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Abstract

In this article we prove that for locally defined singular SU (n + 1) Toda systems
in R?, the profile of fully bubbling solutions near the singular source can be accu-
rately approximated by global solutions. The main ingredients of our new approach
are the classification theorem of Lin-Wei-Ye [22] and the non-degeneracy of the lin-
earized Toda system [22], which make us overcome the difficulties that come from
lack of symmetry and the singular source.

Keywords. SU(n+1)-Toda system, non-degeneracy, a priori estimate, classification
theorem, fully bubbling, blowup solutions

1 Introduction

Let (M, g) be a compact Riemann surface and A the Beltrami-Laplacian operator of the
metric g, and K the Gauss curvature. The SU(n + 1) Toda system is the following non-
linear PDE

Aui+ Y aghie — K(z) =47y 70, 1<i<mn, (1.1)
j=1 j
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where h; (¢ = 1, ...,n) are positive smooth functions on M, ¢, stands for the Dirac mea-
sure at ¢ € M, and A = (a;;) is the Cartan matrix given by

2 -1 0 0

-1 2 -1 0

0 -1 2 0
A=

0 -1 2 -1

0 -1 2

Toda system (1.1) has aroused a lot of attention in recent years because of its close con-
nection to many different fields of mathematics and physics. For n = 1, (1.1) is reduced
to the Gauss curvature equation in two dimensional surfaces. Without the singular source
and M = S?, it is the well known Nirenberg problem. In general it is related to the exis-
tence of metric of positive constant curvature with conic singularities ([10, 11, 36, 37]).
For the past three decades, equation (1.1) with n = 1 has been extensively studied (see
[5]. [7], [21] for example). For the general n and h; = 1 (z = 1,..,n) equation (1.1) is
connected with holomorphic curves of M into CP"™ via the classical infinitesimal Pliicker
formulae, see [15]. This geometric connection is very important because from it, it has
been found out that equation (1.1) with h; = 1 is an integrable system ( see [13],[16],
for example). Recently by using this connection, Lin-Wei-Ye [22] are able to completely
classify all the entire solutions of (1.1) in R? with one singular source and finite energy.

In mathematical physics, equation (1.1) has also played an important role in Chern-
Simons gauge theory. For example, in the relativistic SU(n + 1) Chern-Simons model
proposed by physicists ( see [17]) for n = 1 and [14] for n > 1), in order to explain
the physics of high temperature super-conductivity, (1.1) governs the limiting equations
as physical parameters tend to 0. For the past twenty years, the connections of (1.1) with
n = 1 and the Chern-Simons-Higgs equation have been explored extensively. See [33] and
[26]. However, for n > 2 only very few works are devoted to this direction of research.
See [1], [27] and [34]. For recent development of equation (1.1) and related subjects, we
refer the readers to [3, 4, 19, 18, 22, 23, 25, 28, 29, 30, 31, 32, 40] and the reference
therein.

One of the fundamental issues concerning (1.1) is to study the bubbling phenomenon,
which could lead to establishing a priori bound of solutions of (1.1). For the case n = 1,
the bubbling phenomenon has been studied thoroughly for the past twenty years. Basically
there are two kinds of bubbling behaviors of solutions near its blowup points. One is called
“simple blowup”, which means the bubbling profile could be well controlled locally by
entire bubbling solutions in R?. For the case without singular sources, this was proved by
Y. Y. Li [21], applying the method of moving planes. If there is a singular source 47yd,
on the right hand side of the equation, this was proved by Bartolucci-Chen-Lin-Tarantello
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[2] for v ¢ N, and recently by Kuo-Lin [20] if v € N, who use potential analysis and
Pohozaev identity. On the other hand, the non-simple blowup could occur at v € N only.
The sharp profile of the non-simple blowup has recently been proved in [20]. The study
of the bubbling phenomenon is important not only for deriving a priori bounds, but also
for providing a lot of important geometric information near blowup points, see [6, 8, 27].

For n > 2, (1.1) is an elliptic system. It is expected that the behavior of bubbling
solutions is more complicated than the case n = 1. One major difficulty comes from the
partial blown-up phenomenon, that is, after a suitable scaling, the solutions converge to a
smaller system. To understand the partial blown-up phenomenon, we have to first study
the fully blown-up behavior, and to obtain accurate description of this class of bubbling
solutions. When n = 2 and (1.1) has no singular sources, the bubbling behavior of fully
bubbling solutions has been studied by Jost-Lin-Wang [19] and Lin-Wei-Zhao [25]. In
[19] it is proved that any sequence of fully bubbling solutions is a simple blowup at any
blowup point. The proof in [19] uses deep application of holonomy theory, which is a
very effective generalization of Pohozaev identity. Unfortunately their holonomy method
cannot be extended to cover the case with singular sources. The purpose of this article
is to extend their results to any n > 2 and to include (1.1) with singular sources. Before
stating our main results, we set up our problem first. Since this is a local problem, for
simplicity we consider

Auf +Y " aghtes = dnydy, By C R? (1.2)
j=1
where B is the unit ball. We shall use B, to denote the ball centered at origin with radius

T
For u* = (uf, .. uk), h* = (hk .. h¥) and 7; (i = 1,..,n) we assume the usual
assumptions:
‘ 1 k k k ‘
(H) : (i) : c <h; <C, |hille2sy £C, hi(0)=1, i=1,.,n

(i) :
(1ii) / h¥ “ <O, i=1,.,n, Cisindependent of k.

