with t'e varues cretermined i,-, par.ts (a). (b). and (d).

26. (lonsider thc injtiai value problem
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206 Chapter 3. Second Order Lineor Equations

(a) Solve the inltlal value problem

(b) Write the solution in the lorm tt(l)
tcr'nls ol nt.y,k. ir',. anJ un.

(c) Investrgate the dependetrcc of R on

: Rexp(.-ytl2nl) cos(1rr - 6). Detennine R .-

the damping cocfficient 7 lor fixecl valttes of t:.,

otiler Parameters.

27. A cubic btock of srde / and nrass density p per unit voiut.ttc is lloating in a lluid o[ mnss dc:

sity p0 per unit volume. rvherc pr, > p. If the block is slightly clcpressecl and then release-

rt oscillates in thc veltrcal direction. Assuming that the viscotts damping of the fluid a:.:

air catr be neglected, derive the differential equation of mcltion and dutcrnline thc perr. -

of the motion.
Hrirr. Use Archimedes'10 principle: an object that is contpletely or partially submerse:

i1 a lluicl is acted on b1-'an uprvard (buoyant) folce equal to thc rveight ol the displact:

1'1uid.

62 ZS The position of a certain undan.rped spring-mass svslertr sattsfles the initral value proble'

u" -r 2tr = 0. u(0) : 0. ll'(0) : 2

(a) Find the soltttitlrl of this initial vah.te problem.

(b) Plot r vcl'sus I and a'versus I on the same axes

(c) PIot rr'r'ersus a; that is, plot,r(/) ancl rr'(/) paranret|ical)1'rvith I as the paramett-

Tl.ris plot is known as a phase plot, ancl the uu'-plane is called the phase planc. Obser' ,

that a closed curve in the phase plane corresponds to a peliodic soltttion rr(l). What is t-.:

clirection of ntotion on the phasc plot as 1 increases'J

6;L Zg The position of I ccrtain spring-r'nass svstem satisfies thc initial value problenr

u" + ;u n 2Y1 :0. t/(0) : 0. rr'(0) : 2

(a) Find the solution ol this initial value problcrn.

(b) Plot u versus t ttncl u' 1'ersus l ou the sanle axes.

(c) Plot a'versus r.r in the lthase plane (see Problcnt 28). Iclcntifl'several corlg-spondi:.

points on the curves in parts (b) and (c). What is thc ciire ctiott of trtotion ort thc philse p-

as t increases'i

30. In tlie lbsence of damping, thc n-rotior-t of a sprine-mass svstclll satisfies the inrtial vai-

p r\)hle ut

ntLi' + ktt - 0. u(0) : a. u'(0) : b.

(a) Show that the kinetic cnergy initially imparted to thc tlass is ntb2 12 and that t:.

potential energy initially stored in thc spring is ka2 l2,so that initialh' the total cnerg\ ,

rhe system is (ka2 * nl|) 12.

(b) Solve the given initial vaiue problem.

(c) L,ising the solution in palt (b). cletermine thc total encrgv itt thc srstetr at irirv tinl.-

Your result should conllrm thc pnnciple o1 conservatiot-t of enetgt ltlt thts svsterll.

l0Ar.clrinteclcs (281-212 BC) rvas thc foren.rost of the ancicnt Creek ntathematicians. He iived in Svracu:

on thc islar.rd of Sicily. His ntost noiable discoveries were in geolretry, but he also trade importallI col]i:

butiolls to 5_vcirostlLtics ancl other branches of ntechanics. ['lis nlcthocl ol cxllar.lstion tr .t prcculsur ,rf l:
intogr.al cirlculus clcvelopecl b\ Nsrvton and Leibniz allnosl t\vo rttillcrtnilt lltle r. He ciied .rt tht h.rll.is o:

Ronran solciicl cluring thc Sccotrcl Punic Wrr
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l-5. Find the solution of the initial value problem

u"+u:F(t). rz(0) :0, ,,'1gy:0
ru hele

llrtr - )t

<t.

