
List of Formulas and Equations

1. First order equations
1.1) The solutions to

y
′
+ p(t)y = 0, is y = Ce−

∫
p(t)dt

1.2) The steps to solve
y
′
+ p(t)y = g(t)

are

compute µ(t) = e
∫

p(t)dt,
∫

µ(t)g(t)dt =

y(t) =
1

µ(t)
(C +

∫
µ(t)g(t)dt)

1.3) Separable equation

dy

dt
= h(t)k(y),

∫ dy

k(y)
=

∫
h(t)dt

1.4) Bernoulli equation

y
′
+ p(t)y = q(t)yn, let v = y1−n

v
′
+ (1− n)p(t)v = (1− n)q(t)

1.5) Homogeneous equation

dy

dx
= f(x, y), f(tx, ty) = f(x, y)

let v =
y

x
, x

dv

dx
= f(1, v)− v

1.6) Interval of Existence: three factors a) The solution, b) The Equation, c) the Initial Con-
dition

2. Linear Second Order Equations

y
′′

+ p(t)y
′
+ q(t)y = g(t)
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2.1. Homogeneous case

y
′′

+ p(t)y
′
+ q(t)y = 0

2.1.1. Wronskian W [y1, y2](t) = y1y
′
2 − y

′
1y2.

Abel’s equation W
′
+ pW = 0

W (t) = W (t0)e
−

∫ t

t0
p(s)ds

2.1.2. Set of Fundamental Solutions y1, y2. All solutions are given by y = c1y1 + c2y2

2.1.3. Constant Coefficients:

ay
′′

+ by
′
+ cy = 0

Characteristic equation ar2 + br + c = 0

• b2 − 4ac > 0, two unequal real roots r1 6= r2.

y1 = er1t, y2 = er2t

• b2 − 4ac < 0, two complex roots: r1 = λ + iµ, r2 = λ− iµ

y1 = eλt cos(µt), y2 = eλt sin(µt)

• b2 − 4ac = 0, two equal roots: r1 = r2 = r

y1 = ert, y2 = tert

2.1.4. Euler’s type equation
at2y

′′
+ bty

′
+ cy = 0

Characteristic equation ar(r − 1) + br + c = 0, ar2 + (b− a)r + c = 0

• (b− a)2 − 4ac > 0, two unequal real roots r1 6= r2.

y1 = tr1 , y2 = tr2

• (b− a)2 − 4ac < 0, two complex roots: r1 = λ + iµ, r2 = λ− iµ

y1 = tλ cos(µ log t), y2 = tλ sin(µ log t)
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• (b− a)2 − 4ac = 0, two equal roots: r1 = r2 = r

y1 = tr, y2 = tr log t

2.1.5. Reduction of Order
y
′′

+ p(t)y
′
+ q(t)y = 0

If y1 is known, we can get y2 by letting y2 = v(t)y1. Then v satisfies

v
′′

+ (
2y

′
1

y1

+ p)v
′
= 0

and

v
′
=

W

y2
1

where W = e−
∫

p(t)dt is the Wronskian.

2.2 Inhomogeneous equations

y
′′

+ py
′
+ qy = g(t)

y = yp(t) + c1y1 + c2y2

where yp is a particular solution and y1, y2–set of fundamental solutions of homogeneous prob-
lem.

2.2.1 Method One: Method of Undetermined Coefficients. Works only for

ay
′′

+ by
′
+ cy = g(t)

• g(t) = a0 + a1t + ... + antn

yp = ts(A0 + A1t + ... + Ant
n)

• g(t) = eαt(a0 + a1t + ... + antn)

yp = tseαt(A0 + A1t + ... + Ant
n)

• g(t) = eαt(a0 + a1t + ... + antn) cos(βt) or g(t) = eαt(a0 + a1t + ... + antn) sin(βt)

yp = tseαt[(A0 + A1t + ... + Ant
n) cos(βt) + (B0 + B1t + ... + Bnt

n) sin(βt)]
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• s equals either 0, or 1, or 2, is the least integer such that there are no solutions of the
homogeneous problem in yp

• g(t) = g1 + ....gm

yp = yp,1 + ...yp,m

2.2.2. Method of Variation of Parameters

yp(t) = u1(t)y1(t) + u2(t)y2(t)

where
u
′
1y1 + u

′
2y2 = 0, u

′
1y

′
1 + u

′
2y2 = g(t)

Formula:

u1 = −
∫ y2g(t)

W
dt, u2 =

∫ y1g(t)

W
dt

yp = −y1(t)
∫ t

t0

y2g(t)

W
dt + y2(t)

∫ t

t0

y1g(t)

W
dt
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