By
(i) : |ul(x) —uf(y)| < C, forallz,y € dB,, i=1,.,n.
: ¥ < C, and 0 is the only bl int.
(v) Kcrcngl}i{o} u; < C, and 0 is the only blowup poin

If (u¥,...,uF) is a global solution of (1.1) in M, it is easy to see that all assumptions
of (H) are satisfied. We also note that the assumption (iv) in (H) is necessary for our
analysis, without it Chen [12] proved that even for n = 1 the blowup solutions can be
very complicated near their blowup points. The assumption A¥(0) = 1 in (i) is just for

convenience.
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Let

S

~k
—2loger =  max (@) ),  where @¥(z) = uF(2) — 2y;log ||, (1.3)

z€B1,i=1,..n 1 + Yi

and
o (y) = @ (eny) + 21+ v) loge, i=1,..,n (1.4)

Then clearly oF satisfies

ATF(y) + > agly b (ey)e™ =0,y < g (1.5)

=1

Our major assumption is 7% = (¥, ..., %) converges to a SU(n + 1) Toda system uni-

o Up

formly over all compact subsets of R?:

Definition 1.1. We say v* of (1.2) is a fully bubbling sequence if #* converges in C,.%(R?)
to 0 = (1, .., U,) that solves the following SU(n + 1) Toda system in R*:

AT+ Y aglylren =0, R i=1,.n (16)

J=1

/ ly[Pie < oo, i=1,.,n.
R2

The main purpose of this paper is to show that a fully bubbling sequence u* can be
sharply approximated by a sequence of global solutions U* = (UF, .., U¥) of
AUF+3 " aje’ =dmydy, in R%L i=1,..n. (1.7)

Jj=1

Theorem 1.2. Let (H) hold, u* be a fully bubbling sequence described in Definition
1.1 and €, be defined in (1.3). Then there exists a sequence of global solutions U* =
(UF,..,UF) of (1.7) such that for |y| < e,* andi=1,...,n

[ui (exy) = U (exy)| (1.8)
< { Clo)eg(1+ |y))?, if min{yi,..., 7} < =32, 0 € (0,min{2 + 271, .,,,2 4+ 27, })
~ . . 3

CEk(l + |yD7 lf mln{Vh 777L} > 4

Moreover, there exists C' > 0 independent of k, such that
U (ery) + 2(1 + 75) log e, + 2(2 4+ 7 + Ynr1—i) log(1 + [y < C,  (1.9)

forly| < et andi = 1,...,n, where UF(x) = UF(x) — 2v;log || is the regular part of
Uk,

2
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The global solutions
(U (exy) + 2(1 4 1) log ex, .., UF (exy) 4+ 2(1 + ) log €x) (1.10)

in Theorem 1.2 are perturbations of o = (74, ..., ¥, ) in (1.6). In fact, the sequence in (1.10)
converges uniformly to © over any fixed compact subset of R?. Thus Theorem 1.2 clearly
leads to the following

Corollary 1.3. Let u¥, ¢, be the same as in Theorem 1.2, 0% be defined by (1.4). Then for
1=1,..,n,

07 (1) + 22+ % + =) log(L+ ) < C, forlyl < e’ (11D

Remark 1.4. The estimate in (1.11) holds trivially over any fixed compact subset of R?.
So the strength of Corollary 1.3 lies on the fact that the estimate is over |y| < e,;l. Such
type of estimate was first established by Li [21] for single Liouville equations.

Estimates similar to (1.8) and (1.11) can be found in [21, 6, 2, 41, 42] for single Li-
ouville equations and [19, 25] for Toda systems. The proof of Theorem 1.2 is almost
entirely different from all the approaches in these works. For example the estimates for
single Liouville equations use ODE theory, which is based on the symmetry of global so-
lutions. Lin-Wei-Zhao [25]’s sharp estimates are tailored for regular SU(3) Toda systems
because they need to differentiate blowup solutions at blowup points twice (which can-
not be expected when the singular source exists) and a lot of algebraic computation to fix
Cauchy data of blowup solutions. For general singular SU (n+ 1) Toda system, first, ODE
method cannot be used because global solutions may not have any symmetry. Second, fix-
ing Cauchy data of blowup solutions at a blowup point is impossible, because in addition
to the differentiation issue mentioned before, the amount of algebraic computation re-
quired to fix Cauchy data depends on n? + 2n parameters and is extremely complicated
if n 1s large. Our approach is purely based on PDE methods and the essential part relies
on and important classification theorem of Lin-Wei-Ye [22] for global SU(n + 1) Toda
system and the non-degeneracy property of the corresponding linearized system. The key
point is to choose a sequence of global solutions as approximating solutions. On one hand
these global solutions all tend to the limit system (1.6), which means all the n? + 2n fam-
ilies of parameters corresponding to these global solutions have limit. On the other hand,
one component of the approximating global solutions is very close to the same component
of blowup solutions at n? + 2n carefully chosen points. The closeness in one component
leads to the closeness in other components as well.