6Q. tt

Hint -I'reat each time interval sepalatelv. and rnatch the solr.Ltions rn the differe:
rntervals by requirrng u ancl u' to be continuous functions of r.
A selies circuit has a capacitor of 0.25 x 10-6F, a resistor of 5 r lll3 e. and an inrjuctor,
1 H. The lnitial cl.rarge on the capacitor is zero. If a l2-volt batter-v is connected to the c-:
cuit and the circuit is closcd at, :0, determinc thc- chalgc-.n thcj eripacitor.at r = {).00-
at I = f.Ql s, and at any time l. Also deternrine the iirnitr'g ch.r.ge a. 1 '- ro.
Consider a vibrating svstem described by the initial varue problem

u" + lu' l 2u :2 cos r,,.r/, &(0) = 0, u,(0) = 2.

(a) Determine the steady state part of the solution of this prolrrem.
(b) Find the amplitude ',{ of the steady state sorution in terms of ru.

(c) Plot / r,ersus c,r.

(d) Find the maximum valLie ol ,,1 and thc, frecluencl, o, for rvhich ir gccurs,

d2 lg Consiclel the for-ced but unclarrpecl svstern described bv the initral valuc proSleur

u" +u-3cosL.rt, U(0) : g. t/'(0) :U
(a) Find the solution u(t) lor ot I 1.

(b) Plot the solution rr(t) ver.sus t for Lo:0.7, a:0.g, and o:0.9. Descrilre horv ti_.
response u(t) changes as ro varies in this interval, What happens as (/) takes on \a.,
ues closer and closer to 1'l Note that the natural frequencv of the unforced syste:
is ruu = l.

6P, ts consicler the vibrating systenr described by the initial valr.re pr.oblenr

ti'+rL:3cosror. t{(0):1, rr'(()t = L.

(a) Find tlie solution for ro * l.
(b) Plotthesolutionl(l)vefsusrforr,.., = ().j,o=0.g.ancl at-0.g.Comparetheresul::
rvith those of Problem 18; that is, describe the eftect of the nonzero rnitial conclitrons.

68 ZO For the initial value problem in Probler.n 18, plot u' versus u fot to : t).1 , o,t: 0.g, ar:
a :0.9. Such a plot is called a phase plot. Use a I interval that is iong elough so that th:
phase plot appears as a closcd curve. Mark youl' curve rvith arrorvs to show the drrectic:
in rvhich it is traversed as I inclcases.

Problems 21 through 23 deal rvith the initial value pr.oblenr

tL" + 0.l25Lt' + 1u : t'1;1, u(01 :2, rr'(0) : 1y.

In each of these ploblems:
(a) Plot the given forcing functior.r 1' (r) versus l, anci also plot thr: solutro, ,rl) versus r on th:
same set of axes. Use a I irlterval that is long enough so thc initial transients are substantialir
eliminated. Observe the relation bctrveen the arnplitude and phase of the forcing ,.rn1 un.
the amplitude and phase of thc response. Note that cr_ri, : ,1ffi = 2.
(b) Draw the phase plot of the solution; that is, plot u' versus ir.

{r,,,. o < t

lx,"'"-"' "''r;

16.

ffii*
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rve ct,rrlcl htrve chosen x(2) as before and
In this \\'av we obtain

x(3) fty using cl : I and cz: -2i:,: -.

/ t\ / r\*'':l ,l -..=[-, 
I\-rl \ r/

associatecl u'ith the eigenvalue /. : *1. These eigen,.
other as rvell as to the eigenvector x(1) that corresp.

as tlrc ctgelt\/ectors
orthr)gollal tO eaCh

eigenvirlue i : 2.

1"3

PR0BLEMS In eircir .f problcms 1 througrr 6, either solve thc siven system ol ecu.tio's
t ItLt (' i\ n,) Sr)lllII()t'I.

3 .r.; * l.r2 - .rj =
Ltlr.f2--,r-3:
.\t- .f2 -2r-z-

.l i. t .t.: * -r-. :
- \" + r.I )r. -

2. xr *2xz - "r: : 1

2x1 I r2r.r::1
-rt - 12*2.rj=l

I

2

2

1

-1

0

0

0

x1 *2.t2 - .r: : 0

2x1 + 1-, * ,r: :0
.It -.f:*2.rr:0

.v1 *2.r2--r::-2
-2-rt*4.r-:+2.r:: t+

2-r1 +.1"r2 - 2.r., : -.1

hr eacir rrl Plobleurs 7 through l 1, clete rmine whether. the member.s of the grye n ,,
are lrrt,:rrlr indeJrgndcnl. ll thuv irre linclrrly tlupendcnt. lintl a line ar. r.ellrti,,n ,- :
The vcclols iLre rvritten as row vectors lo save space but may be consiclercd as crr_,:.. ,

that rs. tllc tl lllsposes of the given vectors may be used insteacl of the r.ectors ,L.- .- .,.:r,r

