ON BOUND STATES CONCENTRATING ON SPHERES FOR THE MAXWELL-SCHRÖDINGER EQUATION

TERESA D’APRILE AND JUNCHENG WEI

Abstract. We study the semiclassical limit for the following system of Maxwell-Schrödinger equations: − ~^2_{2m Δv + v + ωϕv − γvp = 0, −Δϕ = 4πωv2} where ~, m, ω, γ > 0, v, ϕ : R3 → R, 1 < p < 117 . This system describes standing waves for the nonlinear Schrödinger equation interacting with the electrostatic field: the unknowns v and ϕ represent the wave function associated to the particle and the electric potential respectively. By using localized energy method, we construct a family of positive radially symmetric bound states (v~, ϕ~) such that v~ concentrates around a sphere {|x| = s0} when ~ → 0.

1. Introduction In this paper we consider the following system of Maxwell-Schrödinger equations in the electrostatic case:

− ♥^2Δv + v + ωϕv − γv^p = 0 in R^3 , − Δϕ = 4πωv^2 in R^3 , v, ϕ > 0, v, ϕ → 0 as |x| → +∞, (1.1)

where ♥, ω, γ > 0 and p > 1. This system has been first introduced in the paper [6]: it provides a physical model which describes the interaction of a charged particle with the electrostatic field. In (1.1) we have assumed, for sake of simplicity, 2m = 1, being m the mass of the particle. ω denotes the electric charge of the particle, while ♥ is a constant which is known under the name of Planck’s constant. The unknowns of the system are the wave function v associated to the particle and the electric potential ϕ. The presence of the nonlinear term in (1.1) simulates the interaction effect among many particles.

The eigenvalue problem for the system (1.1) with γ = 0 has been studied in [6] (in the case in which the charged particle lies in a bounded space region Ω) and in [8] (under the action of an external nonzero potential). Existence results for (1.1) have been established in [11].

1991 Mathematics Subject Classification. Primary 35B40, 35B45; Secondary 35J55, 92C15, 92C40. Key words and phrases. Bound States, Maxwell-Schrödinger Equation, Finite Dimensional Reduction. 1

In all the above mentioned results the size of ♥ is not relevant, hence one may assume, without loss of generality, ♥ = 1. This paper deals with the semiclassical limit of the system (1.1), i.e. it is concerned with the problem of finding nontrivial solutions and studying their asymptotic behaviour when ♥ → 0^+; hence such solutions are usually referred to as semiclassical ones. Letting ♥ go to zero has great physical interest since it formally describes the transition from Quantum Mechanics to Classical Mechanics; as one expects, the solutions exhibit some kind of notable behaviour in the semiclassical limit, a concentration behaviour: their form consists of very sharp peaks which become highly concentrated when ♥ is small.

The study of semiclassical phenomena for nonlinear Schrödinger equations has attracted considerable attention in recent years; in particular a large number of papers have been devoted in studying single and multiple spike solutions for the following stationary Schrödinger equation in the presence of an external potential V : − ♥^2Δv + V (x)v − γ|v|^{p−1}v = 0, x ∈ Ω, V : Ω → R, (1.2) where Ω is an open subset of R^N (N ≥ 1). In the case p ∈ (1,^{N+2}_{N−2} ) for N ≥ 3 and p > 1 for N = 1, 2, equation (1.2) admits solutions, called spike layers, concentrating at one or multiple points of Ω, in the sense that their shape consists of sharp peaks near those points, while it vanishes everywhere else as ♥ → 0^+.

Concerning equation (1.2) in bounded domains Ω with V ≡ 1 and Neumann boundary conditions, in [16], [20], [22], [23], [26], [31], [32], [41] the authors look for solutions exhibiting a concentration at one or more points of the boundary which are proved to be critical for the mean curvature of ∂Ω. As regards interior spike solutions, the distance function from the boundary ∂Ω plays a role similar to that of the mean curvature: in [19], [21], [33], [35], [42] single or multiple spikes are constructed for the Neumann or the Dirichlet problem associated to equation (1.2) with Ω bounded and V ≡ 1, and concentration occurs, roughly speaking, at critical points of the distance function d from the boundary ∂Ω.

When Ω ≡ R^N and V ≢ const, spike layer solutions are constructed around the critical points of the potential V . The first result in this line seems due to Floer and Weinstein ([17]). These authors considered the one-dimensional case and constructed for small ♥ > 0 such a concentrating family via a Lyapunov-Schmidt reduction around any non-degenerate critical point of the potential V , under the condition that V is bounded and p = 3. This line of research has been extensively pursued in a set of recent papers (we recall, among many others, [1], [12], [14], [13], [15], [18], [24], [25], [36], [37], [38], [40]) and semiclassical states are produced using minimax methods or, under suitable non-degeneracy conditions, by finite-dimensional reductions.

In contrast to pointwise concentration, only very recently concentration at higher dimensional sets has been proved. The first progress was the recent paper [29], in which, assuming V ≡ const, the authors prove the existence of positive solutions for (1.2) in a smooth bounded subset Ω ⊂ R^2 with the Neumann boundary conditions; such solutions concentrate at the whole boundary ∂Ω or at some of its components. This result has been extended to higher dimensions in [28]. Under symmetry assumptions, higher dimensional spike-layers are proved to exist. In [2] and [4], assuming that V is radial, it is established the existence of radially symmetric solutions for (1.2) in R^N concentrating on a sphere centered in zero and it is shown that the location of the concentration arises as a balance between the effect of the potential energy due to V and the volume energy of the solutions. In [5] and [9] concentration on circles in R^2 and R^3 respectively is produced for a special class of solutions of (1.2). Concerning equation (1.2) in a ball with Dirichlet or Neumann boundary conditions and V radial, in [3] the effect of the boundary of the domain is analyzed; more precisely, it is proved that there exists a family of radial solutions concentrating on the boundary. Finally we recall the recent papers [27] and [30], in which other phenomena of concentration on manifolds are studied.

Motivated by this rich literature, in this paper we want to study which kind of phenomena occurs for the system of Maxwell-Schrödinger equations (1.1) in the semiclassical limit.

More precisely, for small values of the parameter ♥, we prove the existence of a positive radially symmetric wave v~ and a potential ϕ~ satisfying (1.1). Furthermore, in the limit when ♥ → 0^+, v~ exhibits a concentration behaviour around a sphere {|x| = s_0}: the analysis reveals that “most” of the support of v~ is concentrated in a neighbourhood of such sphere whose size depend on ♥ and shrinks to zero as ♥ → 0^+. The radius s_0 is determined by the exponent p and the charge ω. In order to state the exact result, denote by w(y) the unique solution for the following ODE: w^{′′} − w + w^p = 0 in R, w > 0, w(0) = max_{y∈}R w(y), w(y) → 0 as |y| → +∞. It is well known that w(y) can be written explicitly as w(y) = ( p + 1 2 ) 1_{p−1} ( cosh (p − 1 2 y ))_− 2_{p−1} . (1.3)

Then, roughly speaking, the limit profile of our solutions v~ resembles, after a suitable rescaling in the coordinates, the function w.

More precisely the main result of this paper is the following.

Theorem 1.1. Assume that 1 < p <^{11}_7 . Then there exists ♥_0 > 0 such that for every ♥ ∈ (0, ♥_0) the system (1.1) has a solution (v~, ϕ~) with γ = γ~ = ♥^{(p−1)/2} and:

(1) v~, ϕ~ are radially symmetric, v~, |∇v~, |∇ϕ~| ∈ L^2(R^3 ), (2) v~(r) = ♥^{− 12} α^{1p−1}~ w (√ α~^{r−s~}~ ) + o(1) exp ( − μ^{|r−s~|}~ ) uniformly in R^3 for a suitable μ ∈ (0, 1), (3) ϕ~(r) = 4πω(1 + o(1))α 5−p 2(p−1) ~ ( ∫ R w^2dy)G(r; s~), where G(r; ρ) is defined as follows G(r; ρ) = ρ r min(r, ρ). (1.4)

Furthermore, as ♥ → 0^+,

α~ → α_0 := p + 3 11 − 7p

, (1.5) and s~ → s_0 := (α_0 − 1)α p−5 2(p−1) 0 ( 4πω^2 ∫ R w^2dy )_{−1} . (1.6)

Remark 1.1. The case 1 < p <^3_2 has been proved in [10] by variational method. Here we use localized energy method to cover the whole range for p ∈ (1,^{11}_7 ). Notice that for p ≥^{11}_7 it results α_0 − 1 ≤ 0, hence formula (1.6) does not makes sense; this suggests that the range (1,^{11}_7 ) is also necessary to get concentration around a sphere.

Remark 1.2. Notice that by (2) of theorem 1.1 it immediately follows that ∫ R^3 |v~|^2dx = 4πα 5−p 2(p−1) ~ ∫_{+∞} − √ α~^s~~ (_♥y √ α~ + s~

)_2 |w|^2dy + o(1) = 4πα 5−p 2(p−1) 0 s^2_0 ∫ R |w|^2dy + o(1), i.e. the L^2-norm of the waves v~ becomes bounded from below and from above. Furthermore, for every δ > 0 and for small ♥:

v~(r) ≤ C exp ( − μ |r − s~| ♥ ) for |r − s~| ≥ δ where C is independent on ♥ and δ. Hence the solutions v~ can be viewed as small perturbations of the function w rescaled in such a way to be very concentrated near a suitable neighbourhood of s_0; then their profile has the form of a solitary elevation which becomes a very sharp peak when ♥ is small.

