ON POSITIVE SOLUTIONS CONCENTRATING ON SPHERES FOR THE GIERER-MEINHARDT SYSTEM

WEI-MING NI AND JUNCHENG WEI

Abstract. We consider the stationary Gierer-Meinhardt system in a ball of R^N :

8<
:

ε^2Δu − u +^{up}_{vq} = 0 in Ω, Δv − v +^{um}_{vs} = 0 in Ω, u, v > 0, and^{∂u}_{∂ν} =^{∂v}_{∂ν} = 0 on ∂Ω where Ω = B_R is a ball of R^N (N ≥ 2) with radius R, ε > 0 is a small parameter, and p, q, m, s satisfy the following condition: p > 1, q > 0, m > 1, s ≥ 0, qm (p − 1)(1 + s) > 1. We construct positive solutions which concentrate on a (N − 1)−dimensional sphere for this system for all sufficiently small ε. More precisely, under some conditions on the exponents (p, q) and the radius R, it is proved the above problem has a radially symmetric positive solution (u_ε, v_ε) with the property that u_ε(r) → 0 in Ω\{r ≠ r_0} for some r_0 ∈ (0, R). Existence of bound states in the whole R^N is also established.

1. Introduction

Of concern is the existence of positive solutions for the following generalized Gierer-Meinhardt system

u_t = ε^2Δu − u +^{up}_{vq} in Ω × (0, +∞), τv_t = Δv − v +^{um}_{vs} in Ω × (0, +∞), u, v > 0 in Ω × (0, +∞), and^{∂u}_{∂ν} =^{∂v}_{∂ν} = 0 on ∂Ω × (0, +∞)

(1.1)

where Ω is a bounded domain in R^N with smooth boundary ∂Ω, ε > 0 is a small constant, τ ≥ 0 is a fixed nonnegative constant, Δ := ∑_N j=1 ∂^2 ∂x_j ∂x_j denotes the Laplace operator in R N , ν stands for the unit outer normal to ∂Ω, and the exponents (p, q, m, s) satisfy the following condition: p > 1, q > 0, m > 1, s ≥ 0, qm (p − 1)(1 + s) > 1. (1.2)

1991 Mathematics Subject Classification. Primary 35B40, 35B45; Secondary 35J55, 92C15, 92C40. Key words and phrases. Layered Solutions, Gierer-Meinhardt System, Pattern Formation, Singular Perturbations. 1

2 WEI-MING NI AND JUNCHENG WEI

Gierer-Meinhardt system was used in [12] to model head formation of hydra, an animal of a few millimeters in length, made up of approximately 100,000 cells of about fifteen different types. It consists of a “head” region located at one end along its length. Typical experiments with hydra involve removing part of the “head” region and transplanting it to other parts of the body column. Then, a new “head” will form if the transplanted area is sufficiently far from the (old) head. These observations led to the assumption of the existence of two chemical substances—a slowly diffusing activator u and a rapidly diffusing inhibitor v. The ratio of their diffusion rates, denoted by ε, is assumed to be small.

The Gierer-Meinhardt system falls within the framework of a theory proposed by Turing [33] in 1952 as a mathematical model for the development of complex organisms from a single cell. He speculated that localized peaks in concentration of chemical substances, known as inducers or morphogens, could be responsible for a group of cells developing differently from the surrounding cells. Turing discovered through linear analysis that a large difference in relative size of diffusivities for activating and inhibiting substances carries instability of the homogeneous, constant steady state, thus leading to the presence of nontrivial, possibly stable stationary configurations. Activator-inhibitor systems have been used extensively in the mathematical theory of biological pattern formation, [20], [21]. Among them Gierer-Meinhardt system has been the object of extensive mathematical treatment in recent years. We refer the reader to the survey articles [22] for a description of progress made and references.

In particular, it has been a matter of high interest to study nonconstant positive steady states, namely, solutions of the following elliptic system ε^2Δu − u +^{up}_{vq} = 0 in Ω, DΔv − v +^{um}_{vs} = 0 in Ω, ∂u ∂ν =^{∂v}_{∂ν} = 0 on ∂Ω.

(1.3)

Problem (1.3) is quite difficult to solve, in general, since it does not have variational structure. One approach in studying (1.3) is to study its shadow system, an idea due to Keener [16], as a first step. Namely, we take D = +∞ first. By suitable scaling, the study of steady-stae for the shadow system can be transformed to that of the scalar equation { ε^2Δu − u + u^p = 0 in Ω, u > 0 in Ω,^{∂u}_{∂ν} = 0 on ∂Ω.

(1.4)

A number of interesting results concerning solutions with single or multiple peaks or spikes of this scalar problem have been derived in recent years. For the subcritical case, we refer the

GIERER-MEINHARDT SYSTEM 3

reader to the articles [6], [11], [14], [15], [26], [34], [36] and the references therein, starting with the pioneering works [17], [23], [24], [25], [31]. For the critical exponent case, we refer to the papers [3], [4], [13], [27], and the references therein. A review of the subject up to 1998 can be found in [22].

In the case of finite D and bounded domain case, Takagi [32] first constructed multiple symmetric peaks in the one-dimensional case. In higher dimensional case, Ni and Takagi [26] constructed multiple boundary spikes in the case of axially symmetric domains, assuming that D is large. Multiple interior spikes for finite D case in a bounded two dimensional domain are constructed in [37], [38], and [39]. The stability of multiple spikes as well as the dynamics of spikes are considered in [9], [28], [29], [30], [35], [38], [39] and the references therein.

In the case of Ω = R^N , problem (1.3) has been shown to exhibit single or multiple bump solutions in one or two dimensions. See [7], [8], [9], [10] and the references therein.

Solutions with peaks or spikes are called point-condensation solutions in the sense that they concentrate on a finite number of points.

It seems natural to ask whether solutions exist in higher dimensional case (N ≥ 3), or if there are solutions other than point-condensations. Progress on the latter problem has been made recently for single equations: in [18], solutions concentrating on the whole ∂Ω are constructed for (1.4) along a subsequence ε_n → 0. In [1] and [2], it is proved a radially symmetric solution concentrating on a sphere exists for (1.4) as well as for singularly perturbed nonlinear Schrödinger equation:

ε^2Δu − V (|x|)u + u^p = 0 in Ω,

(1.5)

where Ω = B_1 or Ω = R^N . In the case of (1.4), the effect of the boundary is analyzed. In the case of (1.5), the shape of the potential V (|x|) determines the position of concentrating spheres. The existence of radially symmetric clustered layer solution is proved in [19]. All the above papers employ very heavily on the variational structure of single equations.

In this paper, we consider the case of of finite D and the domain being a ball in R^N . (The case of the whole R^N is also included here.) By scaling, we may take D = 1 and obtain formally

4 WEI-MING NI AND JUNCHENG WEI

the following elliptic system ε^2Δu − u +^{up}_{vq} = 0 in B_R, Δv − v +^{um}_{vs} = 0 in B_R, u > 0, v > 0 in B_R, ∂u ∂ν =^{∂v}_{∂ν} = 0 on B_R.

(1.6)

Under some conditions on the parameters N, p, q, R , there are indeed positive solutions to system (1.6) concentrating on a (N − 1)-dimensional sphere. In particular, this implies the existence of a positive solution in the case of N ≥ 3, which is new and of independent interest.

2. Main Results Before we state the main results of the paper, some notation have to be introduced. We first define two functions, to be used later: let J_1(r) be the radially symmetric solutions of the following problem

J^{′′}_1 + N − 1 r J^′_1 − J_1 = 0, J^′ (0) = 0, J_1(0) = 1, J_1 > 0.

(2.1) The second function, called J_2(r), satisfies

J^{′′}_2 + N − 1 r J^′_2 − J_2 + δ_0 = 0, J_2 > 0, J_2(+∞) = 0,

(2.2) where δ_0 is the Dirac measure at 0.

The functions J_1(r) and J_2(r) can be written in terms of modified Bessel’s functions. In fact

J_1(r) = c_1r^{2−N2} I_ν(r), J_2(r) = c_2r^{2−N2} K_ν(r), ν = N − 2 2 (2.3) where c_1, c_2 are two positive constants and I_ν, K_ν are modified Bessel functions of order ν. See [page 378, [5]] for details. In the case of N = 3, J_1, J_2 can be computed explicitly:

J_1 = sinh r r , J_2(r) = e^{−r} 4πr . (2.4)

Let w(y) be the unique solution for the following ODE:

w^{′′} − w + w^p = 0 in R, w > 0, w(0) = max_{y∈} R w(y), w(y) → 0 as |y| → ∞. (2.5)

Let R > 0 be a fixed constant. We define

J_{2,R}(r) = J_2(r) −

J^′_2(R) J^′_1(R)

J_1(r)

(2.6)

GIERER-MEINHARDT SYSTEM 5

and a Green’s function G_R(r; r^′ ) G^{′′}_R + N − 1 r G^′_R − G_R + δ_r′ = 0, G^′_R(0; r^′ ) = 0, G^′_R(R; r^′ ) = 0.