7. x 1' : (1.1.0). x(2) : (0,1, L), x(3) : (1,0,1)

E. x I : (2. 1,0), x(2) : (0, 1.0). x(3) = (- 1, 2,0)

9. x ,- (1.2,2.3), ;1t:r : 1-1,0,3, l), x,r, = t-1, l,l,t),r. xi4,= _ .

10.x -(1.2,-1.0). xQ,:(2,3. l.-1), xFr ={-1.0,2.2), x';,=:
11. x : (1.2,-2), x(2): (3,1,0), x{3) : (2.-l.l), x(a)= (4,1.._i

12. Sr1,Ilr5cthatcachofthevectorsx(11,....x("'ihasricor.rryronents.rvhereri<,
\ .....xr"') ilrelinearlydepenclent.

I n caclt ol Probleurs l 3 and l4, deternr ine whether the mcnrbers of the giver-r set r : ,

lineallr,inrlcpenrlcntfor -oo < / < oo. If thel,are linearly clepender-rt,find the ii:;*
alror rr lhe nl. As in Problerns 7 through 1 I , the vectors are rvritten as row veclors I,

13. r ' n - (e t,2c t), *{z)(1) = (e't,e t). x(31 (r) : (3c '',0)

1.1. x r): (2sinr.sin/), *12)1r;: (sinr,2sinr)

\jti:
,1

'!t. .. l:
1 :. ..!

,:,,,..:- . ,,i
f*,{,, lill!
: ::1;::' i !r,':--_. ,
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1-s. Let

,.,,,,:/t',\. *,,, {l)
\r(, / \,/

Show that x'r)1r; and x(:l1r; are linearly depenclenr at clch poinr in the
Ncvertheless, shorv that x(l)(t) and x(2iit; are linear.lr, inclepenclent on 0

In each of Problenrs l(r through 25.find all eigcnvalue-s antl cige nvectors of

/: 1\
Lo. l^ .l ,', (t r\

\. tl \r tl

interval0<r<1,
<r<1.

the given matrix.

/-tr8.(:

il20.1:
\v-.

,'(i .'i)

Probie nrs 26 through -30 deal rvith the pr-oblem of sol','inc.\r : 5 rvhen detA : 0.

26. (.a) Suppose that A is a real-valuecl n x ri rnatlix. Sho.,r,thzrt (Ax,y) : (*,Aty) for any
vectors x and y,
Hittt:You rnaY find it simpler to consider {rrst the cilsc i I = 2;then extend the result to an
arbitrary value of il.
(b) ff A is r-rot necessarily real, shorv that iAx. r,) : 1x..\'y) Ior any vectors x ancl y.
(c) If A is Hernritian,shorv that (Ax,1'1 : (x.A1,) til rlir\, \,ccrors x and r,.

2T Suppose that. fol ri given matrix A, there is a nLlnzcri\ .,cctor x such that Ax:0. Show
that therc is aiso a nonzero vectol'y such that A': : O

2.9. SupposethatdetA:0andthatAx:bhassolutrons.Slrorvtltat(b,y):0,wher.eyisany
solution of A. v : 0. Velify that this statement is trr.rc Iol i he sct ol ecluations rn Exantple 2.
Hutr, Use the resulr of Problem 26(b).

29. SttpposethatdetA:0andthatx:x(0)isasolutionol ..\x:b.Showthatif{isasolution
of A{ : 0 and n is any constant, then x : x'0, -f a{ is lrl:o a solution of Ax : b.

30. SupposethatdctA:0ancl thatyisasolutionof A'r'- il.Shorvthatif (b,y) :0forevery
such y, then Ax : b has solutions. Note thlt this is thc convcrse of Problen 28: the form
of the solurion is given by problem 29,
l1}il. Whiit cioes tite relation A'y - tl say lltout tlrc r.rrr'.s ol A'/ r\gain, it may be helpful
to consicler'the case ri : 2 first.