The proof of theorem 1.1 relies on a local approach and is related to the arguments employed in [34], in which a phenomenon of concentration around a sphere has been obtained for the stationary Gierer-Meinhardt system in R^N . This approach is based on a finite dimensional reduction by using the classical Liapunov-Schmidt reduction method. We first construct some approximate solution (obtained as a small perturbation of rescalation of w) and we solve (1.1) in its normal direction, and then we study the remaining finite dimensional equation. After this reduction process, by using the implicit function theorem we solve (1.1) in a suitable neighbourhood of the approximate solution.

The paper consists of four more sections. In section 2 we introduce some notations and prove some preliminary estimates that play a key role in the rest of the arguments. In section 3 and 4 we construct the approximate solutions and we carry out the Lyapunov- Schmidt procedure that allows us to reduce the problem to the study of a finite dimensional functional. Finally the proof of theorem 1.1 is given in section 5.

NOTATIONS - If u : R^N → R is a radially symmetric function, we will continue to denote by u the real function r > 0 → u(r) with |x| = r.

- If u is a real valued function, then u_+ is its positive part and u_− its negative part. - We will often use the symbol C for denoting a positive constant independent on ε.

The value of C is allowed to vary from line to line (and also in the same formula). - Given A_ε ⊂ R^N , f_ε, g_ε : A_ε → R two families of functions on A_ε and k ∈ R, we write f_ε = o(ε^k)g_ε on A_ε (resp. f_ε = O(ϵ^k)g_ε on A_ε) to mean that^{fε}_{gε} → 0 (resp. |f_ε| ≤ Cε^k|g|) uniformly on A_ε as ε → 0.

Acknowledgments. The research of the second author is supported by an Earmarked Grant from RGC of Hong Kong.

2. Preliminaries In order to obtain solutions of (1.1) we choose a suitable functional setting. Let H^1_r (R^3 ) and L^2_r(R^3 ) denote the subspace of the Sobolev space H^1(R^3 ) and L^2(R^3 ) respectively formed by the radially symmetric functions endowed with the norms ‖u‖^2_H1_(R3_) = ∫ R^3 ( |∇u|^2 + |u|^2 ) dx, ‖u‖^2_L2_(R3_) = ∫ R^3 |u|^2 dx.

It is well known that H^1_r (R^3 ) is compactly imbedded in L^p(R^3 ) for 2 < p < 6. (see [7] Theorem A.I’, pg. 341, or [39]). Furthermore if u ∈ H^1_r (R^3 ) then |u(x)| ≤ (4π)^{−1/2}|x|^{−1}‖u‖_H1 a.e. in R^3 (see [39]). Define D^1(R^3 ) as the completion of C^∞_0 (R^3 ) with respect to the norm ‖u‖^2_D1_(R3_) ≡ ∫ R^3 |∇u|^2 dx, and let D^1_r (R^3 ) denote the closed subspace consisting of the radially symmetric functions. The following proposition holds (see [10] for the proof).

Proposition 2.1. For every u ∈ H^1_r (R^3 ) denote by (−Δ)^{−1}[u^2] the unique solution in D^1_r (R^3 ) of −Δv = u^2.

Then the following representation formula holds : (−Δ)^{−1}[u^2](x) = 1 4π ∫ R^3 1 |x − y| u^2(y)dy = ∫_{+∞} 0 G(|x|, ρ)u^2(ρ)dρ where G(s, ρ) has been defined in (1.4). Furthermore the functional F : u ∈ H^1_r (R^3 ) → ∫ R^3 u^2(−Δ)^{−1}[u^2]dx is compact and C^1 and F^′(u)[w] = 4 ∫ R^3 uw(−Δ)^{−1}[u^2]dx ∀u, w ∈ H^1_r (R^3 ).

By suitably scaling, (1.1) can be reduced to the following system of equations:

− Δu + u + Γuψ − u^p = 0 in R^3 , − Δψ = εu^2 in R^3 , u, ψ > 0, u, ψ → 0 as |x| → +∞, (2.1)

where

ε = ♥ = γ^{2p−1} , Γ = 4πω^2, u(x) = √ εv(εx), ψ(x) = 1 4πω ϕ(εx). (2.2) Associated with (2.1) is the following energy functional E_ε ∈ C^1(H^1_r (R^3 ), R):

E_ε[u] := 1 2 ∫ R^3 ( |∇u|^2 + u^2 ) dx − 1 p + 1 ∫ R^3 u^{p+1}_+ dx + Γ 4 ε ∫ R^3 u^2(−Δ)^{−1}[u^2]dx.

By using proposition 2.1 the energy functional can be rewritten as E_ε[u] =2π ∫_{+∞} 0 r^2 ( |u^′|^2 + |u|^2 ) dr − 4π p + 1 ∫_{+∞} 0 r^2|u_+|^{p+1}dr + Γπε ∫_{+∞} 0 ∫_{+∞} 0 r^2G(r, ρ)u^2(r)u^2(ρ)drdρ.

Before going on we define in the following lemma two suitable functions which will be useful in order to locate the asymptotic peak of the solutions. Lemma 2.1. Assume p <^{11}_7 and consider the two functions ρ(t) = (1 + t)^{p−52(p−1)} t^2[(3p − 7)t + 4(p − 1)], t > t̂ :=

2(p − 1) 7 − 3p , and t = t(s) the inverse function of s(t) = ( Γ ∫ R w^2dy )_{−1} (1 + t)^{p−52(p−1)} t, t > t̂. Then the function ρ(t(s)) has a unique (and nondegenerate) minimum point s_0 for s ∈ (0, s(t̂)) given by (1.6).

Proof. Since p <^{11}_7 , it is easy to see that s is a strictly decreasing function for t > t̂. Thus the inverse function t = t(s) exists for s ∈ (0, s(t̂)). Now compute ρ^′ (t) = t(t + 1)^{− p+32(p−1)} ( 7p − 11 2(p − 1) t + 4 ) [(3p − 7)t + 2(p − 1)].

For t > t̂, ρ(t) has a unique critical point: t_0 =

8(p − 1) 11 − 7p

. (2.3) Moreover ρ^{′′} (t_0) > 0 which means that t_0 is also nondegenerate. Set s_0 = s(t_0). Then the function ρ(t(s)) has a unique (and nondegenerate) minimum point s_0 for s ∈ (0, s(t̂)). 2 Now we are in position to introduce our approximate solutions. As we have already announced in the introduction, we construct the approximations by suitably rescaling the function w and then by using suitable truncations. Fix s_1, s_2 ∈ (0, s(t̂)) such that s_1 < s_2 and, according to lemma 2.1, s_0 ∈ (s_1, s_2), 2t(s) 1 + t(s) ≠ 4(p − 1) 5 − p ∀s ∈ [s_1, s_2]. (2.4) Let η(r) be a cut-off function satisfying η(r) = 1 for r ∈ (−δ, δ), η(r) = 0 for r ∉ (−2δ, +2δ), (2.5) where δ > 0 is a fixed number such that s_1 − 2δ > 0. For every s ∈ [s_1, s_2] define w_s(y) := (1 + t(s))^{1p−1} w( √ 1 + t(s)y), and U_{ε,s}(y) := w_s(y)η(εy). (2.6)

It is immediate to see that w_s satisfies w^{′′}_s − (1 + t(s))w_s + w^p_s = 0, w_s > 0, w_s(y) = w_s(−y). (2.7) The definitions of U_{ε,s} in (2.6) and w in (1.3) imply that for every i ∈ N, denoting by U^i_{ε,s} and w^i_{ε,s} the derivatives of order i of the functions U_{ε,s} and w_s respectively, we have U^i_{ε,s}(y) = O(1)e^{−|y|}, U^i_{ε,s}(y) = w^i_s(y ) + o(ε)e^{−|y|} (2.8) uniformly for s ∈ [s_1, s_2]. We need to recall the following well-known facts on the functions w and w_s which will be frequently used later on.

Lemma 2.2. (1) For every s ∈ [s_1, s_2] the following identities hold ∫ R (w^′_s)^2dy = p − 1 2(p + 1) ∫ R w^{p+1}_s dy, ∫ R w^2_s dy = p + 3 2(1 + t(s))(p + 1) ∫ R w^{p+1}_s dy. (2.9) (2) Let L_0 : H^2(R) → L^2(R) be the linear operator defined by L_0[ϕ] = ϕ^{′′} − ϕ + pw^{p−1}ϕ. Then L_0 [ 1 p − 1 w + 1 2 yw^′ ] = w (2.10) and ϕ ∈ H^2(R) satisfies L_0[ϕ] = 0 if and only if ϕ = cw^′ for some constant c. As a consequence, considered the kernel K_0 and the cokernel C_0 of the operator L_0: K_0 = {cw^′ | c ∈ R} ⊂ H^2(R), C_0 = {cw^′ | c ∈ R} ⊂ L^2(R), then L_0 is an invertible operator from K^⊥_0 to C^⊥_0 . Proof. Since each w_s satisfies (2.7), we have ( (w^′_s)^2 )_′ = (1 + t(s))(w^2_s )^′ −^2_{p+1} (w^{p+1}_s )^′, by which (w^′_s)^2 = (1 + t(s))w^2_s −^2_{p+1} w^{p+1}_s . Combining this with the following identity ∫ R (w^′_s)^2dy + (1 + t(s)) ∫ R w^2_s dy = ∫ R w^{p+1}_s dy we deduce (2.9). To prove (2.10), it is sufficient to observe that L_0[w] = (p−1)w^p, L_0[yw^′ ] = 2(w − w^p).