(2.7)

Note that J^′_{2,R}(R) = 0, lim_{R→+∞} J_{2,R}(r) = J_2(r).

(2.8)

It is easy to see that

G_R(r; r^′ ) = 1 J^′_1(r^′ )J_{2,R}(r^′ ) − J_1(r^′ )J^′_{2,R}(r^′ ) { J_{2,R}(r^′ )J_1(r), for r < r^′ , J_1(r^′ )J_{2,R}(r), for r > r^′ .

(2.9)

By computing the Wronskian of J_1, J_2, it is easy to see that J^′_1(r^′ )J_{2,R}(r^′ ) − J_1(r^′ )J^′_{2,R}(r^′ ) = 1 c_0(r^′ )^{N−1}

(2.10) for some constant c_0 ≠ 0. Substituting (2.10) into (2.9), we obtain another formula for G_R(r; r^′ ): G_R(r; r^′ ) = c_0(r^′ )^{N−1} { J_{2,R}(r^′ )J_1(r), for r < r^′ , J_1(r^′ )J_{2,R}(r), for r > r^′ .

(2.11)

For t ∈ (0, R), set M_R(t) :=

(N − 1)(p − 1) qt + J^′_1(t) J_1(t) + J^′_{2,R}(t) J_{2,R}(t) . (2.12)

When R = +∞, J_{2,+∞}(r) = J_2(r). We denote G_{+∞}(r; r^′ ) as G(r; r^′ ) and M_{+∞}(t) as M(t). We now state our main theorem in this paper:

Theorem 2.1. Assume that there exist two points 0 < r_1 < r_2 < R such that M_R(r_1)M_R(r_2) < 0.

(2.13) Then for ε sufficiently small, problem (1.6) has a solution (u_{ε,R}, v_{ε,R}) with the following properties:

(1) u_{ε,R}, v_{ε,R} are radially symmetric, (2) u_{ε,R}(r) = ξ q p−1 ε,R w(^{r−tε}_ε )(1 + o(1)), (3) v_{ε,R}(r) = ξ_{ε,R}(G_R(t_ε; t_ε))^{−1}G_R(r; t_ε)(1 + o(1)), where G_R(r; t_ε) satisfies (2.7), ξ_{ε,R} is defined at the following ξ_{ε,R} = ( ε( ∫ R w^m)G_R(t_ε; t_ε) ) (1+s)(p−1)−qm qm (2.14) and t_ε ∈ (r_1, r_2) satisfying lim_{ε→0} M_R(t_ε) = 0.

6 WEI-MING NI AND JUNCHENG WEI

Remark: 1. Condition (2.13) guarantees the existence of a zero for the function M_R(t) in the interval (r_1, r_2).

2. It seems interesting to see that the location of the concentration sphere depends only on (p, q, N, R) and does not depend on (m, s).

3. It remains to check condition (2.13), which can be verified numerically. Under some conditions on p, q, we can obtain the following corollary.

Corollary 2.2. Assume that the following condition holds: (N − 2)q N − 1 + 1 < p < q + 1.

(2.15)

Then there exists an R_0 > 0 such that for R > R_0 and ε sufficiently small, problem (1.6) has two radially symmetric solutions (u^i_{ε,R}, v^i_{ε,R}) concentrating on sphere {r = t_i} with M_R(t_i) = 0, i = 1, 2, and 0 < t_1 < t_2 < R, i = 1, 2.

We remark that Corollary 2.2 is the first rigorous result on the existence to (1.6) of positive solutions in dimension N ≥ 3.

In the case of N = 2, p = 2, q = 1, numerical computations (by Maple) show that the critical number R_0 is 3.622.... More precisely, for R < R_0, M_R(t) > 0 for all t ≥ 0; and for R = R_0, M_R(t) has a unique zero; and for R > R_0, M_R(t) has two zeroes t_1 < t_2 < R. A picture of M_R(t) for R = 3, 3.622, 5 is depicted as follows.

Figure 1. The graph of M_R(t) for N = 2, p = 2, q = 1, R = 3, 3.622, 5.

GIERER-MEINHARDT SYSTEM 7

Next we consider the existence of bound states. That is, we consider the following elliptic system in R^N :

ε^2Δu − u +^{up}_{vq} = 0 in R^N , Δv − v +^{um}_{vs} = 0 in R^N , u, v > 0, u, v → 0 as |x| → +∞. (2.16)

We have the following result.

Theorem 2.3. Assume that there exist two points 0 < r_1 < r_2 < +∞ such that

M(r_1)M(r_2) < 0.

(2.17)

Then for ε sufficiently small, problem (2.16) has a solution (u_ε, v_ε) with the following properties:

(1) u_ε, v_ε are radially symmetric, (2) u_ε(r) = ξ q p−1 ε w(^{r−rε}_ε )(1 + o(1)), (3) v_ε(r) = ξ_ε(G(r_ε; r_ε))^{−1}G(r; r_ε)(1 + o(1)), where ξ_ε is defined at the following

ξ_ε = ( ε( ∫ R w^m)G(r_ε; r_ε) ) (1+s)(p−1)−qm qm (2.18)

and r_ε ∈ (r_1, r_2) satisfying lim_{ε→0} M(r_ε) = 0.

Similarly we have the following corollary.

Corollary 2.4. Assume that N ≥ 2 and that the condition (2.15) holds. Then for ε sufficiently small, problem (1.6) has a radially symmetric bound state solution (u_ε, v_ε) which concentrates on a sphere {r = t_0} where M(t_0) = 0.

Numerical computations (by Maple) show that for N ≥ 3, M(t) > 0 in the classical Gierer- Meinhardt case (p, q, m, s) = (2, 1, 2, 0). A picture of M(t) for N = 2, 4 is depicted in Figure 2.

By using the same method, it is not difficult to generalize the results of Theorem 2.1 to other symmetric domains, such as annulus or the exterior of a ball. We omit the details.

Several interesting questions are left open. First, can multiple layered solutions to (1.6) exist? Second, it would be an interesting question to study the stability of these “ring-like” solutions. Numerical computations in two dimension indicate that the “ring-like” solutions constructed in Theorem 2.1 are unstable and will break into several spots due to angular fluctuations.Third,

8 WEI-MING NI AND JUNCHENG WEI

Figure 2. The graph of M(t) for N = 2, 4, p = 2, q = 1. The left curve is for N = 2 and the right curve is for N = 4.

if we vary R from 0 to +∞, what is the relation between the layered solution constructed in [2] [19] for the single equation (1.4) and the solutions in Theorem 2.1?

For simplicity, the case s = 0 in (1.6) will be treated first. The general case of s > 0 will be discussed in the last section.

Acknowledgments. Research supported in part by NSF grant DMS 0400452. The research of the second author is partly supported by an Earmarked Grant from RGC of Hong Kong. We thank Dr. Theodore Kolokolnikov for the computations on Maple.

3. Outline of the proof of Theorem 2.1

Our strategy of the proof of the main results is based on the idea of solving the second equation in (1.6) for v and then working with a nonlocal elliptic PDE rather than directly with the system. It is however convenient to do this by replacing first u by ξ q p−1 ε u and v by ξ_εv, which transforms (1.6) into the problem ε^2Δu − u +^{up}_{vq} = 0 in B_R, Δv − v + c_{ε,t}u^m = 0 in B_R, u = u(|x|) > 0, v = v(|x|) > 0 in B_R, and^{∂u}_{∂ν} =^{∂v}_{∂ν} = 0 on B_R.

(3.1)

where c_{ε,t} = ξ qm p−1 −1 ε (3.2)

GIERER-MEINHARDT SYSTEM 9

and ξ_ε is to be chosen later.

We consider a point t ∈ (0, R) which is a candidate for the location of concentration. Then we choose c_ε such that the following holds: c_{ε,t}ε ∫ R w^m = 1 G_R(t; t) . (3.3)

In the sequel, by T[h] we denote the unique solution of the equation Δv − v + c_{ε,t}h = 0 in B_R, v(x) = v(|x|) and ∂v ∂ν = 0 on ∂B_R

(3.4)

for h ∈ L^2(B_R), namely T = c_{ε,t}(−Δ + 1)^{−1}.