,,(_:i)
\

:; )

"(-irf)
.'(i.i)

lI r) o\
zzlz '-, I

\-r 2 tl

( lrte -2te 8/e\
21 

| -2te zte 1o/e 
I

\ slc tjle s te I
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9!gee!.5:tems of First Order Linear Ec.:u

To pr.r'e this theorenr, note that the existence aucl uurqueness.f rh..x(1', " x(") mentioned in Theorerm '7.1.4 are ensurecl by -lheorenr 
7.1.ihard to see that the wronskian of these solutions is equal to 1 whe* r : / .x(r,,..., x(r) are a fundamerrtal set of solutions.

o'ce one lundamental set oi solutiors has been tound. other sets car: .

ated by forming (independent) linear combinatrons of the first set. For i,-pr:por.:r, the set given by Theorem j .4.4 is usually the simplest.
Finall,v, i1_may happen (iust,s for seconcl orcler linear equations) tha:whose coefficients are all t'eal n.ray give rise to solutions that are c.nrpl.In this case, the followinq theorem is analogous to'f'heorem 3.2.6 ancl c.i,:obtaiu real_value ci solutiirns rnsteacl.

Theorem 7.4.5 Consider the system (3)

-__-.:-- x, : p(t)x.

rvhere each element of I) is a real-valuecl continuous function. If x : u111 -a c.mplex-varued solution of Eq. (3), then its real part u(1) and its irnagi:,
v(a) are also solutions of this cqrration.

1o prove this result, we substitute u(l) * lv(r) for x in Eq. (3). therebv c

x' - Pl'r)x : u'(t) - p(r)u(r) _f i[v,(r) _ p1r;v1r;] : 0.

we have useci the assr'r.rption that p(1) is rear-varr-red to separate Ec1.its real 
_and 

irnaginary parrs. Sincc a comprex number is zero il and ,-

real ancl intaginar.y parls are both zero. rve conclucle thal u,(r) _ p(r)urr
r"(rr - P(l)v(l) : 0. Ther efore , ul/) and v(rl are solutions of e q, 1:;.-ftt suntntarize the results of thrs section:

h
F
I'
ftt
fl

r ,.,

I
fi. '

r
*

l. Any set of n linearly inciepcnclent solutions ot the system x = p(1 )x co.lundantental set of solulions.
2. t'nder lhe conditions givcn irr

3. lJvery solutiun of the s).ste lr x,
fr.rndantental set of solutions.

this section. such funclamental sets ahvavs exisl
: P(l)x can be r.epresentccl as a linear cctmbina

PROBLEMS l. I'r'orc.the generarizatior of I'herrcm 7.4. 1, as exprcssecr in the sentence th..l (1. {A}. tor irn ilt.hllftrr} rlrlLrc,rl tlrc intcger.k.
2. l. this problcrn rve outiirc u pr.of of rheorem T.,l.3 in the case n : 2, Let x.lre soltitiors of Eq. (3) for.cr < r < lJ,and,let l,I/ be trre wr.onskian of x(rj ancr r(a) Shorv that

] dr1" tt.u\zt
)tl

,lt - l

1'l'' ,N'

]tl' .\.1:'*ll
li rl'tr' cl.r'l'
) ,lt ,tt I
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(b) Using Eq. (3), shorr rhur

d\1/

,1, -'PtI l::ril'

(c) Find W(t) by solving the cliflerential ecluarion obtained in part (b).
to obtain the conclusion stated in Thcorem 7.4.3.
(d) Prove Theoren.r 7.4.3 for an ar.bitrar.y value of rr by generalizing the
(a), (b), and (c).

3. Show that the Wronskians of trl'o fundanrcntal sets of solutions of thc s1'stem (3) can differ
at most bv a multiplicativc constant.
IIint: Use Eq. (15).

4. If .r1 - _y and -r: : -!,', tltcn the sccond orcler equation

)," + ptt).y'* q(r)_v: o

corresponds to the systcnt

-rt: r:,

xr: ,q(tlx] - p(t).r2. (ii)

Shorv that i{'x(rr and x(2) are a l'undamental se t of solutions of F,qs. (ii). ancl if 1,{1r nn.1 ,tzt
are a funciamcntal set o[ solutions of Eq. (i). then lV[y,,r], y{2r 1 - c lVlx{t r, x(2)1, where c is a
nonzefo constant.
IIint; ytlt111and yi2) irl ntust bc linear.courbinations of .v11(t) and.rrz(r).

