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ABSTRACT. We construct finite time blow-up solutions to the 2-dimensional harmonic map flow into the
sphere S2,

wt = Au+ |Vul?u  in Q x (0,7T)

u=¢ ondQx(0,T)

u(-,0) =uo in Q,

where Q is a bounded, smooth domain in R%, u : Q x (0,T) — S2?, up : @ — S? is smooth, and
= uo{aﬂ. Given any k points q1, ..., g, in the domain, we find initial and boundary data so that the
solution blows-up precisely at those points. The profile around each point is close to an asymptotically
singular scaling of a 1-corrotational harmonic map. We build a continuation after blow-up as a H!-weak
solution with a finite number of discontinuities in space-time by “reverse bubbling”, which preserves the
homotopy class of the solution after blow-up. Furthermore, we prove the codimension one stability of
the one point blow-up phenomenon.

1. INTRODUCTION AND MAIN RESULT

Let © be a bounded domain in R? with smooth boundary 9€). We denote by S? the standard 2-sphere.
We consider the harmonic map flow for maps from € into S2, given by the semilinear parabolic equation

up = Au+ [Vul*u  in Q x (0,7) (1.1)
u=¢ ondx(0,T) (1.2)
u(+,0) =wup in Q (1.3)

for a function u : © x [0,T) — S2. Here ug : @ — S? is a given smooth map and ¢ = wug|,,,. Local
existence and uniqueness of a classical solution follows from the works [5, 13, 30]. Equation (1.1) formally
corresponds to the negative L2-gradient flow for the Dirichlet energy fQ |Vu|?dz. This energy is decreasing

along smooth solutions u(zx, t):
9 2 2
= P2 =— L2
5 [ IV == [ jutn)

Struwe [30] established the existence of an H!-weak solution, where just for a finite number of points
in space-time loss of regularity occurs. This solution is unique within the class of weak solutions with
decreasing energy, see Freire [14] and also Lin-Wang [19] for another proof.

If T' > 0 designates the first instant at which smoothness is lost, we must have
IVu(-,t)loo = +o0 as t1T.

Several works have clarified the possible blow-up profiles as ¢t T 1T". The following fact follows from results
by Ding-Tian [12], Lin-Wang [17], Qing [23], Qing-Tian [24], Struwe [30], Topping [32] and Wang [35]:

Along a sequence t, — T and points g1, ..., qr € £, not necessarily distinct, u(z,t,) blow-up occurs
at exactly those k points in the form of bubbling. More precisely, under some technical assumptions we
have

k v
ulz, tn) — us(@) = > _[U; ( % ) —Ui(00)] = 0 in HY(Q) (1.4)

i=1
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where u, € H*(Q), ¢* — g, 0 < A\ — 0, satisfy for i # j,
NNl —gP
AR AFAY

3

— +00.

The U;’s are entire, finite energy harmonic maps, namely solutions U : R? — S? of the equation
AU+ |VURU =0 in R, /|VUF<+®.
R2

After stereographic projection, U lifts to a smooth map in S2, so that its value U(oo) is well-defined.
It is known that U is in correspondence with a complex rational function or its conjugate. Its energy
corresponds to the absolute value of the degree of that map times the area of the unit sphere, and hence

/ |VU]* = 4mm, m €N, (1.5)
R2

see Topping [32].
In particular, u(-,t,) — u, in H*(Q) and for some positive integers m;, we have
k
IVu(tn)]? = [Vua>+ ) drm, 6, (1.6)
i=1
in the measures sense, were d, denotes the unit Dirac mass at g.

1
2

Topping [33] estimated the blow-up rates as A = o((T — ¢,,)2) (also valid for more general targets),
a fact that tells that the blow-up is of “type II”, namely it does not occur at a self-similar rate.

A decomposition similar to (1.4) holds if blow-up occurs in infinite time, 7' = +oo. In such a case
one has the additional information that u, is a harmonic map, and the convergence in (1.4) also holds
uniformly in © (the latter is called the “no-neck property”), see Qing and Tian [24]. Finer properties of
the bubble-decomposition have been found by Topping [32].

A least energy entire, non-trivial harmonic map is given by

1 21’ 2
Wx)= —— R 1.7
@ = 15727 (o 1)+ 7R (1.7
which satisfies
0
/|VW|2:47T, W)= |0
R2 1

Very few examples are known of solutions, which exhibit the singularity formation phenomenon (1.6),
and all of them concern single-point blow-up in radially symmetric corrotational classes. When (Q is a
disk or the entire space, a 1-corrotational solution of (1.1) is one of the form

i0

w(a,t) = <6 sinv(r, ”), = re'. (1.8)

cos v(r, t)

Within this class, (1.1) reduces to the scalar, radially symmetric problem

V. sin v cosv

vt:vw—f——r—iz. (1.9)

r r

We observe that the function
w(r) = — 2arctan(r)

is a steady state of (1.9) which corresponds precisely to the harmonic map W in (1.7). Indeed,

W“@::CWﬁanD.

cos w(r)

Chang, Ding and Ye [6] found the first example of a blow-up solution of problem (1.1)-(1.3) (which was
previously conjectured not to exist). They obtained the result in the 1-corrotational class in a disk D by
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finding appropriate sub-super solutions to (1.9). Assuming that the initial energy satisfies | 1 Vuo |2 < 8,
the decomposition (1.4) implies that

u(z, t) = W(ﬁ) +u, + o(1), (1.10)

with u, € H', o(1) = 0 in H'-norm, and 0 < A\(t) — 0 ast — T. No information on the precise blow-up

rate A(f) is obtained. Angenent, Hulshof and Matano [1] estimated the blow-up rate of 1-corrotational

maps as A(t) = o(T —t). Using matched asymptotics formal analysis for problem (1.9), van den Berg,

Hulshof and King [3] demonstrated that this rate for 1-corrotational maps should generically be given by

T—-1
M)~ k—————
O = a0

for some k > 0. Raphael and Schweyer [27] succeeded to rigorously construct an entire 1-corrotational
solution with this blow-up rate.

(1.11)

In this paper we deal with the general, nonsymmetric case in (1.1)-(1.3). Our first result asserts
that for any given finite set of points of {2 and suitable initial and boundary values, a solution with a
simultaneous blow-up at those points exists, with a profile resembling a translation and rotation of that
in (1.10) around each bubbling point.

To state our result, we observe that the functions

Uraalo) = QW (132)

with A > 0, ¢ € R? and @ an orthogonal matrix in R? do solve problem (1.5), and all share the least
energy property:

/R2 |VU)\7q’Q|2 =A4r.

Let us consider the a-rotation matrix around the third axis given by

cosa —sina 0 0 -1 0
e’ = |sina cosa O, J=1|1 0 0
0 0 1 0 0 0

In all what follows, we consider problem (1.1)-(1.3) with the boundary condition (1.2) given by the
constant

o(z) = es. (1.12)
Here and in what follows we denote
1 0 0
e = 0 s €y = 1 , €z = 0. (113)
0 0 1

The constant boundary value eg precisely corresponds to W (co) where W is the standard 1-corrotational
harmonic map (1.7). This choice is made for convenience, in fact any sufficiently small perturbation of
it is also admissible. In the radial 1-corrotational equation (1.9), this boundary condition in the disk
Q = D(0,R) simply corresponds to v(R,t) = 0. All results below do apply to a boundary condition
which slightly perturbs (1.12), or in the case of entire space R? where this value is set as a condition at
infinity.

Theorem 1. Given points ¢ = (q1,...,qx) € QF and any sufficiently small T > 0, there exist ug such
the solution ug(z,t) of problem (1.1)-(1.3), for ¢ given by (1.12), blows-up at exactly those k points as
t 1 T. More precisely, there exist numbers k} > 0, o and a function u, € H'(Q) N C(Q) such that

i

k
uq(x,t)—u*(x)—Ze‘]af[W<$;qi)—W(oo)} — 0 as t1T, (1.14)
j=1
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in the H' and uniform senses in £ where

Tt
Mi(t) = wi o e (L el t1 7. 1.15
(t) K”\log(T—t)\?( +0o(1)) as t1 (1.15)
In particular, we have
k
Vu(-, t)> = |Vu, | +47r25qj as t1T.
j=1

The blow-up solution we constructed in Theorem 1 has no necks. By the results of Qing-Tian [24],
(see also Lin-Wang [17, 18]), this follows from the directly checked fact that the L? norm of the tension
field 7 := wu; is bounded as t T T. Our construction suggests that no necks should be present in planar
solutions with isolated least energy blow-up points.

In the next result we analyze the stability of the solutions constructed in Theorem 1. We recall
that in the 1-corrotational class in a disc, Chang-Ding-Ye [6] provided robust conditions on initial and
boundary data that guarantee finite time blow-up. Raphael-Schweyer [27] established stability within
the 1-corrotational class in entire space for a solution blowing-up with the rate (1.11). Merle-Raphael-
Rodnianski [22] and Raphael-Schweyer [27] conjectured instability outside the 1-corrotational class. Van
der Berg and Williams [4] provided formal and numerical evidence that blow-up may indeed be destroyed
by small non-radial perturbations of a 1-corrotational singularity.

Our proof of Theorem 1 yields codimension-one stability of the predicted blow-up phenomenon in the
case of a single blow-up point when no symmetries are assumed. The meaning of this form of stability is
as follows:

Theorem 2. Let u(x,t) be the solution predicted in Theorem 1 of the problem (1.1)-(1.3) that blows-up
at a point g € Q and a time T > 0. Then there exists a C* manifold M in C1(, S?) with codimension
one that contains ug such that for any ty € M close to ug, the solution u(x,t) of problem (1.1)-(1.3)
with initial datum Gy blows-up at a point G € Q and a time T which are close respectively to ¢ and T.

We discuss the general reason for the codimension-1 stability in Remark 2.1 in §2. The generalization
of the previous theorem to the solution with & blow-up points of Theorem 1 is that there is a manifold in
C" of codimension 2k — 1 of initial data that leads to k distinct blow-up points at a time T simultaneously

The solutions in Theorems 1 are classical in [0,7"). Our next result concerns the continuation of the
solution after blow-up. As we have mentioned Struwe [30] defined a global H!'-weak solution of (1.1)-
(1.3). Struwe’s solution is obtained by just dropping the bubbles appearing at the blow-up time and
then restarting the flow. The energy has jumps at each blow-up time generated by this procedure and it
is decreasing. Decreasing energy suffices for uniqueness of the weak solution, as proven in [14, 19]. On
the other hand the bubble-dropping procedure modifies in time the topology of the image of the solution
map. Topping [33] showed a different way to construct a continuation after blow up in the symmetric
1-corrotational class. The solution in [6] is continued after blow-up by attaching a bubble with opposite
orientation, which unfolds continuously the energy. The solution referred to is a reverse bubbling solution.
As emphasized in [33], this continuation has the advantage that, unlike Struwe’s solution, it preserves the
homotopy class of the map after blow-up. Formal asymptotic rates for 1-corrotational reverse bubbling
were found in [3]. In [2] other forms of continuation of radial solutions were found.

We establish that Topping’s continuation can be made without symmetry assumptions, with exact
asymptotics, for the solution in Theorem 1. We define the bubble w with reverse orientation to that of

W as
W) = e/ W(z) ! (leﬁf 1) - (‘ewsmw(’”)) (1.16)

14 |22 cos w(r)
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Theorem 3. Let u,(z,t) be the solution in Theorem 1. Then u, can be continued as an H'-weak solution
in Qx(0,T+0), which is continuous except at the points (q;, T), with the property that, besides expansion
(1.14), we have ug(x,T) = u.(z)

uq(x,t)—u*(x)—ZeJaf[W(x/\i_(gi)—W(oo)} — 0 as tl]T,

j=1

in the H' and uniform senses in €0, where

., t-=T
MO =M gD

We observe that the energy in this continuation fails to be decreasing: it has a jump exactly at time
T and it goes back to its previous level immediately after.

(1.17)

We consider a question related to Theorem 3 treated in the 1-corrotational symmetric class in [33] and
in [2]: the occurrence of perfectly smooth solutions which spontaneously develop a singularity in finite
time by the addition of an infinitely concentrated bubble which instantaneously raises the energy in a
multiple of 4. We find that the typical rate for this backward bubbling is )\(t) of order H%TTH rather

og(
than (1.17). This was formally derived in [3].

Theorem 4. Given points qi,...,q: in Q and any sufficiently small T > 0 there exists an H'-weak
solution u(z,t) of problem (1.1)-(1.3) in Q x (0,T + 6) which is continuous except at the points (q;,T), it
is smooth in Q x (0,T] and has spontaneous reverse bubbling at the points q; in the form

k
u(m,t)—u(m,T)—Z[W(x)\;t(‘)h>—W(oo)] —- 0 as tlT,

Jj=1
in the H' and uniform senses in ), where for some positive numbers x;
t—T

MO gl D]

(1.18)

Before proceeding into the proof we make some further comments. It is plausible that the solutions
of the form described in Theorem 1 represent a form of “generic” bubbling phenomena for the two-
dimensional harmonic map flow. For instance, it is reasonable to think that the limits along any sequence
should have the same elements in the bubble decomposition. On the other hand, evidence in the literature
suggests that typically only simple blow-up is present, having as a profile scalings of the 1-corrotational
maps W and W. Higher degree maps are represented by the d-corrotational symmetry class, d > 1,

dif o
e sinw(r, t) 0
u(z,t) = < cosv(r, 1) ) , x=re"’.

Steady states in this class correspond to scalings of v = wg(r) = 7 — 2arctan(r?). It turns out that
blow-up is not present in this class for d > 4. See Guan-Gustafson-Tsai [15]. It is conjectured that no
blow-up exists also for d = 2,3. This essentially discards higher degree blow-up. On the other hand, no
multiple blow-up (bubble trees) in the 1-corrotational class exists. See Van der Hout [34]. Infinite time
multiple bubbling was found by Topping [32] in a target different from S2. Bubbling rates faster than
(1.15) do exist in the 1-corrotational case, but they are not stable, see Raphaél and Schweyer [28]. Many
other results on bubbling phenomena, and regularity for harmonic maps and the harmonic map flow are
available in the literature, we refer the reader to the book by Lin and Wang [20].

In bubbling phenomena in this and related problems very little is known in nonradial situations.
The method in [27, 28], was successfully applied to very related blow-up phenomena in dispersive equa-
tions in symmetric classes. See for instance Rodnianski-Sterbenz [29] Merle-Raphaél-Rodnianski [22],
Raphaél[25], Raphaél-Rodnianski [26]. Our results share a flavor with finite time multiple blow-up in
the subcritical semilinear heat equation, as in the results by Merle and Zaag [21]. Bubbling associated
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to the critical exponent has been recently studied in [9, 8]. Our approach is parabolic in nature. It is
based on the construction of a good approximation and then linearizing inner and outer problems. An
appropriate inverse for the inner equation is then found (which works well if the parameters of the prob-
lems are suitably adjusted) which makes it possible the application of fixed point arguments. The general
approach, which we call inner-outer gluing, has already been applied to various singular perturbation
elliptic problems, see for instance [11, 10]. A major difficulty we have to overcome is the coupled nonlocal
ODE satisfied by the scaling and rotation parameter. We now explain in more details below.

2. THE 1-CORROTATIONAL HARMONIC MAPS AND THE ANSATZ FOR A BLOWING-UP SOLUTION
The harmonic map equation for functions U : R? — S? is the elliptic problem
AU+ |VUPU =0 inR?, |U|=1. (2.1)

For £ € R?, w € R, A > 0, we consider the family of solutions of (2.1) given by the following 1-corrotational
harmonic maps
g

Unew(@) =QuW(y), y= x%

where W (y) is the canonical 1-corrotational harmonic map

1 2y 2
W(y) - 1+|y|2 <|y|2_1)7 yER,
and @, is the w-rotation matrix
cosw —sinw 0
Q= |sinw cosw 0
0 0 1

Our purpose is to build a smooth blowing-up solution u : Q x [0, T') — S? of the problem
up = Au+ |VulPu  in Q x (0,7T)
u=-eg ondQx(0,T) (2.2)
u(-,0) =wup in Q.
In order to keep the notation to a minimum, we shall do this in the case & = 1 of a single given
bubbling point ¢ € ). The changes needed for the general case of Theorem 1 are minor. More precisely

for any sufficiently small number 7' > 0 we look for an initial datum wug such that the solution u(z,t) of
problem (2.2) looks at main order like

Uz, t) := Uxp),et)w(t) (@) = Quiy W(y), yv=——~—

for certain functions £(¢), A(t) and w(t) of class C1([0, T]) such that
§T)=q, MT)=0.
We shall find values for these functions so that for a small remainder v(z,t) we have that v = U + v
solves (2.2). The condition |U + v| = 1 tells us that u can be written as
u(z,t) =U +Uyre+ alyre)U, (2.4)

where ¢ is a small function with values into R® and we denote

Hyrpi=9—(p-U)U, a():=1-[>—1.
The term a(Il;1 ) has a quadratic size in ¢ so it is of smaller order. We choose to decompose the
remainder ¢(x,t) in (2.4) as the addition of an “outer” part, better expressed in the global variable «,
and an “inner” part which supported near the singularity and it is naturally expressed as function of the
slow variable y. More precisely, we let

(2.3)

o(x,t) = " (z,t) + " (y, 1), y=">> (2.5)
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where _
"y, t) = nrw) YY) Quid(y,t), é(y.t)-W(y) =0
lyl

and ng(y) :=1n (f) with 7(s) a smooth cut-off function so that

() 1 fors<1,
S) =
K 0 fors>2.

The function ¢(y, t) is defined for |y| < 3R(t) where R(t) — +o0 and A(t)R(t) — 0 as t — T. With these
definitions we see that II;; 1" = pi".
We choose to the decompose the outer part ¢°“!(z,t) in (2.5) as
O (z,t) = ®Ow, N, €]+ Z*(x,t) + p(x,t), (2.6)

where ®° and + Z*(z,t) are explicit functions chosen as follows: ®°[w, A, ¢] is a function (which will be
precisely described in the next section) that at main order eliminates the largest slow-decaying part of the
error of approximation Uy in (2.2). Writing p(t) := A(¢)e™(®) and using polar coordinates x = &(t) +re®,
we require

: 6
at(I)O _ AI(I)O ~ 2 |:p(t())€ :| ~ Ut.
T

On the other hand, we let Z* : Q x (0,00) — R3 satisfy
ZF =AZ" in Qx (0,00),
Z*(-,t)=0 1in 0Q x (0, 00), (2.7)
Z*(-,0) = Z; in Q,
where
%w—ﬁﬁm,%m—%m+%m> (2.8)
03
is a small, sufficiently regular function essentially satisfying
Zy(q) =0, divzi(q) +icurl 25(q) # 0.
In summary, we make the ansatz
u="U+v, v=Iy (2w A\E+2Z"+v¢) + nrQué + alU (2.9)

for a blowing-up solution u(x,t) of (2.2), where ® and ¢ are lower order corrections. Our task is to
find functions w(t), A(¢),£(¢), ¥(x,t) and ¢(y,t) as described above, such that the remainder v remains
uniformly small.

We will define a system of equations that we call the inner-outer gluing system, essentially of the form

{A%t:LWM + Hlp,&,9, 0], ¢-W =0 inR?x(0,7)

2.10
Yo = Atb + Glps 6,1, in © x (0,7) (2.10)

where

LW[¢] = Ay¢ + |vyW|2¢ + Q(Vyd) ’ VyW)VV, ¢-W=0
is the linearized operator for equation (2.1) around U = W, so that if the pair of functions (¢(y, t), ¥ (x,t))
solves it then u given by (2.9) is a solution of (2.2). The point is to adjust the parameter functions w, A, £
such that the inner problem can be solved for ¢(y,t) which decays as |y| — oo. To fix the idea, let us
consider the approximate elliptic equation, where time is regarded just as a parameter,

Lw(¢] + H[p,£,0,00=0 in R?

As we will discuss, a space-decaying solution ¢(y,t) to this problem exists if a set of orthogonality
conditions of the form

Hp,£,0,0](y,t) Z(y)dy =0 forall ZeZ (2.11)
R2
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where Z is a 4-dimensional space constituted by decaying functions Z(y) with Ly [Z] = 0. These
solvability conditions lead to an essentially explicit system of equations for the parameter functions
which will tell us in particular that for some small ¢ > 0

— —(div * 7 curl z* w o) T
pl#) = ~(divzj(a) + e =5(0) 225 T 21+ O log TI47)), o.12)

£(t) =q+O((T - 1)),
and we recall that we are consistently asking div z§(q) + icurl 2§ (q) # 0.

Remark 2.1. In the case of blow-up at a single point, our codimension-1 stability result is directly
connected to the solvability conditions (2.11). Indeed, the solution we construct depends at main order
on four parameters functions: a scaling A(t) > 0, a rotation angle w(t) € R, and the concentration point
&(t) € Q, see formula (2.3). The presence of decaying functions in the kernel of the operator Ly, limits the
decay of solutions to the inner linearized evolution. Too slow decay could make the contribution to the
error in the remote regime too large. Sufficient decay in the linearized evolution can only be achieved if
the right hand side satisfies four solvability conditions at all times ¢ € [0,T"). These are conditions (2.11),
which translate into a system of integro-differential equations for A(t), w(t), £(t). For £(¢) the equation
is almost a first order ODE, which imposes a constraint between £(0) and £(7). The equations for A(t)
and w(t) are better expressed for the combined quantity p(t) = \(t)e™(®). It is an integro-differential
equation, whose solution has the expansion (2.12). This relation evaluated at time ¢ = 0 says that
A0)e™©) = —(div 2 (q) + i curl 2 (q))@(l + O(|log T|~1*)). Considering z as fixed, this equation
links A(0) with 7" and determines w(0) uniquely in [0,27). In other words in the initial condition we
lose the freedom to choose w(0). We also loose the freedom of choosing A(0) if T was fixed, but this is
recovered by letting T' vary. In the 1-corrotational case, the symmetries imply that curl z5(0) = 0 and
w = 0, and therefore there is no loss of stability in this situation. The argument above considers z; as
fixed, but the analysis with all variables taken into consideration is detailed in § 10.

Remark 2.2. Let us explain why the numbers div 2§ (¢) and curl z§(¢) appear in expression (2.12). Let
us restrict the analysis to the 1-corrotational ansatz (1.8) so that the harmonic map flow reduces to (1.9).
We look for a solution that approximately looks like the superposition of a bubble (2.3) with &(t) = 0,
w(t) = 0 perturbed by (2.6) consisting only of a term Z* of the form

Z*(r,t) = {ewf ér’ t)}

with f satisfying O, f = 0. f + %ﬁr f- %2 f and f(0,t) = 0, namely we propose an approximate solution
v(r,t) = w(x)+ f(r,t) of (1.9). With the notation (2.8), we have that div z5(0) = 20, f(0,0), curl z5(0) =
0. Expanding f(r,t) = 0, f(0,0)r we get that
sin(2v) A luw, r

oz T PUPN TN p
Imposing that the right hand side above is L?-orthogonal to the kernel of the linearized equation in a
ball of radius /T — t suggests that

-0 + Av —

|log(T — t)|A(t) ~ ¢fr(0,0),

for a positive universal constant c. This derivation is not correct because significant boundary terms
appear in the integration. This issue is solved by the addition of the nonlocal term ®°. On the other
hand, this suggests the role played by div z{(0) in the expression for A. The term curl z§(0) appears when
we introduce the rotation angle w, which is needed outside the 1-corrotational regime.