Solving the second equation for v in (3.1) and rescaling r = t + εy we get v = T[u^m], which leads to the nonlocal PDE for u u^{′′} + ε(N − 1) t + εy u^′ − u + u^p (T[u^m](t + εy))^q = 0, y ∈ (− t ε , R − t ε ), (3.5)

u^′ (− t ε ) = u^′ ( R − t ε ) = 0.

Equation (3.4) can be solved by using the Green’s function G_R(r; r^′ ) given by (2.11). In fact, the operator T can be written in the following way:

T[h](r^′ ) = c_{ε,t} ∫_R 0 G_R(r; r^′ )( r r^′ )^{N−1}h(r)dr. (3.6)

We note that the function G_R(r; r^′ ) is not symmetric in r and r^′ , but r^{N−1}G_R(r; r^′ ) is. So (3.6) can be written in another useful form

T[h](r^′ ) = c_{ε,t} ∫_R 0 G_R(r^′ ; r)h(r)dr. (3.7)

We look for a solution to (3.5) in the form u = w(^{r−t}_ε ) + ϕ, where ϕ is a lower order term. Then, formally, we have T[u^m] = T[w^m] + mT[w^{m−1}ϕ] + l.o.t.

where l.o.t. correspond to lower order terms.

Using (3.7) and the definition of c_{ε,t} in (3.3), we find (formally) that near the t’s, T[w^m](t + εy) = 1 + l.o.t. Arguing similarly we get T[w^{m−1}ϕ] = 1∫ R w^m ∫ R w^{m−1}ϕ dx + l.o.t.

10 WEI-MING NI AND JUNCHENG WEI

Then u^p v^q = w^p + pw^{p−1}ϕ + l.o.t. (T[w^m])^q + qmT[w^{m−1}ϕ] + l.o.t. = w^p + pw^{p−1}ϕ − qm ∫ R w^{m−1}ϕ ∫ R w^m w^p + l.o.t. Substituting all this in (3.5) we obtain the equation for ϕ ϕ^{′′} − ϕ + pw^{p−1}ϕ − qm ∫ R w^{m−1}ϕ ∫ R w^m w^p = E_ε + M_ε [ϕ],

(3.8)

where E_ε = w^{′′} +^{ε(N−1)}_{t+εy} w^′ − w +^{wp}_(T_{[wm])q} and M_ε [ϕ] represents higher order terms in ϕ.

Thus we have reduced the problem of finding solutions to (3.1) to the problem of solving (3.8) for ϕ.

Rather than solving directly problem (3.8), we consider first the following auxiliary problem: given point t, find a function ϕ such that for certain constants β_ε(t) the following equation is satisfied:

Lϕ = E_ε + M_ε [ϕ] + β_εw^{p−1}w^′ , ∫ R ϕw^{p−1}w^′ = 0, (3.9)

where Lϕ := ϕ^{′′} − ϕ + pw^{p−1}ϕ − qm ∫ R w^{m−1}ϕ ∫ R w^m w^p. (3.10)

We will prove in §5 and §7 that this problem is uniquely solvable within a class of small functions ϕ. We will then get a solution of the original problem when the point t is adjusted in such a way that β_ε(t) = 0. We show the existence of such a point in §8, where Theorem 2.1 is finally established. In §9, we consider the modifications of the whole R^N case and complete the proof of Theorem 2.3 and Corollary 2.4. The proof of Corollary 2.2 as well as the case of s > 0 are discussed in the last section §10.

It is worth mentioning that there is one other important technical point we have to overcome: while working with R^N , namely, we have to make sense the term^{up}_{vq} in certain Sobolev spaces. To this end, we will use a weighted Sobolev space approach. Similar approach has been used in [8].

In the remainder of the paper we carry out the program outlined above. In particular, we will need to understand invertibility properties of the linear operator L first. We will do this in the next section.

GIERER-MEINHARDT SYSTEM 11

4. A Linear operator In this section, we consider some properties of the function w and the linear operator L, defined by (3.10).

We first state the following facts of w(y). Lemma 4.1. (1) The following identities hold ∫ R (w^′ )^2 = p − 1 2(p + 1) ∫ R w^{p+1}, (4.1) ∫ R w^{p+1}(y)( ∫_y −∞ w^m(z)dz)dy = ∫ R w^{p+1}(y)( ∫_∞ y w^m(z)dz)dy = 1 2 ∫ R w^{p+1} ∫ R w^m. (4.2)

(2) The solution to the following problem L_0 ϕ := ϕ^{′′} − ϕ + pw^{p−1}ϕ = 0, |ϕ| ≤ C (4.3) for some C > 0 is given by ϕ = cw^′ for some constant c.

Proof: Since w satisfies (2.5), we have (w^′ )^2 = w^2−^2_{p+1} w^{p+1}. Combining this with the following identity ∫ R ((w^′ )^2 + w^2) = ∫ R w^{p+1} we deduce (4.1). To prove (4.2), we observe that ∫ R w^{p+1}(y)( ∫_y −∞ w^m(z)dz − ∫_∞ y w^m(z)dz)dy = 0 ∫ R w^{p+1}(y)( ∫_y −∞ w^m(z)dz + ∫_∞ y w^m(z)dz)dy = ∫ R w^{p+1} ∫ R w^m. (4.2) then follows.

(2) follows from standard ODE theory. The following lemma characterizes the kernel of L.

Lemma 4.2. If^{qm}_{p−1} ≠ 1 and Lϕ = 0, ϕ ∈ H^2(R) then ϕ = cw^′ for some constant c.

12 WEI-MING NI AND JUNCHENG WEI

Proof: In fact, let Lϕ = 0. Then we have

L_0 (ϕ − qm p − 1 ∫ R w^{m−1}ϕ ∫ R w^m w) = 0.

Since ϕ ∈ H^2(R), by (2) of Lemma 4.1, we have ϕ − qm p − 1 ∫ R w^{m−1}ϕ ∫ R w^m w = cw^′ (4.4)

for some c. Multiplying (4.4) by w^{m−1} and integrating over R, we obtain that

(1 − qm p − 1 ) ∫ R w^{m−1}ϕ = 0

and hence ∫ R w^{m−1}ϕ = 0 which implies that ϕ = cw^′ .

5. A Linear Problem

This section is devoted to a study of a linear problem, which forms the foundation of the finite dimension reduction.

Let 0 < r_1 < r_2 be the two numbers given in Theorem 2.1 or Theorem 2.3. Let t be a point such that r_1 < t < r_2.

(5.1)

We set I_{ε,t} := (− t ε , R − t ε ). (5.2)

Choose two fixed numbers R_1 ∈ (0, r_1), R_2 ∈ (r_2, R). Let χ(s) be a function such that χ(s) = 1 for s ∈ [R_1,^{r2+R2}_2 ] and χ(s) = 0 for s <^{R1}_2 or s > R_2. Set w_{ε,t}(y) = w(y)χ(t + εy). (5.3)

For u, v ∈ H^1(B_R), we equip it with the following scalar product:

(u, v)_ε = ∫ Iε,t (u^′ v^′ + uv)(t + εy)^{N−1}dy (5.4)

(which is equivalent to the norm ‖u‖_H1_{(BR)}).

Then orthogonality to the function w^′_{ε,t} in that space is equivalent to the orthogonality to the function Z_{ε,t} = w^{′′′}_{ε,t} + ε(N − 1) t + εy w^{′′}_{ε,t} − w^′_{ε,t} (5.5)

GIERER-MEINHARDT SYSTEM 13

in L^2(I_{ε,t}), equipped with the following scalar product < u, v >_ε= ∫ Iε,t (uv)(t + εy)^{N−1}dy (5.6)

(which is equivalent to the norm ‖u‖_{BR} ).

Then we consider the following problem: h ∈ L^2(B_R) ∩ L^∞(I_{ε,t}) being given, find a function ϕ satisfying L_{ε,t} [ϕ] := ϕ^{′′} +^{ε(N−1)}_{t+εy} ϕ^′ − ϕ + pw^{p−1}_{ε,t} ϕ − qm R I_{ε,t}^{wm−1}ε,t^ϕ R I_{ε,t}^{wm}ε,t w^p_{ε,t} = h + cZ_{ε,t}, ϕ^′ (−^t_ε ) = ϕ^′ (^{R−t}_ε ) = 0, < ϕ, Z_{ε,t} >_ε= 0

(5.7)

for some constant c.

Before we solve the system (5.7), we need the following result based on ODE estimates.