Theorem 1.2 is an extension of previous works. For example, if n = 2 and v; = 0(i =
1,2), Corollary 1.3 was proved by Jost-Lin-Wang [19]. It is easy to see that Theorem 1.2
is stronger than Corollary 1.3 even for this special case. Lin-Wei-Zhao proved (1.8) for
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n = 2and vy; = 0(¢ = 1, 2) but Theorem 1.2 also holds when then number of equation is
greater than 2 and the singular source at O exists.

For some applications such as constructing blowup solutions, more refined estimates
than those in Theorem 1.2 are needed. For SU(3) Toda systems with no singularity, Lin-
Wei-Zhao [25] obtained more delicate estimates for this case based on Corollary 1.3.

The organization of the article is as follows. In section two we list some facts on the
SU(n + 1) Toda system and the non-degeneracy of the linearized system. The proof of
Theorem 1.2 is in section three. One key point in the proof of Theorem 1.2 is to deter-
mine n? + 2n points in R? in a specific way. Since this part is somewhat elaborate and

elementary, we put it separately in section four.

2 Some facts on the linearized SU(n + 1) system

First we list some facts on the entire solutions of SU(n + 1) Toda systems with singular-
ities. For more details see [22]. Let u = (ug, .., u,,) solve

{ Au; j > iy aigets = 4my;do, R2, i=1,..n @.1)
Jpo € < 00
where A = (a;;)nxn is the Cartan matrix and ; > —1. Then let
u' = Zaijuj, 1=1,...n
j=1
where (a%),,«, = A7, Clearly (u!, ..., u") satisfies
AU’ + eXi=19 = 47~'8y, where ' = Z aijyj, i=1,..,n.
j=1
The classification theorem of Lin-Wei-Ye ([22]) asserts
e =127 Mo+ D AIP(2)P) (2.2)
i=1
where for
wi=1+v 1=1..,n
i1
Py(z) = 2 Fti 4 Zcijz“lJr"‘Jr“f, i=1,..,n (2.3)
=0
¢ij (j < 1) are complex numbers and \; > 0 (0 <7 < n) satisfies
J
NowwAn = 27D (3 ) 2 24)

k=i
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Furthermore if 141 + ... + p; € N for some j < 7, ¢;; = 0. Let
it =u' — 29" log |z,

then i
' = —log(Ao + > _ Ni|Pi(2)*). (2.5)
=1

The following lemma classifies the solutions of the linearized system under a mild
growth condition at infinity:

Lemma 2.1. Let Oy, ..., O, solve the linearized SU (n + 1) Toda system:

AD; +e" () a;®;) =0, in R’ i=1,.n (2.6)

J=1

where u solves (2.1). If
|®;(z)] < C(1+|z))7, z€R? (2.7)
foro € (0, min{1, 2p, ..., 2u,}), then

n n—1 n
@*ulq)l(z) = Z M| 2|22 + 2 Z || P Z ‘Z’BzRe(mkle*i(umﬁ.-wlw} (2.8)
k=0 k=1

I=k+1

where 0 = arg(z),
Bo=—=" Bi=7"=7""+i, Bu=1"+n, (2.9)
myr € Rfork =0,..,n, my € C for k < 1. Obviously my; = 0if pigs1 + .. + 1y € N.

Proof of Lemma 2.1: This lemma is proved in [22] when all ®; are bounded functions.
Here we mention the minor modifications when a mild growth condition in (2.7) is as-
sumed. Let

1 PR
wily) = — 5 /RQ log |y — nle 1(")(; a;;®;(n))dn.

By (2.8) and ¢**) = O(|z|~*"2+1=) we see that e %) (32" a;;®;(2)) = O(|2|*7)
for some 0 > 0 when |z| is large. Thus w;(y) = O(log |y|) for |y| large. From A(®; —

w;) = 0in R? and |®;(2) — w;(2)] < O(|2]*7?) for some § > 0 we have

Then using the integral representation of ®; we can further obtain V*®; = O(|z|7*) as
|z| — oo. Then the remaining part of the proof is the same as Lemma 6.1 of [22]. (J
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From (2.9) it is easy to verify that
Bi— Bici=pi, 1<i<n. (2.10)

Then we see that [3; is increasing because p; = 1+; > 0. Using (2.2) and (2.10) in (2.8),
we have

o 2B1+27" 2.11
1= )\0—1—2)\\]3 {ka 2] 2.11)

+2 Z |z|f3k+’y1 Z |Z|/31+71Re<mkle—i(uk+l+“+m>9)}

k=0 I=k+1

EEYEDY) R {me [ ””’“+2Z! -

( Z |Z|u1+...+ulRe(mklei(uk+1+...+m)9)>}_

I=k+1

Lemma2.2. % . 4 Mm_ g

>\0 /\n

Proof of Lemma 2.2: It is proved in [22] that the linearized system is non-degenerate,

which means all solutions to (2.6) are obtained by differentiating n? + 2n parameters of
(u',...,u™). In particular

ou' ou' ou' ou'
1 Cla/\ + . +Ca)\n+0+1ac]§l+ C2+za]}m1 (2.12)
where c is the real part of ¢;;, ¢;; is the imaginary part. Direct computation from (2.2)
and (2.4) shows
ou' | Pel? + 52 |Pyf? — 32

a_/\k a _)‘0 + Z?:l )‘z’|Pi|2 a _)‘0 + Zi:l )‘z|Pfi|2
for k = 1,...,n. Comparing (2.11) and (2.12) we have