In the next sections we will carry out in detail the program for the construction sketched above. In
83 we will set up several facts about the elliptic linearized operator that will be needed in all subsequent
computations. In §4 we will compute in precise way the error of approximation and define the function
®° mentioned. We also introduce the precise terms appearing in the inner-outer gluing system (2.10). In
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§5 we will perform the computations of the orthogonality conditions which lead to expressions (2.12). In
§6 we will carry out the full construction setting up the system as a fixed point problem. We make precise
statements of the necessary (major) steps needed, in particular a subtle linear theory for the parabolic
inner problem that mimics the Fredholm alternative for the elliptic equation mentioned above, which is
developed in §7. Related Lipschitz estimates and linear bounds for the outer problem are performed in
§7.6 and §A. The adjustment of the parameters to solve the full system is the purpose of §8. The stability
statement is proved in §10. Finally, we discuss the continuation and reverse bubbling results in §11.
3. THE LINEARIZED OPERATOR AROUND THE BUBBLE
The linearized operator for (2.1) around U = U) ¢, is the elliptic operator
Lylp] = Ap + VU P +2(Ve - VU)U.

Differentiating U with respect to each of its parameters we obtain functions that annihilate this operator,
namely solutions of Ly [p] = 0. Setting y = %, these functions are

1
MWUxeu() :XQwVW(y) Y,
OuUn g.0(®) =(0uQu)W (y),

1
agj U/\,ﬁ,w(x) :XQwayJW(y)

We observe that

(0uQu) = QuJo, where Jy =

o = O
o O
o O O

We can represent W (y) in polar coordinates,

Wi(y) = <elj:8111101(up()p)> . w(p) =m—2arctan(p), y= pew.

We notice that

_ 2 o 2 -1
w, = sl sinw = pwp—1+p2, cosw—1+p2,
and derive the alternative expressions

1
MWUxrew(z) = XQwZ(n(y), Zo1(y) = pw,(p) E1(y),
0uUnew(@) = QuZoa(y), Zo2(y) = pwp(p) E2(y),

1 .
Og, Ungw(z) = Xszll(y)v Z11(y) = w,(p) [cos 0 By (y) +sin 6 Ea(y)],

1 .
9, Un.w() = 1 QuZi2(y), Z12(y) = wp(p) [sin 6 E1(y) — cos b Ex(y)], (3.1)

where
0

_ (€ cosw(p) _ (ie"
B = (T i) - ().
The relation |Uy ¢ .,| = 1 implies that all the functions Z,; are pointwise orthogonal to Uy ¢ .,. In fact the

vectors E1(y), Fa2(y) constitute an orthonormal basis of the tangent space to S? at the point W (y).
We have Ly [Z;;] = 0 where for a function ¢(y) we define

Lw(¢] = Ayo + [VW (y)*¢ + 2(VW (y) - VOW (y).

In addition to the elements (3.1) in the kernel of Ly there are also two other relevant functions in the
kernel, namely

Z_ 11 = p*w,(p)(cos0F —sinOEy), Z_1 5 = p*w,(p)(sinOE; + cos OFs). (3.2)
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It is worth noticing the connection between this operator and Ly which is given by

Lyle] = %QwLw[qﬁL o(z) = d(y), y= T ; f

The linearized operator at functions orthogonal to U. It will be especially significant to compute
the action of Ly on functions with values pointwise orthogonal to U. In what remains of this section we
will derive various formulas that will be very useful later on.

For an arbitrary function ®(x) with values in R? we denote the projection
My ®:=d—(®-U)U.
A direct computation shows the validity of the following;:
Ly ®) = My A® + Ly (@)
where R
Ly[®] := |[VUPPIy.® — 2V(® - U)VU,

and

V(®-U)VU = 0y, (®-U) 0, U.
A very convenient expression for I~/U[<I>] is obtained if we use polar coordinates. Writing in complex

notation ‘
O(z) = o(r,0), xzf—i—rew,
we find

Ly[®] = —%wp(p) (@, - U)QuE) — %(% U)QuEs], p= (3.3)

r
3

We single out two consequences of formula (3.3) which will be crucial for later purposes. Let us assume
that ®(z) is a C! function @ : 2 — C x R, which we express in the form

O(z) = (@1(95(;:‘(;%)02(55)) . (3.4)
We also denote
P =@1tipe, ©=@1—ip:
and define the operators
div = 0,01 + Oy 02, curle = 0y, 02 — Ouy 1.
We have the validity of the following formula
Ly[®] = Ly[®]o + Ly[®]; + Ly (@] , (3.5)

where
i/U[‘I’}o = A_lpwz [ div(e ™) Qu,E; + curl(e ™) QwEg]
Ly[®]1 = —2A""w, cosw [ (0y, ¢3) 080 + (Dny¢p3) sin 0 | Qo By

—2X" w, cosw [ Oy, p3) sin @ — (9p,03) cos 0 | QuEs (3.6)
Ly[®]y = )\_lpwi [ div(e™ ) cos260 — curl(e™@) sin20 | Qu, F,

+ )\_lpwi [ div(e™ @) sin 20 + curl(e® @) cos 20] QuEs.

Another corollary of formula (3.3) that we single out is the following: assume that
i0 ,
q)(.'lf) = (¢(r0)8 ) s xr = f + 7”6197 p= g

where ¢(r) is complex valued. Then

Eufo] = (0 [Re (e 0,6(r)Qu By + 11 (¢ 6(r))Qu 2. (3.7)
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A final result in this section is a computation (in polar coordinates) of the operator Ly acting on a
function of the form

@(1‘) = wl(p7 O)QwEl +‘P2(pa H)QwE% Y :§+)‘p619
We have:

1 1

o 2
IpP1 + e + (wa) — ?)(pl — ?894,02 cos w) QuE

Ly[®] = A2 (35% +

0 02 1 2
+ 272 (8/274,02 + pT@Q + ‘;(2'02 + (2w§ - ?)wz + ﬁam cos w) QuEs.

4. THE ERROR AND THE INNER-OUTER GLUING SYSTEM
The linearized operator for (2.1) around U = U) ¢, is the elliptic operator
Lulpl = Awp + [V U0 + 2(Vap - V.U,
where ¢ = p(z,t). Consistently we denote for a function ¢ = ¢(y,t). Let us denote
S(u) = —uy + Au + |Vul*u

A useful observation that we make is that as long as the constraint |u| = 1 is kept at all times and
u = U + v with |v|] < % uniformly, then for u to solve equation (2.2) it suffices that
S(U +v) = b(z,t)U (4.1)
for some scalar function b. Indeed, we observe that since |u| = 1 we have
1d 1
b(U-u)=58u) u=—=—|ul®+ Alu|? =
(U ) = S(u) - u =5l + S =0,

and since U - u > %, we find that b = 0.
Using that
AU + |VU|’U =0
we find the following expansion for S(U 4 v) with v given by (2.4):
S(U+Iyrg +al) = =Up = 0llyrp + Lu(llyr @) + Nu(Ilyrg) + c(Ilyr)U

where for ( = Hy1¢, a = a((),

Ly(¢) = AC+ [VUP¢ +2(VU - QU

Ny(¢) = [2V(alU) - V(U +¢) +2VU - V¢ + [V¢] + [V(aU)* |¢ — aly

+2VaVU,
c(Q) =Aa—a;+ (VU + ¢ +al)]? = |VU*(1 4 a) —2VU - V¢
Since we just need to have an equation of the form (4.1) satisfied, we find that
u=U+Tyrp+a(llyLp)U
solves (2.2) if and only if ¢ satisfies
0=-U; —0Ilyrp+ Ly(Ilyre) + Ny(Iyre) + b(x, t)U, (4.2)

for some scalar function b. The logic of the construction goes like this: We decompose ¢ into the sum
of two functions ¢ = ¢ + ¢°, the “inner” and “outer” solutions and reduce equation (4.2) to solving a
system of two equations in (¢*, ¢°) that we call the inner and outer problems.

The inner function ¢*(x,t) will be assumed supported only near z = £(¢) and better read as a function

of the scaled space variable y = I;(i()t) with zero initial condition and such that ¢° - U = 0, so that

I " = ' The outer function ¢°(x,t) will be made out of several pieces and its role is essentially to
satisfy (4.2) far away from the concentration point = = &(t).
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We write equation (4.2) in the following way:
0= —815@1 + LU[QOZ] + .Z/U[QOO] — HUJ_ [atgoo — AQOO + Ut] (43)
+ Ny (¢ + ye®) + (¢° - U)U; + bU.

For the outer problem, we consider a function ®° that depends explicitly on the parameter functions
chosen in such a way that IT; 1 [0,®° — A®Y + U] gets concentrated near = = £(¢) by elimination of the
terms in the first error U; associated to dilation and rotation. Then we write

on(xat) = @O(x,t) + \I]*(Ivt)' (44)

For the inner solution, we consider a smooth smooth cut-off function 79(s) with n9(s) =1 for s < 1 and
=0 for s > % We also consider a positive, large smooth function R(t) — +o00 as t — T that we will
later specify. We define

n(z,t) =m0 (R yl), y=" ;é)(t)
and let
¢ (2.1) = 0z DQud(y. 1), y =" ;(f)(t)

for a function ¢(y, t) with initial condition ¢(-,0) = 0 that satisfies ¢(-,¢) - W = 0, defined for |y| < 2R(t)
and that vanishes as ¢ — 7. Then we have

Q-wLulp'] = A 2nLw (8] + (Aun)é + 2071V Vyo
Q-wpi = (e = A"y - Vo = A1 Vo + 0Q-000Qud) + mo.
Equation (4.3) then becomes
0=A"nQu[~N¢: + Lw(¢] + N>Q_oLy[¥]] (4.5)
+7Qu(A Ay - Vyd + N1V, — w0 J )
+ Ly[®°) + Ty [0,0° — A, 0° + U]
= 00" + AV + (1 =) Lu[¥*] + Qul(Aan) + 2V Vad — 1]
+ Ny(nQué + Mo (B0 + T*)) + (T* + @) - U)U; + bU.
Next we will define precisely the operator ®° and estimate the quantity
Ly [@°] + Ty [0,0° — A, ®° + U] (4.6)

The idea is to choose ®° such that 9;®% — A, ®° + U; ~ 0 whenever |z — £| > A, so that in particular the
last error term in the outer equation (4.4) is of smaller order.

Invoking formulas (3.1) to compute U; we get
U; = ).\a)\UA@w + wawUA@w + 8§UA7§7W . f =& + &,

where, setting y = T—;g = pe'?, we have

Eo(,t) = —Qul2 pp(p) Erly) + wpwp(p) Ealy) ]

A
Ei(z,t) = —5—)\1 wy(p) Qul cos b E1(y) + sin b Es(y)]
8 ,(0) Qulsind By (y) — cost Ba(y) .

Since &; has faster space decay in p than & we will choose ®° to be an approximate solution of

Y — AP0+ & =0. (4.7)
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For z = ¢ + 7€' and r > X we have
2r
2+ A2

Here and in what follows we let

Eolx,t) = AQuE1 + NoQuEs | ~

O 2r [ idw)ei0rw)
r2 4 A2 0 '

Then

IREEYT 0 =i o |TEW.

With the aid of Duhamel’s formula for the standard heat equation, we find that the following function is
a good approximate solution of ®9 — A, ®Y + £, = 0 and hence of (4.7). We define

PO, A €] = [gao(r(,)t)eie}

2r [(A+Mw)ei<9+“’>] 2 [p(t)e“’} g

goo(r, t)=— [Tp(s)rk(z(r),t —s)ds

l—e &
2r) = VPPN, k(s ) =2— =
z

where for technical reasons that will be made clear later on, p(t) is also assumed to be defined for negative
values of ¢.
A direct computation yields

)+ A0+ &) =Ry + Ray Ro= (73) R (73)

where
10 )\2 ! . 2
Ro := —re’ 2—4/ p(s)(zk, — 2°k..)(2(r),t — s) ds
-7

and
t

Ry = —eRe (e (1)) /_Tp(s) k(z(r),t —s)ds

+ Z%ew (AA(t) — Re (reiaf(t)))/ p(s) zk.(z(r),t — s)ds.

-7
We observe that R, is actually a term of smaller order. Using formulas (3.5), (3.7) and the facts
A2r 1

_ 2 T _ 1
— = P Z—2(1 —cosw) = NP

we derive an expression for the quantity (4.6):
Ly[®°) 4+ Ty. [~U, + AD — )
= Ly[@°] = & + 1y [€o] — € + e [Ro] + s [R]
= Kolp, €] + K [p, €] + s [Ri]

where

Kolp, €] = Ko1[p, €] + Koz[p, €]

with
t

Koilp, €] :== _§pw§/

[Re (p(s)e ") QuEr + Im (5(s)e™“")Qu ]
=T

k(z,t —s)ds (4.8)
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Koz[p, €] = %pwi [}\ - /t Re (p(s)e ™ O)rk,(2,t — s)2, ds] QuE:
-7
- %pwz CoS W [/ Re (p(s)e™“®) (zk, — 2%k,.)(2,t — 5) ds} QuF1
-T
- %pwz [/t Im (p(s)e™“®) (zk, — 2%k..) (2, t — 5) ds} Q. Eo, (4.9)
-7
ICl [p, f] = %wp [Re ((f1 — iég)ew)QwEl + Im ((51 — iég)eie)QwEQ]. (410)

We insert this decomposition in equation (4.5) and see that we will have a solution to the equation if the
pair (¢, ¥*) solves the inner-outer gluing system

Moy = Lw[g] + NQ_, [ZU[‘I’*] + Kolp, €] + K1 wﬂ] in Dyg

¢W:0 in DQR (411)
(b(ao) =0= ¢(aT)7
Uy = A U* 4+ gp, &, 0%, ¢] inQx(0,T) (4.12)
where
9lp. &, 0, ¢] := (1 — )Ly [¥*] + (¥* - U)U, (4.13)

+ Qu((Aan)d +2VanVad — 1:9)
+1Qu (—w I+ A" Ay - Vyd + A7E- Vo)
+ (1= m[Kolp, €] + Kalp, €]) + Ty [Ra] + (@7 - U)U,
+ Ny (nQuo + Iy (27 + %)),
and we denote
Dyr={(y.t) €R* x (0,T) / [y| <vR()}.
Indeed if (¢, ¥*) solves this system, then we have that
u(z,t) = U+ My [0 + U +1Qud] + a(lly+ [87 + " +nQue))U (4.14)
solves equation (2.2). The boundary condition u = ez amounts to
Hyo [0 + U] + a(y o [U + @0 + U )U = (e3 — U)
and then it suffices that we take the boundary condition for (4.12)
U, =es—U—9°. (4.15)

Since we want u(x,t) to be a small perturbation of U(z,t) when we stand close to (¢,T), it is natural to
require that U* satisfies the final condition

*(q,T) = 0.

This constraint amounts to three Lagrange multipliers when we solve the problem, which we choose to
put in the initial condition. Then we assume

\I/*(x, 0) = Zj(x) + c1e1 + cae + cses,

where ¢q, ¢2, ¢ are undetermined constants and Zj(x) is a small function for which specific assumptions
will later be made.
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5. THE REDUCED EQUATIONS

In this section we will informally discuss the procedure to achieve our purpose in particular deriving
the order of vanishing of the scaling parameter A(t) as t — 7.

The main term that couples equations (4.11) and (4.12) inside the second equation is the linear
expression

Qw[(AMW +2VenVeo + nt¢]7

which is supported in |y| = O(R). This motivates the fact that we want ¢ to exhibit some type of space
decay in |y| since in that way U* will eventually be smaller and in turn that would make the two equations
at main order uncoupled. Equation (4.11) has the form

>\2¢t = LW[(M + h[p7£a \II*](y,t) in D2R
qj) -W =0 in DQR

#(-,0) =0 in Bap(o),
where, for convenience we assume that h(y,t) is defined for all y € R? extending outside Dy as
h[pa 5’ lI/*] = )‘QQ—UJEU[‘II*]X'DQR + A262—(.;.)K:0[ 75] + A262—0.JK:1 [pa E]XDzRa (51)

where x4 designates characteristic function of a set A, Kp is defined in (4.8), (4.9) and Ky in (4.10). If
A(t) has a relatively smooth vanishing as t — T' it seems natural that the term A\?¢; be of smaller order
and then the equation is approximately represented by the elliptic problem

Lw(é] + h[p, &, ¥*] =0, ¢-W =0 inR? (5.2)

Let us consider the decaying functions Z;;(y) defined in formula (3.1), which satisfy Lw[Z;;] = 0. If
o(y,t) is a solution of (5.2) with sufficient decay, then necessarily

/R2 W, €0\ (y,0) - Ziy(y)dy =0 forall ¢ € (0,T), (5.3)

for I = 0,1, j = 1,2. These relations amount to an integro-differential system of equations for p(t), {(¢),
which, as a matter of fact, detemine the correct values of the parameters so that the solution (¢, ¥*) with
appropriate asymptotics exists.

We derive next useful expressions for relations (5.3). Let us first compute the quantities

Busbl(0)i= 5 [ | Q-ulKolp €+ Kalp.€]l - Zoy(0) (54)

Using (4.8), (4.9) the following expressions for By, By are readily obtained:

Boupl(t) = / Re ((s)e"“®) T, (*“)) A5 o5

-7 t—s) t—s

t ; A2\ ds
t) = Im (p(s)e O\
Bulpl(t) = [ i)y (310 2
where I'j(7), j = 1,2 are the smooth functions defined as follows:
0o 2
I(r) = 7/ p3w2 {K(C) + 2CK<(C)% — 4cos(w)C2K<<(C)] dp
0 Tt ¢=r(1+5?)

Pa(r) == [ 5P (K0 = CReclO] oy A0

where
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and we have used that fooo p3w2dp = —2. Using these expressions we find that
ITy(r) — 1| < Cr(1 + |logT|) forT <1, (5.5)
\Fl(7)|§§ forr>1,1=1,2.
Let us define
Bolp] = ¢ (Burlp] + Bl (56)
and
agj[p, &, V'] = _% Ban Q- Lo Zoj(y) dy,j = 1,2,
ol & 0] = 360 (a0 [p, & ] + i, €, 7)) (57)

Similarly, we let
A
Blel0)i= 5 [ @ ulkalp. &)+ Kalp €]+ Za) duj = 1.2
Bi[€](¢) == Bu1[€](t) + iBi2[€](2).
Using (4.10), (3.1) and the fact that fooo pwidp = 2 we get

Bil€](t) = 2[&1(t) +i&(1)].
At last, we set

ayjlp, & U = % ; Q- Lu[¥]- Z1j(y) dy,j = 1,2,
2R
a[p,§, V'] == _eiw(t)(an[l’afv U] +iaap, & ¥F)).
We get that the four conditions (5.3) reduce to the system of two complex equations
BO [p] = ag [pv 5’ \Ij*], (58)
Bi[¢] = a1lp, &, ¥7]. (5.9)

At this point we will make some preliminary considerations on this system that will allow us to find a
first guess of the parameters p(t) and &(¢). First, we observe that

t—A? .
pts .
Bl = [ Has o).
-T — S
To get an approximation for ag, we analyze the operator Ly in ag. For this let us write
v ] e =i,
3
From formula (3.5) we find that
Lu[¥*)(y) = [Lolo[¥*] + [Luli [¥*] + [Lul2[97],

where

AQ_u[Lulo[T*] = pw? [ div(e ™¢*) Ey + curl(e” ") Ey |
AQ_u Ly [¥*] = — 2w, cos w [ (92,05) cos 0 + (8, 05) sin 6 | Ex
— 2w, cosw [ (O, 13) sinf — (0y,103) cos O] B
AQ_u[Lyla[0F] = pwf} [ div(e™9*) cos 20 — curl(e™)*) sin26 | B4
+ pwi [ div(e™1)*) sin 20 + curl(e™9*) cos20] Es,
and the differential operators in U* on the right hand sides are evaluated at (z,t) with x = £(t) + A(t)y,
y = pe'? while E; = Ej(y), | = 1,2.
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From the above decomposition, assuming that U* is of class C'! in space variable, we find that
aolp, &, ] = [dive)"™ +icurly*](€,t) 4 o(1),

where o(1) > 0ast — T.
Similarly, we have that

(p,6) = 200,05 + 00,0360 [ coswudpdp-+ o)
=o(l) as t—T,

2
p

Let us discuss informally how to handle (5.8)-(5.9). For this we simplify this system in the form

since [ w2 coswpdp = 0.

t—A% .
/ P6) s = fdiv g + i curd ) (E(0),6) + o(1) + O(5oc)

-T t—s
Et)=o(1) as t—T. (5.10)

We assume for the moment that the function U*(x,¢) is fixed, sufficiently regular, and we regard T as
a parameter that will always be taken smaller if necessary. We recall that we want £(T") = g where g € Q
is given, and A\(T") = 0. Equation (5.10) immediately suggests us to take {(t) = ¢ as a first approximation.
Neglecting lower order terms, we arrive at the “clean” equation for p(t) = A(t)e™®),

O p(s)
/ " Sds = dive*(q,0) + i curlyp*(q,0) =: aj (5.11)
— -
At this point we make the following assumption:
div*(g,0) < 0. (5.12)
This implies that af = —|a§|e™® for a unique wy € (—%,%). Let us take w(t) = wo. Then equation (5.11)
becomes )
=22
Als) .
/_T t_SdS:—|a0|. (5.13)
We claim that a good approximate solution of (5.13) as ¢ — T is given by
: K
Mt) = ——5—7—
®) log?(T —t)

for a suitable x > 0. In fact, substituting, we have

/“ RO / TET M) ot A0 log(T — 1) — 2los(A(®)

_r t—s _r t—s

O
- 20" As) =A@,

7(T7t) t — S

~ /t Mds — At)log(T —t) =: B(t) (5.14)
-7 T — S
as t = T. We see that J J
loa(T — 1) 22 (1) = 4 (10g*(T — 1) A(1)) = 0

from the explicit form of A(t). Hence ((t) is constant. As a conclusion, equation (5.13) is approximately

satisfied if k is such that )
R
+T—s or

And this finally gives us the approximate expression

At) = —|divp*(q,0) + i curl * (¢, 0)| A, (¢),
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where | |
‘ log T
A(t) = ——5 27—
log™(T —t)
Naturally imposing A\ (7T') = 0 we then have
[log 7|
M) =—————(T—-t)(1+0(1)) as t—T.
()= (T = ) 1+ o(1)

6. SOLVING THE INNER-OUTER GLUING SYSTEM

Our purpose is to determine, for a given ¢ €  and a sufficiently small T > 0, a solution (¢, ¥*) of
system (4.11)-(4.12) with a boundary condition of the form (4.15) such that u(x,t) given by (4.14) blows
up with U(z,t) as its main order profile. This will only be possible for adequate choices of the parameter
functions £(¢) and p(t) = A(t)e™"). These functions will eventually be found by fixed point arguments,
but a priori we need to make some assumptions regarding their behavior. For some positive numbers
ai, as, o independent of T' we will assume that

ar| A ()] < |p(t)] < ag| M (t)] for all te (0,T), (6.1)
IE@)] < A ()7 for all t e (0,7). (6.2)

We also take
R(t) = M\(t)77, (6.3)

where 3 € (0, 3).
To solve the outer equation (4.12) we will decompose ¥* in the form

U =7+
where we let Z* : 0 x (0,00) — R? satisfy (2.7) with Zg(z) a function satisfying certain conditions to be
described below. Since we would like that w(z,t) given by (4.14) has a blow-up behavior given at main
order by that of U(z,t), we will require

v (q,T) = 0.
This constraint has three parameters. Therefore we need three “Lagrange multipliers” which we include
in the initial datum.