Lemma 5.1. Let ϕ ∈ C^2(Ī_ε) satisfy | | | |ϕ^{′′}(y) + ε(N − 1) t + εy ϕ^′ (y) − ϕ(y) | | | | ≤ c^0e^{−μ|y|}, ϕ^′ ( − t ε ) = ϕ^′ ( − R − t ε ) = 0, for some c_0 > 0 and μ ∈ (0, 1). Then, provided that μ > 0 is sufficiently small, |ϕ(y)| ≤ 2e^2(|ϕ(0)| + c_0)e^{−μ|y|} ∀y ∈ I_{ε,t}. Proof. We use a comparison principle. Take η(t) a smooth cut-off function such that η(t) = 1 for |t| ≤ 1, η(t) = 0 for |t| ≥ 2, 0 ≤ η ≤ 1. Now consider the following auxiliary function:

Φ(y) = A [ e^{μy} + (e^{μy0} − e^{μy})η ( μ ( y + t ε ))] where y_0 = − t ε + 1 μ , A = 2e(|ϕ(0)| + c_0).

If y ∈ (−^t_ε , y_0), Φ(y) = Ae^{μy0} and hence

Φ^{′′} + ε(N − 1) t + εy Φ^′ − Φ = −Ae^{μy0} ≤ −c_0e^{μy}. If y ∈ (−^t_ε +^2_μ , 0), Φ(y) = Ae^{μy} and^ε_{t+εy} ≤^μ_2 , hence

Φ^{′′} + ε(N − 1) t + εy Φ^′ − Φ ≤ A[

N + 1 e μ^2 − 1]e^{μy} ≤ −c_0e^{μy}

14 WEI-MING NI AND JUNCHENG WEI

provided that μ is sufficiently small. Finally it is easy to see that for y ∈ (y_0, y_0 +^1_μ ) e^{μy0} ≤ e^{μy} ≤ ee^{μy0} , Φ(y) ≥ Ae^{μy0} , μ 2 ≤ ε t + εy ≤ μ; hence Φ^{′′} + ε(N − 1) t + εy Φ^′ − Φ ≤ AO(μ^2)e^{μy} − Ae^{μy0} ≤ AO(μ^2)e^{μy} − A e e^{μy} ≤ −c_0e^{μy} provided that μ is sufficiently small.

In any case, we have that for y ∈ (−^t_ε , 0), Φ(y) satisfies

Φ^{′′} + ε(N − 1) t + εy Φ^′ − Φ ≤ −c_0e^{μy}, Φ^′ ( − t ε ) = 0, Φ(0) ≥ |ϕ(0)|.

(5.8)

Combining (5.8) with the hypothesis we obtain

(Φ − ϕ)^{′′}(y) + ε(N − 1) t + εy (Φ − ϕ)^′(y) − (Φ − ϕ)(y) ≤ 0 ∀y ∈ [ − t ε , 0 ] (5.9) and (Φ − ϕ)(0) > 0, (Φ − ϕ)^′ ( − t ε ) = 0;

we claim that (Φ − ϕ)(y) ≥ 0 for y ∈ [−^t_ε , 0). Otherwise, if we call ȳ the minimum point of Φ − ϕ in [−^t_ε , 0), then it would be (Φ − ϕ)(ȳ) < 0 and (Φ − ϕ)^′(ȳ) = 0, (Φ − ϕ)^{′′}(ȳ) ≥ 0, in contradiction with (5.9). Hence we have proved that ϕ ≤ Φ in [−^t_ε , 0]. On the other hand by (5.8) and the hypothesis we also get

(Φ + ϕ)^{′′} (y) + 2ε t + εy (Φ + ϕ)^′ (y) − (Φ + ϕ)(y) ≤ 0 ∀y ∈ [ − t ε , 0 ]

and (Φ + ϕ)(0) > 0, (Φ + ϕ)^′(−^t_ε ) = 0. Proceeding as before we conclude ϕ ≥ −Φ in [−^t_ε , 0].

For y ∈ [0,^{R−t}_ε ), we use Φ̂(y) = A^{cosh(μ( R−tε −y))}

cosh(^{μ(R−t)}_ε ) . Note that

Φ̂(0) = A, Φ̂^′ (^{R−t}_ε ) = 0. It is easy

to see that^A_2 e^{−μy} < Φ̂(y) < 2Ae^{−μy} and hence

Φ̂^{′′} + ε(N − 1) t + εy Φ̂^′ − Φ̂ ≤ −c_0e^{−μy} provided that μ is sufficiently small. By repeating the previous argument we obtain |ϕ| ≤ Φ̂ in [0,^{R−t}_ε ) and the conclusion follows. 2 Let 0 < μ <^1_{10} min(p − 1, m − 1, 1) be a small number such that Lemma 5.1 holds. For every function ϕ : I_{ε,t} → R define ‖ϕ‖_∗ = ‖e^{μ<y>}ϕ(y)‖_L∞_(I_{ε,t)} (5.10)

GIERER-MEINHARDT SYSTEM 15

where < y >= (1 + y^2)^12 .

Since^{ε(N−1)}_{t+εy} w^{′′}_{ε,t} = O(ε)e^{−|y|}, we obtain Z_{ε,t}(y) = w^{′′′}(y) − w^′(y) + O(ε)e^{−μ<y>} = −pw^{p−1}(y)w^′(y) + O(ε)e^{−μ<y>} (5.11) uniformly for t ∈ [R_1, R_2].

The following proposition provides a priori estimates.

Proposition 5.2. Let (ϕ, c) satisfy (5.7). Then for ε sufficiently small, t ∈ [R_1, R_2], we have ‖ϕ‖_∗ ≤ C‖h‖_∗ (5.12) where C is a positive constant depending on R, N, p only. Remark: A more precise inequality should be ‖ϕ‖_∗ ≤ C‖h^⊥‖_∗, where h^⊥ = h − < h, Z_{ε,t} >_ε < Z_{ε,t}, Z_{ε,t} >^2 Z_{ε,t}. (5.13) Proof. We prove it by contradiction. Suppose not. Then there exists sequences ε_k → 0, t_k ∈ [R_1, R_2] and a sequence of functions ϕ_{εk,tk} satisfying (5.7) such that the following holds: ‖ϕ_{εk,tk} ‖_∗ = 1, ‖h_k‖_∗ = o(1), ∫ Iε_k,t_k ϕ_{εk,tk} Z_{εk,tk} (t_k + ε_ky)^{N−1}dy = 0. For simplicity of notation, we drop the subindex k.

Multiplying the first equation of (5.7) by w^′_{ε,t} and integrating over I_{ε,t}, we obtain that c ∫ Iε,t Z_{ε,t}w^′_{ε,t} = − ∫ Iε,t hw^′_{ε,t} + ∫ Iε,t (L_ε [ϕ_{ε,t}])w^′_{ε,t}. (5.14) The left hand side of (5.14) equals c(− ∫ R pw^{p−1}(w^′ )^2 + o(1)) because of (5.11). The first term on the right hand side of (5.14) can be estimated by ∫ Iε,t hw^′_{ε,t} = O(‖h‖_∗). The last term equals ∫ Iε,t (L_ε [ϕ_{ε,t}])w^′_{ε,t} = ∫ Iε,t [ ϕ^{′′}_{ε,t} + ε(N − 1) t + εy ϕ^′_{ε,t} − ϕ_{ε,t} + pw^{p−1}_{ε,t} ϕ_{ε,t} ] w^′_{ε,t} − qm ∫ Iε,t w^{m−1ε,t} ϕ^{ε,t} ∫ Iε,t w^{mε,t} ∫ Iε,t w^p_{ε,t}w^′_{ε,t} = o(‖ϕ_{ε,t}‖_∗). Hence we obtain that |c| = O(‖h‖_∗) + o(‖ϕ_{ε,t}‖_∗), ‖h + cZ_{ε,t}‖_∗ = o(1). (5.15)

16 WEI-MING NI AND JUNCHENG WEI

Next we claim that |ϕ_{ε,t}(y)| → 0 in any compact interval of R. In fact, we consider ϕ̄_ε(y) = ϕ_{ε,t}χ(t + εy) where χ is the cut-off function introduced at the beginning of this section. Then it is easy to see that ‖ϕ̄_ε‖_H2 ≤ C and hence ϕ̄_ε → ϕ_0 weakly in H^2(R) and ϕ_0 satisfies Lϕ_0 = 0, |ϕ_0| ≤ Ce^{−μ|y|}. By Lemma 4.2, we must have ϕ_0 = cw^′ . On the other hand, ∫ Iε,t ϕ^{ε,t}Z^{ε,t}(t + εy)^{N−1}dy = 0 and hence ∫ R ϕ^0w^{p−1}w^′ = 0 which implies that c = 0 and hence ϕ^{ε,t} → 0 in any compact interval of R. This shows that ‖w^{p−1}_{ε,t} ϕ_{ε,t}‖_∗ = sup_{y∈} Iε,t |e^{μ<y>}w^{p−1}_{ε,t} (y)e^{−μ<y>}ϕ_{ε,t}(y)| = o(1). (5.16)