The last part of the lemma follows from the uniqueness of w. Fix λ > 0. We conclude this section by analyzing the following nonlocal operator L : H^2(R) → L^2(R), L[ϕ] := L_0[ϕ] − λ(p − 1) ∫ R wϕdy ∫ R w^2dy w.

The following lemma characterizes the kernel of L.

Lemma 2.3. If λ ≠^4_{5−p} then ϕ ∈ H^2(R) satisfies L[ϕ] = 0, if and only if then ϕ = cw^′ for some constant c.

Proof. Assume L[ϕ] = 0. From (2.10) we deduce that

L_0 [ ϕ − λ ∫ R wϕdy ∫ R w^2dy ( w + p − 1 2 yw^′ )] = L[ϕ] = 0.

By (2) of Lemma 2.2, we have ϕ − λ ∫ R wϕdy ∫ R w^2dy ( w + p − 1 2 yw^′ ) = cw^′ (2.11)

for some c. Multiplying (2.11) by w and integrating over R, we obtain that

(1 − λ) ∫ R wϕdy − λ p − 1 2 ∫ R wϕdy ∫ R w^2dy ∫ R yww^′dy = 0. After an integration by parts we deduce ∫ R yww^′dy = −^12 ∫ R w^2dy, by which ( 1 − λ ( 1 − p − 1 4 )) ∫ R wϕdy = 0, and hence ∫ R wϕdy = 0 which implies L^0[ϕ] = L[ϕ] = 0; then lemma 2.2, leads to ϕ = cw^′ .

3. The Linearized Problem

For every s ∈ [s_1, s_2], where s_1, s_2 have be chosen in (2.4), we set I_{ε,s} := ( − s ε , +∞ ) . Denote by L^p_ε (I_{ε,s}) the space of the functions ϕ : I_{ε,s} → R such that, setting u_ϕ(x) = ϕ ( |x| −^s_ε ) , it results u_ϕ ∈ L^p(R^3 ). L^2_ε(I_{ε,s}) can be equipped with the scalar product: < ϕ, ψ >_ε= ∫ I_{ε,s} ϕψ(s + εy)^2dy ∀ϕ, ψ ∈ L^2_ε(I_{ε,s}) (which is equivalent to the norm ‖u_ϕ‖_L2_(R3_)).

We define the following operator: T_{ε,s}[ϕ](y) = ∫ I_{ε,s} G(s + εy, s + εz)ϕ(z)dz, y ∈ I_{ε,s}, ϕ ∈ L^1_ε(I_{ε,s}). Notice that s − ε(2|z| + |y|) ≤ G(s + εy, s + εz) ≤ s + εz ∀y, z ∈ I_{ε,s}, (3.12) hence, by using (2.8) and lemma 2.1, we get T_{ε,s}[U^2_{ε,s}](y) = s ∫ R U^2_{ε,s}dz + O(ε)(|y| + 1) = s ∫ R w^2_s dz + O(ε)(|y| + 1)

= s(1 + t(s))^{5−p2(p−1)} ∫ R w^2dz + O(ε)(|y| + 1) = 1 Γ t(s) + O(ε)(|y| + 1) (3.13) uniformly for s ∈ [s_1, s_2]. In the same way we define H^1_ε (I_{ε,s}) the space of the functions ϕ : I_{ε,s} → R such that u_ϕ ∈ H^1_r (R^3 ). We can equip H^1_ε (I_{ε,s}) with the following scalar product:

(ϕ, ψ)_ε = ∫ I_{ε,s} [ϕ^′ψ^′ + (1 + ΓT_{ε,s}[U^2_{ε,s}])ϕψ](s + εy)^2dy ∀ϕ, ψ ∈ H^1_ε (I_{ε,s})

(which is equivalent to the norm ‖u_ϕ‖_H1_(R3_) since 0 ≤ T_{ε,s}[U^2_{ε,s}](y) ≤ ∫ I_{ε,s} (s + εz)U 2 ε,sdz). We introduce the following functions: Z_{ε,s}(y) = U^{′′′}_{ε,s}(y) + 2ε s + εy U^{′′}_{ε,s}(y) − (1 + ΓT_{ε,s}[U^2_{ε,s}])U^′_{ε,s}(y), y ∈ I_{ε,s}. (3.14) By integration by parts it is immediate to prove that (ϕ, U^′_{ε,s})_ε = − < ϕ, Z_{ε,s} >_ε ∀ϕ ∈ H^1_ε (I_{ε,s}), (3.15) then orthogonality to the functions U^′_{ε,s} in H^1_ε (I_{ε,s}) is equivalent to orthogonality to Z_{ε,s} in L^2_ε(I_{ε,s}).

First we study a linear problem: given h ∈ C(Ī_{ε,s}) ∩ L^2_ε(I_{ε,s}), find a function ϕ ∈ H^1_ε (I_{ε,s}) and c ∈ R satisfying L_{ε,s}[ϕ] = h + cZ_{ε,s}, ϕ^′ ( − s ε ) = 0, < ϕ, Z_{ε,s} >_ε= 0, (3.16)

where L_{ε,s}[ϕ] := ϕ^{′′} + 2ε s + εy ϕ^′ − (1 + ΓT_{ε,s}[U^2_{ε,s}])ϕ + pU^{p−1}_{ε,s} ϕ − 2ΓT_{ε,s}[U_{ε,s}ϕ]U_{ε,s}. In order to solve the system (3.16) we need the following result based on ODE estimates.

Lemma 3.1. Let ϕ ∈ C^2(Ī_{ε,s}) satisfy | | | |ϕ^{′′}(y) + 2ε s + εy ϕ^′ (y) − (1 + ΓT_{ε,s}[U^2_{ε,s}])ϕ(y) | | | | ≤ c^0e^{−μ|y|}, ϕ ′ ( − s ε ) = 0, for some c_0 > 0 and ϕ(y) → 0 as y → +∞. Then, provided that μ > 0 is sufficiently small, |ϕ(y)| ≤ 2e(|ϕ(0)| + c_0)e^{−μ|y|} ∀y ∈ I_{ε,s}.

Proof. We use a comparison principle. Take χ(t) a smooth cut-off function such that χ(t) = 1 for |t| ≤ 1, χ(t) = 0 for |t| ≥ 2, 0 ≤ χ ≤ 1. Now consider the following auxiliary function: Φ(y) = A [ e^{μy} + (e^{μy0} − e^{μy})χ ( μ ( y + s ε ))]

where y_0 = − s ε + 1 μ , A = 2e(|ϕ(0)| + c_0).

If y ∈ (−^s_ε , y_0), Φ(y) = Ae^{μy0} and hence

Φ^{′′} + 2ε s + εy Φ^′ − (1 + ΓT_{ε,s}[U^2_{ε,s}])Φ = −A(1 + T_{ε,s}[U^2_{ε,s}])e^{μy0} ≤ −c_0e^{μy}.

If y ∈ (−^s_ε +^2_μ , 0), Φ(y) = Ae^{μy} and^ε_{s+εy} ≤^μ_2 , hence

Φ^{′′} + 2ε s + εy Φ^′ − (1 + ΓT_{ε,s}[U^2_{ε,s}])Φ = A[2μ^2 − (1 + T_{ε,s}[U^2_{ε,s}])]e^{μy} ≤ −c_0e^{μy}

provided that μ is sufficiently small. Finally it is easy to see that for y ∈ (y_0, y_0 +^1_μ ) e^{μy0} ≤ e^{μy} ≤ ee^{μy0} , Φ(y) ≥ Ae^{μy0} , μ 2 ≤ ε s + εy ≤ μ; hence

Φ^{′′} + 2ε s + εy Φ^′ − (1 + ΓT_{ε,s}[U^2_{ε,s}])Φ ≤ AO(μ^2)e^{μy} − A(1 + ΓT_{ε,s}[U^2_{ε,s}])e^{μy0} ≤ AO(μ^2)e^{μy} − A e (1 + ΓT_{ε,s}[U^2_{ε,s}])e^{μy} ≤ −c_0e^{μy} provided that μ is sufficiently small.

