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We give an introductory description of the two gluing methods: finite di-
mensional and infinite dimensional. In each case we use a model problem
to illustrate the ideas.

1. Part I: Finite-dimensional reduction method

1.1. Introduction: What is finite dimensional
Liapunov-Schmidt reduction method?

We briefly introduce the abstract set-up of the finite dimensional Lyapunov-
Schmidt reduction (although it is always used in a framework that occurs
often in bifurcation theory).

Let X,Y be Banach spaces and S(u) be a C*! nonlinear map from X to
Y. To find a solution to the nonlinear equation

S(u) =0, (1.1)
a natural way is to find approximations first and then to look for genuine
solutions as (small) perturbations of approximations. Assume that U, are

the approximations, where A € A is the parameter (we think of A as the
configuration space). Writing u = Uy + ¢, then solving S(u) = 0 amounts

13
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to solving
Li¢]+ E+ N(¢) =0, (1.2)

where
Llg] = §'(Ux)[¢], E = S(Uy), and N(¢) = S(Ux+¢) —S(Ux) —S"(Ux)[4].

Here S’(Uy) stands for the Fréchet derivative of S at Uy, E denotes the
error of approximation, and N(¢) denotes the nonlinear term. In order to
solve (1.2), we try to invert the linear operator L so that we can rephrase
the problem as a fixed point problem. That is, when L has a uniformly
bounded inverse in a suitable space, one can rewrite the equation (1.2) as

¢=—L7'E+ N(¢)] = A(¢).

What is left is to use fixed point theorems such as contraction mapping
theorem.

The finite dimensional Lyapunov-Schmidt reduction deals with the
situation when the linear operator L is Fredholm and its eigenfunction
space associated to small eigenvalues has finite dimensional. Assuming that
{Z4,..., Z,} is a basis of the eigenfunction space associated to small eigen-
values of L, we can divide the procedure of solving (1.2) into two steps:
[(i)] solving the projected problem for any A € A,

Lol + E+N(¢) = ¥ ¢,
(9,2;) =0, Vj= l,j...,n,
where ¢; may be constant or function depending on the form of (¢, Z;).
[(ii)] solving the reduced problem
c;(\)=0,Vji=1,...,n,
by adjusting A in the configuration space.

The original finite dimensional Liapunov-Schmidt reduction method was
first introduced in a seminal paper by Floer and Weinstein [27] in their con-
struction of single bump solutions to one dimensional nonlinear Schrodinger
equations (Oh [54] generalized to high dimensional case)

EAu—V(z)u+u? =0,u >0, uc H'(RY). (1.3)

On the other hand, Bahri [3] and Bahri-Coron [4] developed the reduction
method for critical exponent problems. In the last fifteen years, there are
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renewed efforts in refining the finite dimensional reduction method by many
authors. When combined with variational methods, this reduction becomes
"localized energy method”. For subcritical exponent problems, we refer to
Ambrosetti-Malchiodi [1], Gui-Wei [28], Malchiodi [48], Li-Nirenberg [41],
Lin-Ni-Wei [42], Ao-Wei-Zeng [2], Wei-Yan [63] and the references therein.
The localized energy method in degenerate setting is done by Byeon-Tanaka
[6, 7]. For critical exponents, we refer to Bahri-Li-Rey [5], Del Pino-Felmer-
Musso [17], Del Pino-Kowalczyk-Musso [18], Li-Wei-Xu [40], Rey-Wei [56, 7]
and Wei-Yan [64] and the references therein. Many new features of the finite
dimensional reduction are found in the references mentioned.

In the following we shall use the model problem (1.3) to give an intro-
ductory description of this method.

1.2. Model Problem: Schrodinger equation in dimension N

We start with the following model problem to illustrate the idea of finite
dimensional reduction method:
{ e2Au—V(z)u+uP =0 in RY

1.4
0<u in RN, u(z) = 0, as|z| — cc. (14)

The basic assumption on the exponent is that 1 < p < oo if N < 2
and 1 < p < % if N > 3. (More general nonlinearity can be dealt with

similarly.) Without loss of generality we assume that the function V() is
a positive function satisfying

O<a<V(z)<pB<4oo. (1.5)
The basic building block that we consider is

{Awarpr in RV

1.
0<winRY,  w(z) =0, as|z| = (16)

We look for a solution w = w(|z|), a radially symmetric solution. w(r)
satisfies the ordinary differential equation

wo N1, p_
{w + 5= — w4 wP =0 r € (0,00) (1.7)

w'(0) =0, 0 < w in (0,00) w(|z]) = 0, as|z| = o0
We collect the following basic properties of w, whose proof can be found
in the appendix of the book [62].

Proposition 1.1: (a) There exist a solution w(r) to (1.7);
; ; — —N=L g 1yy.
(b) w(r) satisfies the decay estimate w(r) = Agr= 2 e"(1 + O(3));
(¢) w(r) is nondegenerate, i.c., the only bounded solution to



July 10, 2015 Lecture Note Series, IMS, NUS — Review Vol. 9in x 6in introductiontoreductionmethod-3-15

page 16
16 M. DEL PINO and J. WEI
L(¢) = A¢+ pw(z)P "¢ — ¢ =0, ¢ L=(RY) (1.8)
is a linear combination of the functions g—g(x), j=1,...,N.

We want to solve the problem
{ e2Au—V(z)u+uaP =0 in RV

1.
0< inRN u(xr) — 0, as |x|] = o0 (1.9)

We fix a point £ € RY. Observe that U, ¢(y) := V(f)v%lw ( V(f)%),
is a solution of the rescaled equation
?Au —V(&u +uP = 0.

We will look for a solution of (1.9) such u.(z) &~ U, ¢(y) for some £ € RV.
We define wy = /\ﬁw(ﬁx)

Let us observe that if @ satisfies (1.9), then u(x) = @(ez) satisfies the
problem

— P — i N
{Au Viez)u+u? =0 in R (1.10)

0<wu inRYN u(z) — 0, as |z| — oo

Let &' = g We want a solution of (1.10) with the form u(z) = wx(z —¢&') +
@(2), with A = V(£) and ¢ being small compared with wy(z — ¢£’).

1.3. Equation in terms of ¢.
Let ¢(x) = gz~5(x —¢’). Then ¢ satisfies the equation
Azfwr(z) + ¢(x)] = V(€ + ex)[wa(x) + ¢(2)] + [wa(z) + ¢(2)]” = 0.
We can write this equation as
Ap=V(©)d+pul (2)¢— E+B(¢) +N(@¢)=0  (L11)
where E = (V(§ + ex) — V(§))wa(z), B(¢) = (V(E) — V(€ + £x))¢ and
N(9) = (wx + ¢)P — wh — pul~'¢.
We first consider the linear problem for A = V(¢),
L@) =A¢—V(+enjptpn@o =g -V et )
Jon 0522 =0, i=1,...,N '
The ¢}s are defined such that

)
/RN(L(gb)—g)61;):‘dx:0,i:17‘..,N (1.13)
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which is equivalent to
6’11))\ 811])\
L - dr=0,i=1,...,N 1.14
G20 =05 (119

Denoting

Lo(¢) = Ap — V(§)¢ + pwa(x)¢
and using the fact that

a’w,\
Gxi

we see that (1.14) can be further simplified as follows

Lo(

) =0

aw)\ 6’([))\ - .
/RN((V(S) — V(€ +ex)) oz, p—g oz, Ydr=0,i=1,...,N (1.15)
Since
aw,\ (9’[1))\ ow 2
= 2 )70
RN 8$l 637]‘ RN 0z
we find that

_ fRN((V(f) -VE+ ex))%ﬁj é— 983152 )da
fRN ( %ﬁf )2 ’
In the following we shall solve the following:

Problem: Given g € L>®(RY) we want to find ¢ € L>(R") solution to the
problem (1.12)-(1.16).

i=1,...,N  (1.16)

&

1.4. A priori esttmates of a linear problem
Let us assume that V € CY(RY), ||[V||¢1 < co. We assume in addition that
|€] < My and 0 < a < V. Then we have

Proposition 1.2: There exists €9, Co > 0 such that V0 < ¢ < g, V|¢| <
My, Vg € L= (RN) N C(RY), there exist a unique solution ¢ € L= (RY) to
(1.12), ¢ = Tg] satisfies

[pller < Collgllo

Proof:
We divide the proof into two steps.

Step 1-a priori estimates: We first obtain a priori estimates of the
problem (1.12) on bounded domains Bgr(0): There exist Ry, €9, Cp such
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that Ve < &9, R > Ry, |[§] < My such that V¢,g € L solving L(¢) =
g—>; ci%ﬁ* in Bg, IBR %’;j =0 and ¢ = 0 on 9BR, we have

[6llcr(r) < Collglloo

We prove first ||¢|lcoc < Collgllco. Assuming the opposite, then there exist
sequences ¢, gn, € — 0, R, = 00, || < My such that

. n@uu

The first fact is that ¢ — 0 as n — oo. This fact follows just after
multiplying the equation against %I;j and integrating by parts, as we did
in (1.16).

We observe that if A¢ = g in By then there exist C' such that

IVl 1) < Clllglloe(B2) + 19l (82)]

where By and B, are concentric balls. This implies that |V, ||p~p) <
C' a given bounded set B, Vn > ng. Hence passing to a subsequence we
obtain ¢,, — ¢ uniformly on compact sets, and ¢ € L= (RY). Observe that
l|pnlloc = 1, and this implies that ||¢]lcc < 1. We can also assume that up
to a subsequence &,, — &q.

Since ¢ satisfies the equation A¢ — V(§)o + pwfgl(x)¢ = 0, where
Ao = V(&), we have that ¢ € Span{a?;?gio s %wx;? } Taking limits in
the orthogonality condition (1.12) we obtain that [;n ¢(wx,)os, = 0, i =
L,..., N. This implies that ¢ = 0 and hence ||,/ L (B,,0)) — 0, VM < oc.
Maximum principle yields that |[¢n || LBy, \By, — 0, since |¢n| = o(1) on
OBr,, \ B, and ||gn]lec — 0. Therefore we arrive at ||¢n|lcc — 0, which
is a contradiction. This implies that @ (p,) < Collgl|L~(B,) uniformly
on large R. The C! estimate follows from elliptic local boundary estimates
for elliptic operators.

Step 2-Existence: Recall that g € L. We want to solve (1.12). We claim
that solving (1.12) is equivalent to finding

a’LU)\

¢>€X:{weH§(BR):/wam =0,i=1,...,N}

such that

/v¢w+/V(§+ex)¢¢fpw1’*1¢¢+/gw =0, YyeX.
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o)

Take general ¥ € H}. We can decompose into ¥ = 1) — > g, with
JuE
a; = —5—+. We have
BIEOSE

- [ A aG2)9o+ [V e —mr (T a G20 -0

which implies that

[voves [vigo - pur-ton

aw,\

= [V +0) Vi +alw - T a2

Let IIx(¥) =>, a4 %? Then the above integral equals

[ (V€ +22) = V()0 + glo)
This implies that
—A¢ +V(€)¢ — pwP o+ Tx ([(V(E +ex) = V(€))d + gld) = 0.

The problem is formulated weakly as

/V¢vw+/(V(£+ex) —pwp—1>¢w+/g¢ _0,pe X Ve X

which can be written as ¢ = A[¢] + g, where A is a compact operator. The
a priori estimate implies that the only solution when g = 0 of this equation
is ¢ = 0. We conclude existence by Fredholm alternative. Finally we let
R — 400 and obtain the existence in the whole space, thanks to the a
priori estimate in Step 1. O

Next we consider the assembly of multiple spikes. We look for a solution
of (1.10) which near z; = & = {;/e, j = 1,..., k looks like v(x) ~ wy, (z —
€:), Aj = V(§;), where wy = A/ =D (v Ay).

Let &1,&,...& € RY be such that 1€ — &l > 1, if j # . We look for
a solution v(z) ~ Z§=1 wy, (z — &), Aj = V(). We assume V € C*(RN)
and [[V]c2 < 00, 0 < a < V. We use the notation W; = wj,(z — £}),
Aj = V(&) and W = S5, W
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Setting v = W + ¢, then ¢ solves the problem
Ap—V(ex)p +pWP o+ E+ N(¢)=0 (1.17)
where
E=AW - VW 4+ WP, N(¢)= (W +¢)P — WP — pWP 1¢,
Observe that AW =}, AW; =37, \;W; — W}. So we can write

E= Z(Aj — V(ex))W,; + (Z W;)P — Z WP

Our next objective is to solve the approximate linearized projected prob-
lem.

1.5. Linearized (projected) problem

We use the following notation Z; = %‘;V? . The linearized projected problem
is the following
Ap—V(ex)p+pWP o+g=> iz}, (1.18)

4,J
with the orthogonality condition [¢Z} = 0, Vi,j. The Z’s are “nearly

orthogonal” if the centers f; are far away one to each other. The cé-’s are,

by definition, the solution of the linear system
~1 io _ i i i
/RN (A6 — V(ex)p+ pWP1o + ) 2% = ;cj /RN 7z,

for ig =1,...,N, jo = 1,...,k. The cé-’s are indeed uniquely determined
provided that |§; — £i| > Ro > 1, because the matrix with coefficients
Qi jioo = Z;Z;g is “nearly diagonal”, which means
o N JIVWGP (3 5) = (o o),
12010230 o(1) if not

Moreover by a similar argument leading to (1.15) we have
il <3 [1olin-Vieplwe - wr izt [ 191121 < Clloll gl
2]

with C is uniform for large Ry. Furthermore if we rescale x = £ +y, we get
8w,\j | < 0667§|y|,
Ay

(A = V() Z;| < |(V(&) = V(& +ew))l

)
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OQway ;
because | ;in_] | < Ce*‘y|\/>‘7|y|_(N—1)/2. Observe also that
p—1 p—1\ rri Wi p—1 p—1ryi
(W=t =W Z = (=) ) = 0wy
1#5

We estimate the interactions at each spike in two regions.
Observe that if |z — &}| < do ming, 5, |€), — &, [, then

Wi(z) e~ VAilz—¢| _ e~ VAllz—¢|
W;(z) e—\/rj\m—§§| e—\/A»jéo ming, o, 165, =€}, |
If do < 1 but fixed, we conclude

that e_\/xlgé_‘fil"réo(\/rl_\/ )‘j)minjl#jz |f;1 _£;2| < e_Pminjl;éjQ ‘551 _51/'2‘ < 1.

Thus we conclude that if |z — £| < do miny, 25, |§5, — 24}, | then

J— > p— 1 . . ’ _l (o3 n ’
(WPt — WP Zi| < e 16, € le 3 le—gjl,

On the other hand if |z — &| > o miny, 5, |€;, — &7, [, then

(WPt — WP Zi| < C|Z1] < CemP ™ 16,8, |~ Flo=gl

As a conclusion we obtain the following estimate
e8] < Cle + ez 176 |60 + [lglloc (1.19)

Lemma 1.1: Given k > 1, there exist Ry, Cy,eq such that for all points
& with &5 — &l > Ro, j = 1,...,k and all € < gy then ewist a unique
solution ¢ to the linearized projected problem with

[8lloc < Collglloo-

Proof: As before we first prove the a priori estimate ||¢||cc < Col|g|oo- If

not there exist £, — 0, [[Pnlloc = 1, [[gnll — 0, £ with minj, ;, [} —

§in| — oco. We denote W), = Zj W;, , and we have

Ay = V(ent)bn +PWE b+ gn = D (¢)n(2)n
,J
Our first observation is that (c;)n — 0 (which follows from the same
estimate for cz‘é) Next we claim that VR > 0 |‘¢nHLoo(B(§;_n7R)) — 0,7 =
1,..., k. If not, there exist jo |‘¢n“Lm(B(£37l7R)) >~ > 0. We denote ¢, (y) :=
~ 0 ~ ~
On( ;Z—i—y) We have denHLm(B(QR)) >~ > 0. Since |[Ady,| < O, ||on]loo < 1.
This implies that ||V¢,| < C. Passing to a subsequence we may assume
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¢n — ¢ uniformly on compacts sets. Observe that also V (e, ( nty) =
V(en€iy) + O(enlyl) — Aj, over compact sets and W, (§7 +y) — Wi, (y)
uniformly on compact sets. This implies that q~5 is a solution of the problem

- - - ~OW,,
AG= b +pul'p = 1=0, Gy —0i=1 N

Owy .

Nondegeneracy of wy; implies that b = > aiT:“. The orthogonality
condition implies that ; = 0, ¥i = 1,..., N. This implies that ¢ = 0 but
HQBHL“’(B(O,R)) >~ > 0, a contradiction.

Now we prove: [|ép || Lo (RN \ U, B(£]", R)) — 0, provided that R > 1
and fixed so that ¢, — 0 in the sense of ||¢,|lc (again a contradiction).
We will denote ,, = RV \ U, B( ', R). For R >> 1 the equation for ¢,, has

the form

A¢n - Qn¢n +gn = 0

where Q, = V(ex) —pWP™! > & > 0 for some R sufficiently large (but
fixed).