On the other hand, by Lebesgue’s Dominated Convergence Theorem, we have that ∫ Iε,t w^{m−1}_{ε,t} ϕ_{ε,t}(t + εy)^{N−1} → 0 which implies ‖ ∫ Iε,t w^{m−1ε,t} ϕ^{ε,t} ∫ Iε,t w^{mε,t} w^p_{ε,t}‖_∗ = o(1). (5.17)

Thus we have arrived at the following situation: ϕ_{ε,t} satisfies ϕ^{′′}_{ε,t} + ε(N − 1) t + εy ϕ^′_{ε,t} − ϕ_{ε,t} = o(e^{−μ<y>}), ϕ^′_{ε,t}(− t ε ) = ϕ^′_{ε,t}( R − t ε ) = 0

(5.18)

Since ϕ_{ε,t} → 0 in any compact interval, ϕ_{ε,t}(0) = o(1). Applying Lemma 5.1, we conclude that ϕ_{ε,t} = o(e^{−μ|y|}). A contradiction to the assumption that ‖ϕ_{ε,t}‖_∗ = 1.

This proves the proposition.

Finally we prove:

Proposition 5.3. There exists an ε_0 > 0 such that for any ε < ε_0, t ∈ [R_1, R_2], given any h ∈ L^2(I_{ε,t}) ∩ L^∞(I_{ε,t}), there exists a unique pair (ϕ, c) such that the following hold: L_{ε,t} [ϕ] = h + cZ_{ε,t}, (5.19) ϕ^′ (− t ε ) = ϕ^′ ( R − t ε ) = 0, < ϕ, Z_{ε,t} >_ε= 0. (5.20)

Moreover, we have ‖ϕ‖_∗ ≤ C‖h‖_∗. (5.21)

GIERER-MEINHARDT SYSTEM 17

Proof: The existence follows from Fredholm alternatives. To this end, let us set H = {u ∈ H^1(B_R)|(u, w^′_{ε,t})_ε = 0}. Observe that ϕ solves (5.19) and (5.20) if and only if ϕ ∈ H^1(B_R) satisfies ∫ B_R (∇ϕ∇ψ + ϕψ) − p < w^{p−1}_{ε,t} ϕ, ψ >_ε

−qm ∫ Iε,t w^{m−1ε,t} ϕ ∫ Iε,t w^{mε,t} < w^p_{ε,t}, ψ >_ε=< h, ψ >_ε, ∀ψ ∈ H^1(B_R). This equation can be rewritten in the following form ϕ + S(ϕ) = h̄

(5.22) where S is a linear compact operator form H to H , h̄ = (Δ − 1)^{−1}(h^⊥) ∈ H and ϕ ∈ H .

Using Fredholm’s alternatives, we will show equation (5.22) has a uniquely solvable solution for each h̄ by proving that the equation has a unique solution for h̄ = 0, i.e., h^⊥ = 0. To this end, we assume the contrary. That is, there exists (ϕ, c) such that L_ε [ϕ] = cZ_{ε,t}, (5.23) ϕ^′ (− t ε ) = ϕ^′ ( R − t ε ) = 0, < ϕ, Z_{ε,t} >_ε= 0. (5.24) From (5.23), it is easy to see that ‖ϕ‖_∗ < +∞. So without loss of generality, we may assume that ‖ϕ‖_∗ = 1. But then this contradicts (5.13).

6. A study of the operator T[h] In this section, we study the operator T[h], where we choose h to be h = ( w_{ε,t}( r − t ε ) + ϕ( r − t ε ) )_m , ‖ϕ‖_∗ = O(ε^σ). (6.1)

Let c_{ε,t} be chosen so that εc_{ε,t} ∫ Iε,t w^m_{ε,t} = 1 G_R(t; t) . (6.2)

According to (3.7), we have T[h](r^′ ) = c_{ε,t} ∫_R 0 G_R(r^′ ; r)h(r)dr.

18 WEI-MING NI AND JUNCHENG WEI

Let r^′ = t + εy. We consider two regions of r^′ . First we consider |r^′ − t| <^δ_4 where δ = min(R_1, R − R_2). Then we have T[(w_{ε,t} + ϕ)^m](t + εy) = c_{ε,t} ∫_R 0 G_R(t + εy; r) ( w_{ε,t}( r − t ε ) + ϕ( r − t ε ) )_m dr

= εc_{ε,t} ∫ Iε,t G_R(t + εy; t + εz) ( w_{ε,t}(z) + ϕ(z) )_m dz = E_1 + E_2 where E_1 = εc_{ε,t} ∫ Iε,t G_R(t + εy; t + εz)w^m_{ε,t}dz,

E_2 = εc_{ε,t} ∫ Iε,t G_R(t + εy; t + εz) [ (w_{ε,t}(z) + ϕ(z))^m − (w_{ε,t}(z))^m ] dz. Observe that G_R(r^′ ; r) can be expanded as follows: for ȳ < z̄, we have

G_R(t + ȳ; t + z̄) = G_R(t; t) ( 1 + ( J^′_{2,R}(t) J_{2,R}(t) + N − 1 t )z̄ +

J^′_1(t) J_1(t) ȳ + O(|ȳ|^2 + |z̄|^2) ) ; (6.3)

while for z̄ < ȳ, there is another expansion

G_R(t + ȳ; t + z̄) = G_R(t; t) ( 1 + (

J^′_1(t) J_1(t) + N − 1 t )z̄ + J^′_{2,R}(t) J_{2,R}(t) ȳ + O(|ȳ|^2 + |z̄|^2) ) . (6.4)

Then we have, using (6.2) and (6.3)-(6.4), E_1 = εc_{ε,t} ∫ Iε,t G_R(t + εy; t + εz)w^m(z)dz + O(ε^2) = 1 + ερ(y) + O(ε^2(1 + |y|^2))

(6.5) where ρ(y) is defined by

ρ(y) = 1∫ R w^m [ J^′_{2,R}(t) J_{2,R}(t) ( y ∫_y −∞ w^m + ∫_∞ y zw^m(z)dz ) + J^′_1(t) J_1(t) ( y ∫_∞ y w^m + ∫_y −∞ zw^m(z)dz )] . (6.6)

For E_2, we have E_2 = εc_{ε,t} ∫ Iε,t G_R(t + εy; t + εz)[mw^{m−1}_{ε,t} ϕ]dz + O(‖ϕ‖^{1+τ}_∗ )

GIERER-MEINHARDT SYSTEM 19 = m ∫ Iε,t w^{mε,t} ∫ Iε,t w^{m−1}_{ε,t} ϕ + O(ε‖ϕ‖_∗ + ‖ϕ‖^{1+τ}_∗ ) where the constant τ is defined by τ = min(1, p − 1, m − 1).

(6.7)

On the other hand, for |r^′ − t| ≥^δ_4 , we use |ϕ( r − t ε )| ≤ C‖ϕ‖_∗e^{−μ< r−tε >}. (6.8) This implies T[(w_{ε,t} + ϕ)^m](r^′ ) ≥ c_{ε,t} ∫_R 0 G_R(r^′ ; r)w^m_{ε,t}dr − Cε^σc_{ε,t} ∫_R 0 G_R(r^′ ; r)e^{−μ< r−tε >}dr ≥ C. (6.9)

Summarizing all the estimates, we have obtained the following lemma: Lemma 6.1. (1) For |r^′ − t| <^δ_4 , r^′ = t + εy, we have T[(w_{ε,t} + ϕ)^m](t + εy) = 1 + ερ(y) + m ∫ Iε,t w^m ∫ Iε,t w^{m−1}_{ε,t} ϕ (6.10)

+O(ε^2(1 + |y|^2) + ε‖ϕ‖_∗ + ‖ϕ‖^{1+τ}_∗ ). (2) For |r^′ − t| ≥^δ_4 , we then have T[(w_{ε,t} + ϕ)^m](r^′ ) ≥ C.