In any case, we have that for y ∈ (−^s_ε , 0), Φ(y) satisfies

Φ^{′′} + 2ε s + εy Φ^′ − (1 + ΓT_{ε,s}[U^2_{ε,s}])Φ ≤ −c_0e^{μy}, Φ^′ ( − s ε ) = 0, Φ(0) ≥ |ϕ(0)|. (3.17) Combining (3.17) with the hypothesis we obtain

(Φ − ϕ)^{′′}(y) + 2ε s + εy (Φ − ϕ)^′(y) − (1 + ΓT_{ε,s}[U^2_{ε,s}])(Φ − ϕ)(y) ≤ 0 ∀y ∈ [ − s ε , 0 ] (3.18) and (Φ − ϕ)(0) > 0, (Φ − ϕ)^′ ( − s ε ) = 0;

we claim that (Φ − ϕ)(y) ≥ 0 for y ∈ [−^s_ε , 0). Otherwise, if we call ȳ the minimum point of Φ − ϕ in [−^s_ε , 0), then it would be (Φ − ϕ)(ȳ) < 0 and (Φ − ϕ)^′(ȳ) = 0, (Φ − ϕ)^{′′}(ȳ) > 0, in contradiction with (3.18). Hence we have proved that ϕ ≤ Φ in [−^s_ε , 0]. On the other hand by (3.17) and the hypothesis we also get

(Φ + ϕ)^{′′} (y) + 2ε s + εy (Φ + ϕ)^′ (y) − (1 + ΓT_{ε,s}[U^2_{ε,s}])(Φ + ϕ)(y) ≤ 0 ∀y ∈ [ − s ε , 0 ] and (Φ + ϕ)(0) > 0, (Φ + ϕ)^′(−^s_ε ) = 0. Proceeding as before we conclude ϕ ≥ −Φ in [−^s_ε , 0].

For y ∈ [0, +∞), we use Φ̂(y) = Ae^{−μy} and hence

Φ̂^{′′} + 2ε s + εy Φ̂^′ − (1 + ΓT_{ε,s}[U^2_{ε,s}])Φ̂ ≤ A(μ^2 − (1 + ΓT_{ε,s}[U^2_{ε,s}])e^{−μy} ≤ −c_0e^{−μy}

provided that μ is sufficiently small. By repeating the previous argument we obtain |ϕ| ≤ Φ̂ in [0, +∞) and the conclusion follows. 2

Let μ ∈ (0, 1) be a number sufficiently small such that lemma 3.1 holds and for every function ϕ : I_{ε,s} → R define ‖ϕ‖_∗ = ‖e^{μ<y>}ϕ(y)‖_L∞_{(Iε,s)}, where < y >= (1 + y^2)^{12} . Since^{2ε}_{s+εy} U^{′′}_{ε,s} = O(ε)e^{−|y|}, by using (2.7), (2.8) and (3.13) we obtain Z_{ε,s}(y) = w^{′′′}_s (y) − (1 + t(s))w^′_s(y) + O(ε)e^{−μ<y>} = −pw^{p−1}_s (y)w^′_s(y) + O(ε)e^{−μ<y>} (3.19) uniformly for s ∈ [s_1, s_2].

Next we prove the following a priori estimate for (3.16).

Lemma 3.2. There exists a constant C > 0 such that, provided that ε is sufficiently small, if s ∈ [s_1, s_2] and (ϕ, c, h) satisfy (3.16), the following holds: ‖ϕ‖_∗ ≤ C‖h‖_∗. Proof. We argue by contradiction. Assume the existence of a sequence ε_k → 0, (s_k) ⊂ [s_1, s_2] and (ϕ̃_k , c̃_k) ∈ H^1_ε (I_{εk ,sk} ) × R, h_k ∈ L^2_ε(I_{εk ,sk} ) ∩ C(Ī_{εk ,sk} ) satisfying (3.16) such that ‖ϕ̃_k‖_∗ > k‖h̃_k‖_∗. In particular ‖h̃_k‖_∗ < +∞ for every k. For sake of simplicity, in the remaining part of the proof we replace the subscript (ε_k, s_k) by k. By standard regularity results ϕ̃_k ∈ C^2(Ī_k); furthermore for every k ‖T_k(U_kϕ̃_k )‖_∞ ≤ ∫ I_k (sk + εkz)Uk ϕ̃_k dz < +∞, and, consequently ‖ − pU^{p−1}_k ϕ̃_k + 2ΓT_k[U_kϕ̃_k]U_k + h̃_k + c̃_kZ_k‖_∗ < +∞. Then lemma 3.1 implies ‖ϕ̃_k‖_∗ < +∞ for every k. Hence it makes sense to set ϕ_k =^{ϕ̃k}_{‖ϕ̃k ‖∗} , c_k =^{c̃k}_{‖ϕ̃k ‖∗} , h_k =^{h̃k}_{‖ϕ̃k ‖∗} . We obtain that (ϕ_k , c_k, h_k) satisfies (3.16) and

‖ϕ_k‖_∗ = 1, ‖h_k‖_∗ = o(1).

Assume without loss of generality s_k → s as k → +∞. By multiplying the equation L_k[ϕ_k] = h_k + c_kZ_k by U^′_k and integrating over I_k, we get c_k ∫ I_k Z_kU^′_kdy = − ∫ I_k h_kU^′_kdy + ∫ I_k L_k[ϕ_k]U^′_kdy. (3.20) First examine the left hand side of (3.20): by using (2.8) and (3.19) we deduce ∫ I_k Z_kU^′_kdy = −p ∫ R w^{p−1}_{sk} (w^′_{sk} )^2dy + o(1) = −p ∫ R w^{p−1}_s (w^′_s)^2dy + o(1). (3.21) The first term on the right hand side of (3.20) can be estimated as ∫ I_k |h_kU^′_k|dy ≤ ‖h_k‖_∗ ∫ R |U^′_k|e^{μ<y>}dy = O(1)‖h_k‖_∗ = o(1). (3.22) The last term in (3.20) equals ∫ I_{εk} (L_k[ϕ_k ])U^′_kdy = ∫ I_k ϕ_k [ U^{′′′}_k + 2ε^2_k (s_k + ε_ky)^2 U^′_k − 2ε_k s_k + ε_ky

U^{′′}_k − (1 + ΓT_k[U^2_k ])U^′_k + pU^{p−1}_k U^′_k ] dy − 2Γ ∫ I_k T_k[U_kϕ_k]U_kU^′_kdy = ∫ I_k ϕ_k [ U^{′′′}_k (y) − (1 + ΓT_k[U^2_k ])U^′_k(y) + pU^{p−1}_k U^′_k ] dy + O(ε_k)‖ϕ_k‖_∗ − 2Γ ∫ I_k T_k[U_kϕ_k]U_kU^′_kdy since, according to the definition of U_k in (2.6) and to (2.8),^{2ε2k}_{(sk +εk y)2} U^′_k = O(ε_k )e^{−|y|} and 2ε_k s_k +ε_k y U ′ k = O(ε_k)e^{−|y|}. By (2.7), (2.8) and (3.13) we obtain ∫ I_k ϕ_k [ U^{′′′}_k (y) − (1 + ΓT_k[U^2_k ])U^′_k + pU^{p−1}_k U^′_k ] dy = O(ε_k )‖ϕ_k‖_∗. (3.23) On the other hand, by (2.8) and (3.12) we deduce, T_k[U_kϕ_k](y) = s ∫ I_k U_kϕ_kdy + O(ε_k)(|y| + 1)‖ϕ_k‖_∗, (3.24) by which ∫ I_k T_k[U_kϕ_k]U_kU^′_kdy = O(ε_k )‖ϕ_k‖_∗ ∫ I_k (|y| + 1)|U_kU^′_k|dy = O(ε_k )‖ϕ_k‖_∗. Hence we have proved that ∫ I_k L_k[ϕ_k]U^′_kdz = O(ε_k )‖ϕ_k‖_∗ = O(ε_k ). (3.25) Combining (3.20), (3.21), (3.22) and (3.25) we achieve |c_k| = o(1), by which ‖h_k + c_kZ_k‖_∗ = o(1). Next we claim that ϕ_k → 0 uniformly in any compact interval of R.

By multiplying equation (3.16) by (s_k + ε_ky)^2ϕ_k and integrating by parts we immediately get that the sequence (ϕ_k, ϕ_k)_ε = ∫ I_k (sk +εky) 2(|ϕ^′_k |^2+|ϕ_k|^2)dy is bounded. Now we consider ϕ̄_k (y) = ϕ_k(y)η(ε_k y) ∈ H 1(_R), where η has been defined in (2.5). Then it is easy to see

that ϕ̄_k is bounded in H^1(R), and hence ϕ̄_k → ϕ̄_0 weakly in H^1(R). Taking into account of (3.13) and (3.24) ϕ̄_0 satisfies

Δϕ̄_0 − (1 + t(s))ϕ̄_0 + pw^{p−1}_s ϕ̄_0 − 2sΓ ( ∫ R w_sϕ̄_0dy ) w_s = 0 in R, |ϕ̄_0| ≤ e^{−μ<y>}. By rescaling, setting ϕ_0(y) = ϕ̄_0 (_y √_{1+t(s)} ) and recalling the definition of w_s in (2.6), we obtain ϕ^{′′}_0 − ϕ_0 + pw^{p−1}ϕ_0 − 2 t(s) 1 + t(s) ∫ R wϕ^0dy ∫ R w^2dy w = 0. By (2.4), because of the choice of s, 2 t(s) 1 + t(s) ≠ 4(p − 1) 5 − p ; Lemma 2.3 implies ϕ_0 = cw^′. On the other hand, ∫ I_k ϕkZk(sk + εky) 2dy = 0 and hence, since by (3.19) Z_k(s_k + ε_ky)^2 → −s^2pw^{p−1}_s w^′_s for every y ∈ R, by Lebesgue’s Dominated Convergence Theorem, ∫ R ϕ̄^0w^{p−1}s w^′s = 0, that is ∫ R ϕ^0w^{p−1}w^′ = 0, by which c = 0; we have proved that ϕ_k → 0 in any compact interval of R. Taking into account of (2.8), this shows that ‖U^{p−1}_k ϕ_k‖_∗ ≤ sup_{y∈Ik} |e^{μ<y>}w^{p−1}_{sk} (y)ϕ_k (y)| = o(1). By using again Lebesgue’s Dominated Convergence Theorem, we have that ∫ I_k U_kϕ_kdy → 0 which implies, using (3.24), ‖ ‖ ‖ ∫ I_k T_k[U_kϕ_k]U_kdy ‖ ‖ ‖_∗ = o(1).