Let us take for 02 < a/2
6=0 e 4 p,
J

We denote p(y) = el r = |y|. Observe that Ap — a/2¢p = el¥l(a? +

ot —a/2) <0if [y > R> 1. Then

_ - - - «
_A¢+ Qn¢ —Ggn > _A¢+ §¢ - ||gn||oo > §Mn - ||g7’LHOO >0 (1'20)

if we choose fin, > ||gn|oo 2. In addition we take p,, = > 1onllLe By m)+
|gn |00 2. Maximum principle implies that ¢, (z) < ¢ for all « € §,,. Taking
4 — 0 this implies that ¢, (x) < g, for all @ € Q,. It is also true that

|pn ()| < pin for all z € O, and this implies that [|¢, || L@~y — 0. a

Remark: If in addition we have the following decay for the error
-1
On = llgn | D_e "4 o 0
J

with p < «/2, then we can use as a barrier function

F=63 el 4y, 3 oo
J J
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with 1, = el 2 |onlloe (B r)) + On- 1t is easy to see that ¢ is a super
solution of the equation in (U;B(&;, R))¢ and we have |¢,| < ¢. Letting
6 — 0 we get |¢n(2)] < pn D25 e Pl7=&"1 As a conclusion we also get the a
priori estimate

-1 —1

k k
o [ D e S e <Cllg [ Do)
j=1 j=1

provided that 0 < p < /2, [§} — & | > Ro > 1, € < &o.

We now give the proof of existence.

Proof: Let g be compactly supported smooth functions. The weak formu-
lation for

Ap—V(ex)p +pWP o+ g= Zc;iz;i, /¢Z;i =0,Vi,j (1.21)

%]

is to find ¢ € X = {p € H'(RY) : [¢Z] =0,Vi,;} such that

/ VoV + Vi — pu g — g =0, Vi € X. (1.22)
RN

Assume ¢ solves (1.21). For g € L?, we decompose g = g + Il[g] where
ngj’: = 0 for all 7, j, and II is the orthogonal projection of g onto the space
spanned by the Z}’s.

Let v € HY(RYN). We now use ¢ — II[¢)] as a test function in (1.22).
Then if ¢ € C°(RY), then we have

Vvl = - [ At = - [ miagy. (1.23)
RN RN RN
On the other hand, we have II[Ap] =}, ; ; ;Z}, where

Zai’j/ZiA,jZio,jo = /AQDZ%) = /QDAZZJ(? (124)

Then |[TI[A¢]||z2 < Cll¢]|| g1 . By density argument it is also true for ¢ € H?!
where Ay € H~1. Therefore

[voves [wo-mwrto—gpu= [1e - ios g (129
It follows that ¢ solves in weak sense

~Ap+ Vo —pWP g —g=T[-A¢p+ Vo —pW" ¢ —g]  (1.26)
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and II[-A¢ + V¢ — pWP~1p — g] = Do chij. Therefore by definition ¢
solves (1.22) implies that ¢ solves (1.26). Classical regularity gives that this
weak solution is solution of (1.26) in strong sense, in particular ¢ € L> so
that

[6llsc < Cllglloo- (1.27)

Now we give the proof of existence for (1.21). We take g compactly
supported. The equation (1.26) can be written in the following way (using
Riesz theorem):

(D, )i +(Blo], )i = (3, ¢) i (1.28)

or ¢ + B[p] = g, » € X. We claim that B is a compact operator. Indeed if
¢n — 0in X, then ¢, — 0 in L? over compacts and

(Bléa), )] < | / PP L] < ( / puP L2 ) / P12 (1.29)

which yields

(Bldu], 9)] < o / PP 22 ] g (1.30)

Take ¢ = B[¢,], which implies

IBionllin < e [ w7160 0. (1.31)

This gives that B is a compact operator.

Now we prove existence with the aid of Fredholm alternative. Problem
(1.21) is solvable if for § = 0 the only solution to (1.22) is ¢ = 0. But
¢+ B[¢] = 0 implies solve (1.21)(strongly) with g = 0. This implies ¢ € L°°,
and the a priori estimate implies ¢ = 0. Considering g=pg, ) we conclude
that

[¢rllso < [lgllo (1.32)

Taking R — oo then along a subsequence ¢p — ¢ uniform over compacts
we obtain a solution to (1.21). a

Next we want to study the dependence and regularity of the solution
with respect to the parameters. Let g € L. We denote ¢ = T¢/[g], where
& =(&,...,¢&,). We want to analyze derivatives agéiTg [g]. We know that

| Ter [g](|9|¢§ Collg|lco- First we make a formal differentiation. We denote
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We have A¢p — Vo + pWP= o+ g = >  ciZt and f(bZ; = 0, for all

ZJJJ
/ Z Zi (1.33)

where formally E‘Z = agimcﬂf . The orthogonality conditions is reduced to

K2

0 it 7 # Jo
(IDZ = 1.34
/RN { J ¢0 Eigio 2L, if j = Jjo ( )

i, j. Formal differentiation yields

AD—VO+pWP 440, (WP o= ok, 2!

2%

Let us define ® = -3, a;;Zt We want [ ®Zi =0, for all i, j. We need

J

i 0 if j # jo
N AV e 1.35
izj:az,j/ 3% {f¢afioon§0 if 5 =jo (1.35)

The system has a unique solution and |a; ;| < C||¢||« (since the system is
almost diagonal). So we have the condition [ <i>Zi =0, for all 7,j. We add
to the equation the term -, ;o j(A =V + pr 1)z, so d satisfies the
equationA¢ — V¢ + pWrP— 1¢ + g=>.. .c7¢

(2% I A

AD—V+pWP ' D+, | (WP )p=> 0, 77 = &7 o j(A=V+pWP ) Z]
’ ’ (1.36)
This implies |3 < C(|lh]] + lg])) < Cllglloe and hence @] < Cllg[oc.
The above formal procedure can be made rigorous by performing the
analysis discretely, namely we consider solutions corresponding to & and
& + h respectively. Then we consider the quotient and pass the limit in h.
We omit the details. In conclusion the map £ — Og¢ is well defined and
continuous (into L*°). Besides we also have ||0¢¢|cc < C|glloo, and this
implies

10 Te[¢]]l < Cllgll (1.37)

1.6. Nonlinear projected problem

Consider now the nonlinear projected problem
Bo=Vorput o+ E+N@) =Y dZ [ozl=0vij (139)

We solve this by fixed point. We have ¢ = T(E + N(¢)) =: M(¢). We
define A = {¢ € CRY) N L®(RY) : ||¢]|oc < M|E|c}. Remember that
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E=%00 = Viex)W; + (32, Wi)P =32, W7. Observe that

E|<e Z e~ T1T=&j1 | 00 ming, 2, 1€, =7, | Z e—olz—&jl (1.39)
i J
so, for existence we have || E|| < Cle + e~ %0 ™22 1§, =852 1] =:  (see that

p is small). Contraction mapping implies there exists a unique solution
¢ = ®(&) and || P(£)]| < Mp. The proof is standard and hence omitted.

1.7. Differentiability in &' of ®(¢’)

As before the solutions obtained for the nonlinear projected problem has
more regularity. In fact we can write the equation for ® as

O — TYUEL + NU(#)) = A(®,€) =0 (1.40)

If (DapA)(®(¢),E’) is invertible in L, then ®(¢’) turns out to be of
class C'. This is a consequence of the fixed point characterization, i.e.,
Do A(®(£),&) = I+ o(1) (the order o(1) is a direct consequence of fixed
point characterization). Then it is invertible. Contraction mapping theorem
yields the existence of C! derivative of A(®,¢’) in (¢, &’). This implies ®(¢’)
is C'. With a little bit of more work we can show that D2 < Cp
(just using the derivative given by the implicit function theorem).

1.8. Solving the reduced problem: direct method
By (1.38), to solve (1.17), we need to find £’ such that the reduced problem

s =0,Vi,j (1.41)

to get a solution to the original problem (1.10). There are two ways to
solve the reduced problem (1.41): the first one is the direct method, and
the second one is the variational reduction method. We describe the first
method first by proving the following

Theorem 1: (Oh [54]) Assume that {?,j = 1,...k are k distinct non-
degenerate critical points of V.. Then there exist a solution u. to the original
problem with

k
ue(z) 2 Y wyes) (@ =& fe), & =&

j=1
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Proof: To solve the problem (1.41) we first obtain the asymptotic formula
for c; To this end we multiply the equation (1.38) by Z3 and integrate by
parts. We obtain

[ 7izse = [ 06+ o) - Vi 23 + 0
and thus
0~ 8,V (£9) + O(e)

The nondegeneracy of the critical point VV/(£J) and implicit function
theorem yields the existence of £; = &7 + O(€) such that (1.41) holds. O

The direct method can be used to construct multiple spike solutions for
problems without variational structure, such as Gierer-Meinhardt system.
For this application we refer to [62].

1.9. Solving the reduced problem: variational reduction

If the problem concerned has a variational structure, it is more appropriate
to use a variational reduction method to solve (1.41). This method gives
much stronger results under very weak assumptions.

We now describe the procedure that we call Variational Reduction in
which the problem of finding & with c§ = 0, for all 7,7, is equivalent to
finding a critical point of a reduced functional of &’.

Define an energy functional
1 1
J(v) == Vo2 + V(ex)v? — —— P 1.42
) =3 [ WP+ Vet —5 [ ot

where v € HY(RV) and 1 < p < % Since p is subcritical, by standard
elliptic regularity arguments and Maximum Principle v is a solution of the

problem
Av—Vu+vP =0,v =0 (1.43)

if and only if v € H'(RY) and J'(v) = 0. Observe that (J'(v),¢) =
J VoV + Vop — ol .
We will prove the following Variational Reduction Principle

Theorem 2: v = We + ¢(£') is a solution of the original problem (for
p < 1) if and only if

O J(Wer + ¢(&))|er=e, = 0. (1.44)
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Proof: Indeed, observe that v(¢') := Wg + ¢(£') solves the problem
Av() = V(ex)v(€) +v(€)P =3, ¢t Zt and also that

(25 I ]

Ot J(0(€) = (J'(v(&)), g, v(€)) :—Zc;i/zzaqu Z /ZJ (D, Wer+0er  (€).
7,1

Joto

’(1.45)

Recall that Wer = S°F_ wy, (z — &),

W= 0g w0 (1-65) = (s (@3=Ej,)rcr, ~Dng s, (2-E) = O™ 4 )o(e) = Z; 100
46
)

B¢/

Joto

(1.
This is because dywy = O(e~?17=%!). On the other hand since fZJ €3

0 we have
) o
/Z aJolo /(725 a‘gaolozl

which is small thanks to the fact that |¢| < Cpe_‘;‘x_g;o\. Finally, observe
that

‘/ Z;(9g;,., We + g, 6) = / Z,Z}2 + O(p) (1.47)

The matrix of these numbers is invertible provided p < 1. a

We now discuss several applications of the reduction principle.

Theorem 3: (del Pino and Felmer [15]) Assume that there exists an open,
bounded set A C RN such that

infV > infV, (1.48)
OA A

then there exist a solution to the original problem, v. with ve(x) =
wy(e)((z —&)/e) +o(1) and V(&) = miny V, § = &

Theorem 4: (del Pino-Felmer [16]) Assume that Aq,..., Ay are disjoint
bounded sets with

inffV<infV,j=1,--- k.
Aj AA;
Then there exist a solution u. to the original problem with

k
.’IJ) = ZU)V@]&)(.’E — 5?/8), 5]6 S Ag
j=1

and V({j) —infp; V. The same result holds if the minimum is replaced by
maximum.
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Theorem 5: (Kang-Wei [39]) Let T be a bounded open set such that
max V(z) > max V(x)
Then for any positive integer K there exists a solution u. such that
k
~ Zw\/(g;)(x —&/e), &§eNV(E) — mKLXV( )
j=1

Proof:
Assume that j = 1 first so that v(§') = We + ¢(¢'). Then we can
compute the reduced energy as follows:

J(() = T(Wer+6(£)+(J (We+9), —¢>+%J”(W§'+(1—t)¢)[¢]2 (1.49)

(This follows from Taylor expansion of the function a(t) = J(We + (1 —
t)¢).) Observe that (J'(W{ + ¢),—¢) = >, ;¢ [ Z{¢ = 0. Also observe
that

TWit (1= 00 = [ V6P +V(er)? ~ pWE+ (1= 0)6” = O()

(1.50)

uniformly onf because Vo, ¢ = O(ce01#=¢'1). We call ®(¢) := J(v(¢')) =
J(Wer) + O(e?), and

/|VW5,|2+V Wg,—ipr“ / (ex) =V (&)W

(1.51)

Taking A = V(£), we have that

/|vw>\($)|2 _ )\7N/2/|vw()\1/2x)|2>\1+2/(p71)/\N/2d1‘ _ AfN/2+p+1/p71|vw(y)|2dy

(1.52)
and
3 [ ud@) =a v [upiay (1.53)
This implies that
%/|VW5/\2+V( Wg,f /Wé’i“ NPHUPEI=N/2e 0 (1.54)
and we also have
JWen) - viEhue - = o) (1.55)

uniformly in &'.
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In summary we have the following asymptotic expansion of the reduced

energy

®(¢) = J(v(&)) = V(PPN e, v+ Ofe) (1.56)

To prove Theorem 3 we observe that % — % > 0. Then Ve < 1 we
have

inf ®(£) < inf @ 1.57

Inf 2(§) < nf, ©(¢) (1.57)

and therefore ® has a local minimum & € A and V(&) — mina V. The
same procedure also works for local maximums.

For several separated local minimums, the proof is similar. In fact when
1€, — &G, > 0, for all ji # jo, we have p = e~ domingiiy 165, ~651 4 o <
e~%%/¢ L ¢ < 2¢. So we obtain

Vao(€)] +[0(€)] < Cey el (1.58)
J
Now we get
TW(€)) =D V(g =V, x + 0(e) (1.59)
J
e = (&,. .., &) implies for several minimal points on the A; we have the

result desired.

Finally we prove the existence of multiply interacting spikes. The com-
putations are little bit involved since we have to measure precisely the
interactions. The reduced energy functional takes the following form:

T((€) = SV PN 0 xoro(1)— (10(1) Y e mi (VTEITEDIE 51
j i#j
(1.60)
We shall take the following configuration space

1
E={(, &) | &€ A,H;Ailﬂfi —&| > pelog —}
177 €

and prove that the following maximization problem attains a solution in
the interior part of the set X:

J(v(£") O

min
(&150,EK)ED
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2. Part II: Infinite-dimensional reduction method
2.1. An introduction

In Chapter one, we have dealt with the problem of constructing solutions
with finitely many bumps. The idea is to first sum up these finite many
bumps and solve it in the space orthogonal to the translations. Then we
adjust the points to obtain a true solution. The concentrating solutions con-
centrate at finite number of points which accounts for zero Lebesgue mea-
sure. In this Chapter we generalize this idea to the problem of constructing
solutions concentrating on higher dimensional sets, such as curves, surfaces,
or minimal surfaces of codimension k. As in the finite dimensional case, we
proceed in two steps. In the first step, we solve the problem along each
tangent fibre. This amounts to imposing infinitely many orthogonal con-
ditions. In the second step, we move the higher dimensional object in the
normal direction to find a true solution. We will encounter at least three
problems: the first is the uniform estimate of the error in the first step.
Sometimes there may be resonances due the combined effect of tangential
and instability of the profile. The second problem is the adjustment of the
higher dimensional subjects, which typically involves a second order nonlo-
cal nonlinear reduced equation. The third problem is the non-compactness
of the higher dimensional object.

In the following we take the model problem of Allen-Cahn equation in
R3 and the higher dimensional concentration object is minimal surfaces.
For higher dimensional concentration problems with resonances we refer to
papers [19], [21] and [22].