6.1. Assumptions on Zj. To describe the assumptions on Z§, let us write
*
Zy(x) = {Zf(x)], z2o(x) = 25, (x) + 1255 ().
0() (@) 0(7) = 21 (x) + 1202 ()
A first condition that we require, consistent with (5.12), is divz{(¢) < 0. In addition we require that
Z§(q) = 0 in a non-degenerate way.
We want also Z* to be sufficiently small, but independently of T, so that the heat equation (2.7) is

a good approximation of the linearized harmonic map flow far from the singularity. In order to achieve
later the desired stability property, it is convenient to split Z§ into two parts

25 = 25"+ 45,
where Z3° is sufficiently smooth and Z;! allows more irregular perturbations. More precisely, for Z3° we
assume that for some oy > 0 small and some «y, @y > 0, all independent of T, we have

||Z§0HC3@) < ao,
125°(q)] < 5T,
[(Dz°() 7| < au,

—ap < div z’oko(q) < —ap.

(6.4)

(The notation here is analogous to (2.8).)
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To describe Z§! we introduce the following norm

125 1+ :s%p\zg (@) + =—— sup [V Z5' ()| (6.5)

1
|loges| o

+ ngp (lz = gol + ) D2 25 ()],

where
gx = A(0). (6.6)
Then we assume that for some o > 0 fixed we have
125l < T°. (6.7)
In summary, the conditions on Zj are the following:
75 = 7230 + Z§* with Z3°, Z3! satisfying (6.4) and (6.7). (6.8)

6.2. Linear theory for the inner problem. The inner problem (4.11) is written as
N0ip = Lw[¢] + hip, &, ¥*] in Dag
¢ -W =0 1in DQR
#(-,0)=0 in BzR(o)

where h[p, €, ¥*] is given by (5.1). To find a good solution to this problem we would like that h[p, &, ¥*)
satisfies the orthogonality conditions (5.3).

We split the right hand side h[p,&, U*] and the inner solution into components with different roles
regarding these orthogonality conditions.

Recall that

hlp, &, U] = NQ_oLu[¥*|XD,s + N Q-wKolp, ] + N Q—K1[p, €] XDa
the decomposition of Ly given in (3.5):
Ly[¥*) = Lo 9o + Lo[¥7] + Lu[¥7)s
with Ly7[®]; defined in (3.6). Using the notation (3.4), we then define

Ly (@) = — 227w, cosw [ (9, p3(€(t), 1)) cos 0 + (Or,p3(£(1), 1)) sin 0] Qu Fr
— 20w, cosw [ (Da, 03(&(1), 1)) sin b — (9, 03(£(¢), 1)) cos 0] QuEo .

We then decompose
h=hi + ha + hs3

where
halp, €, %] = N2Q_o (Lu [¥*]o + Lu[VU*]2)XDun + N2Q—wKo[p, €],
halp, €, 9*] = A2Q o, Lo [0, + N2Q— K1 [P, €] XDy s

hslp, € 0] = X2Q (Lo [0*]y = Lu[@ )" )xp, -

Next we decompose ¢ = ¢1 + ¢2 + ¢3 + ¢4. The function ¢; will solve the inner problem with right
hand side hq[p, &, U*] projected so that it satisfies essentially (5.3). The advantage of doing this is that
h1 has faster spatial decay, which gives better bounds for the solution. For this we let, for any function
h(y,t) defined in R? x (0,7 with sufficient decay,

WO = T [ h0:0) 2y dy (69)
R2 J

Note that h[p, £, U*] is defined in R? x (0,T), and for simplicity we will assume that the right hand sides
appearing in the different linear equations are always defined in R? x (0, 7).
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We would like that ¢, solves

N0y = Lw[p1] + hap, &, ¥

HMH

2
Z i[hi(p, &, 9")|w3Zy;  in Dag,
=1

but the estimates for ¢; are better if the projections coj[ (p, &, ¥*)] are modified slightly.
Here is the precise result that we will use later. We define the norms

|h(y,t)|
hll,a = su _— 6.10
1hla = 500 o+ o) (6:.10)
and

|¢(y, O+ A+ [yDIVye(y, 1)
RG—) 15
A+lyD3 A+lyhe—2

[0lla.6 =

(6.11)

DQR )\ maX(

Proposition 6.1. Let a € (2,3), 6 € (0,1), v > 0. Assume |h||,,o < co. Then there is a solution
¢ = Taalh], éo;[h] of

N = Lw (o] +h— Y éolh)Zojxs, — Y cylhlZiyxs, in Dag
Jj=1,2 l_zfl,l

¢ W =0 inDap
¢(+,0) =0 in Bar()
where ¢ is defined in (6.9), which is linear in h, such that
[8]l40,6 < CllBlu,a
and such that
|coj[h] = oj[h]] < CALR

The function ¢2 solves the equation with right hand side hs[p, £, ¥*], which is in mode 1, a notion that
we define next (this is basically motivated by the analysis of section 7, where we consider the linearized
parabolic equation and use a Fourier decomposition of the right hand side and the solution).

Let h(y,t) € R3, be defined in R? x (0,7T) or Dag with h- W = 0. We say that h is a mode k € Z if h
has the form ) }

h(y,t) = Re(hi(Jyl, )™ ) By + Re(hi(lyl, t)e™) Bo,
for some complex valued function hy(p, t).
Consider then
AQ@t(b = LW[¢] + h — Z C1j [h]w%le in DQR
j=1,2

#(-,0) =0 in By

Proposition 6.2. Let a € (2,3), 6 € (0,1), v > 0. Assume that h is in mode 1 and ||k, < co. Then
there is a solution ¢ = Tx2[h] of (6.12), which is linear in h, such that

||¢||V,a—2 < C”h”l/,a-

In the above statemen the norm ||¢||, 4—2 analogous to the one in (6.10), but the supremum is taken
in DQR.

Another piece of the inner solution, ¢z, will handle hg[p, £, ¥*], which does not satisfy orthogonality
conditions in mode 0. We will still project it to satisfy the orthogonality condition in mode 1. Let us
consider then (6.12) without any orthogonality conditions on & in mode 0. We define

16D+ (1 [y 1V, 000 0)
e = g0 O RGP )T

(6.13)
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Proposition 6.3. Let 1 < a < 3 and v > 0. There exists a C > 0 such that if ||h||q,, < 400 there is a
solution ¢ = Tx s[h] of (6.12), which is linear in h and satisfies the estimate

[@llex,, < ClliAl

a,v-
Note that we allow a to be less than 2 in the previous proposition.

Next we have a variant of Proposition 6.3 when h is in mode -1.

Proposition 6.4. Let 2 < a < 3 and v > 0. There exists a C' > 0 such that for any h in mode -1 with
[hlla., < 400, there is a solution ¢ = Ty alh] of problem (6.12), which is linear in h and satisfies the
estimate

[l ssx,r < CllB]la,w,
where

16leey = sup (2@ L+ ) V(. O]
CTon A0 Tog(R)

All propositions stated here are corollaries of Proposition 7.1 and proved in section 7.

6.3. The equations for p = X\e’”. We need to choose the free parameters p, £ so that ¢;;[h(p, &, ¥*)] =0
for ! =—1,0,1, j = 1,2. This will be easy to do for Il = 1 (mode 1), but mode [ = 0 is more complicated.

To handle ¢o; we note that by definitions (5.1), (5.4), (5.7)

2w A
C7‘hp, 7\11* :78‘]?—0,']7, a‘lj*
OJ[ ( f )] f]Rle2)|Z0j|2( 0][] 0][ f ])

where By, ag are defined in (5.6), (5.7) and we recall that p = \e®.

So to achieve ¢q;[h(p, &, ¥*)] = 0 we should solve

Bolp](t) = aolp, & ¥*](t), t€[0,T7], (6.14)

adjusting the parameters A(t) and w(¢). This equation is delicate and we will instead impose a modified
version of this condition. The modification of (6.14) consists in introducing another term in the equation,
essentially modifying the operator By.

To make this precise we define the following norms. Let I denote either the interval [0,T] or [T, T].
For © € (0,1), I € R and a continuous function g : I — C we let

lglle,r = sup (T t)~°llog(T —)|'lg(1)l, (6.15)
€
and for v € (0,1), m € (0,00), and [ € R we let

—m lg(t) = g(s)|
[9]y,mp = sup (T —¢)"™|log(T — t>|lt—73)7’ (6.16)
where the supremum is taken over s < ¢ in I such that t — s < (T — ¢).
We have then the following result, whose proof is in section 8.

Proposition 6.5. Let a,v € (0,%), l € R, Cy > 1. There is ag > 0 such that if © € (0,a0) and
m < © — -, then for a:[0,T] — C is such that

1
— < <
g, S laDl=Cy (6.17)

TNog T|"* ! |la(-) — a(T)lle -1 + [aly.mi-1 < C1,

for some o > 0, then, for T > 0 small enough there are two operators P and Ry so that p = Pla] :
[-T,T] — C satisfies

Bo[pl(t) = a(t) + Rolal(t), t € [0,T], (6.18)
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with
Rolal (@)
olog|log T

i T — pymt+1+a)y
< (17 + 7O ) - D)l + ol mas) T

—_ 6.19
s —or ¢
for some o > 0.
We have additional properties of the solution to this problem.

Proposition 6.6. Let us make the same assumptions as in Proposition 6.5. Then Pla] can be written
as
,P[CL] = Po,x[a] + P [a] + P2 [a}
where po . is defined in (8.2) and each term
K':K/[a]a b1 :7)1[04], p2:P2[a]7

has the following bounds:

1
. , | log T'|'~ log(| log T'|)?
t) — pox(t)] < ,
‘pl( ) Po, ( )l <C |10g(T_t)|3_U
|log T'|

1p1(t)] <

[log(T = )[*(T" — 1)’

Ip2lles < C(T2+77° + [|a(-) — a(T)]|e-1),

|g1| 7 |T| la(-) = a(T)|le—1 + [alymi-1),

where ag > 0 is some fized some constant and o > 0 is arbitrary (with C' depending on o).

1
(B2l < C(|log T|' =320 =7 4. 702

Roughly speaking, to obtain the modified equation (6.18) we notice that the main term in p in By[p]

is the integral operator
t—A.(t)2 -
/ ps) 4o
—-T t—s

) A 0
&M=&M—/ OIS

-T t—s

Thus we define

It will be sufficient to solve approximately equations (5.3) replacing in part this integral operator by a
“regularized” version of it following the logic of the formal derivation of the rate (5.14). For a > 0 let us

write
t—A.(t)% . s
/ M)@:&m+mm

-T t—s
where
t—(T—t)1+e s
Salg] == g(t)[-2log A (t) + (1 + ) log(T — t)] + /_T tgi ?Sds, (6.20)
t—A2
Rag = — [ =90, 6.21
b= (6:21)

Thus equation (6.14) can be written in the form

Salp] + Ralp] + Bolp] = a(t), in [0,T],
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for some function a(t). The modified equation is
Salp] + Bolp] = a(t) in [0,T],

and the remainder Ry is essentially R,[p]. This is a sketch of how we obtain the modified equation and
remainder. For more details see section 8.

Another modification to equations (6.14) that we introduce is to replace ag[p, £, ¥*] by its main term.
To do this we write

aolp, €, 9] = al” [p, €, 9] + aV [p, €, W] + ol [p, €, V]

where
0] A iw = o F
ay’[p, &, V] = “ 1€ /B (Q—wLU[\I’]l - Zo1 +1Q_o Ly [¥]; - ZOQ) dy
forl=0,1,2.
We define
4T\ ;
Bl 6N = e (Ro [af” 1o, &, 9°1] () + oo, €, w7 (1)
R2
+a p,€, 91(1) — (colhlp & 0] = ol [p, & 9°])),
and

¢y = Re(c)), cbe i=Im(c}),
where Ry is the operator given Proposition 6.5 and ¢y = €91 + i¢p2 are the operators defined in Proposi-

tion 6.1.

6.4. The system of equations. We transform the system (4.11)-(4.12) in the problem of finding func-
tions ¥(z,t), ¢1, ..., Ps, parameters p(t) = A(t)e™®) | £(t) and constants ci, ¢z, c3 such that the following
system is satisfied:

Ve =800+ 90, 2"+ 0,01+ b2+ 3+ ¢4) in Q2 x(0,T)

= (e3—U)—®° on 99 x (0,T) 6.29
Y(,0) =(c1e1+caea+czes)x+ (1—x)(es—U — <I)0) in Q (6:22)
¢(Q»T) = _Z*(an)
X201 = L[] + halp, &, = Y éojlhalp, & O |JwiZo,
=12
- l:;J ajlhilp, &, W wiZ; in Dap (6.23)
j=1,2
d)l . W = 0 in DQR
¢1('70) =0 in BQR(O)
N0yp2 = Lw (o] + ha[p, &, U] — Z c15he(p, €, ‘I’*]]wzzlj in Dag
o (6.24)

¢2'W:O inDQR
¢2(',0):0 inBQR(O)
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NOyps = Lw[ds] + hs — > c1jlhslp, &, W w2y,

j=1,2
+ Y ylp & U wiZy;  in Dag (6.25)
j=1,2

¢3W:0 in DQR
¢3(', O) =0 in B2R(O)

N20y¢s = L [¢a] + Z cojlhalp, & Vw2 1
j=1,2
¢4 W =0 inDsp (6.26)
¢4(',t) =0 on 8B2R(t)
¢4('70) =0 in BQR(O)

cojlh(p, &, U)|(t) — Cojlp, &, ¥](t) =0 forall te(0,T7), j=1,2, (6.27)
c1jlh(p, &, U")](t) =0 forall te (0,7), j=1,2. (6.28)

In (6.22) x is a smooth cut-off function with compact support in € which is identically 1 on a fixed
neighborhood of ¢ independent of T" and the function g(p, £, ¥*, ¢) is given by (4.13).

We see that if (¢1, 2, @3, P4, 1, p, €) satisfies system (6.22)—(6.28) then the functions
d=p1+d2+ g3+ s, V' =Z"+79¢
solve the outer-inner gluing system (4.11)—(4.12).

The way in which we will proceed to solve the full problem (6.22)—(6.28) is the following. For given
functions ¢1, ..., ¢4 and parameters p, £ in a suitable class, we solve first the outer problem (6.22) in the
form of an operator ¢ = W[¢1 + ¢2 + ¢3 + P4, p, ] and denote W*[¢1 + g2 + ¢3,p,&] = Z* + V[p1 + d2 +
¢3 + ¢4, p,&]. Then we substitute U*[p; + ¢a + ¢35 + ¢4, p,&] in (6.23)—(6.26) and solve for ¢, @2, @3,
¢4 as operators of the pair (p, ). Finally, we solve for p and £ the remaining equations. All this will be
done by suitable control on the linear parts of the equation and contraction mapping principle.

6.5. Choice of constants. We state here the constraints we impose in the parameters involved in the
different norms. The values assumed will be sufficient for the inner-outer gluing scheme to work.

e B3€(0,1) is so that R(t) = A\.(t)7".

e a € (0, %) appears in Proposition 6.5. It is the parameter used to define the remainder R, in
(6.21).

o We use the norm || ||«,,,a,,6 (6.11) to measure the solution ¢ in (6.23). Here we will ask that

v1 € (0,1), a1 € (2,3), and § > 0 small and fixed.

We use the norm || ||,,.4,—2 (6.10) to measure the solution ¢9 in (6.24), with v € (0,1), az € (2, 3).

We use the norm || ||.x,., (6.13) for the solution ¢3 of (6.25), with v5 > 0.

We use the norm || ||ssx,., for the solution ¢4 of (6.26), with vy > 0.

We are going to use the norm || ||;,0,4 With a parameters ©, v satisfying some restrictions given

below.

o We have parameters m, [ in Proposition 6.5. We work with m given by

m=0—2y(1-p5).

and [ satisfying | < 1 4+ 2m.
We will assume that
a—14+28>0
which ensures that m + (1 4+ o)y > ©.
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To get the estimates for the outer problem (6.22), we need (A.1) and

1
© <min(B, 5 — vy — 1+ Blar = 1),va =1+ Blay = 1),vs — Lvs — 1+ §)

0 < min(yl —6B(5—ay) — Byve — Byvs — 38,14 — /6)
and
0 > 0.

Also to control the nonlinear terms in (6.22) we need § > 0 in || |44y ,4,,6 t0 be small.
To find © in the range above we need

vy > max(l —Blay —1),68(5 —ay) — 5)

vy > max(l — Blas — 1),5)
v3 > max(1,33)
vg > max(1l — 3, 5).
To solve the inner system given by equations (6.23), (6.24), (6.25), and (6.26) we will need
v <1,
vy <1-—pB(az —2),

1
vy < min(l +0+01,1+0+298,v1 + §5ﬂ(a1 — 2))7
vy <1,
where o1 € (0,v(a — 1+ 23)).

6.6. The outer problem. Our main result for problem (6.22) is the existence of a small solution for all
small T, with certain precise absolute and Lipschitz estimates satisfied. To obtain this result we need a
suitable norm that we define next.

Given © > 0, v € (0, ) we define

_ 1 _
||¢||ﬁ,@,7 = )‘* (O) © | 10gT|)\ (O)R(O) ||¢HL°°(Q><(O,T)) + A*(O) 6||VI1/)||L°°(Q><(O,T))

+ sup \(H)"®IR()! [(z,t) —p(z, 1)

Qx(0,T) | log (1" — )]
+ sup /\*(t)_@|vww(x7t) - V(z,T)|
Qx(0,T)

2y |V$’L/)(l', t) B vx¢(xlv t/)|

+sup A (1) "C (A (D R(?)) (z—a 2+t —t])

: (6.29)
where the last supremum in taken in the region
1
2 € Q, t,t'e(0,T), |x—2a|<2\R(), [t-t|< Z(T—t).

We define the spaces

Ey = {¢1 € L™ (D2r) : Vy¢1 € L= (D2r), [[¢1l4,01,01,6 < 00}
Ey = {¢2 € L= (D2g) : Vyp2 € L= (D2r), |¢2]lvs,a, < 00}
E3 ={¢3 € L= (D2g) : Vy¢3 € L>(Dar), [|¢3lsx,5 < 00}
Ey={¢s € L™ (D2r) : Vyos € L= (D2r), |[¢allsss,vs < 0}

and use the notation
E:E1><E2><E3><E4,
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Q= (¢1,02,¢3,04) € E
[@ll2 = 611l p1,01,6 + 1P2llvn,as—2 + (1Bl xs,vs + [|Dallsns,
We define the closed ball
B={®ecFE:|?|g <1}

Proposition 6.7. Assume Z; satisfies (6.8). Let p(t) = A\(t)e™®) and £(t) satisfy estimates (6.1), (6.2),
® € B. Then there exists C > 0 such that if T > 0 is sufficiently small then there exists a solution
P =U(p,& P, 7Z5) to equation (6.22) such that

1%(p,&, @, Z5)lso.r < CT (1Nl + Bl e (— 1) + 1€l e 0,y + 125 11)- (6.30)

Proof. The proof consists in writing problem (6.22) in a fixed point form involving an inverse for the
inhomogeneous linear heat equation

Yo = A+ f(,t) i Q@ x (0,7)
=0 ondQ2x(0,T)

¥(q,T) =0

¥(x,0) = (c1e1 +coea +czez)y  in

(6.31)

for suitable constants ¢1, ca, c3, where e1, e, e1 are defined in (1.13), and ¢ € Q and T > 0 is sufficiently
small. The fixed smooth cut-off 77; has compact support in € and is such that n; = 1 in a neighborhood
of q. The right hand side is assumed to satisfy ||f||.« < oo where

3
-1
1l = sup (143 0ilw,t)) £ 0),
Qx(0,T) =
and the weights are defined by
o1 := A0 (AR) X (r<sray

170‘()

09 =T *TQ X{r>RX.}
03 ‘= T_a-07

where r = |z — ¢|, © > 0 and og > 0 is small. (The factor 77° in front of g2 and g3 is a simple way to
have parts of the error small in the outer problem.) These weights naturally adapt to the form of the
outer error g in (4.13). In Proposition A.1 a solution of Problem (6.31) is built as a linear operator of f
with the estimate

A (0)~° (A (0)R(0)

[¥ll6.-+ =g (leal +leal 4 les) < Ol

This fact and direct estimates for the outer error make the the contraction mapping principle applicable
in a suitable region, producing an operator as in (6.30). To illustrate some of these estimates, let us write
g = g1+ g2+ g3 + g4 where

91 = Qu((Aen)d + 2VunVad — 1:0)
+1Qu (—wJd+ A"y - Vo + A1 V,0)
92 = (1= n)Lu[¥*] + (¥* - U)U,
g5 = (1= n)[Kolp. &] + Ki[p, ] + My [Ra] + (@0 - U) Uy,
94 = Nu(nQuo + My (90 + 0)*).
We claim that
191/l < CT7 |||,
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for some o > 0. Indeed, we have
[Aznd1] < O 2R X (amg<an, v |61
|Aznd2] < CX2 2R (g i<ar. r | 92]|vssas—2
|Aznds] < CNBT2R™ X(jo—qi<an. 7 103 ]| xxms
|Aunga| < CXNAT2R™2log RX (1o —gj<ax, ][04 s s -
The norm || ||« is actually motivated by the weights appearing above. If
O <min(ry — 14 B(ag —1),v5 — 1+ Blaz — 1),v5 — L,vy — 1 + B),
we find that for any j =1, 2,3, 4:
|And;| < CTN X gi<ar. 1@l &,

*,U1,a1,0

for some o > 0. Then we have
|Qu(Azn)@lls < CT7|| @] 5
and similarly
10e1) Qull+x + QAT VanVy |l < CT7 ||| .
The other terms go, g3, g4 can be estimated in the same way. In the estimate for g, it is important
to have the property that U* = Z* + 4 vanishes at (¢, T). Lipschitz properties are proved using similar
calculations. 0

The operator U(p, &, P, Z;) satisfies Lipschitz properties with respect to its arguments, which are
consequence of its construction. See Corollaries C.1 and C.2 in the appendix.