Thus we have arrived at the following situation: ϕ_k satisfies ϕ^{′′}_k + 2ε_k s_k + ε_ky ϕ^′_k − (1 + ΓT_k[U^2_k ])ϕ_k = o(1)e^{−μ<y>}, ϕ^′_k ( − s_k ε_k ) = 0, ϕ_k → 0 as y → ∞.

Furthermore ϕ_k (0) = o(1). Hence we can apply lemma 3.1 and obtain that ϕ_k(y) = o(1)e^{−μ<y>}, which is a contradiction since ‖ϕ_k‖_∗ = 1. This proves the Lemma.

Now we are in position to provide the existence of a solution for the system (3.16).

Lemma 3.3. For ε > 0 sufficiently small, for every s ∈ [s_1, s_2] and h ∈ L^2_ε(I_{ε,s}) ∩ C(Ī_{ε,s}), there exists a unique pair (ϕ, c) solving (3.16). Moreover, by lemma 3.2, ‖ϕ‖_∗ ≤ C‖h‖_∗. (3.26) Proof. The existence follows from Fredholm alternative. To this aim, let us consider H_ε the closed subset of H^1_ε (I_{ε,s}) defined by H_ε = {u ∈ H^1_ε (I_{ε,s}) | (u, U^′_{ε,s})_ε = 0}. Notice that, by (3.15), ϕ solves the system (3.16) if and only if ϕ ∈ H_ε and (ϕ, ψ)_ε − p < U^{p−1}_{ε,s} ϕ, ψ >_ε +2Γ < T_{ε,s}[U_{ε,s}ϕ]U_{ε,s}, ψ >_ε= − < h, ψ >_ε, ∀ψ ∈ H_ε. (3.27) Once we know ϕ we can determine a unique c from the equation −p < U^{p−1}_{ε,s} ϕ, U^′_{ε,s} >_ε +2Γ< T_{ε,s}[U_{ε,s}ϕ]U_{ε,s}, U^′_{ε,s} >_ε=−< h, U^′_{ε,s} >_ε +c(U^′_{ε,s}, U^′_{ε,s})_ε. Thus it remains to solve (3.27). According to Riesz’s representation theorem, take K_ε(ϕ), h̄ ∈ H_ε such that (K_ε(ϕ), ψ)_ε = −p < U^{p−1}_{ε,s} ϕ, ψ >_ε +2Γ < T_{ε,s}[U_{ε,s}ϕ]U_{ε,s}, ψ >_ε, ∀ψ ∈ H_ε, (h̄, ψ)_ε = − < h, ψ >_ε ∀ψ ∈ H_ε. Then problem (3.27) consists in finding ϕ ∈ H_ε such that ϕ + K_ε(ϕ) = h̄. (3.28) It is easy to prove that K_ε is a linear compact operator form H_ε to H_ε.

Using Fredholm’s alternatives, (3.28) has a unique solution for each h̄, if and only if (3.28) has a unique solution for h̄ = 0. Let ϕ ∈ H_ε be a solution of ϕ + K_ε(ϕ) = 0; then ϕ solves the system (3.16) with h = 0 for some c ∈ R. Lemma 3.2 implies ϕ ≡ 0. 4. Finite Dimensional Reduction This section is devoted to solve the following nonlinear system with the unknowns (ϕ, β) ∈ H^1_ε (I_{ε,s}) × R: S_{ε,s}[U_{ε,s} + ϕ] = βZ_{ε,s}, y ∈ I_{ε,s}, ϕ^′ ( − s ε ) = 0, < ϕ, Z_{ε,s} >_ε= 0, (4.29) where

S_{ε,s}[ψ] = ψ^{′′} + 2ε s + εy ψ^′ − ψ + ψ^p_+ − ΓψT_{ε,s}[ψ^2].

Lemma 4.1. Fix σ ∈ (^1_2 , 1). Provided that ε > 0 is sufficiently small, for every s ∈ [s_1, s_2] there is a unique pair (ϕ_{ε,s}, β_{ε,s}) ∈ H^1_ε (I_{ε,s}) × R satisfying (4.29) and ‖ϕ_{ε,s}‖_∗ ≤ ε^σ, (ϕ_{ε,s}, ϕ_{ε,s})_ε ≤ ε^σ. (4.30) Furthermore, setting Φ_{ε,s}(x) = ϕ_{ε,s} ( |x| −^s_ε ) , the maps Φ_ε : s ∈ [s_1, s_2] → Φ_{ε,s} ∈ H^1_r (R^3 ) and β_ε : s ∈ [s_1, s_2] → β_{ε,s} ∈ R are continuous. Proof. We write the equation in (4.29) in the following form: L_{ε,s}[ϕ] = E_{ε,s} + M_{ε,s}[ϕ] + βZ_{ε,s} (4.31) and use contraction mapping theorem. Here − E_{ε,s} = U^{′′}_{ε,s} + 2ε s + εy U^′_{ε,s} − (1 + ΓT_{ε,s}[U^2_{ε,s}])U_{ε,s} + U^p_{ε,s} (4.32) and M_{ε,s}[ϕ] = −(U_{ε,s} + ϕ)^p_+ + U^p_{ε,s} + pU^{p−1}_{ε,s} ϕ + Γ [ (U_{ε,s} + ϕ)T_{ε,s}[ϕ^2] + 2ϕT_{ε,s}[U_{ε,s}ϕ] ] . By (2.7), (2.8) and (3.13) we immediately obtain ‖E_{ε,s}‖_∗ = ‖U^{′′}_{ε,s} − (1 + t(s))U_{ε,s} + U^p_{ε,s}‖_∗ + Cε ≤ Cε ∀s ∈ [s_1, s_2] (4.33) where we have also used the estimate^{2ε}_{s+εy} U^′_{ε,s} = O(ε)e^{−|y|} uniformly for s ∈ [s_1, s_2]. Now we have to estimate the term M_{ε,s}[ϕ]. Set B_{ε,s} = {ϕ ∈ C(Ī_{ε,s}) | ‖ϕ‖_∗ ≤ ε^σ }. Taken ϕ_1, ϕ_2 ∈ B_{ε,s}, we compute ‖ − (U_{ε,s} + ϕ_1)^p_+ + pU^{p−1}_{ε,s} ϕ_1 + (U_{ε,s} + ϕ_2)^p_+ − pU^{p−1}_{ε,s} ϕ_2‖_∗ ≤ ‖ϕ_1 − ϕ_2‖_∗ sup_{ξ∈Bε,s} ‖p(U_{ε,s} + ξ)^{p−1}_+ − pU^{p−1}_{ε,s} ‖_∞ ≤ Cε^{σ(p−1)}‖ϕ_1 − ϕ_2‖_∗ ∀s ∈ [s_1, s_2]. For every ϕ ∈ C(Ī_{ε,s}): |T_{ε,s}[ϕ](y)| ≤ ‖ϕ‖_∗ ∫ I_{ε,s} (s + εz)e −μ<z>dz ≤ C‖ϕ‖ ∗, then ‖(U_{ε,s} + ϕ_1)T_{ε,s}[ϕ^2_1] − (U_{ε,s} + ϕ_2)T_{ε,s}[ϕ^2]‖_∗ ≤ ‖(U_{ε,s} + ϕ_1)(T_{ε,s}[ϕ^2_1 − ϕ^2])‖_∗ + ‖(ϕ_1 − ϕ_2)T_{ε,s}[ϕ^2]‖_∗ ≤ C‖ϕ^2_1 − ϕ^2‖_∗ + C‖ϕ_1 − ϕ_2‖_∗ε^σ ≤ C‖ϕ_1 − ϕ_2‖_∗ε^σ ∀s ∈ [s_1, s_2].