(6.11)

As a consequence of (6.11), for |r^′ − t| ≥^δ_4 , we have (w_{ε,t} + ϕ)^p (T[(w_{ε,t} + ϕ)^m])^q ≤ Ce^{−μ |r} ′ −t| ε . (6.12)

7. A Nonlinear Problem In this section, we solve the following system of equations for (ϕ, β):

(w_{ε,t} + ϕ)^{′′} + ε(N − 1) t + εy (w_{ε,t} + ϕ)^′ − (w_{ε,t} + ϕ) + (w_{ε,t} + ϕ)^p (T[(w_{ε,t} + ϕ)^m](t + εy))^q = βZ_{ε,t}, (7.1)

ϕ^′ (− t ε ) = ϕ^′ ( R − t ε ) = 0, ∫ Iε,t ϕZ_{ε,t}(t + εy)^{N−1}dy = 0. (7.2)

The main result in this section is to show the following proposition:

20 WEI-MING NI AND JUNCHENG WEI

Proposition 7.1. For t ∈ [R_1, R_2] and ε sufficiently small, there exists a unique pair (ϕ_{ε,t}, β_ε(t)) satisfying (7.1)-(7.2). Furthermore, (ϕ_{ε,t}, β_ε(t)) is continuous in t and we have the following estimate ‖ϕ_{ε,t}‖_∗ ≤ ε^σ (7.3)

where σ ∈ (^1_{1+τ} , 1) is a constant.

Proof: We write (7.1) in the following form: L_{ε,t} [ϕ] = E_ε + M_ε [ϕ] + βZ_{ε,t}

(7.4)

and use contraction mapping theorem. Here E_ε = −w^{′′}_{ε,t} + w_{ε,t} − ε(N − 1) t + εy w^′_{ε,t} − w^p_{ε,t} (T[w^m_{ε,t}])^q

(7.5)

and M_ε [ϕ] is given by

M_ε [ϕ] = (w_{ε,t} + ϕ)^p (T[(w_{ε,t} + ϕ)^m])^q − w^p_{ε,t} (T[w^m_{ε,t}])^q − pw^{p−1}_{ε,t} ϕ + qm ∫ Iε,t w^{m−1ε,t} ϕ ∫ Iε,t w^{mε,t} w^p_{ε,t}. (7.6)

Since w^{′′}_{ε,t} − w_{ε,t} = −w^p_{ε,t} + O(ε^2e^{−μ|y|}), it is easy to see that

E_ε = − ε(N − 1) t + εy w^′_{ε,t} + w^p_{ε,t} (T[w^m_{ε,t}])^q − 1 (T[w^m_{ε,t}])^q + O(ε^2e^{−μ|y|}) (7.7)

and hence by Lemma 6.1, ‖E_ε‖_∗ ≤ Cε. (7.8)

For M_ε , we note that

M_ε [ϕ] = (w_{ε,t} + ϕ)^p − w^p_{ε,t} − pw^{p−1}_{ε,t} ϕ (T[(w_{ε,t} + ϕ)^m])^q − ( w^p_{ε,t} (T[w^m_{ε,t}])^q − w^p_{ε,t} (T[(w_{ε,t} + ϕ)^m])^q − qm ∫ Iε,t w^{m−1ε,t} ϕ ∫ Iε,t w^{mε,t} w^p_{ε,t} )

−pw^{p−1}_{ε,t} ϕ ( 1 − 1 (T[(w_{ε,t} + ϕ)^m])^q ) . Suppose that ‖ϕ‖_∗ < ε^σ. The first term in M_ε [ϕ] can be estimated, using (6.12): | | | | (w_{ε,t} + ϕ)^p − w^p_{ε,t} − pw^{p−1}_{ε,t} ϕ (T[(w_{ε,t} + ϕ)^m])^q | | | | ≤ Ce^{−(p−1−τ)<y>}|ϕ|^{1+τ} .

GIERER-MEINHARDT SYSTEM 21

By Lemma 6.1, we have the second term and the last term in M_ε [ϕ] can be bounded by O(ε‖ϕ‖_∗ + ‖ϕ‖^{1+τ}_∗ ). Therefore, we have

‖M_ε [ϕ]‖_∗ ≤ C ( ε‖ϕ‖_∗ + ‖ϕ‖^{1+τ}_∗ ) . (7.9)

Set B = {ϕ ∈ H | ‖ϕ‖_∗ < ε^σ}. Fix ϕ ∈ B and let the map A_ε be the unique map h → ϕ given by Proposition 5.3. Define G_ε = A_ε (E_ε + M_ε [ϕ]).

We now show that G_ε is a contraction map. In fact, by Proposition 5.3, we have ‖G_ε [ϕ]‖_∗ ≤ C‖E_ε + M_ε [ϕ]‖_∗ ≤ Cε + ε^{σ(1+τ)} ≤ Cε

(7.10) since σ(1 + τ) > 1, and hence G_ε [ϕ] ∈ B . Moreover, we also have that

‖G_ε [ϕ_1] − G_ε [ϕ_2]‖_∗ ≤ C‖M_ε [ϕ_1] − M_ε [ϕ_2]‖_∗ ≤ C(ε + ‖ϕ_1‖^τ_∗ + ‖ϕ‖^τ_∗)‖ϕ_1 − ϕ_2‖_∗.

(7.11) (7.10) and (7.11) show that the map G_ε is a contraction map from B to B . By the contraction mapping theorem, (7.4) has a unique solution ϕ ∈ B , called ϕ_{ε,t}.

The continuity of (ϕ_{ε,t}, β_ε(t)) follows from the uniqueness of (ϕ_{ε,t}, β_ε(t)).

8. The reduced problem In this section we solve the reduced problem and establish our main existence result given by Theorem 2.1. In particular, we prove that Proposition 8.1. For ε sufficiently small, β_ε(t) is continuous in t and we have β_ε(t) = b_0ε(M_R(t)) + O(ε^{σ(1+τ)}),

(8.1) for some generic constant b_0 ≠ 0.

From the Proposition 8.1, we can finish the proof of Theorem 2.1.

Proof of Theorem 2.1:

Since ε^{−1}β_ε(t) = b_0M_R(t)+O(ε^{σ(1+τ)−1}), for ε sufficiently small, we also have β_ε(r_1)β_ε(r_2) < 0, using assumption (2.13). By the continuity of β_ε(t) and the mean value theorem, a zero of β_ε, denoted by t_ε, is thus guaranteed, which produces a solution u_ε = w_{ε,tε} + ϕ_{ε,tε} to (7.1)-(7.2). It is easy to verify that u_ε satisfies all the properties of Theorem 2.1.

22 WEI-MING NI AND JUNCHENG WEI

We now prove Proposition 8.1. Observe that ϕ_{ε,t} satisfies (7.4). Multiplying the equation (7.4) by w^′_{ε,t} and integrating over I_{ε,t}, we obtain β_ε(t) ∫ Iε,t Z_{ε,t}w^′_{ε,t} = ∫ Iε,t L_{ε,t} [ϕ_{ε,t}]w^′_{ε,t} + ∫ Iε,t (−E_ε w^′_{ε,t}) + ∫ Iε,t (−M_ε [ϕ_{ε,t}]w^′_{ε,t}). (8.2)

The left hand of of (8.2) can be computed by (5.11): β_ε(t) ∫ Iε,t Z_{ε,t}w^′_{ε,t} = −β_ε(t) ∫ R ((p − 1)w^{p−1}(w^′ )^2) + O(εβ_ε(t)).

(8.3)

We estimate each term on the right hand side of (8.2). For the first term, we use integration by parts: ∫ Iε,t L_{ε,t} [ϕ_{ε,t}]w^′_{ε,t} = ∫ Iε,t [ ϕ^{′′}_{ε,t} − ϕ_{ε,t} + pw^{p−1}_{ε,t} ϕ_{ε,t} ] w^′_{ε,t}

= ∫ Iε,t [ w^{′′′}_{ε,t} − w^′_{ε,t} + pw^{p−1}_{ε,t} w^′_{ε,t} ] ϕ_{ε,t} = O(ε^{1+σ}). The last term in (8.2) gives, using (7.9), ∫ Iε,t M_{ε,t} [ϕ_{ε,t}]w^′_{ε,t} = O(ε^{1+σ} + ε^{σ(1+τ)}) = O(ε^{σ(1+τ)}).

(8.4)

It remains to compute the second term at the right hand side of (8.2): by (7.7) ∫ Iε,t (−E_ε)w^′_{ε,t} = ∫ Iε,t ε(N − 1) t + εy (w^′_{ε,t})^2

+ ∫ Iε,t w^p_{ε,t} 1 − (T[w^m_{ε,t}])^q (T[w^m_{ε,t}])^q w^′_{ε,t} + O(ε^2). It is easy to see that ∫ Iε,t ε(N − 1) t + εy (w^′_{ε,t})^2 = ε N − 1 t ∫ R (w^′ )^2 + O(ε^2).