What we do next is to take ® € F with ||®||g < 1 and substitute ¥*(p,{, ®, Z5) = Z* + ¥(p, &, @, Z§)
into (6.23)—(6.26). We can then write equations (6.22)—(6.26) as the fixed point problem

o = F(P) (6.32)
where
F(®) = (FL(®), Fo(®), F3(®), Fa(®)), F:BiCE—E
wiith
((I)) T,l( [P £ (p, &, @ Z())D
CI) T,2(h‘ [pvg v <p7€ @ ZO)])
7;\3(h3[p 57 p7£’(I) ZO +ZCOJ[p g \Ij (p,gaq) ZO)] EZOj)
j=1
Fi®) = Tia (3 coaolilp & ¥ 0.6 8, Z5) 221 ).

j=1
Although F also depends on p, €, Z; we will omit this dependence from the notation for the moment.
Our next step is to solve problem (6.32).

6.7. The inner problem.

Proposition 6.8. Assume that p and § satisfy estimates (6.1) and that Z; satisfies (6.8). Then the
system of equations (6.32) for ® = (¢1, 2, 3, Pa) has a solution ®(p,&,Zy) in By C E.

Proof. We estimate in detail the operator F;. The others are handled similarly. We recall that we have
decomposed ZF = Z30 + Z31 (c.f. (6.8)). We claim that for ||®||z < 1 we have

IFL(®) |0 n < CALO) T (1@ 2 + [IBll e (=, 7) + 1€l e 0,7)) + CT N Z5°]s, (6.33)
and for ||®q|| g, || P2]|le < 1
[F1(®1) = Fr(P2)llw.a1.00 < CTIN(0)9| @1 — Po| . (6.34)
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To prove (6.33), we recall that by Proposition 6.1 we have
||‘F1((I))||*7V17CL175 < Oth[pa 57 \I’*(p7€a (I)7 Zg)]”ul,al .
From the definition of h; and recalling that U*(p,£, ®, Z5) = Z* + U(p, &, @, Z%) we get
||h1 [pa 67 \I’*(pv 57 (I)a Z{)k)] ||V1,a1
S ||>\2Q—W(EU[\II(p> 53 (I), Zg)]o + EU[\I/(pa ga (I)a Zg)]?)XDgR”m,al
+ ||)‘2Q7w(‘z’U[Z*]0 + ‘Z’U[Z*]Q)XDQR”VLM + ”)‘2Q7wlc0[pv f]”l/har
We claim that for j =0 and j = 2:
INQ-wLu[¥(p, & P, Z5)]; XDarllvsar < CTA(O) (@] + [1Bll L= (—,1)
+ 1€l o 0,1y + 126 [1+)- (6.35)
Indeed, let ¢ = U(p, &, ®, Z§). From (3.6) we get, for j =0 and j = 2:
= A
NQ_wLuW);] < C——"—|Vat)| L.
We use 11 < 1 and a1 < 3 to estimate for |y| < 2R
A A
3 <
(T+1y)?> = A +1yl)

A(0)

Then for |y| < 2R and j =0,2:

AV
(L+[yhn
By the definition of the norm || ||s6. (c.f. (6.29)) and Proposition 6.7 we have

[Vathllze < CA(0)® [ (p, &, @, Z5)l|5.0.4
< COA(OPT (]l + Ipll e (1) + Il 0.1) + 125 ).

INQ_oLul| < C V(1) Rl v e

Hence for j = 0,2

. AV i ) .
INQ-oLu[y);| < CWT A (0)° (@15 + 1Bl Lo (=11 + €]l L 0,1)
+ 125 11+),
and therefore we see that (6.35) is valid. Next we claim that
INQ-wLulZ*)XDarllvs,ar < CT? | Zoll, (6.36)

for j = 0,2 and some o > 0. Indeed, we use estimate (10.8) of Lemma 10.2 to obtain for j =0, 2:

- . A
|)‘2Q—wLU[Z ]j XD2R| < C(1+p)3|IOgEH|Zo”*,

where £ > 0 is given by (6.6). Since 11 < 1, we get
INQ-wLu[Z*]; XDarllin,ar < CA(0) 7 log Au(0)][| Zo -
This implies (6.36). Next we estimate A2Q_,Ko[p, &]. We claim that
INQ—wKolp: Elllvr.ar < CT|IPll Lo (—1,1)- (6.37)
Indeed, consider Ky; given in (4.8). We have

2 )\* t . .
INQ_uKoi[p, €| < C(l sl I Ip(s)k(z,t — s)|ds.
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A direct computation shows that
HAQwaiU[’COI [P7 6]]X'D2R ||V17111 < O\ (0)1_V1 ||p||L°°(—T,T)
< CT?||pllzoe(-1,7)>

for some o > 0. The estimate for Koz is similar, and we obtain (6.37). Combining (6.35), (6.36), and
(6.37) we finally obtain

[P, & W (p, &, @, Z)]l|vs,00 < CT (125 + [P oo (i) + 126 14)-
Then thanks to Proposition 6.1 we get (6.33). The proof of estimate (6.34) is similar. O
Let ®(p, &, Z§) be the solution of (6.32) constructed in Proposition 6.8. As a consequence of the con-

struction above and the Lipschitz estimates for the inner problem in §7.6 ® is Lipschitz in the parameters
p,&, Z§ in the following sense.

Corollary 6.1. Assume that p1,p2 and &1, &2 satisfy estimates (6.1) and that Zg ., Zg 5 have the form
Zs =20+ 75, 1=1,2,
with Z5° satisfying (6.4) and || Z5} |« < T7. Let us write p; = ;e for j =1,2. for some o > 0. Then

1@(p1,&1, Z51) — (P2, &2, Zo2)|lE < Ai(0)7 {HA*(M — @2)lloo + H Al)\:/\Q HLOO
A N | =T

+ 1284 - Zshl],
for some possibly smaller o > 0.

With this we can now state the following result. Let ®(p, &, Z}) denote the solution of (6.32) con-
structed in Proposition 6.8.

Proposition 6.9. Given Z; of the form (6.8) there exists p = \e™ and & such that (6.27) and (6.28)
are satisfied.

The proposition above yields the existence of a blow-up solution. The proof is given in Section 9.

7. LINEAR THEORY FOR THE INNER PROBLEM

At the very heart of capturing the bubbling structure is the construction of an inverse for the linearized
heat operator around the basic harmonic map. We consider the linear equation

N0y = Lw[¢] + h(y,t) in Dag (7.1)
#(-,0) =0 in Bap()
¢o-W =0 1in Dsp
where
Dor ={(y,t) / t €(0,T), y € Bapr()(0)}-
We assume that h(y,t) is defined for all (y,t) € R? x (0,T) and satisfies

AI/
(1 + [y
where v > 0 and a € (2,3) (so that ||h||s,, < 0o with the norm defined in (6.10)).
The parameter R is given by (6.3), that is R(t) = A.(t)™%, B € (4,3). Also, we assume that the

parameter function A(t) satisfies we have that
ar(t) < A(t) < bA(t) forall te(0,T)

for some positive numbers a, b, ¢ independent of T'.
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We observe that a priori we are not imposing boundary conditions in problem (7.1). Our purpose is to
construct a solution ¢ that defines a linear operator of h and satisfies uniform bounds in terms of suitable
norms. In some sense this is an extension of ”Fredholm” theory for linear parabolic problem (7.1).

All functions h(y,t) with h(y,t) - W(y) = 0 can be expressed in polar form as
h(y,t) = h'(p,0,0)Ei(y) + h*(p,0,1)Ea(y), y = pe'”. (7.2)

We can also expand in Fourier series

iL(p797t) = ht + ih? = Z iLk(p, t)eike, Bk = iLkl + iilkg (73)
k=—o00
so that
h(y7 t) = Z hk(y7 t) = ho(lj, t) + hl(y7 t) + h—l(ya t) + hL(yv t)a (74)
k=—oc0
where
hi(y,t) = Re (hi(p, t)e™*®) By + Im (hy(p, t)e™*?) Es. (7.5)

We consider the functions Z;(y) defined in (3.1) and (3.2) and define for k = —1,0, 1,

2
7 XZkj(y) /
hi(y,t) == i h(z,t) - Zy;(2)dz,
k( ) ;fRz X|Zk]|2 R2 ( ) k]( )

where

_Jwp(ly) i [yl < 2R(),
(1) = {0 if |y| > 2R(t).

The main result in this section is the following, where we use the norm ||k, defined in (6.10).

Proposition 7.1. Let2 < a < 3, v > 0 and let h with |||, < +oo. Let us write h = hg+hy+h_1+ht
with ht = > k041 I Then there exists a solution ¢[h] of problem (7.1), which defines a linear operator
of h, and satisfies the following estimate in Dag:

1+ 1y IVyoly, )] + [o(y, 1)]

AR Bme| g . A" R(t)?, -
< V7 T 1,R2 ho — h ay—’_ih a,v

1yl min{ lyl=“} ko olla, T+ 1yl 1holla,
(1) - AR -

Y hy —h = 2 |k

1+ y|a—2 H 1 lHa,y+ 1+|y|2 H 1||a,u

MEVR@E) = sma, _ . v ;

(1)+|(y|)mm{1,352 [yl "2} 1h—1 — h—1llaw + A (t)” log R(t) [|h—1]|a.
()Y

g 1

The construction of the operator ¢[h] as stated in the proposition will be carried out mode by mode
in the Fourier series expansion. We shall use the convention that h(y,t) = 0 for |y| > 2R(t). Let us write

d= > ¢ G(yt) =Re(pi(p,t)e’™) By +Im (or(p, t)e™) .

k=—o0
We shall build a solution of (7.1) by solving separately each of the equations
Nk = Lw|¢k] + hi(y,t) =0 in Dy, (7.6)
éx(y,0) =0 in Byg(o)(0),
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which, are equivalent to the problems
N0 = Lilpx] + hi(p,t) in Dag,
e(p.0) =0 in (0,4R(0))
with
Dar = {(p,t) / t € (0,T), p € (0,4R(t))}
and we recall

— (k? + 2k cosw + cos(2w))ﬂ.

Oppr
.92
Li[ok] == 8pS0k + pT 02

We have the validity of the following result.

Lemma 7.1. Let v >0 and 0 < a < 3, a # 1,2. Assume that

Vo9 ) < +oo.
Then problem (7.6) has a unique bounded solution ¢ (y,t) of the form

dk(y,t) = Re(pr(p,t)e™) By +Tm (pr(p, t)e™) By
which in addition satisfies the boundary condition
or(y,t) =0 forallt € (0,T), y & OBpy)(0). (7.7)

These solutions satisfy the estimates

R?—e if a<?2,

vy—2
outpol < e {5 s

if k> 2.

[9-1(y,t)] < Cllh

\ R?~a if  a<2,
@y logR if a>2,

_ R? if a>1
v 1 )
o0l <l {500

|61y )] < CllhflawAl(1+p) 2R
with C' independent of R and k.
Proof. Standard parabolic theory yields existence of a unique solution to equation (7.6) that satisfies the
boundary condition (7.7), for each k. Equivalently, the problem
NOyor = Lilpr] + hi(p,t) in Dag, (7.8)
vr(t,4R) =0 forall te (0,7)
901@(07/)) =0 in (074R(0))7

k% + 2k cosw + (zos(2w))ﬁ

0pPk
Lilpr] = D2or + pT —( 2

has a unique solution @g(p, t) which is bounded in p for each t.

We use barriers to derive the desired estimates. A first observation we make is that for mode k = —1
the elliptic equation £_1[p] + g(p) = 0 in (0,4R) with ¢(4R) = 0 has a unique bounded solution given
by the variation of parameters formula

4R T
o) Z_l(p)/ drr)z/o 9(8)Z_1(s)s ds, (7.9)

pZ-1(
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Here we have used that £_1[Z_;] = 0. Let us call ¢o(p) the function in (7.9) with g(p) := 2(1 + p) 2.
We readily estimate

w00 < R?~@ if a < 2,
PO = Y12 ifa>2
Let us call @(p,t) = Au(t)”o(p). Then we see that
AY : AY
_)\2 = ,t L 5 ,t * < AU+1 )\* A
@i(p,t) + Loa[p(p,t)] + 5 =M IA«leo(p) R
<M1 4p) 7 [1 = CAR (1 + p)°]
<0

in Dyg. Indeed, since R(t) < )\:%, the inequality holds provided that 1" was chosen sufficiently small.
Thus for k = —1 the barrier ||h]|4,, @(p,t) dominates both, real and imaginary parts of p_1(p,t). As a
conclusion, we find

R2-a if a < 2,

in Dyg.
(14p)> ifa>2, n

[9—1(y: )| < ClhllapAY {
The cases k = 0,1, —2 can be dealt with in exactly the same manner, by replacing Z_; in Formula (7.9)
respectively by the functions
3

p 1 P
Z, =— Z =—, Z_ = —. 1

O(p) p2+17 1(/)) p2+13 2<p) p2+1 (7 0)
The estimates for ¢ predicted in the lemma then readily follow for k = —2,—1,0,1. Finally, let us now
consider k with |k| > 2 and k # —2 and the function @(p,t) as above. Now we find

—N@u(p,t) + Lelp(p,1)] < (L — L1)[3(p, )]
< —CN(K? —1+42(k — 1))%(1 4 p)2e

v

<—C(*—=1+2(k—1)) ACHENN

(I+p)e
The latter quantity is negative provided that |k| > 2 and k # —2 and hence we get the estimate
C R?~a ifa<?2
O < SAllap " " in Dyg.
‘st(y )l — kQ H || s {(1 + p)27a lf a> 27 4R

The proof is concluded. O

We can get gradient estimates for the solutions built in the above lemma by means of the following
result.

Lemma 7.2. Let ¢ be a solution of the equation
)\2at¢ = Lw[(,b] + h(yv t) m D4’yR (711)
#(-,0) =0 in Byyr(o)-
Given numbers a,b,~y, there exists a C' such that if for some M > 0 we have
|6y, )] + (L+ [y])?[h(y, )] < M) (L4 [y) ™ in Dayr, (7.12)
then
(14 DIV (y, )] < CMA() (L +[y))™ in Dayr (7.13)
and we recall
Dyr={(y,t) / lyl <vR(t), te€(0,T)}.

If in addition we know that ¢ satisfies the boundary condition ¢(-,t) = 0 on OBy g for all t € (0,T)
then estimate (7.13) holds in the entire region Dayg.



SINGULARITY FORMATION IN THE TWO-DIMENSIONAL HARMONIC MAP FLOW 33

Proof. To prove the gradient estimates, we change the time variable, defining

T(t) = /0 A?;)Q, (7.14)

so that (7.11) becomes in the variables (y, 7)

0-¢ = Lw|[¢| + h(y,7) in Dayg
¢(-,0)=0 in B4R(0)

Let 71 > 0 and y1 € Bsygr(r,)(0). Let p = "{Tﬂ + 1 so that B,(y1) C Byyr(r,)(0). Let us define

~ T
&(2,t) :== p(y1 + pz, 71 + p?s), z€ B1(0), s> —p—;.

We distinguish two cases. First, when 7, > p?, we use interior estimates for parabolic equations, while
for the case 11 < p?, we use estimates for a parabolic equation with initial condition.
Assume 71 > p?. Then ¢(z, s) satisfies an equation of the form

bs =D.¢p+ AV.0 + Bo + h(z,s) in By(0) x (—1,0]
with coefficients A(z, s) and B(z, s) uniformly bounded by O((1 + p)~2) in B1(0) x (—1,0] and
h(z,5) = p*h(yr + pz, 71 + p°s).

Since p < CR(71) and R(m)? < 7 for 71 large we get

M (1) S A1+ 9%5) < A(11)?, s e (—1,0].
Standard parabolic estimates and assumption (7.12) yield

||vz¢~5||L°°(B%(O)><(1,2)) S ||<Z~5||Loo3%(o)x(o,2) + HB”L‘X’(B%(O)X(OQ))
S Mu(m)'p*",

so that in particular

PIVy(y1,m)| = [V20(0,1)] S M Au(n)"p* .

In the case 71 > p? the argument is similar, but the equation for ¢ holds in B (0) x (=7%,0] and has

initial condition 0 at s = —;—;. Finally, for the last assertion we argue in similar way but using boundary
rather that interior gradient estimates. O

In addition to estimate (7.13) we have a Holder gradient estimate which is more natural to express
using the variable 7 defined in (7.14) as follows. We denote

Bu(y,7) ={.7) / ly—y'>+ |7 — 7| < £}.

For a function g(y,7), a number 0 < o < 1, and a set A we let

fy,7) = fW, 7 o
|y_y/|2+|T/_T|)% /(va)v (y»T) EA}

[g]a, 4 :=sup {(

Corollary 7.1. Let ¢ be a solution of the equation (7.11) with h(y,7) = div H(y, 7). Given « € (0,1)
and constants a, b, v there is C' such that if

|6y T)| + (L4 [yDIH (g, 7+ U+ 1Y) [H] sy () (9.1 0Dy < M AT (L [y])
in Dayr, where l(y) =1+ %‘, then
L+ [yDIVyd(y, T + (L + [y) ™ [Vl (rr)nDans < C MM (1 + [y))~° (7.15)

in D3yg. If in addition we know that ¢ satisfies the boundary condition ¢(-,t) = 0 on OBy g for all
t € (0,T) then estimate (7.15) holds in the entire region Dayr.
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Our next goal is to construct an inverse for modes k = —1,0, 1 with a better control when subject to
a certain solvability condition.

7.1. Mode k = 0. Let us consider again equation (7.6) for k = 0 and the functions Zy;(y) defined in
(3.1) . We have the following result.

Lemma 7.3. Let assume that 2 < a <3, k=0 and
/ ho(y,t) - Zo;(y)dy = 0 forall te€[0,T) (7.16)
RZ

for j = 1,2. Then there exist a solution ¢g to equation (7.6) for k = 0 that defines a linear operator of
ho and satisfies the estimate in D3g,

[P0y, )] < [1ho

A central feature of estimate (7.17) is that it matches the size of the solutions obtained in Lemma 7.1
for k # 0,1 when |y| ~ R.

5—

aﬂ/R 2

N1+ |y)) " min{1, R72" [y "2} . (7.17)

Proof. We observe that conditions (7.16) can be written as

2R
/ ho(p,t) Zo(p)pdp = 0 forall 7€ (0,7). (7.18)
0
Let us consider the complex valued functions
. S | oo _
Hy(p,t) .= —Z — ho(¢, 1) Z, d k=0,1.
o0ty i=~20l0) [ s [ heenzicac k=0

They are well-defined thanks to (7.18). Then the function
Hy(y,t) := Re (Ho(p, 7)) E1(y) + Re (Ho(p, 1)) Ex(y)

solves
Lw[Ho(y,7)] = ho(y,7) in Dug
and satisfies
[Ho(y, )] < A(®)”(L+1y1)* *Iholla,  in Dag.
Moreover, elliptic gradient estimates yield
IVyHo(y: 7)] S A ()" (L + [y)' " [lholla,  in Dsr-
Let us consider the problem
N®;, = Ly [®] + Ho(y,t) in Dyg, (7.19)
®(y,0) =0 in B4r(0)
®(y,t) =0 forallte (0,7), y€ dBypo)(0)
According to Lemma 7.1, this problem has unique solution ® = ® that satisfies the estimates
[@o(y,t)] < ClHolla—2p A (1) (1 + [y) ™" R°™* in Dyp.
Applying Lemma 7.2 we deduce that, also,
[Vy@o(y, t)| < [Holla—z0 A (1) (L + |y))™* R*™* in D3p
Let us write
(I)Oj = 8yjcb()7 H()j = ayjH()
Then we have
N0, ®o; = L [®o;] + 0y, |VW [*®¢ + 2V, , WV P + Ho;(y, T)
+2(V®e0,, VW)W 4 2(VE, VW), W  in Dsg,
®g;(y,0) =0 for all y € B3p()(0)
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According to Lemma 7.2 and the above estimates we obtain that

(L4 [yDIVPo; (¥, )] S [lhollaw A ()7 (1 + |y|) 2R>
+ [|PollapAe () (1 + [y))*~*  in D3g.

Then we define
¢o := Ly [Po]
so that ¢ = ¢q solves

Ny = Lw[¢] + ho(y,t) in Dy,
¢(y, O) =0 forall Yy € BgR(O) (O)

and defines a linear operator of the function hy. Moreover, observing that
|Lw [®o]| S ’Diq’of +O(p™*) |o| + O(p~?) | Dy Py
we then get the estimate
60y, )] S [1ollay B> N ()" (14 [y) 72 (7.20)
To complete the proof of estimate (7.17), we let g be the complex valued function defined as
do(y,t) = Re(po(p,t)) Er+Im(po(p,t)) Ea
so that letting R’ = R « R, using the notation in (7.8), ¢g satisfies the equation
N0upo = Lolwo] + ho(p,t) in Dpy, (7.21)
500(071)) =0 in (O7R/)7

and from (7.20), we can find an explicit supersolution for the real and imaginary parts of equation (7.21),
which also dominates their boundary values at R’, which yields

2oy, )] < hollap AL IRPA+ 1), [yl < R
Combining this estimate and (7.20) yields the validity of (7.17). O

We mention next a variant of Lemma 7.3, in which we weaken the hypothesis on the right hand
side, allowing it to be a divergence of Holder continuous function. This will be needed when analyzing
estimates of the derivative with respect to A of operator 7 o (Proposition 6.3).

Lemma 7.4. Let assume that 2 < a <3, v >0, and k = 0. Let hy have the form
ho(y, ) = div Ho(y, 7)
such that
(L+ [y Ho(y, )| + (1 + [y) " [Hols, (5) (g,r)nDar < Ae(7)” (1 +[y]) 77,

in Dy, where o € (0,1) and L(y) =1+ I%‘, Assume also that

/ ho(y,t) - Zo;(y)dy = 0 forall te[0,T)
RZ

for 3 = 1,2. Then there exist a solution ¢g to equation (7.6) for k = 0 that defines a linear operator of
ho and satisfies

5—a . 5—a
60(y; )] S NhollapB7= AG(1+ [y) ™" min{1, R7="[y| %},

m DgR,
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7.2. Mode k = —1. Let us consider equation (7.6) for k = —1 and the functions Z_1;(y) defined in (3.2)
. We have the following result.