In a similar way ‖ϕ_1T_{ε,s}[U_{ε,s}ϕ_1] − ϕ_2T_{ε,s}[U_{ε,s}ϕ_2]‖_∗ ≤ C‖ϕ_1 − ϕ_2‖_∗ε^σ ∀s ∈ [s_1, s_2], by which

‖M_{ε,s}(ϕ_1) − M_{ε,s}(ϕ_2)‖_∗ ≤ C(ε^σ + ε^{σ(p−1)})‖ϕ_1 − ϕ_2‖_∗ ∀ϕ_1, ϕ_2 ∈ B_{ε,s}, ∀s ∈ [s_1, s_2]. (4.34)

According to lemma 3.3, for every ϕ ∈ B_{ε,s} we define A_{ε,s}[ϕ] ∈ H^1_ε (I_{ε,s}) to be the unique solution to the system (3.16) with h = E_{ε,s} + M_{ε,s}[ϕ]. Then by lemma 3.3 we have ‖A_{ε,s}[ϕ]‖_∗ ≤ C‖E_{ε,s} + M_{ε,s}[ϕ]‖_∗ ≤ C(ε + ε^{2σ} + ε^{σp}) ≤ ε^σ ∀s ∈ [s_1, s_2] and hence A_{ε,s}[ϕ] ∈ B_{ε,s}. Moreover, since A_{ε,s}[ϕ_1] − A_{ε,s}[ϕ_2] solves the system (3.16) with h = M_{ε,s}[ϕ_1] − M_{ε,s}[ϕ_2], by (4.34) we also have that

‖A_ε[ϕ_1] − A_ε[ϕ_2]‖_∗ ≤ C‖M_{ε,s}[ϕ_1] − M_{ε,s}[ϕ_2]‖_∗ < ‖ϕ_1 − ϕ_2‖_∗ ∀s ∈ [s_1, s_2], (4.35) i.e. the map A_{ε,s} is a contraction map from B_{ε,s} to B_{ε,s}. By the contraction mapping theorem, (4.29) has a unique solution (ϕ_{ε,s}, β_{ε,s}) ∈ B_{ε,s} × R. By multiplying both members of (4.31) by (s + εz)^2ϕ_{ε,s} and integrating by parts we obtain (ϕ_{ε,s}, ϕ_{ε,s})_ε =< pU^{p−1}_{ε,s} ϕ_{ε,s} − 2ΓT_{ε,s}[U_{ε,s}ϕ_{ε,s}]U_{ε,s} − E_{ε,s} − M_{ε,s}[ϕ_{ε,s}], ϕ_{ε,s} >_ε≤ ε^σ (4.36) where we have used (4.33) and (4.34); in particular, since ‖Φ_{ε,s}‖^2_{H1(}R_{3)} ≤ ε^{−2}4π(ϕ_{ε,s}, ϕ_{ε,s})_ε, fixed ε > 0, the family Φ_{ε,s} is bounded in H^1_r (R^3 ). On the other hand, by using (3.15), we have (ϕ_{ε,s}, U^′_{ε,s})_ε = < pU^{p−1}_{ε,s} ϕ_{ε,s} − 2ΓT_{ε,s}[U_{ε,s}ϕ_{ε,s}]U_{ε,s} − E_{ε,s} − M_{ε,s}[ϕ_{ε,s}], U^′_{ε,s} >_ε + β_{ε,s}(U^′_{ε,s}, U^′_{ε,s})_ε by which we deduce that the family β_{ε,s} is bounded too for fixed ε > 0.

Now consider {s_n} ⊂ [s_1, s_2] such that s_n → s. Up to a subsequence, Φ_{ε,sn} ⇀ Φ̄ weakly in H^1_r (R^3 ) and β_{ε,sn} → β̄. Then, setting ϕ̄(y) = Φ̄(y +^{s̄}_ε ) for y ∈ I_{ε,s̄}, (ϕ̄, β̄) solves the equation L_{ε,s̄}(ϕ̄) = E_{ε,s̄} + M_{ε,s̄}[ϕ̄] + β̄Z_{ε,s̄}, ϕ̄^′ ( s̄ ε ) = 0, < ϕ̄, Z_{ε,s̄} >= 0, ‖ϕ̄‖_∗ ≤ ε^σ. From uniqueness it follows ϕ̄ = ϕ_{ε,s̄} and β̄ = β_{ε,s̄}. By (4.36) we get (ϕ_{ε,sn} , ϕ_{ε,sn} )_ε →< pU^{p−1}_{ε,s̄} ϕ̄ − 2ΓT_{ε,s̄}[U_{ε,s̄}ϕ̄]U_{ε,s̄} − E_{ε,s̄} − M_{ε,s̄}[ϕ̄], ϕ̄ >_ε= (ϕ̄, ϕ̄)_ε, hence (since the norm (ϕ, ϕ)_ε is equivalent to ‖Φ‖_H1_(R3_)), we deduce Φ_{ε,sn} → Φ_{ε,s̄} in H^1(R^3 ).

Lemma 4.2. For ε > 0 sufficiently small, the map Φ_ε : s ∈ [s_1, s_2] → Φ_{ε,s} ∈ H^1_r (R^3 ) constructed in lemma 4.1 is C^1.

Proof. Consider the following map H_ε : [s_1, s_2] × H^1_r (R^3 ) × R → H^1_r (R^3 ) × R of class C^1: H_ε(s, Φ, β) = ( ( Δ − (1 + ΓT_{ε,s}[U^2_{ε,s}]) )_{−1}( S_{ε,s}[U_{ε,s} + ϕ] − βZ_{ε,s} ) (|x| −^s_ε ) (ϕ, U^′_{ε,s})_ε ) ,

where Φ(x) = ϕ(|x| −^s_ε ) and v = ( Δ − (1 + ΓT_{ε,s}[U^2_{ε,s}]) )_{−1} (h) is defined as the unique solution in H^1_ε (I_{ε,s}) of v^{′′} + 2ε s + εy v^′ − ( 1 + ΓT_{ε,s}[U^2_{ε,s}] ) v = h, v^′ ( − s ε ) = 0, y ∈ I_{ε,s}. (4.37)

It is immediate that (ϕ, β) solves the system (4.29) if and only if H_ε(s, Φ, β) = 0. We are going to prove that, provided that ε is sufficiently small, for every s ∈ [s_1, s_2] the linear operator ∂H_ε(s, Φ, β) ∂(Φ, β) |_{(s,Φε,s ,βε,s)} : H^1_r (R^3 ) × R → H^1_r (R^3 ) × R

is invertible. But first notice how, assuming this, the thesis easily follows: indeed the continuity of the map Φ_ε proved in lemma 4.1 implies that Φ_ε actually coincides with the implicit function associated to H_ε, hence the C^1-regularity of Φ_ε will follows from the Implicit Function Theorem.

Now we compute ∂H_ε(s, Φ, β) ∂(Φ, β) |_{(s,Φε,s ,βε,s)}[Φ, c]

= ( ( Δ − (1 + ΓT_{ε,s}[U^2_{ε,s}]) )_{−1}( S^′_{ε,s}[U_{ε,s} + ϕ_{ε,s}](ϕ) − cZ_{ε,s} ) (|x| −^s_ε ) (ϕ, U^′_{ε,s})_ε ) . Proceeding as in the proof of lemma 3.3, (Φ, c) solves the system ∂H_ε(s, Φ, β) ∂(Φ, β) |_{(s,Φε,s,βε,s)}[Φ, c] = (Θ, d) if and only if ϕ = ϕ̄ +^d_{(U ′ε,s,U ′ε,s)ε} U^′_{ε,s}, where ϕ̄ ∈ H_ε (H_ε is the closed subset of H^1_ε (I_{ε,s}) defined in lemma 3.3) and (( Δ − ( 1 + ΓT_{ε,s}[U^2_{ε,s}] ))_{−1}( S^′_{ε,s}[U_{ε,s} + ϕ_{ε,s}](ϕ) − cZ_{ε,s} ) , ψ ) ε = (θ, ψ)_ε ∀ψ ∈ H_ε (4.38)

where Θ(x) = θ(|x| −^s_ε ). By (4.37) we have (( Δ − ( 1 + ΓT_{ε,s}[U^2_{ε,s}] ))_{−1} (h), ψ ) ε = − < h, ψ >_ε; hence, setting d^′ =^d_{(U ′ε,s,U ′ε,s)ε} , (4.38) may be rewritten as (ϕ̄, ψ)_ε − p < (U_{ε,s} + ϕ_{ε,s})^{p−1}_+ (ϕ̄ + d^′U^′_{ε,s}), ψ >_ε +Γ < T_{ε,s}[ϕ^2_{ε,s} + 2U_{ε,s}ϕ_{ε,s}](ϕ̄ + d^′U^′_{ε,s}), ψ >_ε + 2Γ < (U_{ε,s} + ϕ_{ε,s})T_{ε,s}[(U_{ε,s} + ϕ_{ε,s})(ϕ̄ + d^′U^′_{ε,s})], ψ >_ε= (θ, ψ)_ε, ∀ψ ∈ H_ε.