Mg = —Cg, k= 1,...,n
Cl/\() Cn>\0
moy = — + ... .
00 N X,
Then it is easy to see that
Moo M1 Mnn
- +—+ ...+ =0.
/\0 /\1 )\n

Lemma 2.2 is established. [
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From Lemma 2.2 we see that there are n? + 2n unknowns in ®,. We write ®; as

n

1 "\
b, — 2u1+. 2 20 2.13
! Ao+2?:m-|a<z>|2{zm’“k'z' 25

k=1
n—1 n
+92 E : |Z|2u1+--+2uk E Re(mklzuk+1+..+uz)}_
k=0 l=k+1

3 The Proof of Theorem 1.2

Recall that 7* = (9%, .., 9%) satisfies (1.5) and 7* converges in C>%(R?) to & = (1, ..., U,
of (1.6). By the classification theorem of Lin-Wei-Ye [22], there exists A = (\;, ¢;;) (1 =
0,..,n,j < i) such that 9'(z) is defined in (2.5) where ); and P; satisfy (2.4) and (2.3),
respectively. To emphasize the dependence of A, we denote 9; and ¢ as ¥;(z, A) and
0'(z, \), respectively.

The following matrix plays an important role in the argument below: For py, ..., D219, €
R2, set

M = (@<p1)7 ) @(pn2+2n))~ (31)
where - - - -
. i v v v ’
9(])) - (a)\o (p PR a>\n—1 p ’OC]FO (p)u s} 86]7117”_1 (p)) .

where()’ stands for transpose. In section four we shall show that by choosing p1, ..., pp24 2,
appropriately with respect to A the matrix M is invertible.

Let 0% = 3. a"0f, then 0“* converges uniformly to (-, A) over any fixed compact
subset of R2, Since the difference between ¢%* and ¢(-, A) is only o(1), we need to find
a sequence of global solutions that approximates better. Suppose the sequence of global
solutions is represented by Ay := (AF, cfj): the regular part of the first component is

o' (2, Ax) = —log(A§ + > XIPF(2)%)
1=1

with
i1

k k k k
Pk(2’> — Mty + E C?jzu1+m+#j'

?
J=0

Other components °(z, A,) are determined by the equation
AT (y, Ay) + |y[ie=i ™ ®M) =0 in R?, i=1,.,n.

Finally we set

v (2, Ay) = 0'(2, Ap)(2) + 279" log |z|, where 7' = Za”dj, i=1,.,n. (3.2)

J



10 Chang-Shou Lin, Juncheng Wei, Lei Zhang

Then we claim that if
o (p, Ap) = 05 (p), 1=1,..,n*+ 2n, (3.3)

we have
/\f — )\i, ij — Cij- (34)

Indeed, since 04%(p;) = 91 (py, A) +o(1) for I = 1,...,n? + 2n, (3.4) clearly follows from
the invertibility of M. In other words there exists A, — A such that (3.3) holds.
Let v;(-, Ay) = > aijv’ (-, Ay). Here we point out that

vi(+, Ag) = Uf(ek) +2(1+7)loger, i=1,...n,

which is the global sequence in (1.10) and the statement of Theorem 1.2.

In order to obtain estimates (1.8) we write (2.13) as

©1(2) (Mo + Y MIP(2)]) (3.5)
n A n—1 n
_ 2p1+..42 0 2p1+. A 2up g1+
= kak(|z|u ,uk_)\_k)+22 Z |Z|” Mo+ Hik Hi
k=1 k=0 I=k+1
(cos((prs1 =+ -+ pu)0)myy +sin((prs1 + ..+ pu)0)mi,).
= XO(2).

where
1 2 1 2
X = (1M1 ooy Moy Mgy ooy Moy 1 )y Mgy = Mgy + =1y,

So é(z) is a column vector (so0 is ©(p)). Our choice of py, ..., Pp24 2, (explained in section

four) also makes

~

Ml = (é(pl)v ) @(pn2+2n))

invertible.
Let ®F = ¢%% — ¢(-, A},). By (1.5) and the definition of 7“* we have

ATHF |y|2%h§(eky)ezj a7 F(y) _ 0, |y| < 6};1‘
Hence the equation for (®%, ..., ®F) can be written as

ADE() + [y e D (3 0y () = Oyl e ™ (36)
J

where, by the mean value theorem,
e2j aiodk ) aijod (-, Ag)

> @ig (098 — 03 (-, Ay))

k
et =

1
0
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By Theorem 4.1 and Theorem 4.2 of [23], €& converges uniformly to e”CY) over all
compact subsets of R?, moreover,

ek 4 o _
|y|2%efi () _ O(1 + |y|) 4=29n41-i+ (1), ly| < ekl. (3.7)

Also by Theorem 4.1 and Theorem 4.2 of [23] we can estimate the right hand side of
(3.6). Thus (3.6) can be written as

k 2vi €5 (y) - PR — Ofer)
Aq)l + ’y| € (Z CLZ](I)]-) - (1 + |y|)3+27n+1—i’

J=1

in |yl <e (3.8)

It is immediate to observe that the oscillation of ®¥ on 886;1 is finite. Thus for conve-
nience we use the following functions to eliminate the oscillation of ®% on 63621:

A =0, in B,
k _ &k 1 k
wi = q)l — E faBﬁ;l q)i’ on aBegl.