Lemma 7.5. Let assume that 2 < a < 3, k=0 and

h_1(y,t) - Z_1;(y)dy =0 for all t€[0,T)
R2

for 3 =1,2. Then there exist a solution ¢_1 to equation (7.6) for k = —1 that defines a linear operator
of hg and satisfies the estimate in D3g,

|6-1(y: )] S [Ih-1]la,, AV min{log R, R*~“[y|*}.
Proof. The proof is essentially the same as that of Lemma 7.3. O

7.3. Mode k = 1. Now we deal with (7.6) for k = 1. For convenience we give the result for a right hand
side more general than strictly need for the proof of Proposition 7.1. Let us assume that h; is defined in
entire R? x (0,T) and that

hi(y,t) = divy, G(y, t) (7.22)
where
|G (y t)\<M y € R? t€(0,7) (7.23)
) — 1 + |y|a71? ) ) ) *

for some v > 0, a € (2,3). Then the following result holds.
Lemma 7.6. Let assume that 2 < a < 3, k =1, hy has the form (7.22) so that (7.23) holds and

/ ha(y,t) - Ziy)dy = 0 forall te(0,T)
R2

for j =1,2. Then there exist a solution ¢1 to equation (7.6) for k = 1 that defines a linear operator of
h1 and satisfies the estimate in Dsp,

|61(y, )] S X)L+ [yl)* e
From this we get directly the next result.

Corollary 7.2. Let assume that 2 < a <3, k=1 and
/ hly,t)- Zi(y)dy = 0 forall te(0,T)
Bar

for j = 1,2. Then there exist a solution ¢y to equation (7.6) for k =1 that defines a linear operator of
h1 and satisfies the estimate in D3y,

D1y, )] < IPallawAe(B)” (1 [y)* "

Let us do the same change of the time variable as in (7.14) so that (7.6) for k = 1 in entire R? becomes
in the variables (y, 7)

O0r¢ = Lw[p]+h inR? x(0,00), (7.24)
#(-,0) = 0 in R%
Thus, we consider a function h(y, ) defined in entire R? x (0, 4+00) of the form
h = Re (he'®) Ey + Im (he'?) Es, (7.25)
that satisfies the orthogonality conditions for j = 1,2
h(-,7)-Zy; = 0 forall 7€ (0,00) (7.26)
R2
and such that h(y,7) = 0 for |y| > 2R(7).
By standard parabolic theory, this problem has a unique solution, which is therefore of the form

¢ = Re (pe) By + Im (pe') By, (7.27)



SINGULARITY FORMATION IN THE TWO-DIMENSIONAL HARMONIC MAP FLOW 37

where the complex valued function ¢(p, 7) solves the initial value problem
drp = L[] + h(p,7) in (0,00) x (0, 00), (7.28)
©(p,0) =0 in (0,00),

Lilg] = 2p + 8,:0 — (14 2cosw + cos(2w)) 5

bmﬁ

We have the validity of the following result.

Lemma 7.7. Let 0 <o <1, v > 0. Assume that h is mode 1, that is, has the form (7.25), satisfies the
orthogonality conditions (7.26), and can be written as in (7.22) with g; satisfying (7.23) where b=1+o0.
Then there exists a constant C' > 0 such that the solution ¢ of problem (7.24) satisfies the estimate

A(1)Y
|6y, 1) < O T

For the proof of this result we will use the following Liouville type result.

(7.29)

Lemma 7.8. Let 0 < o < 1. Suppose ¢ satisfies
éT = LW[(ﬂ in R? x (—OO, O]a

G(,7)-Z1; =0 forall 7€ (—00,0],
RZ

Sy, 7)< —— inR?x (—00,0], j=1,2,
3007 < T3 (~o0.0

#y.7) = Re (2(p, 7)e’’) By + Im (3(p, 7)e”’) Bs.
Then ¢~> =0.
Proof. By standard parabolic regularity ¢(y, 7) is a smooth function. A scaling argument shows that

(L4 ly)) "M Dyd| + 16| + D56 < C(1+ [y)) 7>
Differentiating the equation in 7, we also get 9.¢, = Ly [¢,] and we find the estimates
L+ [y) 7 Dydr| + |67+] + Dior| < CO+[y)) ™

Testing suitably the equations (taking into account the asymptotic behaviors in y in integrations by
parts) we find

1 - -
50 [ 1.2+ B(G..6.) =0,
R2
where
BG.6) =~ [ Lwid)- o= [ IVoP - [TWPIGP,
R2 R2
It is useful to observe the following: since
$y,7) = Re((p,7)e”) Ex + Im (&(p, 7)e") Ex
then we compute, using that £;[w,] =0,
o)
B(¢,¢) = / Lilpl@pdp = /0 (w, @), *wipdp > 0.
We also get
- 1 - -
/ ‘¢T‘2 = _ga'rB((bv d))
R2

0
af/ 16,2 <0, / dT/ 6.2 < +oo
R2 —00 R2

From these relations we find
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and hence ¢~>T = 0. Thus ¢~> is independent of 7 and therefore LW[(;E] = 0. Since (;NS is at mode 1, this implies
that ¢ is a linear combination of Z;;, j = 1,2. Since fR’z ¢-Z1; =0, j=1,2 we conclude that ¢ =0, a
contradiction. O

Proof of Lemma 7.7. Let us write

@lle,r = sup )A*(T)‘”H(l + [y1")¢ll oo ).

We claim that for any 7 > 0 we have that
[6ll2+46.7 < o0 (7.30)

Let us recall that with the transformations (7.27) we have that the complex valued function ¢(y, 7) is
radial in y and solves the initial value problem

Orp = Ap2p — (1 +2cosw + cos(Qw))loﬁ2 + hip,7) in R? x (0, 00),
¢(-,0)=0 in R?
where p = |y|, y € R? and h is related to h by (7.25). Let us write ¢ = @, 4 ¢, where ¢, is the unique
solution to
Orpa = Ap2q + h(p,7) in R% x (0, 00),
@a(,0) =0 inR?

given by Duhamel’s formula. Using the heat kernel in R? one readily shows that ||¢,||240,, < +00. Let
1
00 = Apzp — (1 + 2cosw + cos(2w))—2(<pa +¢p) in R? x (0, 00),
p
op(-,0) =0 in R2

By standard linear parabolic theory ¢y (y, 7) is locally bounded in time and space. More precisely, given
R > 0 there is a K = K(R, 1) such that

|¢s(y, 7)| < K in Bg(0) x (0,71].

If we fix R large and take K; sufficiently large, we see that K;p~7 is a supersolution for the real and

imaginary parts of the equivalent complex valued equation (7.28) in the region p > R. As a conclusion,
we find that |¢p| < 2K7p~7, and therefore ||¢p||o,-, < 400 for any 74 > 0. This proves (7.30).
Next we claim that

G(7)-Z1; =0 forall 7e(l,m), j=1,2 (7.31)
]R2

Indeed, let us test the equation against

Zym,  n(y) =no(R™yl)

where 1) is a smooth cut-off function with 7(r) = 1 for »r < 1 and = 0 for » > 2 and R is an arbitrary
large constant. We find that

o) 2 = [ ds [ o) QwlnZy) + b Zugn) (7.32)
R2 0 R?
On the other hand,
/ ¢ - (LwnZijl+h-Zijng) = / ¢ (Z;An+2Vn-NVZi;) —h-Zy;(1 —ng)
R2 R2

=O(R™*77)
uniformly on 7 € (0,71). Letting R — 400 in (7.32) we get that (7.31) holds.
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Now we claim that there exists a constant C' such that for all m; > 0 we have the validity of the
estimate
[llor < C, (7.33)

so that in particular estimate (7.29) holds.
To prove (7.33) we assume by contradiction the existence of sequences 7" — 400 and ¢,, h, of the
form (7.25), (7.27) satisfying

Or¢n = Ly [pn] + hn  in R? x (1,7]),
On(7T)-Z1; =0 forall Te (1,77),
RQ
én(-,1) =0 in R?
so that
[Pnllorp =1 (7.34)
but

2
h,, = Zangj’n, lgjnllisor — 0, asn— oo.
j=1

We claim first that
sup 7|on(y,7)| = 0 (7.35)

1<r<7{

uniformly on compact subsets of y € R2. If not, for some M > 0 there are |y,| < M and 1 < 75 < 77" s0
that

(72)" (L + lyal ) d(yn, 73)| =

Clearly we must have 73" — +o00c. Let us define

qgn(yﬂ—) = (13)"¢nly, 73 + 7).

N | =

Then 3 3 5
Ordn = Lw[dn] + by in R? x (1 —712,0]

where l~1n — 0 has the form
2

i . 3y 1
hon =) 0y.Gjn, |95y, 7)] < o(1
2 O Va0 < oV T
and )
\¢n(y77')|ﬁm in R* x (1 —73,0].

From standard parabolic estimates, we find that passing to a subsequence, én — ¢Z uniformly on compact
subsets of R? x (—oo, 0] where ¢ # 0 and

¢r = Ly [p] in R? x (—o0,0],

5 (5(.77-) -Z1;=0 forall 7€ (—00,0],

1
oy, 7)| <
B < T

q@(y, T) =Re (4,27([), T)ew) Ey +Im (95(/)7 T)eie) Es.

But then Lemma 7.8 implies that ¢ = 0, which is a contradiction, and we conclude that (7.35) indeed
holds.
From (7.34), we have that for a certain y,, with |y,| — oo and 73 > 0,

n R? x (—00,0], j=1,2,

n\v g n 1
()l S, 70| > 5.
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Now we let
an(sz) = (13)" |ynl” ¢n(|yn|_lz7 |yn|_27— +173)
so that
Ordp = Dop + an - Vidn + budy + hn(z,7)
where

(2 ) = () 9l (a2 ] 27+ 73),
and |a,| + |bs| — 0 uniformly on compact sets of R? \ {0}.

Note that
2
hn = Z azj- gj,n
j=1

where
Gin(2,7) = (73)" lynl 7 gj, (lynl ™" 20 lyn| 727 + 73),
By assumption on g, , we find that g;,, — 0 uniformly on compact sets of (R?\ {0}) x (—o0, 0]. Besides

|&n(f27,0)| = § and

lynl’

|6n (2, )| < L2177 ((73) " Hyal 2r +1)7".
As a conclusion, we may assume that ¢, — ¢ # 0 uniformly over compact subsets of R2 \ {0} x (=00, 0]
where

br=A.¢ inR?\ {0} x (—o0,0].

and

[6(z,7)] < 2177 in R*\ {0} x (—o0,0].
Moreover, the mode 1 assumption for ¢,, translates for é into

p(z,7) = [sp(p? S)em] , 2= pe?

for a complex valued function ¢ that solves

4
Or = pp + % - p—f in (0,00) x (—00,0], (7.36)
|§0(P, 7—)‘ < p_a in (0,00) X (_0070}'
Let us set -
ulp,t) = (" 07+ 5
Then

4
—uy + Au — TZ <(P+t)* Ho(o+2) -4+ %] <0.

It follows that the function u(z, 7 + M) is a positive supersolution for the real and imaginary parts of
equation (7.36) in (0,00) x [—M,0]. We find then that |o(p, 7)| < 2u(p, T + M). Letting M — +o00 we
find

2e

lp(p,7)] < 2
and since ¢ is arbitrary we conclude ¢ = 0. Hence ¢ = 0, a contradiction that concludes the proof of the
lemma. 0

Proof of Lemma 7.6. We take h to be the extension as zero of the function h; as in the statement of the
lemma. Then we let ¢ be the unique solution of the initial value problem (7.24), which clearly defines a
linear operator of h;. From Lemma 7.7, expressing the resulting estimate in the variables (y,t), we have
that for any t; € (0,7

6@y, 1) < CA()" (L + [y) " [[All2+0, forall te(0,t1), yeR
Then letting ¢1 := (b’DSR and letting t; T 7T the result follows. O
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7.4. Proof of Proposition 7.1. We let i be defined in Dy with ||h|q,, < 400, with a € (2,3), v > 0.
We consider the problem

)\26t¢ - LW[¢] + h in D4R¢(-, 0) in B4R(0)7
(recall that h is assumed to be defined in R? x (0,7). Let ¢ be the solution estimated in Lemma 7.1 of
N0ipy = Lw[ox] + by in Dap
¢(-,t) =0 on dByr forall te (0,7),
#(-,0)=0 in B4R(O)~
In addition we let ¢g1, ¢11, ¢_11 solve
N0ypr1 = Lw|dra] + hi  in Dug
ok1(,t) =0 on 0Bsg forall te (0,7),
dr1(-,0) =0 in Byg()

for k = 0,1, —1. Let us consider the functions ¢g2 constructed in Lemma 7.3, ¢_1 2 constructed in Lemma
7.5, and ¢12 constructed in Lemma 7.6, that solve for £k = 0,1, —1

NOypra = Lw (o] + by — by, in D3g
dr2(-,0) =0 in Bsg(g).

We define
b= > (bmtow)+ > ok

k=0,1,—1 k#£0,1,—1
which is a bounded solution of the equation
Moy = Lw[¢] + h(y,t) in Dz

that defines a linear operator of h. Applying the estimates for the components in Lemmas 7.1, 7.3, 7.5,
and 7.6 we obtain

A(t) log R(t) . |
?t < h a,v
6001 £ e I
(b)Y - A(t)VRY -
———— |hy — h ———||h
+ 1+ |yle—2 H 1 1Ha,u+ 1+ |y2 H 1Hy,a
AR s, . A(t)"R?
_ 1,R 2 ho — h eyt —/——— h a,v
1+|y‘ Hlln{ |y‘ }” 0 OH s 1+|y| || OH ,

+ A min{log B, Ry} |h—1 — h—1]la + M (t)" log Rl ]|,

in D3g. Finally, Lemma 7.2 yields that the same bound is valid for (1 + |y|)|Vy¢| in Dagr. The function
¢| Don solves (7.1), it defines a linear operator of h and satisfies the required estimates. O

7.5. Modified theory for mode 0. Let us consider the problem
/\2%01& = Lwtp + h(y,t) + Z &OjZOj’LU?) in DQR
j=1,2
=0 ondBag x (0,T)
©(+,0) =0 in Byr(o),

in mode 0. The result here is the following.
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Proposition 7.2. Let 0 € (0,1), 6 € (0,1), v > 0. Assume ||h||, 240 < 00. Then there is a solution ¢,
o; of (7.37), which is linear in h, such that

oy, )+ (L+ [yDIVye(y, 1) < CXY]

{R%U; ly| < 2R

(1+|1y|) ;
[ 2R’ <|y| <R,

and such that

B, - Zoj
Goj[h] = =+ - G[h]
! f]R2 |Z0J|2
where G is a linear operator of h satisfying the estimate
|G[h]] < CAXZR™||h]ly20, (7.38)

with 0 < o' < o.

We are using the terminology mode 0 from §7, which means that ¢ has the form
© = Re(@e?)Ey + Im(@e®) By

where @ is a complex valued function of p and t. The equation A\?¢; = Ly + h(y,t) (wit h also in mode
0) becomes

1 cos(2w)

N20yp = Lop+h, where Lol@] = 02p+ 00—

and we have a similar definition for h. Note that the operator Lo at p = 0 and p = oo is given by
824,0 + 18,,(,0 — 2<p The last equation can be written as a regular parabolic PDE by setting ¢(y,t) =
Gp,t)e™, y = pe’

16¢
(1+ [y[?)?

Thus, instead of (7.37) we will construct a solution to (changing the notation to ¢ and h)

N8, = Ay + + h(y,t).

Moy =Dy + S+ h(y,t) + Gopw?  in Dap

16
L+ 1yl*)
©=0 on dByr x (0,7)
¢(-,0) =0 in Byg(),

(7.39)

with ¢ complex valued of the form o(y) = € @(p,t) (and the same for h). Here & is complex and related
to Cp; in (737) by ¢y = €1 + iCo2-
We will construct ¢ solving (7.39) of the form
=no+v

where n(y,t) = m (lll‘) and y(r) = 1 for » < 1, ny(r) = 0 for r > 2. Here R; = R?. We find a solution
to (7.39) if we get ¢, 1 solving the system

{A%w = A¢+ Bo+ By + h(y,t) + copw’y in Do,

. (7.40)
#(-,0) =0 in B2R1(0)7

N0y =AY+ (1 —n)By + Ap+ (1 —n)h(y,t) in Dag
=0 on 0BsR % (07T) (741)
¥(,0)=0 on BQR(0)7

where
16

= W, Agp = ¢An + 2V dVn — ¢y
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Consider
N20pp = Ay + (1 — ) Bty + h(y,t) in Dag
=0 on 0Byr x (0,T), (7.42)
¥(y,0) =0 Yy € Bag(o),
with ¢ and h of the form ¢ = ¢ (p,t)e’. Let

lollS = %up{&?”(t)(l +1yD)7 [l Ol + 1+ DIV (y. 1)l ]}

Lemma 7.9. Let 0 € (0,1), v > 0 and let ¢ solve (7.42). If Ry is sufficiently large, then
% < Cllhll 2o (7.43)
If in (7.42) h is replaced by (1 — n)h we get the additional estimate

1
W)(y,t)| + Rl\vd)(%tﬂ S C/\:ﬁv |y‘ S 2‘Rl
1

Proof. To prove this lemma, we first claim that for the equation
NOp = A+ h(y,t) in Dog
=0 on dByg x (0,T),
Y(y,0) =0 Yy € Byr(o),
with ¢ and h of the form ) = ¥(p,t)e?’. we have
1915 < CllAllv210- (7.44)

This is obtained using a barrier for the real and imaginary parts of 1/3, which satisfies
N0 = 0,0 + %a,ﬂz) - p%q; 1 b
To find the estimate for the solution of (7.42) we need to estimate ||(1 — 7)B¢||,,2+0. We have that
(L=m)B | < (L =mA L+ ly) 7 [l
< Ri(0) AL+ [y) 7215,

and therefore
0.

11 =) BY|lv210 < CR1(0)72[|¢]
Then, if ¢ satisfies (7.42), using (7.44) we get
915 < CI(=mBY + hllvass < CR1O) M W0 + Cllhlly 240
If R1(0) is large enough, we obtain (7.43). O

Proof of Proposition 7.2. We use Lemma 7.9 to find a solution ¢[¢] of (7.42) with h replaced by A¢, and
a solution t[h] of (7.42) with h replaced by (1 — n)h, so that ¢[¢] + ¢[h] is the solution of (7.41).
Let o1 € (0,1). We also get the estimate

1[1152, < CllAB|v 240, - (7.45)

We take R; = R® and construct a solution of the system (7.40), (7.41). For this it suffices to find ¢
such that
N0, = A + Bo + BY[¢] + By[h] + h(y,t) + copw, in Dag, (7.46)
¢(-,0) =0 in Bap,(o)- '

Let T denote the linear operator given by Lemma 7.3, Applied in Dag,. Then to solve (7.46) we consider
the fixed point problem

¢ = T[BY[¢] + By[h] + h].
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Let 0 € (0,1). By Lemma 7.3,

1719w 240 < l9llv240 (7.47)
where
ALV (L Jy])?
||¢||*,V,0' = sup T H(b(ya t)' + (1 + |y‘)|vﬂ¢(y7t)|] .
1
We claim that if oy < o then
||A¢||V,2+01 < CRI(O)Q_UHQS”*}V,U' (7'48)
Indeed, we have
1 RB*G‘ Ral—o
¢A77 S 7)\:17 A"? ¢ *,UV,0 S C)\Zli Qb *,UV,0
| | R% (1_|_ |y‘)3| 1||| || (1_|_ |y|)2+01 H ||
1
<CR(0)7V7 N ———— 0,0
>~ 1( ) *(1+ |y|)2+01 H¢|| U,
Similarly
1 R370’ Ral—a'
VoVn| < —X—1 |V we KON — .
‘ d) 77| = Rl (1+‘y|)4| an|¢|| W0 = (1+|y|)2+01 ||¢|| Vs
Similar estimates for the remaining terms in A prove (7.48).
From (7.45) and (7.48) we find
(6115, < CRu(0) =[]l .0 (7.49)
Now we claim that
IBY w210 < Cll)S2, (7.50)
Indeed,
Y Y
B <O—"rF N «co—— 2 (1)
|¢| = (1 + ‘y|)4+01 ||w”u,o’1 —= (1 =+ |y|)2+o- ||ql)||1/,c71

so (7.50) follows. Combining (7.50) and (7.49) we get
|BESllv240 < ClllI5), < CRIO)T = [lleno-
From the above inequality and (7.47) we then get
IT(BY[]]ll«v0 < CR1(O)7[[]|4,.0,

which shows that the operator ¢ — T[By[¢p] + By[h] + h] is a contraction if R;(0) is sufficiently large,
and we find a unique fixed point, which satisfies the estimate

19ll«.v.0 < ClIT[BY[R] + h]

Next we estimate ||T[Bvy[h] + h]||«,v,0. We have by (7.47)
IT1BY[R] + hlllsv.0 < CIBY[A] + hllv240
< Ol IAIIGS + Il 240 < Cllblvato,

o

and hence
||¢||*7V,0 < C||h||l/,2+o- (7-51)
Similar to (7.49) we have
1SS < Clldlleo < Cllbllv2to

and
[$[RIIS < CllAllv240-
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Recalling that ¢ = ¢ + ¢ and R; = R®, we get

RS(B—O‘) §
) RO < 9R
oy, )] + (1 + [yD[Vyp(y, )] < CXL |l 210 § CHED | |5
e 2 SIS R

Finally, thanks to Lemma 7.3, we have that

1
/B . hpw, + /B . (BY[¢] +B¢[h])pwp]

cnilhl = ————
OJ[] fBl |Z0j|2

45

The last term is a linear operator of h, which we estimate next. A similar computation as in (7.48) shows

that

||A¢||u+5(a'701),2+01 < C”(b”*,u,a-
This implies
1910]llv+5(0-01),00 < CllDllxp0

and therefore

S CXERT 7 @llwvo

/ Byld] - Zo;
Bar,

and using (7.51)

C)‘:Ral_a ||h||1/,2+0~

/ By(6) - Zo;
Bagr,

We have for |y| < 2R°

[y, O] + 1+ [yDIVy ¢ Ry, 0)] < CRY7|[hllv240-

Then for |y| < 2R’ we have
B lo[h]] < OXL(L+ [y) T Ry 1hllv2+ors

and hence

S CXR 7 |hly,240-

/ Bij[hlpw,
Bagr,

We would like to have the orthogonality condition defined as an integral in R?. Note that

/ hpw,
(Bags)®

2RS

1
< Cllhly, 240N ———
s [

< O||h|y240 X, ROF),

dy

Bygs)©

Then, going back to the original notation, we get

fR? h- ZOJ

CO][ ] f]Rz |ZOJ|2

- Gh

where G satisfies (7.38).
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7.6. Lipschitz bounds with respect to \. Let us consider the linear operator we constructed in
Proposition 7.1 as a solution ¢[h] = Ty 1[h] of problem (7.1),

N8i¢ = Lw[d] + h(y,t) in Dap

#(-,0)=0 in B2R(0)

qb -W =0 in DQR
where Dor = {(y,t) / t € (0,T), y € Bary)(0)}, and we assume h - W = 0 in Dyp. The purpose in this
section is find estimates for directional derivatives of the operator 7y 1[h] with respect to the parameter

function A. Examining the construction of 7} 1[h] as the superposition of the unique solutions of different
problems, it is not hard to see that the directional derivative
d

¢>\ = (3,\73\,1)[}1] [)\1] = %7;\-&-3)\1,1[}1”3:0

satisfies the equation

Ndhox = Lvloa) — 25 (Llé] + by, 1)) in Dar
¢)\(-,0) =0 in BQR(O)

with ¢ = Ty 1[h]. We will find estimates for this quantity inherited from those we have already established
for ¢. We assume that for some positive numbers a, b, ¢ independent of T" we have that

are(t) < A(t) < bA(L), |A(t)] <chi(t) forall te(0,T).
The following estimate holds.
Proposition 7.3. The function ¢y is well defined and satisfies the estimate

(14 Jy) [Vyoa(y, t)] + [ox(y, t)|

L RY 2" 1ogR {R1+

2
< N S
T ot Wl

5—a

M
A

m DQR.

o0

Proof of Proposition 7.3. We recall that ¢[h] = Ty 1[h] was constructed mode by mode. According to
the decomposition (7.2), (7.3), (7.4), (7.5), we can write

p=c¢do+¢1+d_1+¢", h=ho+hi+h_y+h",
where we can assume for k =0,1, j = 1,2,

hi(y,t) - Z;(y)dy = O.
Bar

We will give the estimates for ¢, in each mode separately, writing

b = o + d1x + d_1x + D%

We will estimate each of the terms ¢gx, ¢1x, d—_12, gbi‘ separately.
First we give some estimates for the equation in entire space with some suitable right hand side.