Once we know ϕ̄, the related c is given by the identity d − p < (U_{ε,s} + ϕ_{ε,s})^{p−1}_+ ϕ, U^′_{ε,s} >_ε +Γd^′ < T_{ε,s}[ϕ^2_{ε,s} + 2U_{ε,s}ϕ_{ε,s}]ϕ, U^′_{ε,s} >_ε + 2Γd^′ < (U_{ε,s} + ϕ_{ε,s})T_{ε,s}[(U_{ε,s} + ϕ_{ε,s})ϕ], U^′_{ε,s} >_ε= c(U^′_{ε,s}, U^′_{ε,s})_ε + (θ, U^′_{ε,s})_ε. According to Riesz’s representation theorem, take W_ε(ϕ̄) ∈ H_ε such that (W_ε(ϕ̄), ψ)_ε = < −p(U_{ε,s} + ϕ_{ε,s})^{p−1}_+ (ϕ̄ + d^′U^′_{ε,s}) + ΓT_{ε,s}[ϕ^2_{ε,s} + 2U_{ε,s}ϕ_{ε,s}](ϕ̄ + d^′U^′_{ε,s}), ψ >_ε + 2Γ < (U_{ε,s} + ϕ_{ε,s})T_{ε,s}[(U_{ε,s} + ϕ_{ε,s})(ϕ̄ + d^′U^′_{ε,s})], ψ >_ε, ∀ψ ∈ H_ε, Then problem (4.38) consists in finding ϕ̄ ∈ H_ε such that ϕ̄ + W_ε(ϕ̄) = θ. (4.39) On the other hand, by (2.8) and (3.12) we deduce, T_{ε,s}[U_{ε,s}U^′_{ε,s}](y) = s ∫ I_{ε,s} U_{ε,s}U^′_{ε,s}dy + O(ε)(|y| + 1) = O(ε)(|y| + 1), by which, using (2.8), < U_{ε,s}, T_{ε,s}[U_{ε,s}U^′_{ε,s}], ψ >_ε= O(ε) < e^{−μ<y>}, |ψ| >_ε ∀ψ ∈ H_ε. (4.40) Furthermore, by (2.8) and (3.19), pU^{p−1}_{ε,s} U^′_{ε,s} = −Z_{ε,s} + O(ε)e^{−μ<y>}, hence p < (U_{ε,s} + ϕ_{ε,s})^{p−1}_+ U^′_{ε,s}, ψ >_ε= O(ε) < e^{−μ<y>}, ψ >_ε +O(1) < |ϕ_{ε,s}|^{p−1}, |ψ| >_ε ∀ψ ∈ H_ε. (4.41) Since ‖ϕ_{ε,s}‖_∗ ≤ ε^σ, combining (4.40) and (4.41) with the definition of W_ε and K_ε (see lemma 3.3), when ε → 0 we have W_ε − K_ε → 0. Since we have proved that I + K_ε is invertible, then the theory of the linear operator assures the invertibility of I + W_ε for small ε. This concludes the proof of the lemma.

5. The Reduced Energy Functional: Proof of Theorem 1.1 For every s ∈ [s_1, s_2] set v_{ε,s}(x) = U_{ε,s} ( |x| − s ε ) + ϕ_{ε,s} ( |x| − s ε )

where ϕ_{ε,s} has been constructed in lemma 4.1 and consider the function K_ε : [s_1, s_2] → R, K_ε(s) := ε^2 4π E_ε[v_{ε,s}]. First we provide the following estimate.

Lemma 5.1. For s ∈ [s_1, s_2], we have K_ε(s) = 1 8(p + 1) ∫ R w^{p+1}dy ( ∫ R w^2dy)^2 ρ(t(s)) + o(1) (5.1) where ρ(t) and t(s) have been defined in lemma 2.1.

Proof. We compute

K_ε(s) = ∫_{+∞} −^s_ε [ 1 2 |(U_{ε,s} + ϕ_{ε,s})^′ |^2 + 1 2 |U_{ε,s} + ϕ_{ε,s}|^2 − 1 p + 1

(U_{ε,s} + ϕ_{ε,s})^{p+1}_+ ] (s + εy)^2dy + Γ 4 ∫_∞ −^s_ε (U_{ε,s} + ϕ_{ε,s})^2T_{ε,s}[(U_{ε,s} + ϕ_{ε,s})^2](s + εy)^2dy = s^2 2 ∫ R |w^′_s|^2dy + s^2 2 ∫ R w^2_s dy − s^2 p + 1 ∫ R w^{p+1}_s dy + s^2 4 t(s) ∫ R w^2_s dy + o(1), where we have used (2.8), (3.13) and the estimates ‖ϕ_{ε,s}‖_∗, (ϕ_{ε,s}, ϕ_{ε,s})_ε ≤ ε^σ given by lemma 4.1. Now we use (2.9) to obtain

K_ε(s) = s^2

(3p − 7)t(s) + 4(p − 1) 8(p + 1)(1 + t(s)) ∫ R w^{p+1}_s dy + o(1)

= s^2

(3p − 7)t(s) + 4(p − 1) 8(p + 1)

(1 + t(s))^{5−p2(p−1)} ∫ R w^{p+1}dy + o(1)

= s^2 ρ(t(s)) 8t(s)^2(p + 1)

(1 + t(s))^{5−pp−1} ∫ R w^{p+1}dy + o(1) = 1 8(p + 1) ∫ R w^{p+1}dy ( Γ ∫ R w^2dy

)_2 + o(1).

Corollary 5.1. For ε sufficiently small, the function s ∈ [s_1, s_2] → K_ε(s) has a minimum s_ε = s_0 + o(1).

Proof. This follows immediately from the previous lemma. Indeed, since the function ρ(t(s)) has a unique local minimum point s_0 ∈ [s_1, s_2] and moreover s_0 is nondegenerate, thus by (5.1) and by the continuity of K_ε(s), for ε small enough the minimum point of K_ε is attained at some s_ε which tends to s_0 as ε → 0.

Proof of Theorem 1.1. Fix ε > 0 sufficiently small such that lemma 4.1 and lemma 4.2 hold for ε ∈ (0, ε_0). According to Lemma 4.1 for every ε ∈ (0, ε_0) and s ∈ [s_1, s_2] the function v_{ε,s} solves the equation Δv_{ε,s}(x) − v_{ε,s}(x) + (v_{ε,s})^p_+(x) − εΓ(−Δ)^{−1}[v^2_{ε,s}](x) = β_{ε,s}Z_{ε,s} ( |x| − s ε ) in R^3 .

(5.2) Set u_ε = v_{ε,sε} , where s_ε ∈ (s_1, s_2) is the minimum point of K_ε, according to corollary 5.1. Then we have d ds E_ε(v_{ε,s})_{|s=sε} = 0; (5.3) by using the C^1 regularity of the map s ∈ [s_1, s_2] → Φ_{ε,s} ∈ H^1_r (R^3 ), (5.3) can be rewritten as ∫ R^3 [ ∇u_ε∇ d ds v_{ε,s} + u_ε d ds v_{ε,s} − (u_ε)^p_+ d ds v_{ε,s} ] dx + εΓ ∫ R^3 u_ε(−Δ)^{−1}[u^2_ε] d ds v_{ε,s} | | | | |_{s=sε} dx = 0. which is equivalent, by (5.2), to β_{ε,sε} ∫ R^3 Z_{ε,sε} ( |x| − s_ε ε ) d ds v_{ε,s}dx | | | s=s_ε = 0,

that is β_{ε,sε} ∫ I_{ε,s} Z_{ε,sε} (y) d ds (v_{ε,s}) | | | |_{s=sε} ( y + s_ε ε ) (s_ε + εy)^2dy = 0. (5.4)

Notice that, by (2.8), we easily compute d ds [ U_{ε,s} ( · − s ε )]( y + s ε ) = t^′(s) (p − 1)(1 + t(s)) w_s(y) + w^′_s(y) ( t′(s)y 2 √ 1 + t(s) − √ 1 + t(s) ε )

+ o(ε)e^{−μ<y>} = − √ 1 + t(s) ε w^′_s(y) + O(1)e^{−μ<y>}. (5.5) Differentiating the equation ∫ R^3 Φ^{ε,s}Z^{ε,s} ( |x| −^s_ε ) dx = ε^{−2} < ϕ_{ε,s}, Z_{ε,s} >_ε= 0 with respect to s, we get ∫ I_{ε,s} Z_{ε,s} d ds (Φ_{ε,s}) ( y + s ε ) (s + εy)^2dy = − ∫ I_{ε,s} ϕ_{ε,s} d ds [ Z_{ε,s} ( · − s ε )]( y + s ε ) (s + εy)^2dy. By computing similarly as in (5.5) we get d ds [ Z_{ε,s} ( · − s ε )]( y + s ε ) = O(ε^{−1})e^{−μ<y>}, by which ∫ I_{ε,s} Z_{ε,s} d ds (Φ_{ε,s}) ( y + s ε ) (s + εy)^2dy = O(ε^{σ−1}). (5.6)

Combining (3.19), (5.5) and (5.6) we obtain ∫ I_{ε,s} Z_{ε,s} d ds (v_{ε,s}) ( y + s ε ) (s + εy)^2dy = − s^2p √ 1 + t(s) ε ∫ R w^{p−1}_s (w^′_s)^2dy + O(ε^{σ−1}).