2.2. Model problem: the Allen-Cahn equation and minimal
surfaces

We consider the following so-called Allen-Cahn equation in RY
Au + fu) =0 inRY, (2.1)

where f(s) = —W'(s) and W is a “double-well potential”, bi-stable and
balanced, namely

W(s)>0if s#1,-1, W(1)=0=W(-1), W"(£1) = f'(+1) =: o2 >0.
(2.2)
A typical example of such a nonlinearity is

F) = (1—wd)u  for W(u) = 3(1 _ )2, (2.3)



July 10, 2015 Lecture Note Series, IMS, NUS — Review Vol. 9in x 6in introductiontoreductionmethod-3-15
page 32

32 M. DEL PINO and J. WEI

while we will not make use of the special symmetries enjoyed by this exam-
ple.
Equation (2.1) is a prototype for the continuous modeling of phase tran-

sition phenomena. Let us consider the energy in a subregion region {2 of
RN

o 1
Jo(v)= [ = 24 W),
©) = [ IV + W)
whose Euler-Lagrange equation is a scaled version of (2.1),
?Av 4+ f(v) =0 inQ. (2.4)

We observe that the constant functions © = £1 minimize J,. They are
idealized as two stable phases of a material in Q. It is of interest to analyze
stationary configurations in which the two phases coexist. Given any subset
A of Q, any discontinuous function of the form

Us = XA — XQ\A (2.5)

minimizes the second term in J.. The introduction of the gradient term
in J, makes an a-regularization of u, a test function for which the energy
gets bounded and proportional to the surface area of the interface M = OA,
so that in addition to minimizing approximately the second term, station-
ary configurations should also select asymptotically interfaces M that are
stationary for surface area, namely (generalized) minimal surfaces. This in-
tuition on the Allen-Cahn equation gave important impulse to the calculus
of variations, motivating the development of the theory of I'-convergence
in the 1970’s. Modica [46] proved that a family of local minimizers u, of
Jo with uniformly bounded energy must converge in suitable sense to a
function of the form (2.5) where A minimizes perimeter. Thus, intuitively,
for each given A\ € (—1,1), the level sets [v, = A, collapse as & — 0 onto
the interface OA. Similar result holds for critical points not necessarily min-
imizers, see [60]. For minimizers this convergence is known in very strong
sense, see [10, 11].

If, on the other hand, we take such a critical point u, and scale it around
an interior point 0 € €, setting uq (x) = vo(ax), then u, satisfies equation
(2.1) in an expanding domain,

Aug + f(ug) =0 ina'Q

so that letting formally @ — 0 we end up with equation (2.1) in entire
space. The “interface” for u, should thus be around the (asymptotically
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flat) minimal surface M,, = a~'M. Modica’s result is based on the intuition
that if M happens to be a smooth surface, then the transition from the
equilibria —1 to 1 of u, along the normal direction should take place in the
approximate form u,(z) &~ w(z) where z designates the normal coordinate
to M. Then w should solve the ODE problem

w'+ f(w) =0 inR, w(—o0)=-1, w(+oo)=1. (2.6)

This solution indeed exists thanks to assumption (2.2). It is strictly in-
creasing and unique up to constant translations. We fix in what follows the
unique w for which

/tw’(t)zdt =0. (2.7)
R

For example (2.3), we have w(t) = tanh (t/v/2). In general w approaches
its limits at exponential rates,

wt)— +1 = O(e =11 ast — +o00 .
Observe then that
1
Jo(us) ~ Area (M) /[iw/2 + W(w)]
R

which is what makes it plausible that M is critical for area, namely a
minimal surface.

The above considerations led E. De Giorgi [24] to formulate in 1978 a
celebrated conjecture on the Allen-Cahn equation (2.1), parallel to Bern-
stein’s theorem for minimal surfaces: The level sets [u = A] of a bounded
entire solution u to (2.1), which is also monotone in one direction, must be
hyperplanes, at least for dimension N < 8. Equivalently, up to a translation
and a rotation, u = w(x1). This conjecture has been proven in dimensions
N = 2 by Ghoussoub and Gui [29], N = 3 by Ambrosio and Cabré [9],
and under a mild additional assumption by Savin [58]. A counterexample
was built for N > 9 by M. del Pino, M.Kowalczyk and Wei in [25], see also
[14, 43]. See [26] for a recent survey on the state of the art of this question.

The counter-example in [25] was built on the counter-example to the
Bernstein conjecture for minimal graphs: Bernstein conjectured that all
minimal graphs, i.e. graphs {xy = F(m/)} for which F satisfies additionally
the minimal graph equation

VF
V(

V14 |VF?

)=0, 2 eRN"! (2.8)
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In 1969, Bombierie, De Giorgi and Giusti [8] built a nontrivial solution
to (2.8) in dimension N = 9. In [25,7] we took the opposite view of I'-
convergence: for a given nondegenerate minimal surface it is possible to
build a solution to the Allen-Cahn equation which concentrates on this min-
imal surface. The class of minimal surfaces will include the Bombierie-De
Giorgi-Giusti minimal graph, and the complete embedded minimal surfaces
in R3.

In this following we construct a new class of entire solutions to the
Allen-Cahn equation in R® whose level sets resemble a large dilation of a
given complete, embedded minimal surface M, asymptotically flat in the
sense that it has finite total curvature, namely

/ |K|dV < 400
M

where K denotes Gauss curvature of the manifold, which is also non-
degenerate in a sense that we will make precise below.

2.3. Embedded minimal surfaces of finite total curvature

The theory of embedded, minimal surfaces of finite total curvature in R?,
has reached a notable development in the last 25 years. For more than a
century, only two examples of such surfaces were known: the plane and the
catenoid. The first nontrivial example was found in 1981 by C. Costa, [12, 7].
The Costa surface is a genus one minimal surface, complete and properly
embedded, which outside a large ball has exactly three components (its
ends), two of which are asymptotically catenoids with the same axis and
opposite directions, the third one asymptotic to a plane perpendicular to
that axis. The complete proof of embeddedness is due to Hoffman and
Meeks [34]. In [35,37] these authors generalized notably Costa’s example
by exhibiting a class of three-end, embedded minimal surface, with the
same look as Costa’s far away, but with an array of tunnels that provides
arbitrary genus £ > 1. This is known as the Costa-Hoffman-Meeks surface
with genus k.

Many other examples of multiple-end embedded minimal surfaces have
been found since, see for instance [44, ?] and references therein. In general all
these surfaces look like parallel planes, slightly perturbed at their ends by
asymptotically logarithmic corrections with a certain number of catenoidal
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links connecting their adjacent sheets. In reality this intuitive picture is not
a coincidence.

Using the Eneper-Weierstrass representation, Osserman [51] established
that any embedded, complete minimal surface with finite total curvature
can be described by a conformal diffeomorphism of a compact surface (ac-
tually of a Riemann surface), with a finite number of its points removed.
These points correspond to the ends. Moreover, after a convenient rotation,
the ends are asymptotically all either catenoids or plane, all of them with
parallel axes, see Schoen [59]. The topology of the surface is thus character-
ized by the genus of the compact surface and the number of ends, having
therefore “finite topology”.

2.4. Main results

In what follows M designates a complete, embedded minimal surface in R?
with finite total curvature (to which below we will make a further nonde-
generacy assumption). As pointed out in [38], M is orientable and the set
R3\ M has exactly two components Sy, S_.

In what follows we fix a continuous choice of unit normal field v(y),
which conventionally we take it to point towards S .

For o = (x1, %2, 73) = (2',23) € R3, we denote

r=r(x)=|(x1,22)| = \/2? + 23.

After a suitable rotation of the coordinate axes, outside the infinite cylinder
r < Ry with sufficiently large radius Ry, then M decomposes into a finite
number m of unbounded components Mj, ..., M,,, its ends. From a result
in [59], we know that asymptotically each end of M), either resembles a
plane or a catenoid. More precisely, M can be represented as the graph of
a function F}, of the first two variables,

My, ={y R’/ r(y) > Ro, y3s = Fr(y') }
where F} is a smooth function which can be expanded as
Fr(y') = aglogr + by + biky—; + O(r_3) as r — +00o, (2.9)
r

for certain constants ax, by, b;r, and this relation can also be differentiated.
Here

ar<ax<...<ap, Zak = 0. (2.10)
k=1
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The direction of the normal vector v(y) for large r(y) approaches on the
ends that of the z3 axis, with alternate signs. We use the convention that
for r(y) large we have

(-D*
L+ [VE(y)[?

v(y) = (VF:(y'), —1) ify € M. (2.11)

Let us consider the Jacobi operator of M
J(h) == Axh+ |A*R (2.12)

where |A|? = —2K is the Euclidean norm of the second fundamental form
of M. 7 is the linearization of the mean curvature operator with respect to
perturbations of M measured along its normal direction. A smooth function
2(y) defined on M is called a Jacobi field if J(z) = 0. Rigid motions of
the surface induce naturally some bounded Jacobi fields: Associated to
respectively translations along coordinates axes and rotation around the
rz-axis, are the functions

Zl(y):V(y)'eiv yeMv i:172a37

24(y) = (=y2,91,0) - v(y), ye€ M. (2.13)

We assume that M is non-degenerate in the sense that these functions
are actually all the bounded Jacobi fields, namely

{zeL>®(M) /] J(z)=0} = span{ z1,22,23,24 }. (2.14)

We denote in what follows by J the dimension (< 4) of the above vector
space.

This assumption, expected to be generic for this class of surfaces, is
known in some important cases, most notably the catenoid and the Costa-
Hoffmann-Meeks surface which is an example of a three ended M whose
genus may be of any order. See Nayatani [49, 50] and Morabito [47]. Note
that for a catenoid, zg4 = 0 so that J = 3. Non-degeneracy has been
used as a tool to build new minimal surfaces for instance in Hauswirth
and Pacard [33], and in Pérez and Ros [53]. It is also the basic element,
in a compact-manifold version, to build solutions to the small-parameter
Allen-Cahn equation in Pacard and Ritoré [52].

Let us consider a large dilation of M,

M, = a M.
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This dilated minimal surface has ends parameterized as
Mo = {y€R?® /r(ay) > Ro, y3 = a ' Fp(ay) } .

Let 3 be a vector of given m real numbers with
i=1

Our main result asserts the existence of a solution u = wu, defined for all
sufficiently small ov > 0 such that given A € (—1,1), its level set [uy = A
defines an embedded surface lying at a uniformly bounded distance in «
from the surface M,, for points with r(ay) = O(1), while its k-th end,
k=1,...,m, lies at a uniformly bounded distance from the graph

r(ay) > Ro, y3 = a ' Fp(ay') + Brlog|ay'| . (2.16)

The parameters S must satisfy an additional constraint. It is clear that
if two ends are parallel, say a1 = ag, we need at least that Sx41— B > 0,
for otherwise the ends would eventually intersect. Our further condition on
these numbers is that these ends in fact diverge at a sufficiently fast rate.
We require

Brt1— Br > dmax{o"", o'} if app1=ak . (2.17)
Let us consider the smooth map
X(y.2) = y+ 2vlay), (yt) € Mo x R, (2.18)

x = X(y, z) defines coordinates inside the image of any region where the
map is one-to-one. In particular, let us consider a function p(y) with

p(y) = (=1)*Brloglay'|+ O(1), k=1,...,m,

and [ satisfying Bi+1 — Bx > v > 0 for all k£ with ay, = ag41. Then the map
X is one-to-one for all small « in the region of points (y, z) with

]
[z =aly)l < - +7log(L +Jay'l)
provided that § > 0 is chosen sufficiently small.

Theorem 6: (del Pino-Kowalczyk-Wei [20]) Let N = 3 and M be a mini-
mal surface embedded, complete with finite total curvature which is nonde-
generate. Then, given [ satisfying relations (2.15) and (2.17), there exists
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a bounded solution u, of equation (2.1), defined for all sufficiently small ,
such that

)
Ua(2) = w(z —q(y) +O(a)  forall z=y+zviay), |e—aly)l<_,
(2.19)
where the function q satisfies

q(y) = (=1)*B loglay'| +O(1) y € Mo, k=1,...,m.

In particular, for each given A € (—1,1), the level set [ug, = A] is an em-
bedded surface that decomposes for all sufficiently small « into m disjoint
components (ends) outside a bounded set. The k-th end lies at O(1) distance
from the graph

ys = a " Fi(ay) + Brlog |ay/|.

We will devote the rest of this part to the proofs of Theorems 6. For the
full proofs we refer to [20] in which more detailed behavior of the solutions
constructed, such as finite Morse index, can be found.

3. Geometric Background

In this section we present the geometric backgrounds on the expansion of
the Laplacian operator near a manifold.

3.1. Parametrization of M and its Laplace-Betramsi
Operator

Let D be the set
D = {yeR* /|yl > Ro}.
We can parameterize the end My, of M as
ye€Dv+—y:=Yi(y) = yie; + Fr(y)es. (3.1)

and Fj, is the function in (2.9). In other words, for y = (¢/,y3) € M
the coodinate y is just defined as y = 3. We want to represent Ajp;—the
Laplace-Beltrami operator of M—with respect to these coordinates. For the
coefficients of the metric g;; on M} we have

0y Yo =e;+0 (r_l) es3
so that
9ii(y) = (0:Y%, ;i) = 65 + O (r?), (3.2)
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where r = |y|. The above relations “can be differentiated” in the sense that
differentiation makes the terms O(r~7) gain corresponding negative powers
of r. Then we find the representation

1 g
AM = \/Tai(\/det 9ij g”aj) = Ay +O(7‘72)8ij + O(’I‘ig) 81' on Mk .
€l gij
(3.3)
The normal vector to M at y € M k=1,...,m, corresponds to
1
v(y) = (-1 === (0:Fk(y)ei —e3) , y=Yi(y) € My
L+ [VFy(y)[?

so that

v(y) = (DPes +arryies + 00 7%), y=Yily) € M. (3.4)

Let us observe for later reference that since ;v = O(r~2), then the principal
curvatures of M, ki, ko satisfy k; = O(r~2). In particular, we have that

[A()]? = ki + k3 = O(r™). (3.5)

To describe the entire manifold M we consider a finite number N > m + 1
of local parametrizations

yeEU, CR? — y=Yi(y), Ye€C®WUy), k=1,...,N. (3.6

For k =1,...,m we choose them to be those in (3.1), with U, = D, so that
Y. (Uy) = My, and Uy, is bounded for k = m + 1,..., N. We require then
that

N
M = | Vi(th).
k=1

We remark that the Weierstrass representation of M implies that we can
actually take N = m + 1, namely only one extra parametrization is needed
to describe the bounded complement of the ends in M. We will not use this
fact. In general, we represent for y € Y (Uy),

Anr = ad; ()0 + 0)(y)0i, y=Ye(y), yEU, (3.7)
0

ij
in the coefficients. For k = 1,...,m we have

where a7, is a uniformly elliptic matrix and the index & is not made explicit

adi(y) = 0ij + Oo(r=?), bg =00, asr(y) =|y| = co. (3.8)

ij
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The parametrizations set up above induce naturally a description of the
expanded manifold M, = =M as follows. Let us consider the functions

Yia : U i= a Uy = My, 7 Yialy) :i=a Yi(ay), k=1,...,N.
(3.9)
Obviously we have

N
Ma = U Yka(“ka)~
k=1

The computations above lead to the following representation for the oper-
ator Ay

An, = afj(ay)di; + 0 (ay)ds,  y = Yia(y), ¥ € Ura, (3.10)

0
where a;’;,

a?j = 5ij + O(T;2)a b? = O(T;B)v as Ta(y) = |QY| — Q. (311)

b9 are the functions in (3.7), so that for k = 1,...,m we have

3.2. Coordinates near M and the Fuclidean Laplacian:
Fermi coordinates

Next we shall consider the parametrization of a neighborhood of M. Let us
consider the smooth map

(y,2) e M xR — z=X(y,2) =y+ 2v(y) € R3. (3.12)

Let us consider an open subset @ of M x R and assume that the map
X|p is one to one, and that it defines a diffeomorphism onto its image
N = X (0). Certainly we can choose O such that

{(y,2) e M xR / |z| < & log(1+r(y))} C O.

Since along ends d;v = O(r~2) so that zd;v is uniformly small in O, it
follows that X is actually a diffeomorphism onto is image.

The Euclidean Laplacian A, can be computed in such a region by the
well-known formula in terms of the coordinates (y,z) € O as

Ay =0, + Ay, — Hy0s, :E:)Z'(y,z)7 (y,2) € O (3.13)
where M, is the manifold
M. ={y+=z2v(y) /ye M}
To see the formula (3.13) we observe that

Xi=Yi+zv;,1=1,2, X, =v
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and hence for 7,5 = 1,2
gij (7w, 2) = goij + 221;Y; + 22V,
and g;, = 0,9,. = 1. Hence the Euclidean laplacian in O becomes

1 -
AI\/Izh(y)|X:X(y,z) = Wai(\/ det(g.) ?(r“)ih)(y,z)

= 0,.h+ Ap h+ 0. log(y/det g.)0.h

We note that by direct computations det(g.) = IT5_, (1 — zk;)* det go.
This gives the formula (3.13).

Local coordinates y = Y (y), y € R? as in (3.1) induce natural local
coordinates in M. The metric g;;(z) in M, can then be computed as

9i3(2) = (8,Y,0;Y) + 2((8,Y, 0jv) + (0;Y,0,v)) + 2* (O, jv)  (3.14)
or
9ij(2) = gij + 20(r™?) + 220(r ).

where these relations can be differentiated. Thus we find from the expression
of Ay, in local coordinates that

A, = Ay + 2a55(y, 2)035 + 2b; (v, 2)05, y =Y (y) (3.15)
where aj;, b; are smooth functions of their arguments. Let us examine this

expansion closer around the ends of M), where y = Yj(y) is chosen as in
(3.1). In this case, from (3.14) and (3.2) we find

d9(2) =g + 200" + 220(r*) + ...
Then we find that for large r,
Ay, =Ap + ZO(’I“_2>8U‘ + ZO(’I“_S)GZ‘. (316)

Let us consider the remaining term in the expression for the Laplacian,
the mean curvature Hjs,. We have the validity of the formula

2

2

ks 2 3.2

Hy, = E TR E ki +kiz+ K222+
i=1 v i=1

where k;, i = 1, 2 are the principal curvatures. Since M is a minimal surface,
we have that k1 + ko = 0. Thus

|A]? = k2 + k2 = —2k1ky = —2K
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where |A] is the Euclidean norm of the second fundamental form, and K
the Gauss curvature. As r — +o0o we have seen that k; = O(r~2) and hence
|A]2 = O(r~*). More precisely, we find for large r,

Hy = |A]P2 + 220(r™9).