Lemma 7.10. Let ¢ be the solution of
- =Ayd+g(y,7) inR? x (0,00)
#(-,0) =0 inR?
given by Duhamel’s formula. The following holds: let v € (0,1), a € (2,3). Assume that g(y,7) =
divyG(y, ) where |G(y, )| < W Then
C(1+1log, 7))
(L4771 + |y|*~?)

lp(y, 7)| <
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where log . 7 = max(0,log 7). If instead, g satisfies |g(y, )| < m, then
C(1+log, 7))

< —.

Proof. The proof of the first estimate directly follows from the representation formula
1 g 1 _ ly—=z|?
oy, 7) = E/o — e 1= div,G(z,s)dzds
1 _ly=z2y — 2
=C e AT=a) -G(z,8)dzds
o T—S Jr2 T—S

The second estimate is treated similarly. O

7.7. Mode 0. Estimate of ¢g). We claim that
(1 + [yDIVeor(y: )] + [Por(y, 1) (7.52)
M RY“*3* log R {1 if |y| < R%

<)\

~ Nk

HhO”a,V

o0

A ly| + 1 2 if [yl > Re.

Proof. We refer to the notation in the proof of Lemma 7.3 on the construction of ¢y. We recall that
o = Lw [®g] where @ is the unique solution of the problem (7.19),

>\2(I)t - LW[(P] + HO(y,t) in D4R7
@(y, 0) =0 in B4R(O)
O(y,7) =0 forallte (0,T), y & IBsr()(0).

Then ¢oy = Lw [Pox] where ®gy solves

N0, @0y = L [®oy] — 2%@0 + Ho(y,t)) in Dag, (7.53)
Dor(y,0) =0 in Byr(0)
Qor(y,7) =0 forallte (0,T), y € IBsr()(0).
We recall that we obtained
|60(y, )| S 11Pollaw RP™“Au(t) (1 + y]) %,

and a posteriori the better estimate

*
5—a

Lyl | £ if ly| > R™.

5—a
RE* )\ (1 if ly| < R
|Po(y: )| < llholla, {

The use of an explicit barrier in (7.53) then yields

M| R=**2logR
A 1+ |yl
and then, arguing similarly as in the construction of ¢y we obtain the estimate for ¢ox = Lw [Pox],
M| R *’logR
Mo  T+yP

Next we want to improve this estimate, as was done in Lemma 7.3. We have that ¢, satisfies the
equation

|Pox| S Ncllholla,w

(oo}

[Pox(y, )] S Alllho (7.54)

a,v

N0ydor = Lw [dor] + 9(y, t)
where

9= =2 (L [60] + ho(y: 1), (7.59)
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We have that g(y,t) = divy Go(y,t) + G1(y,t) in Dsp, where

I+ yDIG1(y, ) + (1 + [y)*[Gol B, (y,r)nDar + |Goly, 1) (7.56)
A R (1 if ly| < R*%",
/S By ”hOHa,Vig R . 5-a
Ao L+[yl? | £ if ly| > R*7".
We write
Por = Pp + P

where ¢ is given by the Duhamel formula

T 1 _ly=z?
aont) = [ s [ E g ) a:

T—8
with ¢ given by (7.55) and 7 by (7.14), and let ¢. solve
N28ype = L [de) + VW |2y + 2(VW - V)W in Dug
¢c(,t) =—¢p on dByr forall te (0,T),
$e(-,0) =0 in Byp(o)-
Using Lemma 7.10 we find that

A 5-a
0001+ 1+ DT S | 3| ol AR g (7.57)
for |y| < 5R. The above estimate implies that
A —a
VW Rlon] + 2 (W ToW1 5 |3 holls AR o RO+ ) (7.5%)

Let ¢, be the complex valued function defined by
Ge(y,t) = Re(pe(p,t)) Er +Im (¢c(p,t)) Eo

so that using the notation in (7.8), . satisfies the equation

{ X200, = Lolgpe] + Ge(p,t) in Dag,

. (7.59)
¢c(0,p) =0 in (0,4R),

where by (7.58) g. satisfies

. A » i _
|9e S H; |holla.y XYR™2 log R(1+ |y|) 2.

|
o0
We can find an explicit supersolution for the real and imaginary parts of equation (7.59) in D r1/2 of the
form

2R/? s
e = d(t) Zo(p) / Z;)Qr /0 Zo(s)(1 + 5) s dsdr

o(r
where d(t) = H’%Hoo 1ol a,v A R*%* log R and Z is defined in (7.10). We note that at p = R'/2 the

value of ¢, satisfies, by (7.54) and (7.57)

[Ge(RY2,6)] < [gor (B2, )] + [gu(RY/?,1)]
A
A

6—a

R 2 logR

S Mlholla,

oo

and on the other hand
- A
2,0 > | )

70 llaw AR log RR'/?
o0
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for some ¢ > 0. This yields
ol NR2

oo

A1
c 7t < ~N
6u(y >|N\A

“Tlog R(1+ [y~ |yl < RY2.

and combining with (7.57) we get
M
A

Using Schauder estimates together with (7.56) we obtain (7.52).

5—a

ldor(y, )| < [Rollaw AYRZ THlog R(1+ [y|)™" |yl < RY2.

.

7.8. Mode 1. Estimate of ¢;,. From a similar argument we obtain the following estimate.

(1 + DI Vyour (O] + 1ona O] < OA (4 ) Al | 3] in D
7.9. Estimate of ¢3 and ¢_1,. We claim that for any o € (0,1) we have
(1 + DIVt ()] + 165 (D] S Au(0) B Tog RO+ [y~ [ s |52
(1 + IDIV6 15 D]+ 160500 A R0 ) || 2
-

8. THE A\-w SYSTEM
In this section we prove Proposition 6.5, on approximate solvability of the equation
Bo[p](t) = a(t)v te [O,T),

where By is the operator defined in (5.6) and a : [0,7] — C is a given continuous function. We will also
derive Lipschitz estimates that will be crucial in solving for the final adjustment of parameters p,£ by a
fixed point argument in the next section.

Consistently with the discussion in section 5, we assume that C% <la(T)| < Cy for some C; indepen-
dent of T. We will construct an operator P that to a function a in a suitable class assigns p = P[a] such
that

Bolpl(t) = a(t) + Ro[a](t), in [0,T). (8.1)

so that Rola](t) is a suitably small.

We construct the function p in Proposition 6.5 by linearization, and the first approximation is a
function p, that deals with the case of constant a.

First we introduce some notation. We work with x € C and let pg . be the function

T
1
Do,k (T :/ilogT/ ——ds, t<T, 8.2
so that
) k| log T
)=———"1"°2°"1 8.3
pO,H( ) |10g(T — t)|2 ( )
We will always assume that for a large, fixed constant C; we have
1
— <[k < O, (8.4)

Gy

so that we also have C 1\, < |po,x| < C\.. The first term in the function p constructed in Proposition 6.5
is a function close to pg, that actually more or less solves (8.1) in the case that a is constant.
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Lemma 8.1. Given k € C satisfying (8.4), there is a function p, : [-T,T] — C, a constant c¢(k) € C,
and R1(k)(t) such that

Bolpx](t) = ¢(x) + Ra(r)(t) (8.5)
fort € [0,T], where R1(k)(t) satisfies
[Ra(r) ()] < CAZ (8.6)
for some ag >0 .

We have additional estimates for p,; and the remainder Rq(x) constructed above. The function p, can
be decomposed as

Pr = Po,x T D1,k
Here py ,c is defined in (8.2). The function p; . satisfies: given k € (1,2) there is C such that

Ip1ells k1 < Cllog TI* " log? (| log T) (8.7)
and
1P1,02 = D1 [l k1 < Cllog T og? (| log T) |1 — k| (8.8)
for k1, Ko satisfying (8.4), where the norm || ||k is defined for g € C([-T,T];C) N CY([-T,T);C) with
9(T) =0
and k£ > 0 by
lgllx = sup ]Ilog(T—t)lklg'(t)L (8.9)

)

(here g = Lg).
The remainder, satisfies together with (8.6) the estimate for the derivative in ¢:

d
%Rl(“)(t) <Ot (8.10)
and Lipschitz estimates
IR1(k1)(t) — Ri(k2)(t)] < CAL[k1 — Ko (8.11)
d d
R0 — 5 R (k2)0)] < OAP o — (5.12)

for k1, ko satisfying (8.4). The proof of Lemma 8.1 and estimates (8.7), (8.8), (8.10), (8.11), and (8.12)
are in section 8.3.

For the proof of Proposition 6.5 and Lemma 8.1 it will be useful to isolate the main part of the operator
By, defined in (5.6). Given the asymptotic expansion of I'; in (5.5) we write

Bolp] = Z[p] + B,

where
A 0? L ]

th) = [ P Byl Bl + Bl - Re(i(0), (5.13)
where
3 iy | [0 Re(p(s)e ) At)? ' Re(p(s)e ™M) | A(t)?
Builpl(®) = ¢ N [/T t—s (Fl(t—s)_l)ds+/t)\*(t)z t—s Fl(t—s)dS]
z o | MO Im(p(s)e ) At)? ' Im(p(s)e=™®)  A(t)?
Ba[p](t) = ie ()[/T P <F2(t_s)_1>d8+/t)\*(t)2 P F2(t_8)d$]

and we use the notation p(t) = A(t)e™(®). To prove Proposition 6.5, we take p of the form

P =Dpx + D2,
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where p,, is the function constructed in Lemma 8.1, for some x € C to be determined. The function ps(t)
will have the property p2(t) = o(px(t)), as t — T'. We would like that

Tlpx)(t) + Z[p2)(t) + Blps + pa] (1) = aft). (8.14)

Given « > 0, let us decompose Z[p] = Sa[p] + Ra[p] where S,, R, are defined as in (6.20), (6.21), that
is The idea is to replace Z[pa] by Sq[p2] in (8.14) to make this equation more manageable, that is, we
consider S [pa] 4 B[ps +p2] — B[px] + R1(k) = a(t), t € [0, T], where we have used (8.5). We introduce one
more modification, so as to have a more convenient problem to treat. Let us split S,[g] = Lolg] + L1[g]
where

Lolg] = (1 — a)|log(T" - t)|g(t)
=TT g ()

Ly[g] = (41log(|log(T' — t)|) — 2log(x) — 2log(|log(T')|))g(t) + / ds.

—-T t—s

We actually introduce one more modification to (8.14). For this, it is convenient that a is defined in
[-T,T]. So, given a function a : [0,7] — C satisfying the hypotheses of Proposition 6.5, we extend a
continuously by constant for ¢t < 0.

Let 7 be a smooth cut-off function such that n(s) =1 for s > 0,7(s) =0 for s < —1. The equation
that we are going to solve is the following one:

Lolps] + n(%)Ll o] + Blpw + po] — Blpe] = alt) = Ra(k) + ¢ in [=T,T] (8.15)

for some constant c. Later on we shall show that it is possible to adjust x so that ¢ = 0.

8.1. Construction of a solution to (8.15). Since in (8.15) the terms a(t) and R (k) have similar
behavior, we will consider just

Lolpa] + () Lalp) + Blpw + pa] — Blpe] = a(t) +¢in [-1,7] (5.16)
Consider the norm || ||,,; defined in (6.15).
Lemma 8.2. Let p,a € (0,1) and | € R. Assume that C% <la(T)| < Cy and
T*[1og TI"**"a(-) = a(T) -1 < Cu, (8.17)

for some o > 0 fized. Then if T > 0 is small there is a solution ps to (8.16) for some ¢ € C. Moreover
this solution satisfies

152l < Cllal) = a(T)l1-1- (8.18)

For the proof of this lemma we consider the linear equation
t .
Lolg] +n(5)Lalgl = f + ¢ in [-T,T]. (8.19)

We will assume that f(7T) = 0, and hence ¢ = L1[g](T') because all other terms in the equation vanish
at T. Thanks to the cut-off function 7(£), we need only to consider the values of Ly[g](t) for t > —L.
Then in the definition of Ly[g], t — (I' — t)!** > ¢t — (T —t) > =T of T > 0 is small.
For the right hand side of (8.19) we take the space C([-T,T]; C) with f(T") = 0 and the norm || f|,,;—1-
The next lemma asserts the solvability of (8.19) in the weighted spaces introduced above.

Lemma 8.3. Let a € (0,1) and T > 0 be sufficiently small. Assume ||f||1—1 < oo where p € (0,1),
Il € R. Then for T > 0 small there is a solution S[f] of (8.19) that defines a linear operator of f and
such that

STt < ClF i1 (8.20)
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Proof. We consider (8.19) as a fixed point problem of the form
_ t
9=1Lg" |f~ () (Lalgl(®) = Lalgl(T)) |,

where L, is defined the formula

1 ft)
(1—a) [log(T — )|

Ly '[f1(t) =
It is clear that
1
—1 < _ -
125" Al < 3= 1]

pl—1+ (8.21)

and a calculation shows that

C'log |logT|
211610 = EalolDlheams < (o S22l (822)

To estimate the integral term we decompose
t—(T—t)t+e T
/ ﬁds—/ EICTRP U Ay
-T t—s _T T—s

where

t—(T—t)t+e t—(T—t)/2 1 1 T
I :/ 95) 41, :/ 9(s) ( - ) ds, Iy :/ 90) e
t—(T—t))2 t—S -7 t—s T-—s t—(r—t)y2 T —s

Then

i N e (T — t)*
Igg,/ ds < gl —— " (| log(T — )] + C).
| 1| ” ”M,l b (T—t)/2 |10g(T—S)‘l(t—S) ” ||#l|10g(T—t)|l( | ( )‘ )
and similarly
(T —t)» (T —t)»
L <C _— I3 <C —_— .
|2 < Hg”“’l“Og(T—t”l’ I3 < Hg””’l“Og(T—t”l

These estimates imply (8.22). Then this inequality combined with (8.21) shows that

i ) (Talal®) - Lalal)

< 1 (a C’log|logT|)|| ||
“l-a |log T st

Then for a € (0, 1) and T' > 0 sufficiently small this operator is a contraction and we obtain the conclusion
of the lemma. O

sl

Proof of Lemma 8.2. Let S denote the linear operator constructed in Lemma 8.3.
Then to find a solution to (8.16) it is sufficient to find a solution py of the fixed point problem

p2 = Alpa] (8.23)
where p = A[ps] is defined by p(T) = 0 and
dp - -
=8 |~ (Blp +p2) = Blpa]) +a(t) —a(D)]
Let My = Colla(-) — a(T)||u,1—1, where Cy is a sufficiently large fixed constant. We claim that if

T > 0 is sufficiently small then A is a contraction in ball By, of the space of complex valued functions
p2 € CY([—T,T)]) with po(T) = 0 and with the norm ||p2||,.;. Note that with this norm we have

, (T — tyr+t
t) <C —_—
P2(0)| < Clials oz
In particular, thanks to (8.17), if ||p2|| .0 < My, then
P2 P2
— -~ 1
ot <
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for T' > 0 small. o -
Let us verify that A maps By, into itself. Let p2 € By, . By (8.20) we have

lA2llla < C(1Blpw + o] = Blowllli1 + llaC) = a(T) 1r)- (5:24)

After some computations, we can check the validity of the following estimate: for pi,ps € By, we
have

1Blps + p1] = Blps + polllpi-1 < C

‘ IOgT‘ ||p1 _p2||#,l' (825)

Assuming for now this estimate let us continue with proving that .4 maps By, into itself. Let
p1 € By, . By (8.24) and (8.25)

M
[A[p2]llt < Cllongl +Clla(-) — a(T)|su-1 < My,

if T > 0 is small. Also thanks to (8.20) and (8.25) we see that A is a contraction in Bjy,. This finishes
the proof of the lemma. O

We also have a Lipschitz property of the solution constructed in Lemma 8.2.

Lemma 8.4. Let i, € (0,1) and | € R. Assume that for j = 1,2, a; satisfies C% < |a;(T)| < Cy and
(8.17), and let k1, Ko satisfy (8.4). Then for T > 0 is small the solution ps[a, k] to (8.16) constructed in
Lemma 8.2 satisfies

1P2[ar, k1] = palag, s1llus < Cllar () — ar(T) = (a2(-) — a2(T))lp1—1

1P2]a, k1] = palar, wo]llu < Cllai(-) = ar(T)|i-1lr1 — 2l (8.26)

8.2. Holder estimate of the solution. We will show in this section that the solution constructed in
Lemma 8.2 has some Holder regularity inherited from the one of a.
We then have the following result, where the Hélder semi norm [ ], ; is defined in (6.16).

Lemma 8.5. Let a € (0,3), p,v € (0,1), m < p—~, I € R. Assume that C% < |a(T)| < Cy and
T log T|"**~!|a(-) — a(T)jui—1 + [aly,ma—1 < O,
for some o > 0. Then the solution py constructed in Lemma 8.2 satisfies
. ™ —m
Pl S gy (T77~™ 4 log|log T|) l|a() — a(T)|[,u1-1
+ la() = a(T)]ym -1

The proof follows from the fixed point representation (8.23) and estimates in the weighted Holder
norms for the operators involved there.
We will also need a Lipschitz estimate of p, as a function of  and a(t) in the semi norm [ |, m.-

Lemma 8.6. Let o € (0,3), ;v € (0,1), m < p—~, | € R. Assume that for j = 1,2, we have
C% <la;(T)| < Cy and

T log T|"*7~|a;(-) = a;(T)llpi-1 + ajly,mi-1 < C1,
for some o > 0, and that k1, ko satisfy (8.4). Then the solution py = pala, k] constructed in Lemma 8.2
satisfies
[P2a1, k1] — p2(az, K1]]y,m.1
S [al - CLQ}’y,m,l—l

log | log T'|

H—m—y
i [log 7]

a1 () = ar(T) = (a2() = a2 (1))l u1-1,
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and
TH=y—m

[P2(a1, k1] — p2(ar, Kallymi < CWHM(') —ar(T)|

pi-1lk1 — Kal.

Proof of Proposition 6.5. By Lemma 8.2 there is py satisfying (8.15), where we have used this lemma
with a replaced by a — Ry (k), with R; (k) being the remainder appearing in (8.5).
Note that by (8.6) and using the assumption © < ag, we have

IR (k)llea—1 < T log T|'". (8.27)
Therefore from (8.18) we find
lp2lle < C(T%°~®log T|'~* + [la(") — a(T)|

0,1-1)

In equation (8.15) the constant ¢ depends on x and we claim that it is possible to choose x satisfying
(8.4) such that ¢ = 0. Evaluating (8.15) at t = T we find

T . .
/_T pfn(?t?(s) ds =a(T) +c.
We consider then the equation ¢ = 0 with x as an un known, that is, we look for x satisfying
T . .
Pr(s) + Pa(s)
———=—"ds=a(T). 8.28
[ P sy (3.25)
Using (8.2), (8.8) and (8.26) we see that
T . .
/_Tp”(s%—i—_iQ(S)dSZ/ﬁ—l-f(ﬁ)

where f satisfies

= C

_ < _
|f(k1) = f(r2)| < [log T K1 — Kol
for k1, ko satisfying (8.4). It follows that there exists a unique s so that (8.28) holds. Moreover

1
= a() (14 O(je7y)
k =a(T) +O(|1ogT|)

as T — 0.