Standard estimate gives
[ (W) < Cerlyl,  Jyl < et (3.9)
Let i)f’ = (IDf’ — wf, then by (3.8) and (3.9) we have

Dk 2vi &8 () - &k O(ex) . 1
ADY + [y[*res W (Z; a; %) = T s 0 | < e (3.10)
]:
and it follows from (3.3) and (3.9) that
() = O(er), 1=1,...,n%+2n. 3.11)

From here we consider two cases.
. i 3
Case one: min{vyy,..., 7} < —3.
In this case we set

dF
H; = max max —| 0] ~
i y<et (L |yl)oe]

for any fixed o € (0, min{1,2u, .., 2p, }). Our goal is to show that Hj, is bounded. We

prove this by contradiction. Suppose H; — oo and let y; be where the maximum is

attained. Let -
- Q7 (y
By = oW
Hi(1+ |yl)7e€,

This definition immediately implies

I O R
Hyef (T+ |y)7 (1 + lyel)”

(1+lyl)°
(1 + lyel)e

D (y)| < (3.12)
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Next we write the equation for (&%, ... &*) as

O 7)(1 + Jyl) e

Afi)f—l— 27 g€ a;; P 5
‘y’ (Z J ]) Hk(1+|yk|>g

J

and we observe that ® has no oscillation on OB,

We first consider the case that along a subsequence, y;, — y*. In this case, (@’f, e Ci)ﬁ)
converges to (®y, ..., ®,,) that satisfies

AD; e > a;®; =0, in R? i=1,..n
[i(y)| <CA+y))?, i=,1..,n, o€ (0,min{l,2u,...,20,}), (3.13)

Oy(p) =0, I=1,..,n%+2n.

where v;(y) = 9;(y) + 2v; log |y|. Note that the last equation in (3.13) holds because of
(3.11). From the first two equations of (3.13) and Lemma 2.1 we have (2.8). Then by (3.5)
we have

M@(pl) =0, l=1,...,n*+2n.

Since M 1is invertible, we have

- — — ol 2 —
My = ... =Mpp =Mjg=... =My, 1 =0.

Thus ¢; = 0, which means ®; = 0 for all ¢. This is a contradiction to |®;(y*)| = 1 for
some 1.

The only remaining case we need to consider is when ¥, — oco. To get a contradiction
we evaluate

Ok (y @k(()) (3.14)
/ (Gr(yr,m) — Gr(0,n) (mﬁ%éf(n)(Z a@-j@f(n))
J

oIy
T+ )7

where Gy, is the Green’s function on B_+ with Dirichlet boundary condition. To evaluate
the right hand side of the term above we use (3.12),(3.7) and the following estimate of the
Green'’s function (see [30] for the proof) :

Fory € O, := By, let

Y= {ne Inl<lyl/2 }
Yo = e ly—ml<|yl/2 }
S o= )\ (S UD).
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Then for |y| > 2,

C(log ly| + [logn|]), n € %y,
1Gr(y,m) — Gr(0,m)| < ¢ C(logly| + [logly —nl]), n € Xy, (3.15)
Clyl/Inl, n e s.

Using (3.15) to estimate the right hand side of (3.14) is standard. Here we just point
out that we use (3.12) to estimate éf(n) in the first term and it is essential to use ¢, °
for the second term, as min{ 2y, ..., 2, } + o may be less than or equal to 1 in this case.
At the end of these standard estimates we see that the right hand side of (3.14) is o(1).
However we know | (y,)| = 1 for some 7 and it is easy to prove |®¥(0)] — 0 by exactly
the same argument used in the proof of 1y, — o0. Thus we obtain a contradiction and
proved

[F(y)] < Cet(L+ [yl)°.

Case two: min{yy,...,7,} > —3.
In this case we set

ok
i ylzet (T4 Jyl)oe

and -
F iy
iy =
Hi(1+ [yrl)
Here we choose ¢ not only in (0, min{1, 241, ..., 241, } ), but also satisfy

min{ 2/, ..., 2, + 0 > 1. (3.16)

Since min{2uy, ..., 24, } > %, such o can be found. By the definition of Hj, (3.12) still
holds. The equation for fﬁf becomes

: (14 [y]) 3 2me)
ADE 4 |y[2reess § a;Ok) = ,
! Hip (14 |yel)°

Let y;. be where Hj, is attained. Then by the same argument as in Case one, |y;| — oco. In
order to get a contradiction to this case, we observe that (3.14) becomes

D (y cpk(()) (3.17)
/ (Gr(yr,n) — Gr(0,n) (|77‘2%€§f(n)(z aijfi)f(n))
J
—3—2vnt1-i
O((1 + [nl) > >>d77

Hy(1+ |yil)”

Using the same estimate on GG, and (3.16) we see that the right hand side of (3.17) is o(1),
thus we get a contradiction as in Case one and have proved

+

|0 (y)] < Cex(1 + |y|) for Case two .
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Note that the main reason that the power of ¢; can be 1 is because (3.16) holds. Theorem
1.2 follows from the estimates of éf and (3.9). [

4 The determination of p;, .., p,2.,,

In this section we explain how py, ... p,29, are chosen to make the matrices M and M,
both invertible.

First we list some facts that can be verified easily by direct computation: Using (2.4)
(recalling that o' = —log(Ao + > 1, Ai| Pi(2)]?)) we have

dv' 3 Pa(2)]? = 1

_ , 4.1
Do Nt S AP D
or _RROP-REP
o~ det o aBEP et Th
ot 2\ Re (2 FTHi b)) .