Thus we have found the following expansion for the Euclidean Laplacian,
A, =0..+ Ay —2|A?0. + B (3.17)
where expressed in local coordinates in M the operator B has the form
B=z a}j(y7 2)0;5 + 2 bl(y,2)0; + 2°bi(y, 2)0, (3.18)
with a}j,

ahy2) = 00 ™), BH(y,2) = 06™%), by,2)=0(~%),  (319)

b}, bl smooth functions. Besides, we find that

uniformly in z for (y,z) € O. Moreover, the way these coefficients are
produced from the metric yields for instance that

a’zlj(yv Z) = a‘zl,j (yv 0) + ZGE,Q]) (y, Z)a az'Q,j (ya Z) = O(rig)v

bl (y,2) = bH(y, 0) + 2b57 (y,2), b (y,2) = O(r~).

We summarize the discussion above. Let us consider the parametrization
in (3.12) of the region N.

Lemma 3.1: The Euclidean Laplacian can be expanded in N as

Aa: = azz + AMZ - HMzaz =
02+ Anr — 2| AP, + 2 [agj(y, 2)0ij + b (y,2)8i] + 2%b3(y, 2)0s,

AM = a?jaij + b?aza T = X(?J? Z)v (ya Z) € @a

where aﬁj, bé- are smooth, bounded functions, with the index k omitted. In

addition, for k=1,...,m,
al; = 660+ O(r™?), bi=0@""), by=0("%),

as r = |y| = oo, uniformly in z variable.
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3.3. Laplacian in expanded variables

Now we consider the expanded minimal surface M, = a~'M for a small
number . We have that ' = o~ !N. We describe A/ via the coordinates

r=X(y,2) =y +2waly), (y,2)€a 'O (3-20)
Let us observe that

X(y.z) = a” ' X(ay, a2)

where Z = X (¢, 2) = §+2v(§), where the coordinates in N5 previously dealt
with. We want to compute the Euclidean Laplacian in these coordinates
associated to M,. Observe that

Aa[u(@)] lo=x(y,2) = *Ds[u(@™' D) ] ;-5 (ay,az)

and that the term in the right hand side is the one we have already com-
puted. In fact setting v(y, z) := u(y + zva(y)), we get

Agtt|p=x(y,z) = @ (Agar + 02z — Haro02) (@719, 2)] |5 2)=(agrae) -

(3.21)

We can then use the discussion summarized in Lemma 3.1 to obtain
a representation of A, in A via the coordinates X (y,t¢) in (3.20). Let us
consider the local coordinates Yy, of M, in (3.9). .

Lemma 3.2: In N we have

Am = 822 + AMQ,Z - HMa,zaz =

0.t An, —a?2 | Alay) 20, + oz [agj (ay, az)0;+ab; (ay, az)d;] +a322b3 (ay, az)d.,

A, = afj(ay)dy; + b (ay)dy,  (y,2) €710,y =Yialy)

l

where a;;, bé- are smooth, bounded functions. In addition, for k=1,...,m,

aj; =800 +O(ry?), bi=0(r?), by=0(."),

e} (e

as ro(y) = |ay| = oo, uniformly in z variable.
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3.4. The FEuclidean Laplacian near M, under a
perturbation

We now describe in coordinates relative to M, the Euclidean Laplacian
A,, € R?, in a setting needed for the proof of our main results. The
main idea is to introduce a smooth perturbation of the minimal surfaces,
a priori unknown. We will need to compute the Euclidean Laplacian under
this perturbation.

Let us consider a smooth function h : M — R, and the smooth map X,
defined as

Xp : Mo xR—= R, (y,t) — Xp(y,t) := y + (t+ h(ay) ) v(ay) (3.22)

where v is the unit normal vector to M. Let us consider an open subset O
of M, xR and assume that the map X} |o is one to one, and that it defines
a diffeomorphism onto its image N = X, (0O). Then

I:Xh(y,t)7 (y7t) EO,

defines smooth coordinates to describe the open set A in R3. Moreover, the
maps

r = Xh(Yka(y)7t), (y,t)E(U}caXR)ﬂO7 k=1,...,N,

define local coordinates (y,t) to describe the region A/. We shall assume in
addition that for certain small number § > 0, we have

O c{(y,t) / It +hlay)| < g log(2+ra(y)) }- (3.23)

We have the validity of the following expression for the Euclidean Lapla-
cian operator in N

Lemma 3.3: For z = X(y,t), (y,t) € O with y = Ya(y), ¥ € Uga, we
have the validity of the identity

Ay = 0y + AMa - 052[(75 + h)|A|2 + AMh]at — 2« a?j 8jh8¢t +

a(t + h) [a}j@j — 2 a%j 8ih8jt + abll (8l - a@lh@) ] +

> (t+ h)?bio;, + az[a?j + at + h)a}j 10;RO;h Oy . (3.24)

Here, in agreement with (3.10), A, = ag;(ay)dy; + b (oy)d;.
The functions azlj, b}, bl in the above expressions appear evaluated at the

pair
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(ay, a(t + h(ay)), while the functions h, d;h, Aph, |A|?, a?j, b0 are eval-
uated at oy In addition, for k=1,...,m,1=0,1,

aly = digbor + 0(r?), V= 0(r3"), b5 =0(")
as 7o(y) = |ay| = oo, uniformly in their second variables. The notation

0;h refers to 0;[h o Yy].

Proof:

Let us consider a function u defined in A/, expressed in coordinates x =
X(y, z), and consider the expression of u in the coordinates © = X, (y, t),
namely the function v(y,t) defined by the relation in local coordinates y =

Yk(Y)a
v(y, z — h(ay)) = u(y, 2),

(by slight abuse of notation we are denoting just by h the function ho Yy).
Then we compute

Oiu = Oyv — adywo;h, O,u = Oy,

0iju = 0;;v — a0;;v0;h — a0;1v0;h + a28ttv8ih8jh — a28tv8ijh.
Observe that, in the notation for coefficients in Lemma 3.2,
a?jaijh +090;h = Anh, a%@ijv +ab)Ow = Ay v .
We find then
Ay = Ou + Apg, — 2[(t + h)|AP® + Aph)0y — 2acad; 8;h0; +

Oé(t + h) [a}j&j — 2« agj 6ih8jt + a(b}@z — Oébzlazhat) ] +

a®(t+ h)?b30; + o[af; + a(t + h)a}; |0;h0;h Oy (3.25)

where all the coefficients are understood to be evaluated at ay or (ay, a(t+
h(ay)). The desired properties of the coefficients have already been estab-
lished. The proof of Lemma 3.3 is concluded. O

The proof actually yields that the coefficients a%j and b} can be further
expanded as follows:

a}j = a%j(ay, 0)+ a(t+h) az(-jz-) (ay,a(t+ h)) =: agj’-o +a(t+ h)afj,
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with ag) = O(r;?), and similarly

— (2) 21,0
b; = bj(ay,0) + a(t+h) b (ay, a(t + b)) =: b;" + a(t + h)b3,

with b§2) = O(r;*). As an example of the previous formula, let us compute
the Laplacian of a function that separates variables ¢ and y, that will be
useful in §4.

Lemma 3.4: Let v(z) = k(y)¥(t). Then the following holds.

Agv = k" +1p Ap k — &®[(t+h)|A]P + Ayhl k' — 20ca); 9;h0:k Y +
alt + h) [a; 0k — 200a;° 0;h0ik ) + (b 0ik ) — ab; PO h k) | +
o?(t + h)? [af;0ik¢ — 20ca3; 0;hdk Y + a(b;0ikp — abidih k') | +

o®(t+ h)Pby k' + o[a); + a(t + h)a]; 10:h0;h k" . (3.26)

4. Approximation of the solution and preliminary
discussion

4.1. Approximation of order zero and its projection

Let us consider a function i and sets O and N as in §3.4. Let x = X} (y, t)
be the coordinates introduced in (3.22). At this point we shall make a more
precise assumption about the function h. We need the following preliminary
result whose proof we postpone for §7.2.

We consider a fixed m-tuple of real numbers 5 = (51, ..., By) such that
> B =0. (4.1)
i=1

Lemma 4.1: Given any real numbers [1,...,Bm satisfying (4.1), there
exists a smooth function ho(y) defined on M such that

T (ho) = Aprho + |APho =0 in M,
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ho(y) = (—1)7B;logr +6 asr — 0o in M;  for all y€ M;,
where 0 satisfies

10]lo + [[7*DE|oe < +o0 . (4.2)

We fix a function hg as in the above lemma and consider a function A
in the form

h=ho+ hy.

We allow h; to be a parameter which we will adjust. For now we will assume
that for a certain constant X we have

Ihallpoe ary + 11+ %) Dl oo ar) < Kev. (4.3)
We want to find a solution to
S(u) == Agu+ f(u) =0.
We consider in the region A/ the approximation
uo(w) = w(t) = w(z — ho(ay) — hi(ay))

where z designates the normal coordinate to M,. Thus, whenever §; # 0,
the level sets [ug = A] for a fixed A € (—1,1) departs logarithmically from
the end ofle being still asymptotically catenoidal, more precisely it is
described as the graph

ys = (@ ta; + B;) logr + O(1) as r — oc.

Note that, just as in the minimal surface case, the coefficients of the ends
are balanced in the sense that they add up to zero.

It is clear that if two ends are parallel, say a;11 = a;, we need at least
that 8j41 — B; > 0, for otherwise the ends of this zero level set would
eventually intersect. We recall that our further condition on these numbers
is that these ends in fact diverge at a sufficiently fast rate:

ﬁj+1 — ﬂj > 4 HlaX{O':l,O'_Il} if aj+1 = Q5 - (44)

We will explain later the role of this condition. Let us evaluate the error of
approximation S(ug). Using Lemma 3.4 and the fact that w” + f(w) = 0,
we find

S(uo) == Aguo + f(ug) =
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—a?[|APhy + Aprha]w’ +
—?|AP tw +2 ozzagj Dihodjho w'" +
a? a?j (20;ho0;hy + D;h10;hy )W +
20°%(t + ho + h1)ag; 0;(ho + h1)0;(ho + h1) w” +

@3 (t + ho + h1)bi0;(ho + h1) w' 4 a3(t + ho + hy)3biw’ (4.5)

where the formula above has been broken into “sizes”, keeping in mind
that hg is fixed while h; = O(«). Since we want that ug be as close as
possible to be a solution of (2.1), then we would like to choose h; in such
a way that the quantity (4.5) be as small as possible. Examining the above
expression, it does not look like we can do that in absolute terms. However
part of the error could be made smaller by adjusting h;. Let us consider
the “L2-projection” onto w’(t) of the error for each fixed y, given by

) = [ " S(uo)(y,t) w(t) dt

where for now, and for simplicity we assume the coordinates are defined for
all ¢, the difference with the integration is taken in all the actual domain
for ¢ produces only exponentially small terms in a~'. Then we find

(y) :aQ(AMh1+h1|A\2)/ w’zdt+a38i(ho+h1)/ bl (t+ho+hy)w'>dt +
@S0i(hath)0y(hoth) [ (tthotheluwdtea® [ rhoh) b

(4.6)
where we have used ffooo tw'? dt = f_oooo w”w’ dt = 0 to get rid in particular

of the terms of order aZ2.

Making all these “projections” equal to zero amounts to a nonlinear
differential equation for h of the form

J(h1) = Aprhy + hi|A(W) > = Go(hy) yeM (4.7)
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where G is easily checked to be a contraction mapping of small constant
in hy, in the ball radius O(«a) with the C'! norm defined by the expression
in the left hand side of inequality (4.3). This is where the nondegeneracy
assumption on the Jacobi operator J enters, since we would like to invert
it, in such a way to set up equation (4.7) as a fixed point problem for a
contraction mapping of a ball of the form (4.3).

4.2. Improvement of approximation

The previous considerations are not sufficient since even after adjusting
optimally h, the error in absolute value does not necessarily decrease. As
we observed, the “large” term in the error,

—o?| APt + ogZa?jaiho@jho w”

did not contribute to the projection. In order to eliminate, or reduce the size
of this remaining part O(a?) of the error, we improve the approximation
through the following argument. Let us consider the differential equation

o (t) + [ (w(t))ho(t) = tw'(t),

which has a unique bounded solution with 1(0) = 0, given explicitly by
the formula

S

Yo(t) = w'(t) /Ot w'(t)_z/ sw'(s)?ds .

— 00

Observe that this function is well defined and it is bounded since
J75 sw'(s)%ds = 0 and w'(t) ~ e 7*I*l as ¢ — +oo, with o1 > 0. Note
also that 11 (t) = Ltw/(t) solves

() + [ (w(®)r(t) = w"(t).

We consider as a second approximation

uy =ug+é1,  G1(y.t) == ®|A(ay)|*vo(t) — a’ag;0ihod;ho(ay) 1 (t) -

(4.8)

Let us observe that

S(uo+) = S(uo)+Azd+f (uo)p+No(d), No(p) = f(uo+¢)—f(uo)—f'(uo)¢.

We have that

o1 + ' (uo) o1 = | Aay)|*tw’ — oz2a?j3,;h08jh0(ay) w’ .
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Hence we get that the largest remaining term in the error is canceled.
Indeed, we have

S(ul) = S(uo)f(2a2a?j8ih06jho w"fa2|A(ay)\Qtw')+[Arf3tt]¢1+No(¢1).

Since ¢, has size of order o, a smooth dependence in ay and it is of size
O(r;2e7I!) using Lemma 3.4, we readily check that the “error created”

[Ay — Bi]d1 + No(h1) := —a (JAPtyg — a;0ihodiho ty] ) Ahy + R
satisfies
[Ro(y. )] < Ca®(1+7ra(y) e .

Hence we have eliminated the hj-independent term O(a?) that did not
contribute to the projection II(y), and replaced it by one smaller and with
faster decay. Let us be slightly more explicit for later reference. We have

S(Ul) = Au1 + f(ul) =

—042[|A|2h1 + AMhl] w' + CY2 a?j (8ihoajh1 + &-hlajho + aihlﬁjhl ) w”

—at ( |A|2t1/)6 — a%@iho@jho td)i ) Anphy + 20(3(t + h)ailj 8¢h6jhw” + Ry
(4.9)
where

Ry = Ry(y,t, hi(ay), Varhi(ay))
with
|D,Ri(y,t,1,9)| + |D,Ri(y, t, 0, 9)| + [Riy, t,1,5)| < CaP(1+7a(y)) te M

and the constant C' above possibly depends on the number I of condition
(4.3).

The above arguments are in reality the way we will actually solve the
problem: two separate, but coupled steps are involved: (1) Eliminate the
parts of the error that do not contribute to the projection IT and (2) Adjust
h1 so that the projection II becomes identically zero.
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4.3. The condition of diverging ends

Let us explain the reason to introduce condition (4.4) in the parameters
Bj. To fix ideas, let us assume that we have two consecutive planar ends
of M, M; and M1, namely with a; = a;4+1 and with d = b1 — b; > 0.
Assuming that the normal in M; points upwards, the coordinate ¢ reads
approximately as

t=1x3— oz_lbj —h near Mj,, t= oz_lbj_H —x3—h near M ..

If we let ho = 0 both on M;, and Mj i, which are separated at distance
d/a, then a good approximation in the entire region between Mj, and
M1 that matches the parts of w(t) coming both from M; and M;iq
should read near M; approximately as

w(t) +wla™'d—t) —1.

When computing the error of approximation, we observe that the following
additional term arises near M;q:

E = f(w(t) +wa™'d—t) = 1) = f(w(t)) - f(w(@™'d 1)) ~
~ [fw®) = F )] (wle™d—1) - 1).