Now let us prove the estimate (6.19). For this we note that what we left out in (8.15) is R4[ps2]. In
other words, the remainder Rg[a] is just Ry [p2]. By Lemma 8.5 we have

]
[P2]y,m,1 < CIlogT| (T~ +log |log T)) [|a(-) — a(T)|le,i-1
T
+ Oy (T o+ log [log T1) [Ra(4) o1

+Cla() = a(D)ly,m -1 + C[Ri(K)]ym -1
Using (8.10) we see that for s < ¢ in [0, 7] such that ¢t — s < (T — t) we have

Ra) = Ra(o)| _ e
(t—s)
and since m < © — v, © < g by hypothesis we get
[Ra(8)]ymi-1 < CA(0)7
for some o > 0. From this and (8.27) we obtain

(C]

2]y mia ST +C
[pQ]'Y, AN + |10gT|

(T*“/*m + log| logT|) la(-) = a(T)lle-1 + lalymi-1,
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for some o > 0. Then

t—A. (1) . o
Rl < | 20 ~Pae)l
t

—(T—t)1+a t—s
T@
< O(T° + Oy (7777 4 log 108 ) fal) = a(D)ll -1 + [a)1-1)
(T _ t)m+(1+a)~/
| log(T —1)[*
O
8.3. Proof of Lemma 8.1. To do this we look for p,; of the form
Dr = Do,k T D1,
where po . is defined in (8.2), and we would like
Z[po.x] + Zlp1] + Blpo.s +pi(t) — e(w) = O((T —)*°) for t € [0, T]. (8.29)

The idea is to replace in (8.29) the operator Z[p1] by Sa,[p1] defined in (6.20) and try to solve the
corresponding equation. We claim that if oy > 0 is small, then we can find p; such that

Z[po,x) + Sao[P1] + Blpo.s + p1](t) — ¢(x) =0 in [0, 7], (8.30)
for some ¢(x). This means that instead of (8.29) we have obtained
Bolpo,.x +p1] — c(k) = Ra,[p1] in [0,T].
The second step is to prove that there is k such that ¢(k) = A. The final step is to show that
| Rao[p1]| < C(T — £),
and this implies (8.29).
Construction of a solution to (8.30). To obtain a function p satisfying (8.30) we formulate a fixed

point problem as follows.
We decompose

Saolg] = Lolg] + L1lg]

where

Lolalt) = (1 — o)l log(T ~ )lg(t) + [ 2

and L contains all other terms, that is,
~ t—(T—t)t+eo t
Lqi[g](¥) = / 9(s) ds — / I s
t—(T—1) t—s t—(r—t) I'—s
t—(T—1) 1 1
———1]d

+/_T g(s)(ts Ts) 3
+ (4log(|log(T" —t)]) — 2log(| log(T)|))g(2)-

Given a continuous function f in [—7, 7] with a certain modulus of continuity at 7', we would like to
find g such that

Sao [g] = f in [_Tv T]
We will not quite obtain this, but we will solve a modified version of this equation. Let n be a smooth
cut-off function such that

1
n(s)=1 fors>0, n(s)=0 fors< -7 (8.31)
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We will be able to find a function g such that
= .= ., .
Lolg] +n(5)Lalgl = f + ¢ in [-T.T]. (8.32)

We use the norm || ||. 5 defined in (8.9) for the solution g of the above equation. For the right hand
side of (8.32) we take the space C'([-T,T];C) with f(T) = 0 and the norm

1Fllee = sup [log(T —t)[*|f(t)]. (8.33)

te[-T,T]

Note that in (8.32) the expression 7(% )L1[g](t) is well defined for g of class C’1 in [-T,T). Indeed,
because of the cut-off function, L;[§](t) needs to be computed only for t > —ZL and for ¢t > —L the

integrals appearing in L;[g] are well defined, since they start at either at —T or t— HT—t)=3t—3T >
-T.
The next lemma gives the solvability of (8.32) in the weighted spaces introduced above. Let
T — 2 — Q)
1-— Q)

Lemma 8.7. Let Cy > 1 be fized, x satisfying (8.4), and assume that k > Y — 1. Then, there is ag > 0,
so that for 0 < ag < ag, and T > 0 small, there is a linear operator Ty such that g = T1[f] satisfies
(8.32) for some constant ¢ and

gl + el < sl o (8.34)

<73 1
The constant C' s independent of T', ay.

Let
E(t) := Ilpo,x](t), (8.35)
Et) = E(t) - B(T),
where Z is given by (8.13), and consider the fixed point problem
p1 = Alp1] (8.36)
where
Alp1] = Ty [-nE — Blpo.x + p1]], (8.37)

where 7 is the cut-off function defined in (8.31).
Note that if p; is a solution of (8.36) then p; satisfies

Lo[p1]+77( )L1[p1] = nE — Blpo.x + p1](t) + ¢

T
n [—T,T] for some constant c. This implies that p; satisfies

Saolp1] + Blpos +p1] —E =c
in [0, T for some possibly different constant ¢. This is precisely the equation (8.30).

Proposition 8.1. Let k > 0, k < 2 close to 2 and cg > 0 small. Then for T > 0 small there is a
function py satisfying (8.36) and moreover

||p1||*,k+1 S M
where
M = Co|log(T)|" " log(|log(T)1)?, (8.38)

with Cy a fixed large constant.
Moreover, if we denote by p1(k) the solution just constructed, we have, for k1, ko satisfying (8.4)

1p1(k1) — p1(K2)|lps1 < Cllog " log(|log T))? |k1 — Kal- (8.39)
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The rest of the subsection is devoted to the proof of Proposition 8.1.
_ We start with the construction of the linear operator T} in Lemma 8.7. We want to find an inverse for
Lo, namely given f find g such that Lo[g] = f. To do this, we differentiate this equation and we get

2 — g J(t) 1 f(t)

g(t = . 8.40
g()+1—a0 (T —t)|log(T —t)| 1—ag]|log(T —1t)] (8.40)
Then we can write a particular solution for ¢ to (8.40) as
: I®) T-1 r /T |log(T" — 5)| T2
t) = log(T —t _— d 8.41
g(t) (1 — )| log(T — 1)] g los(T — 1)l t 7 f(s)ds, (8.41)

T-—2
f:o‘o and where we have assumed that % f(s) is integrable near T (for example
0

where T =
f(s) = O(|log(T — s)|7%) with k& > T — 1 suffices).

Define the operator

S

To[f] =9, (8.42)
where g is such that ¢ is given by (8.41) and g(T') = 0. Note that g = Tp[f] solves (8.40) and therefore
Lolg] = f +¢,
for some constant c.

Lemma 8.8. Assume k > Y — 1. Then for f € C([-T,T];C) with f(T) =

ITo [l pta < 7 I e

“k+1-7
The constant is independent of T (if Y is bounded), k, T.

Proof. This is direct from (8.41). O
Proof of Lemma 8.7. We construct g as a solution of the fixed point problem
9="To {f n(T)L1[ ]] :

where Tj is the operator constructed in (8.42) and 7 is the cut-off function (8.31).
By Lemma 8.8

To[L R qu—— 5 17|
I TolLalglllleisr < =g —p [ Lalglllo s
A computations shows that
- C 1 log | log T|
To[L X < k1
ITolLalglllleess < E+1-7 (a0+|logT| |log T| Kt
we get a contraction if ap > 0 is fixed small and then T' > 0 is sufficiently small. 0
Next we need an estimate for the error E defined in (8.35).
Lemma 8.9. Let po . be given by (8.2) and assume r € C satisfies (8.4). Then
|log T'| log |log(T — t)| T
Elt)—-ET)|<C ——<t<T. 8.43
B0) - ()| < c-E e L < (8.43)

Proof. By definition we have

E(t):/t +() pOfi( )ds

T t—s
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Let t € [-L,T] and let us write

t t . t—(T—t)/5
Dbo K(S) / Do K(S) / . < 1 1 )
Et:/ ——~ds — ——~ds+ «(s — ds
®) _r T'—s t—(T—t)5 1 —s _r Po.x(5) t—s T -—s

=X (t)? -
+/ Po.x(s) ds.
t—(T—t)/5 t—s

We estimate

t .
/ pO,R(s) ds| < CK‘| 10gT|
t—(T—t)/5 T—s

= Tlog(T— 0P’
t=(T=t/5 1 1 Ck|log(T)|
0.1 — ds| < —————————.
[, e (2 %bQT—ﬂP

and

With the fourth term in E we proceed as follows

=X (02 . =X (D 5 ()
[ Bl g tos(r — ) - 2iogr)) - [ PPl
t—(T—t)/5 LS t—(T—1)/5 t—s
But
— 2 . .
/t MO pow(t) = Po.s(s) 25| < Crllog(T)]
t—(T—1)/5 t—s = |log(T —t)[3’

and therefore
k| log(T)|
|log(T" —t)|?

E:/tMA$%+QM@WMT_w_ﬂ%MM+O(

T -5 )

We note that

t .
Po,x(8)|log(T — 1) +/ Bo(s) ,o _
o IT'—s

for some constant c. Indeed, by (8.3)

¢ d(y oo(T — 1)[2
% (ﬁo,n(t)ﬂog(T —t)] +/o pTOW_(Z) ds) = (PO,:lsl(s;(ng_(J;)' o)

This shows that
|log T'|[log(| log T'|) + log(| log(T" — t)])]

E(t) = E(T) + O( | log(T — t)|2

);

which implies the estimate (8.43).

O

Proof of Proposition 8.1. Let 17 be the operator constructed in Lemma 8.7 for 7" > 0, aig > 0 small and

A defined in (8.37).

We will apply inequality (8.34) with & < 2 close to 2. The constant in this inequality remains bounded

as ap — 01, because T = 2220 5 9 as ay — 0.

17040

For the poof we use the norm (8.33) with k& < 2, k close to 2 so k+ 1 < 3 is close to 3. We work
with p; in the space X = C([-T,T];C) N CY([-T,T);C) with the norm || - ||« 41 defined in (8.9). By

Lemma 8.7
JAD i1 < C (0Bl i+ I1Blpo,s + p1)(5) = Blpos +p1)(T) en):
and by Lemma 8.9
[9E sk < Cr|log T|** log(| log T1),

(8.44)

(8.45)
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for some Cp > 0. We take in X the closed ball B (0) of center 0 and radius M given by (8.38) with
Cp > 0 suitably large. The proof of Proposition 8.1 consists in showing that A : By/(0) — B (0) is a

contraction. The estimates required for this are the following: for ||p1]|«x+1 < M we have

1B[po, + p1]llere < Cllog(T)|*H,
and for ||p;||«k+1 < M, i = 1,2 we have

||B[P0,n +p1] - é[po,n + pa]|| T llp1 — k41

C

These inequalities are proved in a straightforward way. We omit the details

(8.46)

(8.47)

Form these estimates we see that A is a contraction in the ball Bys. Indeed, from (8.44), (8.45) and

(8.46) we have
A1 [l+ 541 < C - Cp|log T|*~ ' log(|log T|) + C|log(T)|**
< Co|log T|*~ " log(|1og T1)?

by fixing Cj large. Therefore A : By (0) — B (0).
Next, for ||pill«x+1 < M, i =1,2, by Lemma 8.7 and (8.47) we get

C
I A[p1] — A[P2]||* k+1 < C||B[P0 x+ 1] — B[Po K +P2H|** k< |1 ‘ lp1 — P2||*,k+1~

The proof of (8.39) will be given in Corollary 8.1 below.
We also have the following estimates

Lemma 8.10. Let p; be the solution constructed in Proposition 8.1. Then
i} |log T'|
) <C
PO g —npa@ 1
d? |log T|
—pi(t)| < C .
prELGl )’ = "Tlog(T — (T — 1)

The proof is done by formally differentiating the equation and using suitable estimates on the operators

involved. We omit the details.

Proposition 8.1 defines a function that to s satisfying (8.4) associates p; (), which is the unique fixed

point of A in the ball {||p1/«x+1 < M}, M = Co|log(T)|*~Llog(|log(T)|)?.
The next result gives several Lipschitz estimates of this map.

Corollary 8.1. Let k € (0,2). For k1, ko satisfying (8.4) we have
[p1(k1) = p1(Ka2) [l k1 < Cllog T|*~" log(| log T1)? |f‘€1 — Kal.

We will also need a Lipschitz estimate for f; in the norm || ||-13 and < dtS p1 in the norm || ||—2,3.

Lemma 8.11. For k1, k2 satisfying (8.4) we have
151(k1) = Pr(k2)l—1,3 < Cllog T| |K1 — Ko

d3
—pi(K < CllogT||k1 — &

Hdt?»pl ~ gl Q)H_ 5 = CllogTllrn = rsl

Next we use the previous results on p; to obtain an estimate of Rq, [p1].

Lemma 8.12. Let p; be the solution constructed in Proposition 8.1. Then

|log 7|
|R0¢0[p1]( )‘ C|10 ( t)|3

and for k1, ko satisfying (8.4) we have

[ R [P1(R1)] = Ray [1(s2)]] < C

(T — t)™

|log T'|

fog(@ —gp 7~ 1 lm = el
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Lemma 8.13. Let p; be the solution constructed in Proposition 8.1. Then
d |log T'|

%Rao [pl](t)‘ < CW(T — t)aofl’
d ) d ) |log T'| .
7 BaolP1(R1)](8) = = Ray [pl(nz)](t)‘ < O T (T =) T

9. FINAL ADJUSTMENT OF THE PARAMETERS p AND &

In this section we prove that the last equations of the gluing system (6.22)—(6.28) can be solved, by
adjusting the parameter functions p = \e’ and &, as stated in Proposition 6.9, thus concluding the proof
of Theorem 1.

Proof of Proposition 6.9. Let ¥(p, &, ®, Z§) be the solution to equation (6.22) constructed in Proposition
6.7. Let ®(p,&, Z;) denote the solution of (6.32) constructed in Proposition 6.8. In (6.27)-(6.28) we
replace U* by U*(p,&, ®(p,&, Z5), Z;). Then to find a solution of the full system (6.22)—(6.28) it is
sufficient to find p, £ such that

C1j [h(p’ §7 \II*(pa 57 q)(p’ 57 Zg)? Zg))](t) =0 (92)
forallt € (0,7), 7 =1,2.
We recall from Section 6 that (9.1) is equivalent to
Bolp] = i p, €, W] + Ro [ [p.€, 0], t€[0.7] (9.3)

where U* = U*(p, &, ®(p, &, Z5), Z5). We recall that By is the integral operator defined in (5.6) which has
the approximate form

t—A2 (s
sl = [ P s 01l

In Proposition 6.5 we constructed an approximate inverse P of the operator By, so that given a satisfying
(6.17), p := P [a], satisfies the equation

Bo[p] = a + Rola], in [0,T],
for a small remainder Ry[a]. The proof of that proposition gives the decomposition
Pla] = po,x + P1la],
where po ., is defined in (8.2), k = &[a] € C and the function p; = P;[a] has the estimate
[P1]l+3-0 < Cllog T|'~ log?(|log T1),

where || ||+ 3_o is defined in (8.9) and o € (0,1). This leads us to define the space X; := C x X; where

X1 = {p € C(-T.T:C) N CH[=T, T;C)) | po(T) = 0, |[p1lls,3-0 < o0}
Let us rewrite equation (9.2) as follows. By (6.9), (9.2) is equivalent to

- hlp, &, ¥*] - Z1;(y)dy =0, t€(0,7), j=1,2,

and recalling (5.1), this is equivalent to

A Q,W_Z/U[\I/*] . le + A Ky [P» ﬂ . le =0,
BQR B2R

which yields the following equation

éj = %(1 + (2R)72) waf/U[\Il*] ’ lev J=12 (94)
0 Bzr
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We reformulate (9.3)-(9.4) as the fixed point problem
[p.&] = Alp,§] in B (9.5)
where the space B will be introduced below and the operator A = [A;, As] is defined by

Aulp, &) =P [ Ip. &, ¥ (0.6, 0., 25), 2]

T
Aglp,€] = "‘/t blp, €](s) ds
with

€)= =0+ R [ LV 0.6 90.6.2).25)] - 21

To define B consider the closed ball
By = By, (ko) x By,(0) C X1,
where kg = div 23°(q) + i curl 25°(g) with 23° so that
200 = [Z0)]. @ = sibe) +isiflo)
03
and Z§ = ZY + Z! is the initial condition as described in (6.8). Here the numbers Iy, I3 are given by
I =T°, ly=CollogT|* 7 log?(|logT]),
with ¢ > 0 small and and Cy > 0 is a fixed large constant. We consider £ in the space
Xz ={¢ € CH([0,TR?) = £(T) =0}

endowed with the norm .
€1l x2 = 1€l o= 0,7y + sup Au(t) "7 1E(H)]
te(0,T)

where o € (0,1) is fixed. In X we consider the closed ball By := B;(¢*), where £* = g € 2. We consider
the Banach space X := X7 x X5 and its closed ball B := B; x By. We formulate the fixed point problem
(9.5) in B. We claim that A(B) C B and that A is a contraction mapping on B for the norm || ||x. This
is consequence of the various bounds and Lipschitz estimates derived in §8 for the operator P and in §6
for the operators ¥* and ®.

O

10. STABILITY OF BLOW-UP

In this section we discuss the stability of the blow-up phenomenon predicted in Theorem 1 and prove
Theorem 2. We consider the class of initial conditions that lead to blow-up at a given point as described
in §6.1. The solution has the form

u(z,t) = U@y wt),e) + @+ a(|¢\2)UA(t),w(t),g(t)
where a(s) =11 —s—1 and

ola,t) =11 Z*(2,t) + D\, w, ) (2, 1) + ¥(x, t) + né(a, t)} :

where the point £(T) € Q is prescribed. Changing slightly the proof we can achieve that the value
£(0) = ¢ be prescribed. Let us denote € = A(0). A simple application of implicit function theorem to the
system of equations determining (A, w, &) leads to the fact that the blow-up time T and the final point
&(T) can be regarded as functions of arbitrary small values € > 0 and points ¢ € 2.

L
USto),w),6(0)

The functions (A, w, &) as well as 1) and ¢ have Lipschitz dependence in p := (g,¢) and Z* in suitable
topologies. We relabel

w(p) = W(O), Up = Ua,w(p),qa &)(p)(.’[) = @()\,UJ,E)(CE,O) + ’l/)(l’, 0)
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so that the initial condition of the solution above becomes
wo(p) = Up + Ty 1 [2° + B(p)] + al|yry [2° + D)][2)U.
A generic initial condition close to
Upo + Uyt [Z5 + @ (po)] + a(|y s [Z5 + 2(p0)]*)Up,
with values in S? can be written in the form
v(w; 1) = Upy + My [Z5 + ®(po) + 1] + a([My [Z5 + ®(po) + 1)) Uy,

where 7 is a small function, otherwise arbitrary. We shall show that if ¢; is sufficiently small in
C?-topology and it lies on a certain codimension-1 manifold, then problem (2.2) with initial condition
uo(x) = v(x; 1) has blow-up as predicted. Thus what we need is that for suitable

(=(6¢2")=0+C, G=(1aq,Z)
we have that
v(5 1) = up(p). (10.1)
It is convenient to measure the size of ¢; with respect to the norm (see (6.5)),

P2l = laa] + [ea] + (127 ]I+
We expand ug(p) around p = pg and get
uo(¢) =Uq + () + a(l9(¢)1)) Ug

where

P(¢) =My [2" + (¢) + (Ue = Ugy ) (1 = ¥(C) + alp))],
1(¢) =Up - (Z* + 2(¢))

a(p) =a(|ly2[Z" + S(O)).
Therefore, equation (10.1) becomes

yz (25 + ®(Co) + o] = yp (27 + &(0) + (Uc = U, )(1 =7+ a))

or, equivalently

My [Z7 +®(0) = @(Co) + (Ue = Ug,)(1 = v(¢) +al¢)) — 1] = 0.
We will get a solution to this equation if we find a constant ¢y such that

Z5 + (o + G1) — ©(G) + (U = Ugy ) (1 = 7(€) +a(€)) = o1 + coUg

Let us consider the functions Z;;(y) defined in (3.1), 1 = 0,1, j = 1,2, with y = *=2. We introduce the
following intermediate problem: we want to find a function Zj and five constants cgy, ¢;; such that

Z 4+ (G +p1) — B(Go) + (Uc — Ug)(1 =10 +a(Q) = o1 + collgy + 2y (102)
and the following five real constraints hold for the function Z; (x):
div 27(¢o) =0, curlZy(q) =0, Zi(q)=0. (10.3)

Summation convention is used in (10.2).

To make the argument more transparent, we consider a simplified linearized version of (10.2)-(10.3),
in which lower order terms are neglected, and only the constants associated to mode 0 (associated to
dilations and rotations) are considered. Thus we consider the model equation for Z7,

2
77+ ol Z) = o1+ ) coj ;s
j=1
div 2 (q0,0) =0, curl 27 (go,0) = 0.

(10.4)
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where

Do[Zi](r) = (% ] t))
with

¢
) 1—e 2t
dolZ7)(r) = ’/‘620/ p(s)k(r? + &%, —s)ds, k(1) = 2%4,
-7
where p(t) = A(t)e®®, r = |z — qo|, ¢ = A\(0), and p = p[Z{] is such that the following equation is
satisfied

(10.5)

p(t)|log(T —t)| + /_T 1{?(5)5 ds =div (g, t) + icurl 1 (¢, t), t€[0,T]. (10.6)

p(T) =0,

where

OZy(x,t) = AZ(z,t) in Qx (0,T)
Z1(2,0)=Z{(x) z€Q (10.7)

= *
5 Al * 2
=), zr=(71).
21,3 21,3

The main result here is the solvability of (10.4).

and we use the notation

Proposition 10.1. Assume ||p1|« is finite. Then for T > 0 sufficiently small equation (10.4) has a
unique solution Z7, co1, co,2 and moreover

12711+ + lcor| + [coz| < Cllpa ]l

We can obtain a similar result if all constraints and constants are considered, with essentially the
same proof as that below. On the other hand, to derive the corresponding result to the full problem
(10.2)-(10.3), we need to use the linearized version and contraction mapping principle. For that we need
to use the precise Lipschitz estimates of the solution of the inner-outer gluing system on the parameters
involved as done in §6 and §8. The C! character of the manifold predicted in Theorem 2 follows from
the fixed point characterization and the implicit function theorem.

We devote the rest of this section to the proof of the proposition, whose main step is the following
estimate.
Lemma 10.1. Assume that
div 2] (g0) =0, curlz](go) = 0.
Then

. C
1®o[Z1 ][]+ <

— 1 Z7||+.
— |10gT||| IH

To prove this we need a corollary of Lemma B.1 adapted to the norm || ||. defined in (6.5) is the
following.

Lemma 10.2. Suppose Z; € C?(Q) satisfies
IV.Z}(z)| <|loge|, z€Q

|loge|3

|D2Z3 (z)| < E x €.

—qo| +¢
Then the solution Z1 of (10.7) satisfies
Vo Zi(x,t)| < |loge|, t>0, (10.8)
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and
|loge| if0<t<e?

va 7t _vxZ aT SC 1
| 1(z, 1) 1(z, )| {|1Og52TT—t(1+log(f)) ife? <t<T.

Proof. As in Lemma B.1 we consider the function given by Duhamel’s formula in R? and then decompose
the solution as a sum of the one in R? and a smooth one in © with zero initial condition.

From (B.2) and |V, Z](z)] < |loge| we get (10.8).

ForOStgszweget ~ B

|\VoZi(x,t) — V. Z1(x,T)| < Clloge]
from (10.8). For €2 <t < T from Lemma B.1 we obtain
VT~ Vi
T

) R T
_ 1/2VL —VE _
\VoZi(2,t) — Vo Zi(2,T)| < C|loge| T (1 “‘)g( t )> '

Proof of Lemma 10.1. Let f(t) = div Z1(q,t) + i curl 21 (¢, t). Differentiating (10.6) we find
d . :
= (1) log(T = 1)[?) = [log(T — )| f(¢).
This can be integrated explicitly and we get

T e s clloaT]
50 =~ [ Nos(@ )iy as + 2T

for some constant ¢ to be determined. Integrating by parts we find that
sy~ SO~ 1) L[S, g
[log(T'=t)| ~ [log(T =)]* Jy  T—s [log(T — )]
This function is defined for ¢ € [0,7] and we need to extend it to [T, T] to make sense of (10.6). A

possible extension is p(t) = p(0) for ¢t € [T, 0] but this makes this lemma too simple and not useful to
adapt to the real situation. For this reason we make the analysis with the following extension. Define

o S = (@) 1 T fls) = f(T)
PO~ g * g T ), T (109
so that g |
. . c|log
p(t) = pl(t) + m for t € [O, T]
Then define
o cllogT|
p(t) = p1(0) + m, te[-T,0]. (10.10)

‘We want to estimate
0

x i0 . 2 2 L—e i
¢l Z7)(r) =re pls)k(r® +¢e%,—s)ds, k(¢ t) = 2T,
-7
which, thanks to (10.10) depends only on p;(0) and ¢. Therefore we need to estimate these quantities.
We claim that

F(0) = F(T) + O(iloe )| z1 . 1
1 (0) = > 14+ 0(—= 10.11
1 1 log(|log T')
= f(T(14+0(—— O(————)f(0 O(————)|1Z7 ||+ 10.12
= FT)(1+ Olpy)) + Ol 1(0) + O 28011 (10.12)
To obtain these estimates we note that evaluating equation (10.6) at ¢t = 0 we get
. 1
p1(0)(|log T| 4+ log2) + ¢(1 4+ O( ) = f(0) (10.13)

|log Tl



SINGULARITY FORMATION IN THE TWO-DIMENSIONAL HARMONIC MAP FLOW

and evaluating equation (10.6) at t = T we get

T pi(s) 1 _
/_TT_Sds+c(1+O(|logT|)) — F(T).