(8.5)

Then we estimate, using Lemma 6.1, ∫ Iε,t w^′_{ε,t}w^p_{ε,t}( 1 − (T[w^m_{ε,t}])^q (T[w^m_{ε,t}])^q ) = −qε ( ∫ R w^′ w^pρ(y) + O(ε) ) . (8.6) From the definition of ρ(y) at (6.6) we have ∫ R w^m ∫ R w^′ w^pρ(y) = J^′_{2,R}(t) J_{2,R}(t) ∫ R w^′ w^p ( y ∫_y −∞ w^m + ∫_y −∞ zw^m(z) )

GIERER-MEINHARDT SYSTEM 23 + J^′_1(t) J_1(t) ∫ R w^′ w^p ( y ∫_∞ y w^m + ∫_∞ y zw^m(z) )

= − 1 p + 1 J^′_{2,R}(t) J_{2,R}(t) ∫ R w^{p+1}(y) ∫_y −∞ w^m − 1 p + 1

J^′_1(t) J_1(t) ∫ R w^{p+1} ∫_∞ y w^m

= − 1 2(p + 1) ( J^′_{2,R}(t) J_{2,R}(t) + J^′_1(t) J_1(t) ) ∫ R w^{p+1}(y) ∫ R w^m (8.7)

where we have used (4.2) of Lemma 4.1.

Combining all together, we arrive at −β_ε(t) ∫ R ((p − 1)w^{p−1}(w^′ )^2) = ε N − 1 t ∫ R (w^′ )^2

+ε q 2(p + 1) ∫ R w^{p+1}( J^′_{2,R}(t) J_{2,R}(t) + J^′_1(t) J_1(t)

) + O(ε^{σ(1+τ)})

= qε p − 1 ∫ R (w^′ )^2 [ M_R(t) + O(ε^{σ(1+τ)−1}) ]

using (4.1) of Lemma 4.1. Setting

b_0 = − q ∫ R(w^′ )^2 (p − 1)^2 ∫ R w^{p−1}(w^′ )^2 , we obtain (8.1).

9. The case of R^N : Proofs of Theorem 2.3 and Corollary 2.4

In this section, we discuss the whole R^N case and prove Theorem 2.3 and Corollary 2.4. Theorem 2.3 can be proved along the line of the proof of Theorem 2.1. First we replace J_{2,R} by J_2, G_R(r; r^′ ) by G(r; r^′ ), and M_R(t) by M(t).

In this case, we still have the following representation formula:

T[h](r^′ ) = c_{ε,t} ∫_∞ 0 G(r^′ ; r)h(r)dr, (9.1)

where G(r^′ ; r) = lim_{R→+∞} G_R(r^′ ; r).

Second, we need to modify the statements of Lemma 6.1:

24 WEI-MING NI AND JUNCHENG WEI

Lemma 9.1. (1) For |r^′ − t| <^t_4 , r^′ = t + εy, we have T[(w_{ε,t} + ϕ)^m](t + εy) = 1 + ερ(y) + m ∫ Iε,t w^m ∫ Iε,t w^{m−1}_{ε,t} ϕ (9.2)

+O(ε^2(1 + |y|^2) + ε‖ϕ‖_∗ + ‖ϕ‖^{1+τ}_∗ ). (2) For |r^′ − t| ≥^t_4 , we then have T[(w_{ε,t} + ϕ)^m](r^′ ) ≥ Ce^{−2|r′ −t|}. (9.3)

Proof: The proof of (9.2) is the same as before. We just need to show (9.3): In fact, from (2.11), we have that T[(w_{ε,t} + ϕ)^m](r^′ )

= J_2(r^′ )c_{ε,t} ∫_r^′ 0 c_0r^{N−1}J_1(r)(w_{ε,t} + ϕ)^mdr + J_1(r^′ )c_{ε,t} ∫_∞ r^′ c_0r^{N−1}J_2(r)(w_{ε,t} + ϕ)^mdr

≥ C_1J_2(r^′ ) − C_2J_1(r^′ )e^{− mμr} ′ 2ε ≥ CJ_2(r^′ ) ≥ Ce^{−2r′} ≥ Ce^{−2|r′ −t|}.

As a consequence of (9.3), for |r^′ − t| ≥^t_4 , we have (w_{ε,t} + ϕ)^p (T[(w_{ε,t} + ϕ)^m])^q ≤ Ce^{−(pμ−2ε) |r} ′ −t| ε ≤ e^{−μ |r} ′ −t| ε . (9.4)

Once we have (9.4), the rest of the proof is exactly the same as those of Theorem 2.1. This proves Theorem 2.3.

Next we prove Corollary 2.4. To this end, we have to study the asymptotic behavior of J_1 and J_2 both at 0 and at ∞. We then have

Lemma 9.2. For t large, we have

J_1(t) = A_0t^{− N−12} e^t ( 1 − (N − 1)(N − 3) 8t + O( 1 t^2 ) ) , (9.5)

J^′_1(t) = A_0t^{− N−12} e^t ( 1 − (N − 1)(N + 1) 8t + O( 1 t^2 ) ) , (9.6)

J_2(t) = B_0t^{− N−12} e^{−t} ( 1 + (N − 1)(N − 3) 8t + O( 1 t^2 ) ) , (9.7)

GIERER-MEINHARDT SYSTEM 25

J^′_2(t) = B_0t^{− N−12} e^t ( 1 − (N − 1)(N + 1) 8t + O( 1 t^2 ) ) , (9.8)

where A_0, B_0 are generic positive constants.

Proof: The proof follows from (2.3) and formulas 9.7.1-9.7.4 on page 378 of [5].

From (9.5), (9.6), (9.7) and (9.8), we see that for t large, J^′_1 J_1 + J^′_2 J_2 = (J_1J_2)^′ J_1J_2 = − 1 t [ (N − 1) + O( 1 t ) ] . and hence for t large M(t) = (p − 1)(N − 1) qt + J^′_1 J_1 + J^′_2 J_2 = ( p − 1 q − 1) N − 1 t + O( 1 t^2 ). (9.9)

So for N ≥ 2 and p < q + 1, we have M(t) < 0 for t large.

(9.10)

On the other hand, for t near 0 and N ≥ 3, it is easy to see that J_1(t) = O(1), J_2(t) ∼ t^{−(N−2)}.

(9.11) and hence for t small M(t) = (p − 1)(N − 1) qt + J^′_1 J_1 + J^′_2 J_2 = [ (p − 1) q (N − 1) − (N − 2) ] 1 t + O(1) > 0

(9.12)

if p >^{N−2}_{N−1} q + 1. For N = 2, t small, J_2(t) ∼ log^1_t , M(t) =^{(p−1)(N−1)}_{qt} + O(1) + o(^1_t ) > 0 if p > 1.

Now from (9.10) and (9.12), we apply Theorem 2.3 for N ≥ 2 to conclude Corollary 2.4.

10. The proof of Corollary 2.2 and The case of s > 0

In this last section, we discuss the proof of Corollary 2.2 and the case of s > 0. To prove Corollary 2.2, we first observe that

M_R(R) =

(p − 1)(N − 1) qR + J^′_1(R) J_1(R) > 0 (10.1)

since J^′_{2,R}(R) = 0 and J_1(r) is strictly increasing in r.

On the other hand, for t fixed, we have lim R→+∞ M_R(t) = M(t). (10.2)

26 WEI-MING NI AND JUNCHENG WEI

From the proof of Corollary 2.4, we see that there exist r_1 < r_2 such that M(r_1) > 0, M(r_2) < 0. Thus for R large, M_R(r_1) > 0, M_R(r_2) < 0. Combining with (10.1), we see that there exist r_1 < r_2 < r_3 < R such that M_R(r_1)M_R(r_2) < 0, M_R(r_2)M_R(r_3) < 0. Corollary 2.2 follows from Theorem 2.1.

Finally, we discuss how to modify the proof of Theorem 2.1 in the case of s = 0 to establish the case of s > 0.

First, by using upper and lower solution method, for any given h = h(r) ∈ L^∞(B_R) ∩ L^2(B_R), h ≥ 0, there exists a unique solution, denoted by T_1[h], to the following nonlinear problem Δv − v + h v^s = 0 in B_R, v(x) = v(|x|) and ∂v ∂ν = 0 on ∂B_R.

(10.3)

In fact, let v_0 be the unique solution of (10.3) with s = 0. Then for ρ such that ρ^{s+1} max_{0≤r≤R} v^s_0(r) < 1, v_1 = ρv_0 is a lower-solution to (10.3). On the other hand, v_2 = (h_{max})^{1s+1} , where h_{max} = max_{0≤r≤R} h(r), is an upper solution to (10.3). By choosing ρ small, we can have v_1 < v_2 and hence a solution to (10.3) between v_1 and v_2 is established. Note also that the solution to (10.3) is also unique, due to the fact that s > 0.

