List of Formulas and Equations

1. First order equations
1.1) The solutions to
y +p(t)y =0, s y=CeJrd

1.2) The steps to solve

are

compute pu(t) = eJ Pyt /u(t)g(t)dt =

yit) = —(C + [ ut)gte)an
1.3) Separable equation
@:hwm) /dy—/ﬁwﬁ
dt ’ k(y)

1.4) Bernoulli equation

y +pt)y =qt)y", letv=y"™"
v+ (1= n)p(t)o = (1 —n)q(t)

1.5) Homogeneous equation

ji:ﬂ%w,ﬂmﬂozﬂﬁw
let v = ,$@:f(1>v)_v

Y

r  dx
1.6) Interval of Existence: three factors a) The solution, b) The Equation, c) the Initial Con-
dition

2. Linear Second Order Equations

y +pt)y +q(t)y = g(t)



2.1. Homogeneous case

Y +pt)y +q(t)y =0
2.1.1. Wronskian W y1, ya](t) = 1195 — y112.

Abel’s equation W' + pW =0

W(t) _ W(to)e* fto p(s)ds

2.1.2. Set of Fundamental Solutions yy, y. All solutions are given by y = c1y; + cayo
2.1.3. Constant Coefficients:

ay +by +cy=0
Characteristic equation ar® +br +c =0

e b2 — 4ac > 0, two unequal real roots 7| # ry.
Y = erlt,yQ — 61“215
o b2 —4ac < 0, two complex roots: 71 = XA+ i, r9 = X — i
y1 = eMcos(ut), o = eMsin(ut)
e b2 —4ac = 0, two equal roots: 1| =19 =7
Y1 = e?‘t’ Yo = te?’t

2.1.4. Euler’s type equation
at’y’ + bty +cy =0
Characteristic equation ar(r —1)+br+c=0, ar*+(b—a)r+c=0
e (b—a)? —4ac > 0, two unequal real roots ry # ro.
yr=1" o =17
e (b—a)?* —4ac < 0, two complex roots: 1 = X+ iy, 19 = X — ip

y1 = t*cos(plogt), 1y, = t*sin(ulogt)



e (b—a)?—4ac =0, two equal roots: 7 =1y =7
yl = t’r, y2 = tT ].Ogt

2.1.5. Reduction of Order
y +pt)y +q(t)y=0
If y; is known, we can get y, by letting yo = v(t)y;. Then v satisfies

" 2/ !/
v +(ﬁ+p)v =0
Y1

and
’U =

where W = ¢~ J P4 ig the Wronskian.
2.2 Inhomogeneous equations

y +py +aqy=g(t)

Y = yp(t) + cryn + cono

where ¥, is a particular solution and yi, yo—set of fundamental solutions of homogeneous prob-

lem.
2.2.1 Method One: Method of Undetermined Coefficients. Works only for
ay +by +cy=g(t)

e g(t) =ap+ art + ... + apt"
yp =1°(Ag + At + ... + A,t")

o g(t) = e(ag + art + ... + ant™)
yp = t°e*(Ag + Art + ... + At")

o g(t) = e™(ag + art + ... + ant™) cos(Bt) or g(t) = e (ag + art + ... + a,t") sin(5t)
yp = t°e™[(Ag + At + ... + Aut™) cos(Bt) + (Bo + Bit + ... + B,ut") sin(5t)]



e s equals either 0, or 1, or 2, is the least integer such that there are no solutions of the
homogeneous problem in y,

e g)=91+ ... Gm
Yp = Yp1 Tt -Ypm

2.2.2. Method of Variation of Parameters

Yp(t) = ur(t)yr (t) + ua(t)ya(t)
where
Uy + Ul = 0, wyy; + Uy = g(t)

Formula:

t t
ul:_/?/Qé]V()dt7 W:/“{iﬁ)dt

t t
vag(t) 5y | w(t) [ 22 ) g

yp - _yl (t) to W to W