= 5> J<i, i=1..n
a% Ao + Zz Ail Pi(2)|
oot 20 Im(zm R P) i i1
= i, i=1,..n
o, ot MPEP
It is easy to verify that for |z| large
Z#l"!‘--"!‘#j_Pi
— |Z|2u1+..+2uj+uj+1+--+m (e_\/jl(uj+l+~-+ﬂi)€ + O(’Z‘_(s))
for some § > 0 that depends only on 1, ..., jt,,. Thus for |z| large
o7 (0 + D Ml Pu(2)[) 4.2)
i &
_ _2)\i’Z‘2M1+..+2ﬂj+ﬂj+1+..+m (COS((/,[/]’Jrl 4+ 4+ Ni)e) 4 O(’z|6)>
ﬁ(z)(ko + Z M| Pe(2)]7) (4.3)
i L

= —2\|z|Pat Ak b <sin((,uj+1 + o+ wi)0) + O(|z|_5)).

By the definition of P;(z) in (2.3),

[Pi(2)]? = 20201+ O(12] 7). (4.4)
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We also note that

ort _ Mot | 53— |BG)P

1=1,...n—1.

The idea of choosing n? + 2n points is to make M ( M is defined in (3.1)) similar to a
Vandermonde type matrix. We shall use different parameters in the definition of p;, which
are either large or small, in order to make the leading terms dominate other terms.

Now we look at M, clearly the factor Ao + >, Ax|Px(p;)|* can be taken out from the
[ — th column, thus for |p;| >> 1, M is invertible if and only if

My := (O1(p1), ..., O1(Pnzs2n))

is invertible, where, according to (4.2), (4.3) and (4.4)

O1(m)
1 1

= (I O P o)1+ O )

1

T >

|21 sin(ay, 16 (1 4+ O(
where
ap=0, a=m+.+p (G=1..n), a;=pi+.+u (@=1.,n7<i),

0, = arg(pi), 0 > 0 only depends on fi1,..,/1,,. Note that a;; = a; — a; and 2a; + a;; =
a; + a;. The powers of |p;| are arranged in a non-decreasing order (so the largest power is
2a,,, the second largest power is 2a,,_; + @, 1, etc). The powers of |p;| are either 2a; or
a; +a;. Here we note that some powers appear only once (for example 2a,,). Some powers
appear only twice (for example 2a,,_; +a,, ,—1), and it is possible that some powers appear
more than twice.

Let
o= stNeﬁe’, l=1,..n>+2n

where N >> s >> 1 >> € > 0 are constants only depending on (1, ..., ft,, n. The
angles 6; also only depend on these parameters. We shall determine these constants and
angles in the sequel.

On each row a power of N can be taken out, therefore M is invertible iff

(@2(171)’ 3 @2 (pn2+2n))
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is invertible, where

1
Oulp) = 141+ 0 L))

s(2an—1tann1)(1+el) cos(pn-16;)(1 + O(L

/
5(2an—1+ann-1)(1+€) Sin<an,n—191)<1 4 O(L&)L . )
il
Hence for fixed s, if N is sufficiently large, O(1/|p;|°) is very small, M is invertible iff
the following matrix is invertible:

M; = (@3<p1)7 ey 93(pn2+27L))

where

Os3(p1)

(S2an(1—&-el)7 g(2an—1+ann—1)(1+el) c08(tpn-16;), 52an—1+ann—1)(1+e) sin(ann—16:), L)

We start with the largest entry in Mj: sQa"(He("Q*Z”)), which is in row one and column
n2+2n. We divide row 1 by s2en(1+e(n*+2n)) (e call this operation one), then the entries
in row one become

32a"€(l’”2’2n), forl =1,...,n% + 2n.

Next we subtract a multiple of row one from other rows to eliminate the last entry in
each row (we call this operation two). For any entry in the cofactor matrix of 1, if before

operation two it is of the form s%A, it becomes s*(A + O(s7%)) after operation two.

1+el

Indeed, for example, let s2%0(1+<)) be an entry before operation two. The last entry of the

2aig (1+€(n*+2n)) Tn operation two we subtract the s2%o(1+<("*+20)) myltiple

2_2n)

same row is s
of the first row. The entry in row 1 and the same column of 5% (1) jg g2anc(i—n
Thus after operation two s>%o(1+<) becomes

52%0(1-‘1-55) . SQaiO(1+e(n2+2n))82a7L6(l—n2—2n)
82(11-0(1+5l)(1 _ S(Qaio—Qan)e(nQ—i—Qn—l))
SQaiO(l-i-sl)(l + O(S—é))
where we have used a;, < a,.

Similarly if an entry before operation two is

S(Qa]'+aij)(1+€l) COS(aijel),

after operation two it becomes

S(Qaj+aij)(1+€l) (COS(aile) + 0(8—6))’
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for some 0 > 0. Eventually s will be chosen large to eliminate the influence of all the
perturbations.

Our strategy is to use high powers of s to simplify the matrix. After the aforementioned
row operations it is clear that we only need to consider the cofactor matrix of 1, which we
use A; to denote. The highest power of s in A; is shared by two entries:

S(Zan,1+an7n,1)(1+e(n2+2n—1)) (COS(an,n—19n2+2n—1) + 0(8—5))

and

S(Qan,1+an,n,1)(1+e(n2+2n—1))(Sin<an7n_19n2+2n_l) + 0(8_6)).