Now in the computation of the projection of the error this would give rise
to

/ T @) - )] (wlatd— 1) — 1)w/ (B dt ~ et

—0o0
where ¢, # 0 is a constant. Thus equation (4.7) for hy gets modified with
a term which even though very tiny, it has no decay as |y| — +o00 on M;,
unlike the others involved in the operator Gg in (4.7). That terms eventually
dominates and the equation for h; for very large r would read in M; as

Aphy ~e & #£0,

which is inconsistent with the assumption that h is bounded. Worse yet, its
solution would be quadratic thus eventually intersecting another end. This
nuisance is fixed with the introduction of hg satisfying condition (4.4). In
that case the term F created above will now read near Mj, as

—o. L _(Bii—Bs — —_o 4
E~Ce %tace (Bj+1 ﬁ])lOgrae olt| — O(e ,‘,Ta4e Jlﬂ)

which is qualitatively of the same type of the other terms involved in the
computation of the error.
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4.4. The global first approximation

The approximation u; (x) in (4.2) will be sufficient for our purposes, however
it is so far defined only in a region of the type N which we have not made
precise yet. Since we are assuming that M, is connected, the fact that
M, is properly embedded implies that R® \ M, consists of precisely two
components S_ and S;. Let us use the convention that v points in the
direction of S, . Let us consider the function H defined in R3 \ M,, as
o 1 ifzxeSy

H(x) := {_1 fres (4.10)
Then our approximation u;(z) approaches H(z) at an exponential rate
O(e=o+!!) as |t| increases. The global approximation we will use consists
simply of interpolating u; with H sufficiently well-inside R* \ M,, through
a cut-off in [¢|. In order to avoid the problem described in §4.3 and having
the coordinates (y,t) well-defined, we consider this cut-off to be supported
in a region y-dependent that expands logarithmically in r,. Thus we will
actually consider a region N5 expanding at the ends, thus becoming wider
as ro — oo than the set N previously considered, where the coordinates
are still well-defined.

We consider the open set O in M, x R defined as

O = {(y:1) € MaxR, [t+hi(ay)| < %+4 max {07, 03 }og(14+7a(y)) =: pa(y) }
(4.11)

where § is small positive number. We consider the the region N' =: N5 of

points x of the form

r=Xp(y,t) =y + (t+ holay) + hi(ay)) v(ay), (y,t) €0,

namely N5 = X3, (0). The coordinates (y,t) are well-defined in Ny for
any sufficiently small §: indeed the map X} is one to one in O thanks
to assumption (4.4) and the fact that hy = O(«). Moreover, Lemma 3.3
applies in Ns.

Let n(s) be a smooth cut-off function with n(s) =1 for s <1 and =0
for s > 2. and define

ns(x) = { =+ hl(ayé' ~raly) =3) iiffxxzj\/@’ (4.12)

where p, is defined in (4.11). Then we let our global approximation w(x)
be simply defined as

W= nsur + (1 —ns)H (4.13)



July 10, 2015 Lecture Note Series, IMS, NUS — Review Vol. 9in x 6in introductiontoreductionmethod-3-15
page 53

Introduction to gluing methods 53

where H is given by (4.10) and w;(x) is just understood to be H(x) outside
N.

Since H is an exact solution in R3\ M, the global error of approximation
is simply computed as

S(w) = Aw+ f(w) = nsS(uy) +E (4.14)
where

E =2Vns;Vuy + Ans(up —H) + f(nsur + (1 —ns)H) ) — nsf(u1).

The new error terms created are of exponentially small size O(e~ &) but
have in addition decay with r. In fact we have

|E| < Ce = rot

Let us observe that [t + hi(ay)| = |z — ho(ay)| where z is the normal
coordinate to M,, hence n; does not depend on hj, in particular the term
Ans does involves second derivatives of h; on which we have not made
assumptions yet.

5. The proof of Theorem 6

The proof of Theorem 6 involves various ingredients whose detailed proofs
are fairly technical. In order to keep the presentation as clear as possible, in
this section we carry out the proof, skimming it from several (important)
steps, which we state as lemmas or propositions, with complete proofs post-
poned for the subsequent sections.

We look for a solution u of the Allen Cahn equation (2.1) in the form
u=w+gp (5.1)

where w is the global approximation defined in (4.13) and ¢ is in some
suitable sense small. Thus we need to solve the following problem

Ap+ f'(w)p = =S(w) — N(¢) (5.2)

where

N(p) = f(w+¢) = fw) = f'(w)e.
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Next we introduce various norms that we will use to set up a suitable
functional analytic scheme for solving problem (5.2). For a function g(z)
defined in R3, 1 < p < 400, ¢t > 0, and o > 0 we write

9lp.px = Suﬂgg(l+r(ax))“llgllm<3<m,1>>» r(@’,z3) = |2'] .
EAS

On the other hand, given numbers u >0, 0 < 0 < min{oy,0_}, p > 3,
and functions ¢(y,t) and ¢(y,t) defined in M, x R we consider the norms

1

19llp,,0 = sup 1o (y)” et </ | fIP dVa) . (5.3)
(y,t) €My xR B((y,t),1)

Consistently we set

I9llcoo = sup  Ta(W)" e fll Lo B0 (5.4)
(y,t)EMo xR
and let
16]l2,p.p.00 := 1 D?*llp o + 1Dl oo o + 16 llo0, 1.0 - (5.5)

We consider also for a function g(y) defined in M the LP-weighted norm

1/p
1fllp. == (/M [F )P (1+ [y|” )P dV(y)) = 1+ 1y®) f llLean

(5.6)
where p > 1 and 8 > 0.

We assume in what follows, that for a certain constant L > 0 and p > 3
we have that the parameter function hq(y) satisfies

Al := ||h1HL°°(M)+H(1+T2)Dh1”L°°(Z\/I)+||D2h1”p,47% < Ka. (5.7)

Next we reduce problem (5.2) to solving one qualitatively similar (equa-
tion (5.20) below) for a function ¢(y, t) defined in the whole space M, x R.

5.1. Step 1: the gluing reduction

We will follow the following procedure. Let us consider again 7(s), a smooth
cut-off function with 7n(s) =1 for s < 1 and = 0 for s > 2, and define

ot hi(ey) =2 +n) fxzeN;
Cnl) = { 0 fodN;

We look for a solution ¢(z) of problem (5.2) of the following form
p(x) = C(2)9(y, t) + P(x) (5.9)

(5.8)
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where ¢ is defined in entire M, x R, 1(z) is defined in R* and (o (2)¢(y, t)
is understood as zero outside Ns.
We compute, using that (5 - (; = (1,

S(w+¢) = Ap+ f'(w)p + N(p) + Sw) =
Go [A¢+ fl(ur)d + Gi(f'(ur) + H(t)Y +GN(p + ) + S(ur)] +
AY —[(1 =) f (ua) + G H®) Y +

(1—G)SW) + (1= )N+ C2¢) + 2V Ve + oA (5.10)

where H(t) is any smooth, strictly negative function satisfying

I+ ifE>1,
H(t){f’(—l) ift<—-1"

Thus, we will have constructed a solution ¢ = (3¢ 4+ 1 to problem (5.2) if
we require that the pair (¢, 1)) satisfies the following coupled system

Ap+ f'(ur)¢ + G (f (ur) —H () + N (1 +¢) +S(ur) = 0 for [t] < g+3
(5.11)

AY 4 [(1 = Gu) f'(ur) + G H(t) | +

(1—G)SW) +(1—C)N® +Co) +2VGV+dAG = 0 in R, (5.12)

In order to find a solution to this system we will first extend equation
(5.11) to entire M, x R in the following manner. Let us set

B(¢) = Cu[Az — Ot — Ay m. | @ (5.13)

where A, is expressed in (y,t) coordinates using expression (3.24) and
B(¢) is understood to be zero for |t + hy| > g + 5. The other terms in
equation (5.11) are simply extended as zero beyond the support of ¢;. Thus
we consider the extension of equation (5.11) given by
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O + Ay, @ +B(8) + f'(w(t))p = —S(u1)

—{[f'(u1) = f'(w)]é + Q(f'(w1) — HE))Y + QN (b + )} in € Mo xR,
(5.14)
where we set, with reference to expression (4.9),

S(ul) = —OzZHAlth + AMhl] w' + a? a?j (26ih08jh1 + 8¢h1ajh1 ) w”

—a* (|A[Ptpg—a;0;ho05ho tah] ) Ahy +Cy [ (t+h)aj; 0;h0hw" + Ry (y, t) ]
(5.15)

and, we recall

Rl = Rl (ya t7 hl(ay)a VMhl(ay))
with

|D1R1 (yv t7 Z:])‘ + |D]R1 (y7 ta Za.])| + |R1 (yv t: Zaj)| < 003(1 +T04(y))74eig|t"
(5.16)

In summary S(u;) coincides with S(u;) if ¢4 = 1 while outside the
support of (4, their parts that are not defined for all ¢ are cut-off.

To solve the resulting system (5.12)-(5.14), we find first solve equation
(5.12) in 1) for a given ¢ a small function in absolute value. Noticing that
the potential [(1 — ¢1)f'(u1) + ¢ H(¢)] is uniformly negative, so that the
linear operator is qualitatively like A — 1 and using contraction mapping
principle, a solution ¢ = ¥(¢) is found according to the following lemma,
whose detailed proof we carry out in §8.1.2.

Lemma 5.1: For all sufficiently small a the following holds. Given ¢ with
|®ll2,pu,0 < 1, there exists a unique solution 1 = ¥(p) of problem (5.12)
such that

)

[¥llx == 1D*®lp,ue + [¥llpus < Ce™ s (5.17)

Besides, U satisfies the Lipschitz condition

(1) — ¥(2)|x < Ce™ % [ dr — dollapuo - (5.18)
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Thus we replace ¢ = ¥(¢) in the first equation (5.11) so that by setting

N(¢) :=B(¢) +[f'(ur) = f'(w)] + Cu(f'(u1) — H(t))¥(8) + 1N (¥(4) + ),

(5.19)
our problem is reduced to finding a solution ¢ to the following nonlinear,
nonlocal problem in M, x R.

Ot + Ayar, @ + f(w)p = —S(uy) —N(¢) in M, x R. (5.20)

Thus, we concentrate in the remaining of the proof in solving equation
(5.20). As we hinted in §4.2, we will find a solution of problem (5.20) by
considering two steps: (1) “Improving the approximation”, roughly solving
for ¢ that eliminates the part of the error that does not contribute to
the “projections” [[S(U1) + N(¢)Jw'(t)dt, which amounts to a nonlinear
problem in ¢, and (2) Adjust h; in such a way that the resulting projection

is actually zero. Let us set up the scheme for step (1) in a precise form.

5.2. Step 2: Eliminating terms not contributing to
projections

Let us consider the problem of finding a function ¢(y,t) such that for a
certain function c(y) defined in M,, we have

O + Ay,Ma¢ = —g(ul) - N(QS) + C(y)w/(t) in M, xR,
/ oy, t)w' (t)dt =0, forall ye M,. (5.21)
R

Solving this problem for ¢ amounts to “eliminating the part of the error
that does not contribute to the projection” in problem (5.20). To justify
this phrase let us consider the associated linear problem in M, x R
att¢ + Ay,Ma¢ + f/(w(t))¢ = g(y7 t) + C(y)w/(t)a fOI‘ a‘u (y7 t) € M(X X R7
/ oy, t)w' (t)dt =0, forall ye M,.
(5.22)

Assuming that the corresponding operations can be carried out, let us
multiply the equation by w’(¢) and integrate in ¢ for fixed y. We find that

Ay / oy, 1) di+ / oy, ) " + f (w)] dt = / g’ +cfy) / w?.
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The left hand side of the above identity is zero and then we find that

 Jp 9y t)w'dt

o) = Jpw'?dt

, (5.23)

hence a ¢ solving problem (5.22). ¢ precisely solves or eliminates the part
of g which does not contribute to the projections in the equation A¢ +
f'(w)¢ = g, namely the same equation with g replaced by g given by

_ fR f(y7 ')w/

Jew”®
The term c¢(y) in problem (5.21) has a similar role, except that we cannot
find it so explicitly.

9(y,t) = g(y,t) w'(t). (5.24)

In order to solve problem (5.21) we need to devise a theory to solve
problem (5.22) where we consider a class of right hand sides g with a quali-
tative behavior similar to that of the error S(u;). As we have seen in (5.15),
typical elements in this error are of the type O((1+174(y)) e~ 1!, so this
is the type of functions g(y,t) that we want to consider. This is actually
the motivation to introduce the norms (5.3), (5.4) and (5.5). We will prove
that problem (5.22) has a unique solution ¢ which respects the size of g
in norm (5.3) up to its second derivatives, namely in the norm (5.5). The
following fact holds.

Proposition 5.1: Giwven p > 3, p > 0 and 0 < o0 < min{o_, 0}, there
exists a constant C' > 0 such that for all sufficiently small « > 0 the
following holds. Given f with ||g||p,u0c < +00, then Problem (5.22) with
c(y) given by (5.23), has a unique solution ¢ with ||¢||co e < +00. This
solution satisfies in addition that

[0ll2.p,1.0 < Cligllppo - (5.25)

We will prove this result in §6 . After Proposition 5.1, solving Problem
(5.21) for a small ¢ is easy using the small Lipschitz character of the terms
involved in the operator N(¢) in (5.19) and contraction mapping principle.
The error term S'(ul) satisfies

[S(u1) + @®Ahyw||pa. < CaP. (5.26)

Using this, and the fact that N(¢) defines a contraction mapping in a ball
center zero and radius O(a?®) in || ||2,p,4,0, Wwe conclude the existence of
a unique small solution ¢ to problem (5.21) whose size is O(a?) for this
norm. This solution ¢ turns out to define an operator in h; ¢ = ®(hy)
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which is Lipschitz in the norms || ||« appearing in condition (5.7). In precise
terms, we have the validity of the following result, whose detailed proof we
postpone for §8.2.

Proposition 5.2: Assumep >3,0< 1 <3,0< o0 <min{o},o_}. There
exists a K > 0 such that problem (8.8) has a unique solution ¢ = ®(hy)
such that

H¢||2,p,u,a < [(Oé3 .

Besides, ® has a Lipschitz dependence on hy satisfying (5.7) in the sense
that

[®(h1) — ®(h2)|l2,pp0 < Ca®|lha — has. (5.27)

5.3. Step 3: Adjusting h, to make the projection zero

In order to conclude the proof of the theorem, we have to carry out the
second step, namely adjusting hj, within a region of the form (5.7) for
suitable K in such a way that the “projections” are identically zero, namely
making zero the function ¢(y) found for the solution ¢ = ®(h1) of problem
(5.21). Using expression (5.23) for ¢(y) we find that

dwéwﬂzégwmdﬁ+AMMMDwﬂt (5.28)

Now, setting c, := f]R w'?dt and using same computation employed to
derive formula (4.6), we find from expression (5.15) that

/g(ul)(y,t) w'(t)dt = —c, a®(Aphy + hi|AP?) + c.0®Gi(hy)
R
where

C*Gl(hl) = 70&2 Ah1(|A|2/tw6w’dtfa?j8ih06jh0 /tl/)iw/dt) +
R R

@ 0;(ho+h1)0;(ho+h1) /€4(t+h)azljw//w/dt+072/C4Rl(y;t7h17VMh1)w/dt
R R

(5.29)
and we recall that R is of size O(a?®) in the sense (5.16). Thus, setting

g@mg:aﬂémmmnwa,G@y:@mg+@mm(mm
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we find that the equation ¢(y) = 0 is equivalent to the problem
j(hl) = Aphy + |A|2h1 = G(hl) in M. (531)

Therefore, we will have proven Theorem 6 if we find a function hy defined
on M satisfying constraint (5.7) for a suitable IC that solves equation (5.31).
Again, this is not so direct since the operator J has a nontrivial bounded
kernel. Rather than solving directly (5.31), we consider first a projected
version of this problem, namely that of finding h; such that for certain
scalars ¢q,...,cy we have

J
Ci A .
)= Gh)+ > —— 2 in M,
J(h1) = G( 1)+i:11+r4z in

2:h .
/M1+T4dvzo, i=1,...J (5.32)

Here %4, ..., 25 is a basis of the vector space of bounded Jacobi fields.

In order to solve problem (5.32) we need a corresponding linear invert-
ibility theory. This leads us to consider the linear problem

J
Ci 4 .
j(h):f‘FZmZ’i in M,
i=1

ik .
/M1+T4dvzo, i=1,...J (5.33)

Here 21, ..., 2y are bounded, linearly independent Jacobi fields, and J is the

dimension of the vector space of bounded Jacobi fields.

We will prove in §7.1 the following result.

Proposition 5.3: Given p > 2 and f with || fl|, ,—
a unique bounded solution h of problem (5.33). Moreover, there ezists a
positive number C = C(p, M) such that

IRl == [[Alloe + | (1 +1y*) Dhllso + 1 D*Alpa-s < Cllfllpaa - (5.34)

> =

1 < 400, there exists
P

Using the fact that G is a small operator of size O(«) uniformly on func-
tions h; satisfying (5.7), Proposition 5.3 and contraction mapping principle
yield the following result, whose detailed proof we carry out in §9.

Proposition 5.4: Given p > 3, there exists a number IC > 0 such that for
all sufficiently small a > 0 there is a unique solution hy of problem (5.32)
that satisfies constraint (5.7).
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5.4. Step 3: Conclusion

At the last step we prove that the constants ¢; found in equation (5.32)
are in reality all zero, without the need of adjusting any further parameters
but rather as a consequence of the natural invariances of the of the full
equation. The key point is to realize what equation has been solved so far.