5. Shorv that the general solution of x' : p11;;i * g(r) is the sunt 61 n11' particular solution x(p)

ofthis equation and the genelal solution x('r ofthe corresponding homogeneous equatlon.

6. Consiclel the vecrors x'r,(rr = (i) r"U -,r,,r,t : (l'r).
\ | ./ -- /

(a) Cornpute the Wronskian of xir) and xr:).

(b) In li,hat rntervals itle x(1) and x(2) linearly indepenclent?

(c) What conclusion can be clrar.vn about tire coefficrcnts in thc svstcnr of homogeneous
differential equations sltislied by xtll and x{2)?

(d) Find this systen.r ol ecluations and verify the conclusions of part (c).

7. Corrsjdcrthevcctolsx'r',/):(il ).,rux2'(rr:(1,).r"oanswclrhcscrrrequesrionsasinPloblem6. \ttt \( t

The following two problems indicate an alternative derivation of Theorent 7.4.2.

8. Let x'1)....,xi"') be solutior-rs of x' : P(1)x on the interval d < t < l. Assume that P is
continuous, and let t1y be an arbitrary point in the given intcrval. Shorv that y(1),...,;i(,t,)
arelinearlydependentfor.a<r<lJif(andonlyif)x(r)1t6;,...,xi",)(())arelinearlyclepen-
dent. InotherrvordsX'r),..,, x("')arelinearlydepende'nrontheintcrvai (a,f)if tlieyare
linearly dependent at any point in it.
Ilirrt. There are constants Ct,. . . ,cu, that satisfl' c,x(1)141; + + c.,,,x(',')1/6; = 0. Let
z(t): c6\\t17) +.. + c,,,x1"')11;. and use the ur-riqueness theol'em to show that z(t) :0
foleachtina<t<lj.

9. Letx(l).....x("rbelinearlf inclepenclentsolutionsofx':P(t)x.rvherePiscontinuouson
o.<t<8.

LIse this expression

procedure of parts

(i)
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torm (27). provided thiit therc ale rr lincarly inclepe ndent eigenr,ectors, but i1 general
all the solutions are conrpiex-r,aluecl.

In eaclt of Problems 1 thr.ough 6:

(a) Find the general solLrt,on ot tlrc giycrr s1,stc6 of eclLratiols ancl describe the be[avior of
the solution as I + .c.
(b) Dlau, a dircction {ie1cl .ind plot a lcrv tr.ajectorie s oI tite system.

d2

d.z

{.

lt -:\fu'C -.*:1, ,lx
\-'

^ /r r\
€;L + *:(, ,l-

\- -L/

/; t\

6Q.,'.x:l' -l*
lr il
\r 7/

In each ol Problents 7 ancl S:

(a) Find the general solution of the given system of eqr.rations.
(b) Drarv a direction llclcl and a fuv of the trajectories. In each of these problems. the cocf-
ficiellt nlatrix has a zcro e rrgcnvaluc. As a lesr:h. the pattern of trajectorics is clifferent fronr
those in the examples in rhe text.

^ /4 -1\*, 7 x':(* _;1l< dr- 8 x,:
\o -o /

In cach of Problenrs 9 througlr 14. fincl the ,tenetal soht

lt i\e.x':[ ,l- i0,x,:
\-1 t)

/t -r\1*:(. .)'
\- -:/
/t | \

^ t 4 -1 |

'*={, -rl*\- "/
/^

" =(-i _i).\ . ./

(1 r

tt x':11 2

\2 1

(1 1

i-r.r:|2 1

\ -.s -5

(;-:).

tion of the given s1,s1911 of equatiops.