We recall that the previous one is in row one of A;. We choose 6,29, 1 = 0. In A;
we divide the first row by s(2#n-1+ann-1)(1+e(n*+2n-1)) ‘then the largest entry in row 1 of
A; becomes 1 + O(s7%). We then subtract from other rows a multiple of the first row
to eliminate the last entry of each row. By the same reason as before, after these row
operations the invertibility of A; is equivalent to the invertibility of the cofactor matrix
Ay of 14+ 0(57°%),a (n? 4+ 2n — 2) x (n? 4+ 2n — 2) matrix which is barely changed after
these transformations. In fact, each entry in A, is only multiplied a factor 1+O(s~?) after
these transformations.

As we continue this process we face three situations. If the highest power of s without
the e part is not repeated, we just apply the same type of row operations as in operation
one and operation two. If the highest power of s without the € part is shared by only two
entries (one is a cosine term, one is a sine term), we just take the corresponding angle
to be 0, so the cosine term will dominate all other terms and this case is similar to the
previous case. Finally we may run into the following situation: A power of s without the
€ part is shared by more than two indices:

Fio, Jo, i1, j1, such that 2a;, + a;, j, = 2a;, + @i, j,,  Jo 7 Ji-

E'i(), jo, il, such that 2(1j0 + Aiy.50 = 2(Ij1.
In this case we first prove the following simple but important lemma.

Lemma 4.1. There exist ¢g > 0 that depends only on p, .., 4, and n such that for € €

(0, 60),
‘palll
|po2

where ly, ly are two numbers in the set {2a4, .., 2a,, ..., 2a; + a;j, ..., } that satisfy l; > ls.

— ooas s — oo,Va,b € {1,....n* + 2n}. 4.5)

Proof of Lemma 4.1: Suppose |p,|"* = s |p |2 = s+ it is easy to see that
forall a,b € {1,..,n* +2n}, (1 +ea)l; > (1+ €b)ly if l; > Iy and € is sufficiently small.
The smallness of € is clearly determined by the set

{2&1, ..,2(1,n, ...,2(1]' + iy eey }
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Lemma 4.1 is established. [

Next we prove two more Calculus lemmas.

Lemma4.2. Let Ny < Ny < ... < Ny, be positive numbers. Then there exist 01,0, ..., Oop1 1
such that the following matrix

1 1
SIH(N191> sin(N192k+1)
v cos(N161) ... ... ... ... cos(N1boki1)
Nk =
sin(Ngby) .. oo oo oo sin(Npbogiq)
cos(Ngb#y) ... ... ... ... cos(Ngboxiq)

satisfies
0< Cl(Nl, ,Nk) < \det(MNk)] < CQ(Nl, ,Nk)

for positive constants ¢, and co that only depend on Ny, ..., Ny.

Proof of Lemma 4.2: We use the Taylor expansion of sin(/N6) and cos(N6):

k 201
sin(Nif;) = ) (1 i i _)1) + O((Ni;)™ ).
1=1
k 21
cos(N;0;) = Z + O((N;8;)%+2).

1=0
We apply the following elementary operations on M yy: First we subtract a multiple of
the first row from other odd number rows to eliminate the first order terms of 6; (+ =
1,..,2k + 1). After the cancelation it is easy to see that, the entry of row 27 — 1 (7 > 1)
and column r (r > 1) is of the form

k
Z l+1 CL 9 20— 1+O(9T)2k+1

1=

[\

for some positive constant a, ;, which satisfies a; ; < a; j41. In the second step we use row
three to eliminate all the O(6%) terms of other odd number rows starting from row 5. After
the second step, the entry of row 25 — 1 (5 > 2) and column r (r > 2) is of the form

k
Z l+1 2[ 1+O(0T)2k+17

=3

~

with a; ; > 0 satisfying a; ; < a; 1.
After £ — 1 such operations we see that the entry of row 25 — 1 and column r is a
multiple of 6%~ plus lower order terms. Clearly we can use the terms on row 2k — 1 to
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eliminated all the O(6**~1) terms in other odd number rows. Then we can use row 2k — 3
to remove the O(6?*~3) terms in other odd number rows. After such operations the entry
of row 2j — 1 and column r is C6%~1 + O(6?**1). Similar operations can be applied to
even number rows. Thus after a finite number of elementary row operations ( including
multiplying a constant on each row) the matrix M yy, is transformed to

1 1 1
91 02 92k+1
~ E 02 ... ... ... 02 ) .
My = ! 2 2k+1 |+ a minor matrix .
%1  p2k-1 %1
o A
Ql 02 e e PRy 92k+1

The (i,j) entry of the second matrix is O(#?*™). Now we choose #; = ie for some
e > 0 that depends only on Ny, ..., Nj. For ¢ sufficiently small, My, is invertible if and
only if the first matrix is invertible. Finally we observe that the first matrix of My, is a

Vandermonde matrix. Lemma 4.2 is established. [

The proof of the following lemma is very similar and is omitted.