First we observe the following. For each h; satysfying (5.7), the pair
(¢,¢) with ¢ = ®(hq), v = U(¢), solves the system

DG+ 1)+ Go (1 ()~ H(OYS + QN (0-+0)+8(0) = el (1) for 1] < 43
AY 4 [(1 = G) f"(ur) + GH() |9 +

(1—G)SW) + (1= CG)N@ + (p) +2VGVe+dAG =0 inR?.
Thus setting
o(x) = G(x)d(y, 1) +(x), u=w+op,
we find from formula (5.10) that

Au+ f(u) = Sw+¢) = Ge(y)w'(t) .

On the other hand choosing h; as that given in Proposition 5.4 which solves
problem (5.32), amounts precisely to making

for certain scalars ¢;. In summary, we have found h; satisfying constraint
(5.7) such that

u=w+ G(2)®(h1) + V(P(h1)) (5.35)
solves the equation
J .
Aut f(u) = 5 fM 2 (ay)w' () (5.36)
j=1 o

where ¢ = c,a?c;. Testing equation (5.36) against the generators of the
rigid motions O;u i = 1,2,3, —x201u + x102u, and using the balancing
formula for the minimal surface and the zero average of the numbers §; in
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the definition of hg, we find a system of equations that leads us to ¢; =0
for all 4, thus conclude the proof. We will carry out the details in §10.

In sections §6-10 we will complete the proofs of the intermediate steps
of the program designed in this section.

6. The linearized operator

In this section we will prove Proposition 5.1. At the core of the proof of
the stated a priori estimates is the fact that the one-variable solution w of
(2.1) is nondegenerate in L>(R?) in the sense that the linearized operator

L(¢) = Ay + 0o + f'(w(t)¢, (y.t) € R®=R* xR,
is such that the following property holds.
Lemma 6.1: Let ¢ be a bounded, smooth solution of the problem
L(¢)=0 inR*xR. (6.1)
Then ¢(y,t) = Cw'(t) for some C € R.
Proof: We begin by reviewing some known facts about the one-
dimensional operator Lo(¢)) = ¢ + f'(w)y. Assuming that ¢(¢) and its

derivative decay sufficiently fast as [t| — +oo and defining ¥ (t) = w’(¢)p(¢),
we get that

n2 gl 2 _ _ 2 712
AWI ﬂmwwtiémwww Aflﬂda

therefore this quadratic form is positive unless v is a constant multiple of
w’. Using this and a standard compactness argument we get that there is
a constant y > 0 such that whenever [, ¢w’ =0 with ¢ € H'(R) we have
that

/HWP—fWMPMtZV/HWP+WFMt (6.2)
R R

Now, let ¢ be a bounded solution of equation (6.1). We claim that ¢ has
exponential decay in ¢, uniform in y. Let us consider a small number o > 0
so that for a certain ¢o > 0 and all |¢| > ¢, we have that

f(w) < =202

Let us consider for € > 0 the function

2
9:(t,y) = e W10 4 23 " cosh(oy;)
i=1
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Then for [t| > to we get that
L(gs) <0 if [t] > to.
As a conclusion, using maximum principle, we get
6] < [[8llco g if [t] > to,
and letting € — 0 we then get
6(y, )] < Cllglloce™ " i [t] > to -

Let us observe the following fact: the function

0.0 = o006~ [ w/(€)000:0)dc)

w'(t)
Jrw”®

also satisfies L(¢) = 0 and, in addition,

/ w'(t) d(y,t)dt =0 for all ye R2 (6.3)
R

In view of the above discussion, it turns out that the function

o(y) == /R 5y, 1) dt

is well defined. In fact so are its first and second derivatives by elliptic
regularity of ¢, and differentiation under the integral sign is thus justified.
Now, let us observe that

Ay@(i‘/) :2/RAy¢~5'<5dt+2/R|vy¢~5|2

and hence

o
I

[ @)-6)

(6.4)
1 ~ - -
= 58— [P de = (G = 1)) .

Let us observe that because of relations (6.3) and (6.2), we have that

/R (B2 — F/(w)d ) dt > .

It follows then that

1
3By — 79 20.
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Since ¢ is bounded, from maximum principle we find that ¢ must be iden-
tically equal to zero. But this means

o(y.t) = ( [ w©o0.0 dc) E:/g,l. (6.5)
Then the bounded function
o) = [ we€) 0.0 ¢
satisfies the equation
A,g=0, inR% (6.6)

Liouville’s theorem implies that ¢ = constant and relation (6.5) yields
@(y,t) = Cw'(t) for some C. This concludes the proof. O

6.1. A priori estimates

We shall consider problem (5.22) in a slightly more general form, also in a
domain finite in y-direction. For a large number R > 0 let us set

ME:={y € M, / r(ay) < R}

and consider the variation of Problem (5.22) given by

Ot + Ay ar,d + f(w(t)d = g(y, t) + cly)w'(t) in ME xR,
¢ =0, ondME xR,

. (6.7)
/ oy, t)w'(t)dt =0 forall ye ME

where we allow R = +o00 and

C(y)/Rw’th= —/Rg(yyt) w'dt .

We begin by proving a priori estimates.

Lemma 6.2:

Let us assume that 0 < o < min{o_,o4} and pn > 0. Then there exists a
constant C > 0 such that for all small o and all large R, and every solution
¢ to Problem (6.13) with ||@||co,u,0c < +00 and right hand side g satisfying

lg

lp,u,e < +00 we have

ID?8|lp 0 + 1Dl coopsr + [ Dlloo,se < Cllgllpupuso- (6.8)
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Proof: For the purpose of the a priori estimate, it clearly suffices to con-
sider the case ¢(y) = 0. By local elliptic estimates, it is enough to show
that

||¢H0<>7u70 <Clg Dy, - (6.9)

Let us assume by contradiction that (6.9) does not hold. Then we have
sequences o = a, — 0, R = R, — 00, g, with [|gn|lp,uc — 0, ¢, with
|énlloo,u,c =1 such that

att¢n + Ay,Moﬁbn + f/(w(t))¢n = gn in Mf X Rv
on =0 on@fo}R7

N (6.10)
/ by, t)w'(t)dt =0 forall ye ME.

Then we can find points (y,,t,) € M x R such that

DN | =

e_altnl(l + r(nyn))" |on(Yn, tn)| >

We will consider different possibilities. We may assume that either
To(yn) = O(1) or 74(yn) — +o0.

6.1.1. Case r(any,) bounded.

We have «,y, lies within a bounded subregion of M, so we may assume
that

AnYn — Yo € M.

Assume that o € Yi(U) for one of the local parametrization of M. We
consider ¥, Jo € Uy, With Yy (§5) = anyn, Yi(Jo) = Jo-

On o, 'Yy (Uy), M, is parameterized by Y, (v) = a;, 'Yi(any), v €
a; 1Uy.. Let us consider the local change of variable,

y= @_1% +Yy.

6.1.2. Subcase t,, bounded
Let us assume first that [t,| < C. Then, setting

Gy, 1) == dpla™ §n +y,1),
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the local equation becomes
a?j (S’n + anY)aijﬁgn + O‘nb? (?n + O‘n}’)aqun + attg)n + f/(w(t))ﬁgn = 0n (Y7 t)

where §,,(y,t) := gn(Jn + ay,t). We observe that this expression is valid
for y well-inside the domain o'l which is expanding to entire R2. Since
&y, is bounded, and G, — 0 in L? (R?), we obtain local uniform W?%?-
bound. Hence we may assume, passing to a subsequence, that ¢~>n converges

uniformly in compact subsets of R3 to a function g{)(y, t) that satisfies

al;(§)9i;¢ + 0ud + f'(w(t)$ = 0.

Thus ¢ is non-zero and bounded. After a rotation and stretching of co-
ordinates, the constant coefficient operator ay;(y)d;; becomes Ay. Hence

Lemma 6.1 implies that, necessarily, ¢(y,t) = Cw’(t). On the other hand,
we have

0=/R(;sn(y,t)w'(t)dt—>/Ra>(y,t)w’(t)dt as 1 — .

Hence, necessarily ¢ = 0. But we have (1 + 7(auyn))* |dn (0, t,)| > 1, and
since t,, and r(,y,) were bounded, the local uniform convergence implies

¢ # 0. We have reached a contradiction.

6.1.3. Subcase t,, unbounded

If y,, is in the same range as above, but, say, t,, — 400, the situation is
similar. The variation is that we define now

bn(y,t) = "o (0 gty tatt),  Guly,t) = e g, (an tynty, tatt).

Then ¢, is uniformly bounded, and g, — 0 in L? (R?). Now by, satisfies

loc

a?j (Yn + any) 81]€Z)n + att(gn + anbj (yn + any) 8J¢~Sn

=20 0idn + (f'(w(t +1a) +0%) $n = G
We fall into the limiting situation
aj; 0i;¢ + Oud — 200, — (03 —0?) ¢ =0 inR® (6.11)
where aj; is a positive definite, constant matrix and é # 0. But since, by

hypothesis o3 — o > 0, maximum principle implies that é = 0. We obtain
a contradiction.
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6.1.4. Case r(anyn) = +00.

In this case we may assume that the sequence «,,y,, diverges along one of the
ends, say Mj. Considering now the parametrization associated to the end,
y = ¥x(y), given by (3.1), which inherits that for M, x, v = a;, "t (any).
Thus in this case a?j(grn + any) — 8,4, uniformly in compact subsets of R?.

6.1.5. Subcase t,, bounded
Let us assume first that the sequence t,, is bounded and set
On(y,t) = (L4 7(Fn + y)) dn(ay ' Tn + ¥, tn +1).
Then
0; (T;”én) = —pa r_”_lajrqg + r—“aqu

03 (ratdn) = p(p+1)a’r™#720;10;r¢ — pa’r=*"19;7¢ — par=*19;r0;¢

+7“_‘u8ij(% - /,L(,Y’I“_’u_laﬂ“aj(ﬁ .
Now 0;r = O(1), 0;r = O(r~1), hence we have
0y(ratidn) =" [ 856+ Olar; )| |

Oig(ralidn) = 1" | 956+ O(ar,)0:d + O(a*r;?)3] |
and the equation satisfied by g?)n has therefore the form
Aydn + 0 + 0(1)8ijdn + 0(1) 060 + 0(1) dn + ['(w(t))dn = Gn-
where @, is bounded, g, — 0 in L? (R®). From elliptic estimates, we also

get uniform bounds for [|3;¢n|ee and [|8;;énllp.0.0- In the limit we obtain a
¢ # 0 bounded, solution of

Ayd + Oud + ' (w())d =0, / My.w'(Wyd =0, (612)

a situation which is discarded in the same way as before if ¢ is defined in R3.
There is however, one more possibility which is that r(a,y,) — R, = O(1).
In such a case we would see in the limit equation (6.12) satisfied in a half-
space, which after a rotation in the y-plane can be assumed to be

H={(y,t) eR?*xR /y, <0}, with ¢(y1,0,£) =0 forall (y;,t) € R%
By Schwarz’s reflection, the odd extension of ¢~>, which achieves for yo > 0,

g?)(yl, Yya,t) = fqg(yl, —yo,t), satisfies the same equation, and thus we fall
into one of the previous cases, again finding a contradiction.
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6.1.6. Subcase t,, unbounded

Let us assume now |t,| — 4o00. If ¢, = +00 we define

(gn(y’ t) = (1 +7(Fn + anY))“ ettt ¢n(a;1.‘}n +¥,tn+ t)'

In this case we end up in the limit with a ¢ # 0 bounded and satisfying the
equation

qu; + Opd — 2000 — (ai —02)q~5 =0

either in entire space or in a Half-space under zero boundary condition. This
implies again ¢ = 0, and a contradiction has been reached that finishes the
proof of the a priori estimates.

6.2. FExistence: conclusion of proof of Proposition 5.1

Let us prove now existence. We assume first that g has compact support in
M, x R.

Oud+ Dy, d+ f(w(t)d =gy, t) + c(y)w'(t) in MI xR,

¢ =0, ondIMExR, (6.13)
/ oy, t)w'(t)dt =0 forall ye ME

where we allow R = 400 and

C(y)/Rw’th: —/Rg(yat) w'dt .

Problem (6.13) has a weak formulation which is the following. Let
H={6cH(M" xR) / / Sy, ) w/ () dt =0 forall ye MR},
R

H is a closed subspace of H} (M xR), hence a Hilbert space when endowed
with its natural norm,

61 = [ [ (106 + 19,0 - F(wlt) 6*) dVidt .
ME JR
¢ is then a weak solution of Problem (6.13) if ¢ € H and satisfies

o00) = [ (Va0 Var, — () 60) Vi dt =

—/ gy dVydt forall ¢ € H.
ME xR
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Tt is standard to check that a weak solution of problem (6.13) is also clas-
sical provided that g is regular enough. Let us observe that because of the
orthogonality condition defining H we have that

7/ 2 dV,dt < a(p,) forall ¢ € H.
MEXR

Hence the bilinear form a is coercive in H, and existence of a unique weak
solution follows from Riesz’s theorem. If g is regular and compactly sup-
ported, ¥ is also regular. Local elliptic regularity implies in particular that
¢ is bounded. Since for some ty > 0, the equation satisfied by ¢ is

Ag+ f'(w(t) ¢ = cly)w'(t), [t >to, ye M, (6.14)

and c(y) is bounded, then enlarging tq if necessary, we see that for o <
min{c,,o_}, the function v(y,t) := Ce 71l +-ce?l*l is a positive supersolu-
tion of equation (6.14), for a large enough choice of C' and arbitrary € > 0.
Hence |¢| < Ce= " from maximum principle. Since M is bounded, we
conclude that ||@]|p, .0 < +00. From Lemma 6.2 we obtain that if R is large
enough then

1D2@llp . + 1Dl i + [ Dllow. i < Clglppno (6.15)

Now let us consider Problem (6.13) for R = +o0, allowed above, and for
llgllp.u,c < +oo. Then solving the equation for finite R and suitable com-
pactly supported gr, we generate a sequence of approximations ¢ which
is uniformly controlled in R by the above estimate. If gg is chosen so that
gr — g in LY (My x R) and ||grllp.u.oc < Cllgllp,u0, We obtain that ¢p is
locally uniformly bounded, and by extracting a subsequence, it converges
uniformly locally over compacts to a solution ¢ to the full problem which
respects the estimate (5.25). This concludes the proof of existence, and

hence that of the proposition.

7. Theory of the Jacobi operator

We consider this section the problem of finding a function h such that for
certain constants cq,...,cy,

J

J(h) = Ayh+[APR=f+ 3 2
j=1

Zih .
/ So—0, =1, (7.2)
m1l+r
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and prove the result of Proposition 5.3. We will also deduce the existence of
Jacobi fields of logarithmic growth as in Lemma 4.1. We recall the definition
of the norms || ||,,5 in (5.6).

Outside of a ball of sufficiently large radius Ry, it is natural to pa-
rameterize each end of M, y3 = Fi(y1,y2) using the Euclidean coordi-
nates y = (y1,y2) € R2. The requirement in f on each end amounts to
f e LP(B(0,1/Ry)) where

Fly) = IyI™*f(yI™%y) - (7.3)
Indeed, observe that

Hf”ZZP(B(O,l/RO)) :/
B(0,1/Ry)

In order to prove the proposition we need some a priori estimates.

v £yl "2y) [P dy = / y1“P=D |y dy
R2\B(0,Ro)

Lemma 7.1: Let p > 2. For each Ry > 0 sufficiently large there exists a
constant C' > 0 such that if

[fllp,a—2 + 1Pl Loe (ary < +00
and h solves
Ayh+]APh=f, yeM, |yl >Ry,
then

_4
7]l Loe (1y1>2R0) + | [YPDR|| Lo (g1 >2R0) + | YY" 7 DR\ Loy >2me) <
CllfNpams + NIRllzoero<iyi<3ro) ]-

Proof: Along each end My, of M, Ap; can be expanded in the coordinate
y as
Ay = A+ 0(yI7*)D? + O(|y|~*)D.
A solution of h of equation (7.1) satisfies
Anh+|APR=f, |yl > Ro

for a sufficiently large Ry. Let us consider a Kelvin’s transform

h(y) = h(y/ly|*).
Then we get

Ah(y) = |~ (AR)(y/Iy[*).
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Besides
O(ly|~*)D*h(y)+O(ly|~*)Dh(y) = O(ly| ) D*h(y/Iy*)+O(ly| ) Dh(y/Iy|*) -
Hence

(Barh)(y/Iy12) = IyI* | AR(y) + O(y[)D*h(y) + O(y)) Dh(y)|
Then h satisfies the equation

- - - . 1
Ah+O(ly|)D*h + O(ly)Dh + O(LHh = f(y), 0<ly|< Y
0

where f is given by (7.3). The operator above satisfies maximum principle
in B(0, %0) if Ry is fixed large enough. This, the fact that h is bounded,
and LP-elliptic regularity for p > 2 in two dimensional space imply that

12|l Lo (B(0.1/2R0)) + I DRl L (B(0.1/2R0)) + 1Dl Lo (B(0.1/2R0)) <
C[||f||Lp((B(o,1/Ro)) + ||}NL||L°°(1/3R0<\y|<1/R0)] <

Cl Hf||p,4_% + Hh||L°o(B(RO<|y\<3Ro)) ]

Let us observe that
1Bl Loe (B(0.1/2R0)) = I1Rll Lo (1y1>2R0)

DAl Lo (B(0,1/2R0)) = | 11> DAl Lo (1352 R0) -
Since
ID?h(y)| < C(ly|*ID*h(ly|~y)| + lyI~3IDR(ly| 72y)|)
then
_4 _ > _ _4_ 7 _
yI*~#ID*n(y)| < C(ly|~"?|D*1(|y|>y) + ly|~» DAyl ~>y)I).