(?-?-:).
13 r r\

f; i:).
/t -i 1\

(,t i -iJ 
'

i)

.i)

15 -r\ /:\ t,2 r\ /r\' = \, ,/' *,,, - t_,,| ',' 
- : (_i _,/* ',,,,: (;J

,-f ' I 1) ,.,,,:ri) ,.,.:f 3 :; i) ,. r f\
r 1/ \,/ \-, z 4) 

t:[:J
l--: i" ':=:'- :r : ,\t :. :r:lorc'..;. ro lr* s:-'onl order Euler equation (Section 5.4).
.r::-ll--Li :.--j: \: i:' :"::-:: i t: : ..tl-:l::.: ir!-fff. ShOri ::e: i inC .. mUSt Satisfv
\ - -l i = rr.- - r-- ....: :::::...i :. _: ::: ::::.: i.ir . _::::-:::.i.:q-i:i:-:

12. x'=

14. x':

I: eaci.i of Problems 1-5 throush 1 8, solvc thc give n initial value ploblcrr. Dcscribc the behar,ior
.:l :ne solution .i\ t + o,c.
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RcI'elring to Problenr
23. Assume that r > 0

zo 
", 

: (i _j)*

22 ,"': (l :) -

19. solvc thc lit'en systelr ol ecluations in each of problem _ 5!l

21. tx' :

23. rx' :

(:i)
(: _:)

/-rt
24.11 =-t. | :( 

;),\ -/

In each of P'oblems 2,1 tlrr.ugh 17, l;re eigenvalues ancr elgcrvectors of a mat'\-,{
Consitler the colrcs|on.lirrg sl stcnt r : Ax.
(a) Sketch a phase l)or.trait of the slstem.
(b) Sketch the trajectorv passinu thr ough the initial point (2, -j1.
(c) For the t'alector'f i'part (b).srictch the graphs of11 versus / and of12 rr:,
same set of axes.

/r\
r'::-2, {'t:(.)

\-/

, --r. ,,:r])
\t/

,r 2. *, : rl)\,/

=2. {':f i)
\-t/

/- r\
25, 11 : \. 611) : {-t }:rr

/-r\26.r1:-1, q,',={ 
"),

. 
r "/

ll\
)1.r:l.{,'={^}; r.,

\'t,'- /
28. Consider tr 2 x 2 s\,'stcln x,:,\x. If rve assurne that r, ;r r.r. the qenerc.

' - .,4 (1)d/1r + 6.{(2)r,':/,pr.oviclctl that 6 
rr) ancl 6,2) aLe tin.lort'i"i.o.ir,f"", -

lernrvecstablishrhclirrear.rnclependenceof{1r)andE,,2,trvassirntingthatthe..,
clependenl ancl 1ltcn.'ron'il.t Llr. this lcacls tcl a contracliction.
(a) Note that ltrr s,rlisfics tlre ntatrix ecluatiol (A _ ryl)f ir.r :0; similar.r
'A - r'2I)6 2t : {t.

(b) Shorv that (r\ - /.1 I rf Lrr : (/ - /.2)6 (1).

(c) Suppose thal € 
(r) ard {':' rrt' iine.rlv depcnclent. Then clf i1, - r,rE.) - rr .

crneof c1 ancl c: f ir\ t:1)isnorzcr.o.shorvthat(A _ r2l)(cttrri+c:{ ,ii: O.r.
that (A - r2l)(c1i,',1,,16(:)) -.r et - r)E (1,. Hence cr :0, rvhich is a c,..
Therefole,6 (,1 anrl {(2) rrr.e linearlv inclepcndent.
(d) Modify the rrr lurire nt of prrr r (c) if *,c assumc that c2 1 0.
(c) Calry out a sirrril, l. llrglnrcnr t'or tltc case in rvhich the ordet il is eoral r,. :
the proccdurc cll, ltc \Le trt,..i t, lll ar.ltitrar.1, r,alue of lt.

29. Consicle t' tire eqrratiorr

try" ib ,' +c.y-0.
rvhere rz. b. ancl i rrre consliLilt! ,,ith a 10. In chapter-3 it rvas shorvn that :.
solutio. depencl.',i ,,r thc r.1()r\ r'r'the chrrircteristic equation

ur7+br*r':0.
(a) Transform Ec1. {i) irrro u s'stt' ,r of Ii'st orderequations by lettingrl : _1,.,r.

the Syslenr of ecpr',1i,,,,r 1-.' , \'t '.rtisfiecl t-ry x : (t, ).
\.r:,/

.J