T pi(s)
—T T-s

[ [ gt [ e

T .
. 216

= log 2 ds.
p1(0) log +/O T 08

Thus we need to estimate ds where p; is given (10.9). We have

s) ds we write

To estimate fo

P1 = P1a + P1b
with
. ORIV
) = LO=ID
| Og( —t)|
. T fs)—f(T
t
Puo(t) = |10g —t)% J; T-—s
We compute
T . R A T
[Tog T'[
[ g, [
o T—s 0 TToe 7T
By Lemma 10.2 we have that
T—t T
log(|log T)| log T|"/* ——, <t<T
. T |log T|
|f() = (D) < ClZT |« T
logT 0<t<
|log T, ~ 7 |logT|
which in particular implies
T—1 T
) log(|log )| log T|"/* ——, <t<T
. 123 ]+ [log T|
|p1a(t)| < Cm T
logT 0<t<
| Og |? —_ —_ |10gT‘
Therefore .
[og T |p1a(8)| c *
——ds < Z7 ||%5
/O T _ g S_|10gT||| 1”
and
T . 1/2
o 1 logT|)|logT
r  T-—s |log T'|
[log T
It follows that
T .
P1a(s)] log(|log T'|)
= ds < C—=—"—"—"~Z7||+.
/0 T—s = |log T'|1/2 125l
By (10.15), we find that
log(|log T|)|log T|*2 T —t T
og(||log(1[)l 2;s|2| = g St<T
. * oglL — og
[p1u(t)| < O Z7 ]|
log(|log T7)

o <t < .
| log T'[3/2 = 7 |logT|

65

(10.14)

(10.15)

(10.16)
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This implies that

T .
P16 (s)] log(|log T7)
ds < ZF s
/0 T—s = logT]3? 1]

From (10.16) and (10.17) we find that

/T pi(s) | log(|log 1)
s| < 280821
o T—s |log T|1/2

127 1|+

Therefore (10.14) gives

. log(|log T'|) 1
log 2 ———|| Z7 ||« 1 —=)) = f(T).
Equations (10.13) and (10.18) form a system
|log T| + log 2 1+0(|10§T|) {pl(o)} _ 1f(ol) .
log 2 14+ O(rery)| | ¢ F(T) + O(2ELee Ty | z1 |

for p1(0) and ¢, and solving we get (10.11), (10.12).

We use (10.11), (10.12) to estimate ¢g given by (10.5): and obtain

C
Dol Z5 s € ——
|| 0[ 1”‘ — |10gT|

127 ]
Proof of Proposition 10.1. We look for a solution of (10.4) in the space of functions
Z=1{ZF € C*(Q) : || Z]||« < 00, divz}(go) =0, curlz}(qo) = 0}.

To determinte co; we apply divergence and curl (10.4) at gy to obtain

co1 = € (div ¢0[Z7](q0,0) — divp1(qo)), co2 = € (curl ¢o[Z7](q0,0) — curl¢1(qo)) -

With this equation (10.4) becomes the fixed point problem
Z7 = FIZ{] + 1 + div p1(g0)e Zo1 + curl 1 (qo)e Zoz.
where
FlZ7] = —=Po[Z7] — div ¢ Z7](q0,0)eZo1 — curl ¢o[Z7](go, 0)e Zo2

By Lemma 10.1 we get

| div ¢o[Z1](q0,0) + i curl ¢o[Z7](qo, 0)| < C|logell|Ro[ZT ][I« < C|[Z7 ][+

But
C
Zoills < ———.
||€ 0.7” = |1OgT|1/2
This and Lemma 10.1 shows that
* C *

By the contraction mapping principle, equation (10.19) has a unique fixed point in Z.

(10.17)

(10.18)

(10.19)
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11. REVERSE BUBBLING

The proofs of Theorems 3 and 4 follow very similar lines to those of Theorem 1, with a “backwards”
construction. In Theorem 3 we consider the exact ansatz as in (4.14) for u(x,t) in (0,2T), extended for
T <t < 2T in the form

u(z,t) = U+ g [®° + ¥ +nQu¢] + a(llg. [®° + V* + nQu¢]))U
where A(t) is defined in the interval (—T,27T") and satisfies A(T") = 0, while

0.0) = Quip W ()

and W (y) is the reverse bubble as in (1.16). A main point is that the linear theory for the inner problem,
corresponding to ¢(y,t) has to be performed for ¢t > T for “ancient solutions”, which exactly mirror the
forward theory of Section 7. More precisely, we need to consider a problem of the form We consider the
linear equation

X016 = Lw [¢] + h(y,t) in Dag
¢(-,0) =0 in Bap()
¢-W =0 inDyp
where
Dor = {(y.t) / t € (T.2T), y € Bany(0)}.
We assume that h(y,t) is defined for all (y,t) € R? x (0,7) and satisfies

()
h-W =0, |h(y,t)] <C——,
(1 +[yhe
where we extend the definition of A\.(¢) for t > T as \.(t) = %. Inverses for the linear problem

with right bounds (which vanish as ¢t | T') are found as before.

In the full construction a major ingredient is the adjustment of the parameter A(t) for times ¢ > T
The main term in the error (the one due to the effect of dilations) has now the extended form

Apw, ~ =22 {f0O<t<T
Apw, ~22 i T <t <2T.
Therefore we extend ®° by considering the function ®°[w, b, £], where
1 <T
bs) =4 2
-1 s>T.

U*(xz,t) has Z*(x,t) as its main term. Testing the error as before by the generator of dilations, we get
the approximate equation

t—X(t)2
/O b(s):\isl ds = —|[div U* + i curl U*](q, 1)). (11.1)

We would like to find a solution such that A(T) = 0, A(t) < 0if t < T, A(t) > 0if t > T. The solution
for t < T is the one of the forward bubbling of Theorem 1, which we recall is given at main order by
. |log T|(T —t)

" log(T —t)[*°
For ¢ > T the approximate equation reads

/sz(s)x(s) s = —fawe +ieww @)+ [ 36 (- ) s /A Me) g

_r t—s t—s T-—s

At) t<T,
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Equation (11.1) then approximately reads

t=2% T
/ Als) ds:/ )\(8)( LI )ds fort > T,
T t—s 0 t—s T-—s

The integral in the left hand side is approximately A(t)|log(t — T')|, while

T 1 1 ! !
[0 (7 ) o= s [ G

Arguing as before we get

T 1 1 1 1
| eom e = T =+ s =R

Hence, for t > T we get the apprximate equation

. 1
MO log(t = T)| = oy
() lox(t = T)] = . o
which gives
(t—T)|log T
M) = e OB ST
O =5 g —m)p > Tt

as desired. This computation can be made fully rigorous with the same arguments already employed in
the forward bubbling construction, leading to the proof of Theorem 3.

For the proof of Theorem 4 we proceed in exactly the same way however, now with an ansatz that
does not include a bubble for ¢ < T'. In that case the approximate equation for A takes the form

t—A% |
/ ﬁdsz—|[divw*+icurl¢*](an)|

T t—s
for t > T. From this equation we get
T—1t
At) = ke ———,
|log(t — T
as desired.

It is interesting to notice that this continuation, even at the level of the parameter A(t), does not seem
to exhibit analyticity near ¢ = T, even one-sided, in terms of (T'—t) or the natural parameter s = m.
It is not hard to check for instance that, even though formal improvements of approximation in powers
of s are possible for A(t), they so not lead to a power series with positive convergence radius.

APPENDIX A. THE HEAT EQUATION WITH RIGHT HAND SIDE

We are going to measure the solution to (6.31) in the norm || ||3,,, (c.f. (6.29)) with © and /3 (recall
that R = ;") satisfying:

1
Our main result in this section is the following, where we use the norm || ||3,e, defined in (6.29).

Proposition A.1. Assume (A.1). For T, ¢ > 0 small there is a linear operator that maps a function
F:Qx(0,T) = R® with || f|ls« < 00 into v, c1,c2,c3 so that (6.31) is satisfied. Moreover the following
estimate holds

A (0)~° (A (0)R(0)
Hl/)”ﬁ,@,’y + ‘IOgT‘

(lex| + lea| + les]) < Cllf s (A-2)

where v € (0,3).
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Remark A.1. The condition § € (0, %) is a basic assumption to have the singularity appear inside the
self-similar region. The condition © > 0 is needed for Lemma A.1. The assumption © < B is so that the
estimates provided by Lemma A.2 are stronger than the ones of Lemma A.1.

To prove Proposition A.1 we consider
=AY+ f inQx(0,7T)
Y(x,0) =0, z€Q (A.3)
Y(x,t) =0, xe€dQte(0,T),

and let g be a point in €.
We always assume that R is given by (6.3).

Lemma A.1. Assume 8 € (0,%) and © > 0. Let ¢ solve (A.3) with f such that
[f (@, 5)] < A(®)® () R() ™ X {a—ql<8r. (1) R(1)) -

Then
|9 (x, £)| < CAL(0)° A (0)R(0)|log T, (A4)
Yh(x,t) — 1p(z, T)| < A(t)® A (t)R(t)| log(T — t)] (A.5)
(V) (x,t)] < CA.(0)®, (A.6)
IV (2, t) = (z, T)| < CA(1)®, (A7)
and for any ~ € (0, %),
(Vi(x,t) — Vip(z,t')]| A ()®
i—vp = CnoRrO® (4-8)
for any z, and 0 < t' <t < T such thatt —t' < 1—10(T —t), and
VY (z,t) — Vip(a', )| A (1)
e SR (49)

for any |x — 2’| <2M.(t)R(t) and 0 <t < T.
The proof is in section A.1.
Lemma A.2. Assume 8 € (0,3) and m € (,1). Let ¢ solve (A.3) with f such that

A(t)™
Dl < T mXe-alza. 0RO}

Then
[, t)] < CT™ log TP,
(2, 1) — (2, T)| < Cllog T|™ (T — t)™|log(T — 1)>~™,
Tm—1| 10gT|2_m

Vo) < T TeEIET
Voant) - Voo 1)) < 2 Lo =0
and for any v € (0, 3):
V(e t) = V@', t) _ 1 A(t)™ ! log(T — ¢)]
(le =P+t =v))r = (A(OR(E)> R(t)

Jor any |z — 2’| <2A()R(t) and 0 < ¢’ <t < T such that t —t' < 15(T —t).

The proof is in section A.1.
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Lemma A.3. Let ¢ solve (A.3) with f such that
|f(z, )] <1,
Then
[¥(x, )| < Ct,
[ (x,t) — (2, T)| < C(T' - t)|log(T - 1)],
Vo (e, b)) < T

IV (x,t) — Vip(z, T)| < C(T — t)'/?
|V (z,t0) — Vip(a, t1)| < Clty — 1]/

[Vip(z1,t) = Vip(z2,1)| < Cloy — z2f[log (|1 — x2]).
The proof is in section A.1.

Proof of Proposition A.1. Let ¢o[f] denote the solution of (A.3) where f satisfies || f||.. < o.

We claim that ||¢o[f]|l« < C||f|l««. Indeed, given f with || f||.« < co we decompose f = Zz 1 fi with
|fil < CJf|l«s0i- By linearity it is sufficient to prove that when f is each of the g;, the corresponding
has finite || ||« norm.

The case f = o3 is direct from Lemma A.1. Using the hypothesis © < § we can find oy small so that
the case f = oo follows from Lemma A.2. The case f = p3 follows from Lemma A.3.

Finally, let us show that in problem (6.31) we can choose ¢; so that that ¢¥(q,7") = 0. To do this we
let 1; the solution

Obi = Agrpi in Q< (0,T)
;=0 on 00 x (0,T)
Yi(x,0) =em;  in Q
Let
3
=1+ Y e
i=1
Then for T > 0 small there is unique choice of ¢; such that 1(q, 7)) = 0. Moreover |¢;| < CA.(0)Y R(0)?>~|log T'||| f ||+«
and hence 1 satisfies (A.2). O

A.1l. Proof of Lemmas A.1, A.2, and A.3. The proof of the estimates is done by analyzing the
solution % of

{ Oho = Ao + f in R? x (0,7, (A.10)
Yol

,0)=0 z€R?
defined by Duhamel’s formula

_lz—y?

T A(t—s)
(z,t) / / Y, 8) dyds
R2 47T

£z, 1) < X{y<2n. () rR(s)p A () 2 R(t) ™

The solution to (A.3) is then given by 1 = 1 + ¢ where 11 solves the homogeneous heat equation in
Q x (0,T) with boundary condition given by —1g. In the sequel we prove that the estimates (A.4)—(A.5)
are valid for 9. Then the conclusion for ¢ follows from standard parabolic estimates. In what follows
we denote by ¢ the solution to (A.10) given by Duhamel’s formula.

assuming
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Proof of (A.4). We have, using the heat kernel,

u 2 —
C/ R ) / e T dyds
t - Y| <2A. (s)R(s)

= C/ ) 2R / e~ 182" dzds
|2|<2X. (s)R(s)(t—s)~1/2

where & = 2(t — s)~/2. First we estimate

t—(T—t) -
/ A (8)"2R(s)™® / e 157" dzds
|21<2X. () R(s) (t—5)~1/2

(T /\ ( ) v 2—a
< o/ t_ AL)PRE)T 40— o, (0) R(0)2. (A.11)

S

/\ (t)

Consider the integrals f L and f:_ A (ny2- We have

WO o
/ /\*(s)”72R(s)7‘l/ e~ 1214 dzds
t—(T—t) |2|<2A. (s)R(s) (t—s)~1/2

< CA(H)YR(t)*| log(T — t)]. (A.12)

For the second part we have

t
/ )\*(S)V_QR(S)_(L/ e =2/ G2
b2 (1)2 |21 <27 () R(s) (t—5)~1/2

< C/t A (8)"2R(s) "% ds < CA(t)"R(t) ™. (A.13)
t=A. (1)

From (A.11), (A.12), (A.13),we deduce
[Y(x,t)] < CA(0)"R(0)[log T|.

which is the desired estimate. Estimates (A.4), (A.5), (A.6), (A.7), (A.8), (A.9) follow in similar manner.
([

The proofs of Lemmas A.2 and A.3 follow similar lines to those above, and we omit them.

APPENDIX B. THE HEAT EQUATION WITH INITIAL CONDITION
In this section we consider the heat equation
OZy(x,t) = AZ(2,t) inQx(0,T)
Z(2,0) = Zf(z) z€Q (B.1)
Zi(z,t) =0 (x,t) € 9 x (0,T),
and derive estimates assuming, roughly speaking, that Z7 behaves like (r + €)|log(r + €)|.

Lemma B.1. Suppose Z; € C?(Q) satisfies

1
|D2Z3 ()| < z € Q.

STETTEE
Then the solution Z1 of (B.1) satisfies

- ~ T—t T
|vmzl(xat) - vzzl(va” < CT (1 + IOg(?)) Z'fgz S t S T.
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Proof. We do the computation when €2 is R? and we deal with the solution given by Duhamel’s formula.

The general case follows by the decomposing the solution as a sum of the one in R? and a smooth one in
Q. Then

lyl?

1 w2
Vo (z,t) = 47715/ = V27 (x — y) dy. (B.2)
Assume €2 < t < T. Then, using (B.2), we have
Vo Z1(0,t) = Vo Z1(0,T)|

1 \y\
:E/Rg /VZ1 (=sVTy + (1 — s)Vty) dsdy

<C e_yT/ \D2Z; (=sVTy + (1 — s)Viy)|(VT — Vt)|y| dsdy
0

R2

B B
= ) Asu@—wmy+ﬂm+ed@

?/2 T
S C/ 67‘4‘ log(m) dy
R? Vily| +¢

< 2 v
:C’/O e 7o (\[p:&:)
1

= C(VT - \/E)E/o o (VTp+e)(Vip+e) a

Using this representation, after some computation the desired result follows.

Similar computations leads us to the following estimates.
Lemma B.2. Suppose Z; € C%(Q) satisfies
1

DXZi(z)| < ———— zeq.
| 1( )| |l‘ . q0| +e
Then the solution Z; of (B.1) satisfies
- C
D2Z(z,t) <
‘ T 1( ) =~ et \/%
Lemma B.3. Suppose Z; € C?(Q) satisfies
1
D22} @) < —— zcq.
|z — qo| +¢
Then the solution Z, of (B.1) satisfies for 0 < to < t:
fﬁ\/% log(2fL) iftg>€”
VoZi(x,t1) = VaZi(z,to)| < C{ Yl log(25)  if tg < &2, t > &2
s ifty < é?

Let us recall the norm || ||, defined in (6.5). As a corollary of the previous estimates we have.
Lemma B.4. Suppose Z§ € C*(Q). Then the solution Z* of (B.1) satisfies
Vo Z*(2,0)| < |logel | Z5 s, =0,

T—1t
Z*(x,t) — Z%(x,T)| < Cllog T|—=1|Z ||+,
12" (,1) (z,T)| < C|log ‘ﬁ” oll

|log €| if0<t<e?

VaoZi(z,t) = Vi Zi(z,T)| < C|ZE]|. ,
Ve VA ”°”%me”wu+mmD>#8Stgr
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APPENDIX C. DERIVATIVES FOR THE EXTERIOR PROBLEM

Corollary C.1. Let ¥(p,&, ®, Z3) be the solution to equation (6.22) constructed in Proposition 6.7. Let
i, € satisfy (6.1), (6.2) and py = Xe™', ||®)||g < 1, and || Zg||« < oo, I =1,2. Then

||\I/(p17€7 (1)17 Z§1) - \Ij(an& q)27 ZE)k2)||]i,@,’y
S CT([|@1 = Pollp + [| A (@1 — W2)lloe + 1201 = Zoall+)-

Corollary C.1 gives a partial Lipschitz property of the exterior solution ¥(p, &, ¢) of (6.22) with respect
to p, namely it only considers variations of p = Ae™ with respect to w. We will need Lipschitz estimates
for variations of p = Ae® in A and also variations with respect to &. These estimates are obtained for
U(p, &, @) when considered as a function of the inner variable (y,t) € Dag.

For this let us introduce some notation. Suppose that ¢(z,t) is defined in  x (0,7T"). We let

Z/J(f% t) = w(f(t) + )‘(t)y7 t)v (yv t) € D2R~
The following expression is ||| e, expressed in terms of ¢ (and restricted to Dag):

1
| log T'| A (0)R(0)
+ %gg /\*(t)_e_lR(t)_lmW(% t) —Y(y,T)|

+ sup MOV (. t) — Viyi(y, T)|
(y,t)€D2r

1llz,0.5 2= Ac(0) 7 190 (Do) + 24 (0) "IVl o (D)

YV, 0y, t) — V, by, t
+ sup A, (t)—G—lR(t)2y| yw(yv ) / 2y¢(y )]
(y,1),(y' 1) €D2r ly — /|27

2v |Vy1/~)(y, t) — Vyz/;(x’, )|

+sup A (£) T (AL(H)R(2)) [t —t|

where the last supremum is taken in the region

1
(y7t)>(y7t/)a€,D2R7 |t_t/| < E(T_t)

Corollary C.2. Let U(p,&,¢) be the solution to equation (6.22) in Proposition 6.7. Let p; = \ie™, &
satisfy (6.1), (6.2) and ||¢]|«,a,r < 1. Then for © € (0,0) we have

||\i’(p17 gla (:b) - \ij(p% 52; ¢) Hﬁﬁ,(:),'y
A1 — Ao

As

Let f(y,t) be a function satisfying

|f(y, )] < A(®)” R(E)” “XBr(1)»

w552 58]
R L R L= T

=c|| e

I,

and let [\, €] be the solution of

B 1 x—¢&
wt—Amw+Wf( A

P(z,0) =0 zcR?

1) inR? x (0,T)

given by Duhamel’s formula.
Let

PIAEN Y, 1) = DI E(E(E) + Al)y, 1)

We consider the directional derivative with respect to A of 1/; in the direction of Ay, defined by

DAGIA €[] = T~ (917 + A1, €] — 910, €))
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and also the directional derivative with respect to & of TZJ in the direction of &, defined by
- 1/ -
Dedln,€llén] = lim ~ (BI0,€ + sa] = 90 €])

C.1. Derivative with respect to A. The proofs of the estimates below are based on Duhamel’s formula

for the solution:
exp(— 4<t s>) —£&(s) )
Y(x,t) //R? P— ()Qf( o) ,8) dx'ds.

We change variables writing x = £(¢) + A\(t)y and 2’ = £(s) + A(s)y’. Then
(t

[€@®) =§(s)+A )y A(s)y'|?

exp(—
/ / A )f (v, s)dy'ds,
R2 t — S

and we obtain the following formula for the directional derivative:

Dad[Ml(y.t) =

£ —E(8)+ABDy—A(s)y’ \2)

2 / /Rz i (t —4?)28) (€)= () F Ay = A3)y) - Mty — M(s)y) (Y, 5) dy'ds.

Lengthy but direct computations show the validity of the following estimates.

Lemma C.1. We have
DA A0 01 < (3] + Il )20y RO,
and
DAL 0) ~ DA DI < (|3 + Iille A0 R,

for |yl < R(t), t € (0,T). On the other hand, for any o >0, v € (0, %) there is a C such that

Ve DA EO) 1) — VaDydf 0 ) < O(|| 2]+ IRl ) a1 Ry
|vwm,sm><y1,t>—vwwu,ﬂul)(y%t)\sc('yl*”) (e P P PR i

V2 DTN ) t2) = VDTN )t < Ot (H { +||A1|Loc) A1) R ()

Jor t1, ta in [0,T] with 0 < ty —t1 < 15(T — t2) and |y| < R(tQ).

We can derive a similar expression for the derivative with respect to £ and obtain the following
estimates.

Lemma C.2. Assume that|£(t)] < C, |A(t)] < C, Cih(t) < A(t) < CoAi(t), in (0,T) and let R(t) =
A8, B < %, C,C1,Cy > 0. Then there is C such that
’51 §(T) H 51

V. Deb [\ €(60) (0:1) — Vo DebIN €605, 7)) < O ] )@ R

for [y < R(t), t € (0,T).
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