Hence

[ winthpay <
ly|>2Ro

c( o |Dh(y)|? dy + ”DiL”Z[),OO(B(O,l/ZRo))/ ly|~*Pdy).
11/2Ro) [y[>2Ro

It follows that

_4
12l Lo (1y1>2R0) + I [FI2 DRIl oo (ty15280) + 1 YI* ™2 DRl 1o(g>2m) <
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CUfllpa—s + 1llLoe(B(Ro<IyI<3R0)) |-

Since this estimate holds at each end, the result of the lemma follows, after
possibly changing slightly the value Ry. a

Lemma 7.2: Under the conditions of Lemma 7.1, assume that h is a
bounded solution of Problem (7.1)-(7.2). Then the a priori estimate (5.34)
holds.

Proof:
Let us observe that this a priori estimate in Lemma 7.1 implies in par-
ticular that the Jacobi fields Z; satisfy

Vii(y) =O0(lyl™?)  as [y| = +oo.

Using 2; as a test function in a ball B(0, p) in M we obtain

/ (hd, 2 — 2:0, %) +/ (Anrzi + |AP2) h =
0B(0,p)

lyl<p

J PN

ZiZj
ffz + E C'/ J .
/|Z/<P j=1 ! M L+t

Since the boundary integral in the above identity is of size O(p~!) we get

J
22
fZi -l-g c-/ =0 (7.4)
/M j=1j m 1t

so that in particular
lejl SClfllpa—a forall j=1,...,J (7.5)
’ P
In order to prove the desired estimate, we assume by contradiction that

there are sequences hy,, fn with [[hy|lec =1 and [ fyl[, 4—s — 0, such that
’ P

C?Z?i
1+t

J
j=1

hnAi .
/ 24:0 forall i=1,...,J.
mM1l+r
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Thus according estimate (7.5), we have that ¢! — 0. From Lemma 7.1 we
find

[AnllLo(y/>2r0) < Clo(1) + [hnllLe=(B(0,3R0))] -
The latter inequality implies that

AnllLo(B(0,3R0)) =7 > 0.

Local elliptic estimates imply a C' bound for h,, on bounded sets. This
implies the presence of a subsequence h,, which we denote the same way
such that h,, — h uniformly on compact subsets of M, where h satisfies

Aph+|APR=0.

h is bounded hence, by the nondegeneracy assumption, it is a linear com-
bination of the functions 2;. Besides h # 0 and satisfies

hz; ,
/ Z4:0 forall ¢=1,...,J.
M 1+'I"

The latter relations imply h = 0, hence a contradiction that proves the
validity of the a priori estimate. O

7.1. Proof of Proposition 5.3

Thanks to Lemma 7.2 it only remains to prove existence of a bounded solu-
tion to problem (7.1)-(7.2). Let f be as in the statement of the proposition.
Let us consider the Hilbert space H of functions h € H} (M) with

I3 = / VAP +
M

1_~_T4|h\2<—|-oo,

1
/ﬁhéi:() forall i=1,...,J.
M1+’I"

Problem (7.1)-(7.2) can be formulated in weak form as that of finding h € H
with

/VhV¢—|A|2h¢:—/ fip forall ¢ € H.
M M

In fact, a weak solution h € H of this problem must be bounded thanks
to elliptic regularity, with the use of Kelvin’s transform in each end for the
control at infinity. Using that |A|?> < Cr~%, Riesz representation theorem
and the fact that H is compactly embedded in L2((1 + r*)~*dV) (which
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follows for instance by inversion at each end), we see that this weak problem
can be written as an equation of the form

h—T(h) =

where T is a compact operator in H and f € H depends linearly on f.
When f = 0, the a priori estimates found yield that necessarily h = 0.
Existence of a solution then follows from Fredholm’s alternative. The proof
is complete.

7.2. Jacobi fields of logarithmic growth. The proof of
Lemma 4.1

We will use the theory developed above to construct Jacobi fields with
logarithmic growth as » — 400, whose existence we stated and use to set
up the initial approximation in Lemma 4.1. One of these Jacobi fields is the
generator of dilations of the surface, zo(y) = y - v(y). We will prove next
that there are another m — 2 linearly independent logarithmically growing
Jacobi fields.

Let us consider an m-tuple of numbers S, ..., 8, with Zj B; =0, and
any smooth function p(y) in M such that on each end M; we have that for
sufficiently large r = r(y),

p(y) = (=1)/B;logr(y), yeM;

for certain numbers 31, . .., 3,, that we will choose later. To prove the result
of Lemma 4.1 we need to find a solution hg of the equation J(hg) = 0 of
the form hg = p + h where h is bounded. This amounts to solving

J(h)==T(p). (7.6)
Let us consider the cylinder Cg = {z € R® / r(z) < R} for a large R. Then

/ J(p) z3dV = J (#3)z3dV + / (2300 — pOnzs) do(y) .
MNChr MnChr dCRNM

Hence
m

Z/ (2300 — pOpz3) do(y) .
8CR0M,~

j=1

/ j(p) Z3dV =
MNCgr

Thus using the graph coordinates on each end, we find

[ gwma -
MNCgr
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> (-1y % / v3do(y) — Bjlog R Orvzdo(y) | + O(R™Y).
j=1 ly|=R ly|=R
We have that, on each end M;,
_ (—1) Y 2 — (-3
vs(y) = = (=D +0077), Orws(y) = 00,

V1+|VE(y)?

Hence we get

/MOCR T(p)dV = 27> B+ O(RY).

Jj=1

It is easy to see, using the graph coordinates that J(p) = O(r—*) and it is
hence integrable. We pass to the limit R — +oo and get

/ J(p)zsdV = 21y B;=0. (7.7)
M =1

We make a similar integration for the remaining bounded Jacobi fields.
For z; = v;(y) i = 1,2 we find

/ J(p) z2dV = Z(—l)j % / vodo(y) — Bjlog R Orvado(y)
MACr = yl=R lyl=R
Now, on M;,
() = ——  (C1)a, %406, Bnly) = 06,
VIF VE(y)P r? o
Hence

J([p)zdV = 0i=1,2.
M

Finally, for z4(y) = (—y2,%1,0) - v(y) we find on M;,

(—1)j2’4(y) = —ygﬁgFj+y181Fj = bj1%—bj2%+0(7"72), 8rz4 = 0(7‘72)

and hence again

/Mj(p)24dV =0.

From the solvability theory developed, we can then find a bounded solution
to the problem

J
J(h)=-T0)+>_aci -
j=1

+O(R™h).
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Since [,, J(p)zidV = 0and hence [,, J(p)z;dV = 0, relations (7.4) imply
that ¢; = 0 for all 7.

We have thus found a bounded solution to equation (7.6) and the proof
is concluded.

Remark 7.3: Observe that, in particular, the explicit Jacobi field zo(y) =
y - v(y) satisfies that

z(y) = (=1)a;jlogr + O(1) for all y € M;

and we have indeed Ej a; = 0. Besides this one, we thus have the presence
of another m — 2 linearly independent Jacobi fields with |z(y)| ~ logr as
r — 400, where m is the number of ends.

These are in reality all Jacobi fields with exact logarithmic growth. In

fact if T(z) =0 and
|2(y)| < Clogr, (7.8)

then the argument in the proof of Lemma 7.1 shows that the Kelvin’s in-
version Z(y) as in the proof of Lemma 7.2 satisfies near the origin AZ = f
where f belongs to any LP near the origin, so it must equal a multiple of
log |y| plus a regular function. It follows that on M; there is a number B;
with

2(y) = (=1)B;logly| + h

where h is smooth and bounded. The computations above force Zj B; = 0.
It follows from Lemma 4.1 that then z must be equal to one of the elements
there predicted plus a bounded Jacobi field. We conclude in particular that
the dimension of the space of Jacobi fields satisfying (7.8) must be at most
m — 14 J, thus recovering a fact stated in Lemma 5.2 of [53].

8. Reducing the gluing system and solving the projected
problem

In this section we prove Lemma 5.1, which reduces the gluing system (5.12)-
(5.14) to solving the nonlocal equation (5.20) and prove Proposition 5.2 on
solving the nonlinear projected problem (5.21), in which the basic element is
linear theory stated in Proposition 5.1. In what follows we refer to notation
and objects introduced in §5.1, §5.2.
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8.1. Reducing the gluing system
Let us consider equation (5.12) in the gluing system (5.12)-(5.14),

Ap=Wo (2)+(1-C) S (W)+(1=C )N (Y +(29)+2V( Vo+dAG = 0 in R

(8.1)
where
Walz) = [(1 =) f (u) + GH()] .
8.1.1. Solving the linear outer problem
We consider first the linear problem
Ay — Wy (z)p +g(r) = 0 in R3 (8.2)

We observe that globally we have 0 < a < W, (z) < b for certain constants
a and b. In fact we can take a = min{o? , 03 } — 7 for arbitrarily small 7 > 0.

We consider for the purpose the norms for 1 < p < +o0,

o - Suﬂg(l +7'(093))”H9HLP(B($,1)), r(z’, x3) = |2'] .
e

lg

Lemma 8.1: Given p > 3, u > 0, there is a C > 0 such that for all
sufficiently small o and any g with ||g||p,, < 400 there exists a unique
solution to Problem (8.2) with ||¥|cc,, < +00. This solution satisfies in

addition,
ID?9llp,pe + 19 lloc,u < Cllgllp,u- (8.3)
Proof:
We claim that the a priori estimate
[¥lloc.s < Cllgllp.p (8.4)

holds for solutions 1 with [|1)||,, < +00 to problem (8.2) with ||g,,,. <
+oo provided that « is small enough. This and local elliptic estimates in
turn implies the validity of (8.3). To see this, let us assume the opposite,
namely the existence «,, — 0, and solutions 1, to equation (8.2) with
1Ynlloc,e = 1, |gnllp,. — 0. Let us consider a point z,, with
1

(1 + r(anmn)) Pn(zn) > )

and define

7[’71(93) = (L+r(an(@n+2) ' Yn(xntx),  gnl(w) = (147 (o (@n+2))" gn (20 +2),
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Wo(x) = Wy (2, + ).

Then, similarly to what was done in the previous section, we check that the
equation satisfied by 1), has the form

Aq;n - Wn(x)qzn + 0(1)V1;n + 0(1)12)71 = gn

1y, is uniformly bounded. Then elliptic estimates imply L°°-bounds for
the gradient and the existence of a subsequence uniformly convergent over
compact subsets of R? to a bounded solution ¢ # 0 to an equation of the
form

AYp—W, ()Y =0 inR>

where 0 < a < W,(z) < b. But maximum principle makes this situation
impossible, hence estimate (8.4) holds.

Now, for existence, let us consider g with ||g||p,, < 400 and a collection
of approximations g, to g with ||gn e, < +00, gn — ¢ in LV (R3) and
gnllp.n < Cllgllp,u- The problem

Al)[)n - Wn(x)wn = Ggn in RS

can be solved since this equation has a positive supersolution of the form
Cn(1+ r(ax))~*, provided that « is sufficiently small, but independently
of n. Let us call ¢, the solution thus found, which satisfies ||t/ |00, < 400.
The a priori estimate shows that

||D2¢n‘|p,u + ||7/}n||oo,u < CHQHP#'

and passing to the local uniform limit up to a subsequence, we get a solution
1) to problem (8.2), with ||¢[|sc,, < +00. The proof is complete. ad

8.1.2. The proof of Lemma 5.1

Let us call ¢ := T(g) the solution of Problem (8.2) predicted by Lemma
8.1. Let us write Problem (8.1) as fixed point problem in the space X of
W2 P-functions ¢ with ||¢]|x < 400,

=T+ K(¥)) (8.5)

where

g1=(1—=C)SwW) + 2VG Vo + oAG, K@) =1 —-CG)N@ + Go) .
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Let us consider a function ¢ defined in M, x R such that ||¢[2,p .0 < 1.
Then,

29V + GAG | < Cem78 (L r(az) " |@]l2pp.0-
We also have that ||S(w)]|p,.0 < Ca®, hence
(1= G)S@)| < Ce™ (L4 r(az)) ™"
and
lgnlp e < Ce™75.
Let consider the set
A= {YeX /vy <Aesy,
for a large number A > 0. Since

| K(¢1) = K(ih2) | < C(1=G) sup [ty + (1 — )2 + G0l |1 — ta ,

te(0,1)

we find that

1K (1) — K(42) [looy < Ce™ |91 — 2 [|oo s

while || K(0)||oo,, < C e~7% . It follows that the right hand side of equation
(8.5) defines a contraction mapping of A, and hence a unique solution ¢ =
U(¢) € A exists, provided that the number A in the definition of A is taken
sufficiently large and ||¢|l2,p,u,c < 1. In addition, it is direct to check the
Lipschitz dependence of ¥ (5.18) on ||¢|l2,p,u,0c < 1.

Thus, we replace replace ¢ = ¥(¢) into the equation (5.14) of the gluing
system (5.12)-(5.14) and get the (nonlocal) problem,

8tt¢ -+ Ay,MaqS = 75("&1) — N((,ZS) n Ma x R (86)
where
N(¢) == B(¢) + [f'(u1) = f/(w)]o + G (f'(ur) — H(t))¥(¢) +GN(¥(9) + ¢),
N1 () N2 () N3(¢)
(8.7)

which is what we concentrate in solving next.
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8.2. Proof of Proposition 5.2

We recall from §5.2 that Proposition 5.2 refers to solving the projected
problem

6tt¢ + Ay,Ma¢ = _S(ul) - N(¢) + c(y)w’(t) in Moc X R7

8.8
/ d(y, t)w' (t)dt =0, forall ye M,, (8.8)
R

and then adjust h; so that ¢(y) = 0. Let ¢ = T(g) be the linear opera-
tor providing the solution in Proposition 5.1. Then Problem (8.8) can be
reformulated as the fixed point problem

¢ = T(=S(u1) = N(9)) = T(9), [6llzppe <1 (8.9)
which is equivalent to
¢ = T(=S(w) +?Ahiw' =N(9)), [dl2ppe <1, (8.10)

since the term added has the form p(y)w’ which thus adds up to c(y)w’.
The reason to absorb this term is that because of assumption (5.7),
a2 Ahy W' || p a0 = O(aS_%) while the remainder has a priori size slightly
smaller, O(a?).

8.2.1. Lipschitz character of N

We will solve Problem (8.10) using contraction mapping principle, so that
we need to give account of a suitable Lipschitz property for the operator
T. We claim the following.

Claim. We have that for a certain constant C' > 0 possibly depending
on K in (5.7) but independent of o > 0, such that for any ¢1, ¢o with

||¢l ||2,p,u,a < Ka3,

IN(61) = N(¢2)lppt1,0 < Calldr — d2ll2ppeo (8.11)
where the operator N is defined in (8.7).

We study the Lipschitz character of the operator N through analyzing
each of its components. Let us start with IV;. This is a second order linear
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operator with coefficients of order « plus a decay of order at least O(r;1).
We recall that B = (, B where in coordinates

B = (f'(w1) = f'(w)) = &®[(t + h1)|A]® + Ay )0, — 20al; 050y +

a(t + h) [a}jﬁij — aagj( c’?jh&t + &hajt) + a(b}@l - abi@lhat) )} +

P (t+ h)?bio; + az[a?j + at + h)a%j) 10;h0;h O (8.12)
where, we recall,

al; =0(r7%), al;=0(3?), b =0037), b}=0("),

flu) = f'(w) = O(e®r %) 9 =0(rY), |AP =0(r,").
We claim that

N1 (o) |p,u+1,o < Call¢ |2,p,u,a~ (8.13)

The only term of Nj(¢) that requires a bit more attention is
a?(Ahy)(ay)dy¢ . We have

/ 02(Ah ) (@2)00P dVi(2) dr <
B((y:t),1)

Ca2pHat¢||L°O(B((y,t),1) (1+7,a(y) )—4p+4 / . \(I-H‘a(z) )4—%(Ah1)(az)‘p |dVa(Z) <
B((y,t),1

C a2 Ahal], e P L+ ra (1) PVl oo o
and hence in particular for p > 3,

_2 _2
l0? (AR ) (@) edllppr2,0 < Ca®77 [l 0]l2,p 00 < C a7 (|6]l2,p,p0,0-

Let us consider now functions ¢; with

||¢l||2,p,u,o <1, = 1,2.