Lemma 4.3. Let N, < Ny < ... < Ny, be positive numbers. Then there exist 61,05, ..., o
such that the following matrix

sin(V161) ... ... ... .. sin(NifOy)
cos(N16y) ... ... ... .. cos(N10q)
SlIl(Nkel) sm(Nk@%)
cos(Npb1) ... ... ... ... cos(Npbay)

satisfies
0< Cl(Nl, ,Nk) < |d€t(M2Nk)| < CQ(Nl, ,Nk)

for positive constants ¢y and cs that only depend on Ny, ..., Nj.

Now we go back to the case that after finite steps of reduction, the highest power of
s without the € part is M and is shared by more than 2 indices. Our goal is to make the
following matrix invertible:

(B C 4
Az—(D F)-(l—l—O(s )
lB) g ) is multiplied by a
quantity of the magnitude 1+ O(s~%), even though these quantities are different from one

where the last term (1 + O(s~¢)) means each entry in (
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another. C is either of the form

sMU+eU+D) 6in (N1 0y ) ... sMO+02D) gin (N, 6, o7)
sM+e+1) cos(N16;41) sMUHR2TD) cos (N1 )4 o)

M (1+e(i+2T)) sin(Nz0)1o1)

gM(1+e(+1)) sin(Npli4q) ... s
or
1 1
gM(1+e(l+1)) Sin(N191+1) . gM(+e(i+2T+1)) SiIl(N191+2T+1)
M (1+e(1+1)) cos(Nifs1) ... gM(1+e(l+27+1)) cos(N10y o741 1)
M+t §in(Npfyy ) ... sMOFE2TH0) 6in (Np6)opy 1)
M (1+e(l+1)) cos(Nyby1) M (1+e(14+2T+1)) cos(N7bpyo741)

We take the first case as an example. B is of the form

sM+)gin(N,6,) ... sMOFDgin(N,6;)
M+ cos(N16;) ... sMO+eD cos(N,6))
B =
M{(1+el) sin(NTGl)
MQA+e) cos(Npb;)

sM0+9) sin(Np6,)

s
sM0+9) cos(Npb)) s

The importance of Lemma 4.1 is that it makes F' minor. For matrices D and F', we just

write one row vector of (D, F') as a representative:

g eeey

(SH(1+E)’ - SH(lJrel))

SH(l+e(l+2T)))

(SH(IJre)7 - SH(1+EZ)7 gH(A+e(i+1)) SH(1+e(l+2T)))

where

1s a row vector of D,

g eeey

(SH(1+6(Z+1))

is a row vector of F'. Here we note that H < M, other rows of A, may have sine or cosine

terms.
Now we take s™+<(+1) out of the 2k rows of (B, C), after this operation B and C

become B and C:

s~Megin(N,G)  s~MU=Dgin(NyBy) ... s~Mesin(N.6))
) s7Me cos(N10y) s~ MeU=D cos(N16y) ... s~Mecos(N,6))
B =

s~ M gin(Np0,) s~MU=Dsin(Ngpby) ... s Mesin(Nph))

s7Me cos(Npfy) s~ MU= cos(Npby) ... s~ M€ cos(Npb;)
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MET=De 5in(N16)107)

sin(NlﬁlH) SME sin(N101+2)
M(2T—-1)e cos(N10l+2T)

i cos(N10y1)  sMecos(N10p42)

C=
sin(Npf1)  sMesin(Npb o)
cos(Nrbp11)  sM€cos(Npbpyo)

After these row operations the major part of Ao becomes

» »

M(2T—1)e sin(N7yor)

s
sMRT=1)¢ cos( Nyl o7

e
A-3 = (A317A32) - ( D F )

Starting from the second column of A3, we take away the power of s. For example we
divide the second column of As, by sM¢, the third column by s2*¢ and the 27 —th column
by sM2T-1¢ Now we see the influence of the representative row vector in F'. Before this

set of column operations it is

P

(SH(1+e(l+1)) 7 SH(1+e(l+2T))>

After these column operations it becomes (using H < M)
gH(1Fel+1)) (1, O(s™), ..., O(s‘d)> .

Note that this computation is very similar to those in the proof of Lemma 4.1. We use F
to represent the new matrix after the column operations on F'.
After these column operations, C becomes

Sin(N19l+1) sin(N10l+2) sin(N101+2T)
cos(N10;41)  cos(Nibpo) ... cos(N10pio7)
Cy =
SiIl(NT91+1) SiIl(NT(91+2) sin(NTGHQT)
COS(NT¢91+1) COS(NTQH_Q) COS(NTQH_QT)

By Lemma 4.3, C is invertible, which means its row vectors are linearly independent.
Thus there is a combination of its row vectors to cancel the representative vector in F

(just the major part):
gHFel+1)) (1, 0,..., 0) .

When this same row operation is applied to As;, the representative vector in D:

(SH(1+E), - 8H(1+el))

becomes this after the row transformation:

(7091 4 O(s™), ..., sTIFD (1 + O(s79)))
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where we used H < M again. After these elementary operations, B and ' are turned
into minor matrices. Thus the invertibility of A, is reduced to the invertibility of the
transformation of D, which is of the same nature of D. This method of reduction can be
continued and the construction of py, ... P29, is complete for matrix M.

Since M; is very similar to M and we only require /N, s to be large and € to be small
in M;. Moreover the angles in M are the same as in M. Thus py, ..., p,29, that make
M invertible also make M invertible. The construction of py, .., p,2.12, 1S complete.
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