Now we let c_{ε,t} be such that

c_{ε,t} = (T_1[w^m_{ε,t}](t))^{−s−1}

(10.4)

and denote T[h] as the unique solution of Δv − v + c_{ε,t} h v^s = 0 in B_R, v(x) = v(|x|) and ∂v ∂ν = 0 on ∂B_R.

(10.5)

The rest of the proof goes exactly as in the case of s = 0 with only minor changes: for example, the linearized operator should become

L_{ε,t} [ϕ] := ϕ^{′′} + ε(N − 1) t + εy ϕ^′ − ϕ + pw^{p−1}_{ε,t} ϕ − qm s + 1 ∫ Iε,t w^{m−1ε,t} ϕ ∫ Iε,t w^{mε,t} w^p_{ε,t}, and the estimate (6.10) should be modified as

T[(w_{ε,t} + ϕ)^m](t + εy) = 1 + ερ(y) + m (s + 1) ∫ Iε,t w^m ∫ Iε,t w^{m−1}_{ε,t} ϕ + O(ε^2(1 + |y|^2) + ε‖ϕ‖_∗ + ‖ϕ‖^{1+τ}_∗ ).

(10.6)

We omit the details.

GIERER-MEINHARDT SYSTEM 27

References

[1] A.Ambrosetti, A. Malchiodi and W.-M. Ni, Singularly perturbed elliptic equations with symmetry: existence of solutions concentrating on spheres, Part I, Comm. Math. Phys. 235 (2003), no. 3, 427-466.

[2] A.Ambrosetti, A. Malchiodi and W.-M. Ni, Singularly perturbed elliptic equations with symmetry: existence of solutions concentrating on spheres, Part II, Indiana Univ. Math. J. 53 (2004), no. 2, 297-329.

[3] Adimurthi, G. Mancini, and S.L. Yadava, The role of mean curvature in a semilinear Neumann problem involving the critical Sobolev exponent, Comm. P.D.E. 20(1995), 591-631.

[4] Adimurthi, F. Pacella, and S.L. Yadava, Interaction between the geometry of the boundary and positive solutions of a semilinear Neumann problem with critical nonlinearity, J. Funct. Anal. 113 (1993), 318-350.

[5] M. Abramowitz and I.A. Stegun, Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables, Washington, National Bureau of Standards Applied Mathematics, 1964.

[6] P. Bates and G. Fusco, Equilibria with many nuclei for the Cahn-Hilliard equation, J. Diff. Eqns. 4(1999),1- 69. [7] M. del Pino, M. Kowalczyk and X. Chen, The Gierer-Meinhardt system: the breaking of symmetry of homoclinics and multi-bump ground states, Comm. Contemp. Math. , 3 (3), (2001) 419–439.

[8] M. del Pino, M. Kowalczyk and J. Wei, Multi-bump ground states of the Gierer-Meinhardt system in R^2 , Ann. Inst. H. Poincaré Anal. Non Linéaire 20(2003), 53-85.

[9] A. Doelman, R. A. Gardner and T.J. Kaper, Large stable pulse solutions in reaction-diffusion equations, Indiana Univ. Math. J 50 (1), (2001) 443–507.

[10] A. Doelman, T.J. Kaper, and H. van der Ploeg, Spatially periodic and aperiodic multi-pulse patterns in the one-dimensional Gierer-Meinhardt equation, Methods Appl. Anal. 8(2001), 387-414.

[11] E.N. Dancer and S. Yan, Multipeak solutions for a singular perturbed Neumann problem, Pacific J. Math.

189(1999), 241-262.

[12] A. Gierer and H. Meinhardt, A theory of biological pattern formation, Kybernetik (Berlin) 12 (1972), 30-39.

[13] C. Ghoussoub and C. Gui, Multi-peak solutions for a semilinear Neumann problem involving the critical Sobolev exponent, Math. Z. 229 (1998), 443–474.

[14] C. Gui and J. Wei, Multiple interior peak solutions for some singular perturbation problems, J. Diff.

Eqns. 158(1999), 1-27.

[15] C. Gui, J. Wei and M. Winter, Multiple boundary peak solutions for some singularly perturbed Neumann problems, Ann. Inst. H. Poincaré Anal. Non Linéaire 17(2000), 47-82.

[16] J. P. Keener, Activators and inhibitors in pattern formation, Stud. Appl. Math. 59 (1978), 1-23. [17] C.-S. Lin, W.-M. Ni and I. Takagi, Large amplitude stationary solutions to a chemotaxis system, J. Diff.

Eqns. 72 (1988), 1–27.

[18] A. Malchiodi, M. Montenegro, Boundary concentration phenomena for a singularly perturbed elliptic problem, Comm. Pure Appl. Math. 55(2002), 1507-1568.

[19] A. Malchiodi, W. M. Ni, J. Wei. Multiple clustered layer solutions for semilinear Neumann problems on a ball, Ann. Inst. H. Poincaré Anal. Non Linéaire, to appear.

[20] H. Meinhardt, The algorithmic beauty of sea shells, Springer, Berlin, Heidelberg, 2nd edition, 1998. [21] H. Meinhardt, Models of Biological Pattern Formation, Acad. Press, London, 1982. [22] W.-M. Ni, Diffusion, cross-diffusion, and their spike-layer steady states, Notices of Amer. Math. Soc. 45 (1998), 9-18.

[23] W.-M. Ni and I. Takagi, On the Neumann problem for some semilinear elliptic equations and systems of activator-inhibitor type, Trans. Amer. Math. Soc. 297 (1986), 351-368.

[24] W.-M. Ni and I. Takagi, On the shape of least energy solution to a semilinear Neumann problem, Comm.

Pure Appl. Math. 41 (1991), 819-851.

[25] W.-M. Ni and I. Takagi, Locating the peaks of least energy solutions to a semilinear Neumann problem, Duke Math. J. 70 (1993), 247-281.

28 WEI-MING NI AND JUNCHENG WEI

[26] W.-M. Ni and I. Takagi, Point-condensation generated by a reaction-diffusion system in axially symmetric domains, Japan J. Industrial Appl. Math. 12 (1995), 327-365.

[27] W.-M. Ni, X.-B. Pan and I. Takagi, Singular behavior of least-energy solutions of a semilinear Neumann problem involving critical Sobolev exponents, Duke Math. J. 67(1992), 1-20.

[28] W.-M. Ni, I. Takagi and E. Yanagida, Stability analysis of point-condensation solutions to a reactiondiffusion system proposed by Gierer-Meinhardt, Tohoku Math. J., to appear.

[29] W.-M. Ni, I. Takagi and E. Yanagida, Stability of least energy patterns of the shadow system for an activator-inhibitor model, Japan J. Industrial Appl. Math. 18(2)(2001), 259-272.

[30] W.-M. Ni, I. Takagi, J. Wei and E. Yanagida, in preparartion.

[31] W.-M. Ni and J. Wei, On the location and profile of spike-layer solutions to singularly perturbed semilinear Dirichlet problems, Comm. Pure Appl. Math. 48 (1995), 731-768.

[32] I. Takagi, Point-condensation for a reaction-diffusion system, J. Diff. Eqns. 61 (1986), 208-249. [33] A. M. Turing, The chemical basis of morphogenesis, Phil. Trans. Roy. Soc. Lond. B 237 (1952), 37-72. [34] J. Wei, On the boundary spike layer solutions of a singularly perturbed semilinear Neumann problem, J.

Diff. Eqns 134 (1997), 104-133.

[35] J. Wei, On single interior spike solutions of Gierer-Meinhardt system: uniqueness and spectrum estimates, Europ. J. Appl. Math. 10 (1999), 353-378.

[36] J. Wei and M. Winter, Stationary solutions for the Cahn-Hilliard equation, Ann. Inst. H. Poincaré Anal.

Non Linéaire 15(1998), 459-492.

[37] J. Wei and M. Winter, On the two-dimensional Gierer-Meinhardt system with strong coupling, SIAM J.Math.Anal. 30 (1999), 1241-1263.

[38] J. Wei and M. Winter, On multiple spike solutions for the two-dimensional Gierer-Meinhardt system: the strong coupling case, J. Diff. Eqns. 178(2002), 478-518.

[39] J. Wei and M. Winter, Spikes for the two-dimensional Gierer-Meinhardt system: the weak coupling case, J. Nonlinear Science 6(2001), 415-458.

School of Mathematics, University of Minnesota, Minneapolis, MN 55455, USA E-mail address: ni@math.umn.edu

Department of Mathematics, The Chinese University of Hong Kong, Shatin, Hong Kong E-mail address: wei@math.cuhk.edu.hk