Now, according to Lemma 5.1, we get that

IN2(61) — N2 (62)lpe < Ce |1 — P2lpope - (8.14)

Finally, we also have that

IN3(p1) — N3(g2) | <
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Ca S LW (01)+ 1)+ (1 —1)(U(d2) + P2)| [|f1 — 2| +[¥(¢1) — ¥(e2)l],
€,

hence

[M3(61)—Na(@2)llp2nor < C (11llocnio+92loc,uo +e77) l11=02 | o o

(8.15)
From (8.13), (8.14) and (8.15), inequality (8.11) follows. The proof of the
claim is concluded.

8.2.2. Conclusion of the proof of Proposition 5.2

The first observation is that choosing pu < 3, we get
1S (u1) + @ Ahw'|p e < Cad. (8.16)
Let us assume now that ¢1, ¢ € B, where

Bo ={¢ / 19ll2.pus < Ko’}

where K is a constant to be chosen. Then we observe that for small «
IN(@) lp,pt1,0 < Ca*, forall ¢ € B,

where C' is independent of K. Then, from relations (8.16)-(8.15) we see
that if K is fixed large enough independent of «, then the right hand side
of equation (8.5) defines an operator that applies B, into itself, which is
also a contraction mapping of B, endowed with the norm || ||, .o, provided
that p < 3. We conclude, from contraction mapping principle, the existence
of ¢ as required.

The Lipschitz dependence (5.27) is a consequence of series of lengthy
but straightforward considerations of the Lipschitz character in h; of the
operator in the right hand side of equation (8.5) for the norm || ||, defined
in (5.34). Let us recall expression (8.12) for the operator B, and consider
as an example, two terms that depend linearly on hq:

A(hy,¢) == aa?j 0;jh10:+¢ .
Then

|A(h1,8)| < Ca|0;ha [0 -
Hence

1A(h1, D) lpiv2.o < Cal(1472) Oihnlloc 1956 lpie < Cotllhallc 10ll2p,p.0-
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Similarly, for A(¢, h1) = a®?Aprhy 0;¢ we have
|A(¢,h)| < Ca?|Anrhi(ay)| (1+7a) e b2 0,0
Hence
l0*Aarh1 046 lpprze < O o[l D]z

We should take into account that some terms involve nonlinear, however
mild dependence, in h;. We recall for instance that a}j = a}j (ay, aft +
ho + h1)). Examining the rest of the terms involved we find that the whole
operator N produces a dependence on h; which is Lipschitz with small
constant, and gaining decay in 7,

(1, @) = N(h2, @)llp 1.0 < Ca?llha = halls [0]l2p,p.0- (8.17)

Now, in the error term
R = —8(u1) + o> Ahyw!,
we have that
IR(h1) = R(h2)llp3.0 < C o |[h1 — o - (8.18)
To see this, again we go term by term in expansion (5.15). For instance the
linear term o a?jaihoajhl w”. We have
la® a; 8;ho0jh| < Ca? (1+74) e I |[hy].
so that
lo? af; 8;ho 05|30 < Ca? ||y,

the remaining terms are checked similarly.

Combining estimates (8.17), (8.18) and the fixed point characterization
(8.5) we obtain the desired Lipschitz dependence (5.27) of ®.

This concludes the proof.

9. The reduced problem: proof of Proposition 5.4

In this section we prove Proposition 5.4 based on the linear theory provided
by Proposition 5.3. Thus, we want to solve the problem

J
2 Ci .
J(h1) = Aprhy + hi|A? = G(hy) + ; Tk mM, (9)

/ ME5 20 forall i1,
a1+t
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where the linearly independent Jacobi fields Z; will be chosen in (10.1)
and (10.2) of §8, and G = G + G2 was defined in (5.29), (5.30). We will
use contraction mapping principle to determine the existence of a unique
solution h; for which constraint (5.7), namely

lh1ll« = l|P1llLoo (ar) +H(1+7”2)Dh1||L°°(M)+||D2h1||p,4_§ < Ko, (9.2)
is satisfied after fixing KC sufficiently large.

We need to analyze the size of the operator G, for which the crucial step
is the following estimate.

Lemma 9.1: Let ¥(y,t) be a function defined in M, X R such that
9]

pano = sup "L+ rh) [l Lo (5((y0),1) < +00
(y,6)€ Mo xR

for o, > 0. The function defined in M as

a(y) == / bly /ooty w!(t) dt

satisfies
lgllpa < CllYllpuo (9-3)
provided that
2
nw>—-+a.
p
In particular, for any T > 0,
lgllp2-2— < CllYllp2.0 (9.4)
and
lallp,a-2 < CllPllpao- (9.5)

Proof: We have that for |y| > Ry

/|y|>R0 Iyl /Rw(y/a,t)w (t) dt

Now

/| 0 0PaY = ot / I [y, OIP dVi
y|>Ro

ly|>Ro/ox

p
v < C / () dt / 1 [y /e, D7 dV .
R ly|>Ro

and

/ W [P Ve < 3 i / oy, DIP AV -
ly|>Ro/a i<|y|<i+1

i>[Ro/q]
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Now, i < |y| < ¢+ 1 is contained in O(7) balls with radius one centered at
points of the annulus, hence

/ Wy, P AV < CemoPil=wp s
i<|y|<i+1 ’

< CeoPH|y, / (14 o) #PdV,
i<|y|<i+1

< Ce—op\tlnw

b / | PV,
i<ly|<it+1

< Ce—ap\tlnw‘g Ma‘“pil_“”.
Then we find

—pp+2 cap— pp1
V1 allnyismyy < Ca® P 200llp,, S et
i>[Ro/a]

The sum converges if p > % + a and in this case
1yl yomyy < Ca™ 20— =2 gle = C [y,
so that

Iyl allLeyi>roy < ClYlpu-

Now, for the inner part |y| < Ry in M, the weights play no role. We have

/ (/e )P dV = o2 / oy, P dVi, <
ly|<Ro

|ly|<Ro/c

o« 3 [y, OF dVa < Ca?|lyllf e S0
i<]y|<it1 ,

iSRo/O( iSRo/a

< Cllp e
Hence if p > % + a we finally get

||(I||p,a < CHwnp,u

and the proof of (9.3) is concluded. Letting (u,a) = (2,2 — 1% —-7),(p,a) =
(4,4 — %) respectively in (9.3), we obtain (9.4) and (9.5).
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Let us apply this result to ¥(y, t) = N(®(h1) ) to estimate the size of the
operator G in (5.30). For ¢ = ®(hy) we have that

Galh)) = ;0™ [ W@)(w/at)u’

satisfies

IG2(h)llpa—s < Ca™2[N(@)llpae < Ca®.
On the other hand, we have that, similarly, for ¢; = ®(h;), I = 1, 2,

1G2(h1) = Ga(ha)llpa—s < Ca?[N(¢1, ha) = N(¢2, ha)llp,a.0-
Now,
(b1, h1) = N(61, h2)[pae < Ca?l[ha — ha|ld1llzps.0, < Ca®ha — hall.,
according to inequality (8.17), and
IN(¢1, 1) = N(¢2, h1)llpao < Ca?||61 = b2llps,0 < Calllhy — holls .

We conclude then that

1G2(h1) = Ga(ho)llpa-s < Ca®||hy = hal| .
In addition, we also have that

1G2(0)]4 s < Ca®

for some C' > 0 possibly dependent of K. On the other hand, it is similarly

checked that the remaining small operator G1(h) in (5.29) satisfies
[G1(h1) = Gi(h2)llpa-a < Crallhy — hellx .

P»4—;

A simple but crucial observation we make is that
cxG1(0) = ad;hodjhg /Rg(t—l—ho)a%jw”w’ dt +a =2 /]R ¢4 R1(y,t,0,0)w’ dt
so that for a constant C5 independent of K in (9.2) we have

1G1(0)]lp,4—2 < Crar.

In all we have that the operator G(h) has an O(«) Lipschitz constant, and
in addition satisfies

||G(O) Hp,4—% < 20204.
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Let h = T(g) be the linear operator defined by Proposition 5.3. Then we
consider the problem (9.1) written as the fixed point problem

hi = T(G(h1)), ||h]l« < Kea. (9.6)
We have
IT(G(ha))ll« <ITIHIGO)pa-2 + Callha]ls.

Hence fixing K > 2C3||T||, we find that for all « sufficiently small, the
operator T'G is a contraction mapping of the ball ||h|. < Ko into itself.
We thus have the existence of a unique solution of the fixed problem (9.6),
namely a unique solution h; to problem (9.1) satisfying (9.2) and the proof
of Proposition 5.4 is concluded.

10. Conclusion of the proof of Theorem 6

We denote in what follows

1 A 1
r(r) =1\/a3+ a3, 7= ;(2131,1'2,0), 0= ;(—1‘2,1‘1,0).

We consider the four Jacobi fields associated to rigid motions, 21, ..., 24
introduced in (2.13). Let J be the number of bounded, linearly independent
Jacobi fields of J. By our assumption and the asymptotic expansion of the
ends (2.11), 3 < J < 4. (Note that when M is a catenoid, z4 = 0 and
J = 3.) Let us choose

4
Z; = Zdjlzol,j =1,..,J (10.1)
1=1
be normalized such that
M M
In what follows we fix the function ¢ as
W) = (103)
T Tt '

So far we have built, for certain constants ¢; a solution u of equation
(5.36), namely

J
Au+ f(u) = Z cizi(ay)w' (t)g(ay)Ca
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where u, defined in (5.35) satisfies the following properties
w(x) =w(t) + ¢(y,t) (10.4)
near the manifold, meaning this z = y + (¢ + h(ay) ) v(ay) with
y € M,, |t|< g + vlog(2 + r(ay)).
The function ¢ satisfies in this region the estimate

1
< Ca?—F e, 10.
|p| + [Vo| < Ca T+ 2(ap) (10.5)

Moreover, we have the validity of the global estimate

C 5

<~ U
V()] < 1 +r3(cmc)€

We introduce the functions
Zi(x) = Op,u(x), 1=1,2,3, Zy(r) = —aweds,u + axi0z,u .

From the expansion (10.4) we see that

Vu(z) = w'(t) Vt + V.

Now, t = z — h(ay) where z designates normal coordinate to M,. Since
Vz =v =v(ay) we then get

Vit =v(ay) — aVh(ay).

Let us recall that h satisfies h = (—1)¥3; logr + O(1) along the k-th end,
and

T
FI"OHl eS‘imate (105) we we ﬁnd ‘ha‘

Vu(z) = w' (t)(v — a(-1)

Zi(z) = w'(t) (zi(oy) —a(=1)* i) +0(ar;2e 01, i =1,2,3, (10.7)

Zy(x) = w'(t) z0a(ey) + Oar; te=lH), (10.8)
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Using the characterization (5.36) of the solution u and barriers (in exactly
the same way as in Lemma ?7? below which estimates eigenfunctions of the
linearized operator), we find the following estimate for r,(x) > Rp:
m
Vu(@)| < €Y emoles—a™ Frlea)4sialoglaa’ ] (10.9)
k=1

We claim that
/ (Au+ f(u)Zi(z)dz =0 forall i—1,....4 (10.10)
RS

so that
J
Zéj/ q(ax)z;(ay)w' () Z;(z) Godz = 0 forall i=1,...,4. (10.11)
=1 IR

Let us accept this fact for the moment. Let us observe that from estimates
(10.7) and (10.8),

oo

w'(t)2dt / q2;z;dV+o(1)
M

—00

a? /RS q(azx)zj(ay)w'(t) ; duZy(z) (o dr = /

with o(1) is small with «. Since the functions Z; are linearly independent on
any open set because they solve an homogeneous elliptic PDE, we conclude
that the matrix with the above coefficients is invertible. Hence from (10.11)
and (10.2), all ¢;’s are necessarily zero. We have thus found a solution to
the Allen Cahn equation (2.1) with the properties required in Theorem 6.

It remains to prove identities (10.10). The idea is to use the invariance
of A + f(u) under rigid translations and rotations. This type of Pohozaev
identity argument has been used in a number of places, see for instance
[31].

In order to prove that the identity (10.10) holds for i = 3, we consider
a large number R >> é and the infinite cylinder

Cr={x [ 23+ 23 < R?*}.

Since in Cr the quantities involved in the integration approach zero at
exponential rate as |x3z| — +o0o uniformly in (21, z2), we have that

/ (Au + f(u))Opu — Vu 7 Opu = / Oy (F(u) — 1|Vu|2) =0.
Cr 9CR Cr 2
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We claim that
lim Vu -7 Ogu = 0.
R—+o0 aCr

Using estimate (10.6) we have that near the manifold,

DaguVu(w) - # = w! (t)2((v a<—1>k%m s + Ofae~ 1 L),

Let us consider the k-th end, which for large r is expanded as
73 = Fjo(21,72) = a Haglogar + b, + O(r™1))
so that

(~1)kv =

1 ai T 9
—— (VFio,—1)= —— —e3 + O(r™%). (10.12
e (Ve D= e+ 007 (1012)
Then on the portion of Cg near this end we have that

(V—a(—l)kf—kf) Py = —a_lw +O(R™?). (10.13)

In addition, also, for 2% + 22 = R? we have the expansion
t = (23 — Fy.o(z1,22) — Brlogar + O(1))(1 + O(R™?))

with the same order valid after differentiation in x3, uniformly in such
(z1,22). Let us choose p = vlog R for a large, fixed . Observe that on
0Cpg the distance between ends is greater than 2p whenever « is sufficiently
small. We get,

Fi, o (z1,22)+Bk log ar+p oo
/ w' (t)?des = / w'(t)?dt + O(R™?).

Fy,o(x1,22)4+ Bk logar—p —00

Because of estimate (10.9) we conclude, fixing appropriately ~, that
/ OrsuVu(z) - 7 dry = O(R™?).
Ne{lz3—Fr,o|>p}

As a conclusion

o] . 1 m 00 ) Ly
/_oO Oz uVu - 7 drg = R ;(ak + afb) /_OO w'(t)*dt + O(R™?)
and hence
2 m
/ DpyuVu(z) -7 = — > (an+afy) + ORTY).
9Cr * =
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But > 0", ar = Y pey B = 0 and hence (10.10) for i = 3 follows after
letting R — oc.

Let us prove the identity for ¢ = 2. We need to carry out now the
integration against 0,,u. In this case we get

1
/ (Au + f(u))0p,u = / Vu -7 0y,u +/ Oz, (F(u) — =|Vul?).
Cr aCk Cr 2
We have that
1 1
[ on(F@ = 5IvuP) = [ (P 5Vl e
Cr 8Ch
where ny = x2/r. Now, near the ends estimate (10.6) yields
1
[Vul? = u'(t)]* + 0(67"“'772)
and arguing as before, we get

/ IV |2dzs :m/ ! (4)|2dt + O(R™2).

—00

Hence

/ |Vu|?ny = m/ |w’ (t)|dt / no +O(R™Y).
OCRr — 00 [r=R]

Since f[T: g2 = 0 we conclude that

lim |Vul?ng = 0.
R—+o0 aCr
In a similar way we get
lim F(u)ng = 0.
R—+o0 8Cr

Since near the ends we have
Oyu = w'(8) (v — a(_l)kflf%) + O(ar=2e7M)

and from (10.12) v, = O(R™!), completing the computation as previously
done yields

Vu - 7 0yyu = O(R™Y).
dCr
As a conclusion of the previous estimates, letting R — +oo we finally find
the validity of (10.10) for ¢ = 2. Of course the same argument holds for
i=1.



July 10, 2015 Lecture Note Series, IMS, NUS — Review Vol. 9in x 6in introductiontoreductionmethod-3-15
page 92

92 M. DEL PINO and J. WEI

Finally, for ¢ = 4 it is convenient to compute the integral over Cr using
cylindrical coordinates. Let us write v = u(r, 6, z). Then

/ (Au + f(u)) (2202, u — x10,,u) =
Cr
2w R 0o
/ / / [z, + 77 (ruy )y 4 f(u)|ugrdddrdz =
0 0 —0o0

1 m R > [ee] 27
-3 / / / Oy [uﬁ—&—uf—QF(u)} rdfdrdz +R/ / urug(R,0,2)d0dz =
0 0 - —o0 J0

0—|—/ Urly -
OCRr

On the other hand, on the portion of dCg near the ends we have
Ur U = w/(t)QR(V . 'f‘)(l/ . QA) + O(R72e—a|t‘).
From (10.12) we find

(v-#)(v-0) =O0(R™?),
hence
Uy Uy = w’(t)zO(R*Q) + O(R*Qefam)

and finally

/ uyup = O(R™1).
Gle

Letting R — 400 we obtain relation (10.10) for ¢ = 4. The proof is con-
cluded.

Acknowledgments: We thank Professors M. Kowalczyk and F. Pacard
for useful discussions.
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