In particular ∫ I_{ε,sε} Zε,s^ε d ds (v_{ε,s}) | s=s_ε ( y +^{sε}_ε ) (s_ε + εy)^2dy ≠ 0 for ε sufficiently small, then (5.4) implies β_{ε,sε} = 0. Hence u_ε solves the equation

Δu_ε − u_ε + (u_ε)^p_+ − εΓu_ε(−Δ)^{−1}[u^2_ε] = 0 in R^3 . (5.7)

By multiplying both members of (5.7) by (u_ε)_− and integrating by parts we get ∫ R^3

|∇(u_ε)_−|^2dx + ∫ R^3

|(u_ε)_−|^2 + εΓ ∫ R^3

(u_ε)^2_−(−Δ)^{−1}[u^2_ε]dx = 0, by which (u_ε)_− = 0. From the strong Maximum Principle it follows that u_ε > 0. Hence u_ε

and ψ_ε = ε(−Δ)^{−1}[u^2_ε] actually solve the system (2.1). In order to obtain (2) of theorem

1.1, using (2.8) and the estimate ‖ϕ_{ε,s}‖_∗ ≤ ε^σ, we obtain 1 √ ε u_ε (r ε ) = 1 √ ε U_{ε,sε} (r − s_ε ε ) + 1 √ ε ϕ_{ε,sε} ( r − s_ε ε )

= 1 √ ε (1 + t(s_ε))^{1p−1} w (√ 1 + t(s_ε) r − s_ε ε ) + o(1) exp ( − μ |r − s_ε| ε ) . Finally notice that for every r, ρ ∈ (0, +∞) it results |G ( r, ρ ) − G(r, s_ε)| ≤ |ρ − s_ε|^1_{sε} ( 2 + ρ s_ε ) G(r, s_ε), by which ψ_ε ( r ε ) = 1 ε ∫_{+∞} 0 G ( r, ρ ) u^2_ε ( ρ ε ) dρ = 1 ε G(r, s_ε) ∫_{+∞} 0 u^2_ε ( ρ ε ) dρ + O(1)G(r, s_ε) 1 εs_ε ∫_{+∞} 0 |ρ − s_ε| ( 2 + ρ s_ε ) u^2_ε ( ρ ε ) dρ = G(r, s_ε) ( (1 + t(s_ε))^{5−p2(p−1)} ∫ R w^2dρ + o(1) ) . Taking into account of (2.2), theorem 1.1 is proved.

References

[1] A. Ambrosetti, M. Badiale, S. Cingolani. Semiclassical states of nonlinear Schrödinger equations, Arch. Rat. Mech. Anal. 140 (1997), 285-300.

[2] A. Ambrosetti, A. Malchiodi, W. M. Ni. Singularly perturbed elliptic equations with symmetry: existence of solutions concentrating on spheres, Part I, Comm. Math. Phys. 235 (2003), 427-466.

[3] A. Ambrosetti, A. Malchiodi, W. M. Ni, Singularly perturbed elliptic equations with symmetry: existence of solutions concentrating on spheres, Part II, Indiana Univ. Math. J., to appear.

[4] M. Badiale, T. D’Aprile, Concentration around a sphere for a singularly perturbed Schrödinger equation, Nonlinear Analysis TMA 49, no. 7 (2002), 947-985.

[5] V. Benci, T. D’Aprile, The semiclassical limit of the nonlinear Schrödinger equation in a radial potential, J. Differ. Equations 184, no. 1 (2002), 109-138.

[6] V. Benci, D. Fortunato. An eigenvalue problem for the Schrödinger -Maxwell equations, Top. Meth.

Nonlinear Anal. 11, no. 2 (1998), 283-293.

[7] H. Berestycki, P. L. Lions. Nonlinear scalar field equations, I - Existence of a ground state, Arch. Rat.

Mech. Anal. 82, no. 4 (1983), 313-345.

[8] G. M. Coclite, V. Georgiev. Solitary waves for Maxwell-Schrödinger equations, preprint 2003. [9] T. D’Aprile. On a class of solutions with non-vanishing angular momentum for nonlinear Schrödinger equations, Differ. Integral Equ. 16, no. 3 (2003), 349-384.

[10] T. D’Aprile. Semiclassical States for the Nonlinear Schrödinger Equation with the Electromagnetic field, NoDEA Nonlinear Differential Equations Appl., to appear.

[11] T. D’Aprile, D. Mugnai. Existence of solitary waves for the nonlinear Klein-Gordon Maxwell and Schrödinger-Maxwell equations, Proc. R. Soc. Edinb., Sect. A, to appear.

[12] M. Del Pino, P. Felmer. Local mountain passes for semilinear elliptic problems in unbounded domains, Calc. Var. PDE 4, no. 2 (1996), 121-137.

[13] M. Del Pino, P. Felmer. Multi-peak bound states for nonlinear Schrödinger equations, Ann. Inst. H.

Poincaré Anal. Non Linéaire 15, no. 2 (1998), 127-149.

[14] M. Del Pino, P. Felmer. Semi-classical states for nonlinear Schrödinger equations, J. Funct. Anal.

149, no. 1 (1997), 245-265.

[15] M. Del Pino, P. Felmer. Semi-classical states of nonlinear Schrdinger equations: a variational reduction method, Math. Ann. 324, no. 1 (2002), 1-32.

[16] M. Del Pino, P. Felmer, J. Wei. On the role of mean curvature in some singularly perturbed Neumann problems, SIAM J. Math. Anal. 31, no.1 (1999), 63-79.

[17] A. Floer, A. Weinstein. Nonspreading wave pockets for the cubic Schrödinger equation with a bounded potential, J. Funct. Anal. 69 (1986), 397-408.

[18] M. Grossi. Some results on a class of nonlinear Schrödinger equations, Math. Z. 235, no. 4 (2000), 687-705.

[19] M. Grossi, A. Pistoia, J. Wei. Existence of multipeak solutions for a semilinear Neumann problem via nonsmooth critical point theory, Calc. Var. PDE 11, no. 2 (2000), 143-175.

[20] C. Gui. Multipeak solutions for a semilinear Neumann problem, Duke Math. J. 84, no. 3 (1996), 739-769.

[21] C. Gui, J. Wei. Multiple interior peak solutions for some singularly perturbed Neumann problems. J.

Differ. Equations 158, no. 1 (1999), 1-27.

[22] C. Gui, J. Wei. On multiple mixed interior and boundary peak solutions for some singularly perturbed Neumann problems, Canad. J. Math. 52, no. 3 (2000), 522-538.

[23] C. Gui, J. Wei. M. Winter. Multiple boundary peak solutions for some singularly perturbed Neumann problems. Ann. Inst. H. Poincaré Anal. Non Linéaire 17 (2000), no. 1, 47-82.

[24] X. Kang, J. Wei. On interacting bumps of semiclassical states of nonlinear Schrödinger equations, Adv. Diff. Eqns. 5 (2000), 899-928.

[25] Y.Y. Li. On a singularly perturbed elliptic equation, Adv. Differ. Equ. 6, no. 2 (1997) 955-980. [26] Y.Y. Li. On a singularly perturbed equation with Neumann boundary conditions, Commun. PDE 23, no. 3-4 (1998), 487-545.

[27] A. Malchiodi. Concentration at curves for a singularly perturbed Neumann problem in threedimensional domains, preprint 2003.

[28] A. Malchiodi, M. Montenegro. Multidimensional boundary layers for a singularly perturbed Neumann problem, Duke Math. J., to appear.

[29] A. Malchiodi, M. Montenegro. Boundary concentration phenomena for a singularly perturbed elliptic problem, Commun. Pure Appl. Math. 55, no. 12 (2002), 1507-1568.

[30] A. Malchiodi, W. M. Ni, J. Wei. Multiple clustered layer solutions for semilinear Neumann problems on a ball, Ann. Inst. H. Poincaré Anal. Non Linéaire, to appear.

[31] W. M. Ni, I. Takagi. Locating the peaks of least-energy solutions to a semilinear Neumann problem, Comm. Pure App. Math. 41, no. 7 (1991), 819-851.

[32] W. M. Ni, I. Takagi. On the shape of least-energy solutions to a semi-linear Neumann problem, Duke Math. J. 70 (1993), 247-281.

[33] W. M. Ni, I. Takagi and J. Wei. On the location and profile of spike-layer solutions to singularly perturbed semilinear Dirichlet problems: intermediate solutions, Duke Math. J. 94 (1998), 597-618.

[34] W. M. Ni, J. Wei. On ground state concentrating on spheres for the Gierer-Meinhardt system, preprint 2003.

[35] W. M. Ni, J. Wei. On the location and profile of spike-layer solutions to singularly perturbed semilinear Dirichlet problems, Comm. Pure Appl. Math. 48 (1995), 723-761.

[36] Y. J. Oh. Existence of semi-classical bound states of nonlinear Schrödinger equation with potential on the class (V )a, Comm. Partial Diff. Eq. 13 (1998), 1499-1519.

[37] Y. J. Oh. On positive multi-lump bound states of nonlinear Schrödinger equation under multiple well potential, Comm. Math. Phys. 131 (1990), 223-253.

[38] P. Rabinowitz. On a class of nonlinear Schrödinger equations, Z. Angew. Math. Phys. 43 (1992), 270-291.

[39] W. A. Strauss. Existence of solitary waves in higher dimensions, Comm. Math. Phys. 55 (1977), 149-162.

[40] X. Wang. On concentration of positive bound states of nonlinear Schrödinger equations, Comm. Math.

Phys. 153, no. 2 (1993), 229-244.

[41] J. Wei. On the boundary spike layer solutions of a singularly perturbed semilinear Neumann problem, J. Differ. Equations, 134 (1997), 104-133.

[42] J. Wei. On the construction of single-peaked solutions to a singularly perturbed semilinear Dirichlet problem, J. Differ. Equations 129, no. 2 (1996), 315-333.

Dipartimento di Matematica, via E. Orabona 4, 70125 Bari, Italy E-mail address: daprile@dm.uniba.it

Department of Mathematics, The Chinese University of Hong Kong, Shatin, Hong Kong E-mail address: wei@math.cuhk.edu.hk