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Abstract

We consider the following Toda system

2
Au; + Zaije“f = 47;80 in R?, / edr < oo, fori=1,2,

j=1 R?

where v; > —1, do is Dirac measure at 0, and the coefficients a;; is one of the Cartan matrix of rank
2: Az, Ba(= C2),G2. In [15] and [1], the authors have gotten the classification and non-degeneracy
results of solutions for Cartan matrix A2 and Be. In this paper, we consider the G2 case, we completely
classify the solutions and obtain the quantization result as well as the non-degeneracy of solutions
for G2 Toda system.

1 Introduction

Let A = (a;j) be a Cartan matrix of rank r. The the non-Abelian gauged nonlinear Schrédinger
equations can be reduced to the following Toda system with sources

r N;
—Auy = a;e" +4xY 5, inR%i=1,..r (1.1)
Jj=1 Jj=1
and the non-Abelian Chern-Simons system becomes

r N;
Au; + Zaijeuj = Zaike“kakle“l + 4%251,7;]. inR%i=1,..r (1.2)
k,l j=1

j=1

We refer to Chapter 6 of the book [28] for backgrounds. In [15], Lin-Wei-Ye obtained the classification
and non-degeneracy of solutions for SU(n + 1) Toda system with one single source

—Au; =Y age" +4myd in R i=1,...,n (1.3)

Jj=1

where A = (a;;) is the Cartan matrix for SU(n + 1), given by

2 -1 0 0
-1 2 -1 0
0 -1 2 0
A= (aij) = : : : . (14)
o ... -1 2 -1
0o ... -1 2
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However for Cartan matrices of B,,,C),, G, as well as exceptional Lie groups Fs, Eg — Eg, there are
little results so far. In [1], we consider the Cartan matrix of By, and get the classification and non-
degeneracy results. The purpose of this paper is to give the classification result for Cartan matrix G,
in this case, we get a complete classification for Cartan matrix of rank 2. We consider the 2-dimensional

(open) Toda system
2

Aui + Z (Lijeuj = 4’/T’yi(50 in R2
i=1 (1.5)
e'idr < +oo
R2
for i = 1,2, where v; > —1, and A = (a;;) is given by

A=Gy— (_23 _21> . (1.6)

The Aj case has been considered by Lin-Wei-Ye (appendix of [15]). (In fact they considered general
A,, case. Note that A, is the SU(n + 1) matrix.) And the B case has been considered in [1]. An
important ingredient of the By case is that the By Toda system can be embedded into Az Toda system
under some group action. So we shall concentrate on the case G3. Note that it is the first exceptional
Lie group.

2 Classification for GG» Toda system

We consider
Au+2e* — e’ = 41y15p  in R?
Av + 2e¥ — 3e¥ = 41yady  in R? (2.7)
Jpz € < F00, [po €’ < F00

An important observation is that Toda system with G2 can be embedded into Toda system with Ag:

Auy +2e" — e* = 4y, 8y in R?

Auy + 2e% — e¥ — e¥ = 4y,dy  in R?

Aug + 2e¥s — e¥2 — " = Anyydy  in R2

Aty + 2eUs — e¥s — e = Any, 8y in R2 (2.8)
Aug + 2e%s — el4 — U6 = 47‘1”}/;(50 in R?

Aug + 2e¥s — e¥s = 47‘1”}/([3(50 in R?

fR2 eV < 400, i =1,...,6.

The transformation from (2.8) to (2.7) is the following:

{ Uy = u, Uz = V,u3 =u+1og2,uy = u-+1og2,us =v,us = u
! ’ ’ ’ ! !

(2.9)
Y1 =772 =723 =V174 = Y175 = V2, V6 = V1

In other words, Toda system with G5 corresponds to solutions of Toda system with Ag under the
following group action
us = uy + log 2,uy = uy +1og 2, us = ug, ug = u;. (2.10)

As a consequence, we just need to take the solutions of Lin-Wei-Ye [15] in Ag case with v3 = v1,74 =
1,75 = V2,76 = Y1 and compute the solutions under the group action (2.10). Note that the maximal
dimension of Toda system with Ag is 48.

We define R
w1 -1 u
(mz)_% (v) (2.11)

Then the system (2.7) is transformed to

Aw; + 21— — 4 do,
Aty + e*P27301 = 4raigdy, (2.12)
fR2 6211)17’(1)2 < +OO , fR2 6271)27311)1 < +OO.



2

@ _ . . _
where ( al ) =Gyt ( 31 ) We introduce the notation (wq, wg, w3, wy, ws, we)t = Ag *(u1, ua, us, us, us, ug)*,
2

and (), o, @, o'k, @b, ) = A5 (71, ¥4 V4 Ve 75> 76" Then (2.8) is transformed to

3
Aw; + e% = 41aldy in R%, where o, = at~ 2.13
A 7 J
j=1

fori=1,---,6.
In order to find the solution of (2.12), we only need to find the solution of (2.13) under the action
wy = wg, w3 = 2wy + lg2. And then

QI)1 o w1 In2
<1D2>_(w2>_<21n2>' (2.14)
We have the following classification result:

Theorem 2.1. Let w be a solution of (2.12), and w satisfies (2.14), then wy can be expressed as

6
e = 127 (o + D MR, (2.15)
i=1
where .
R(Z) = ZH,1+.“+#2 + ZCijZH/1+."+M;’ (216)
3=0

Wi =~L+1, and ¢;j are complex numbers and \; > 0, satisfy

1
)\O = )
(2" 33 o ( + p2)? (21 + 112)2 (Bpa + p2) (B + 2012))?Aads
1
A= ,
DT (@ + 222 + i) (B + 2012))2 s
1
)\2 = 72 2 )
(27pfp2(pr + p2)(2pn + p2) (Bpa + p12))? Aa
1
A3 =

(2301 (1 + p2) (21 + pi2))?’
Xo = (235 g pa (i1 + p2))*Aaks,
pa(p + pa) Fiiptz

(2.17)

Ci0 = Ce5, €20 = C54C65 — Cp4 ),
T @+ ) Bp + ) (201 + p2)(Bpn + 2#2)( )
Y (C /% )

(1 + pr2) (B + 2p2)

1 (g + p2)
C30 = C3 — C43C64 — C53C65 + C43C54C65),
30 231 + 112) By +2M2)( 63 — C43C64 — C53Ce5 + C43C54C65)
1 (201 + p2) (11 + p2) (2 + p2)
C31 = ——— (€53 — C43C54), C32 = C43,
o 223 +2M2)( 9~ Caacaa)s oz 2us(3u1 + p2)
1
Cq0 = —Cg2 + C32C63 + C42C64 — C32C43C64 + C52C65 — C32C53C65 — C42C54C65 + C32C43C54C65 ),
40 2 + 1) G +2M2)( 62 + C32C63 + C42C64 — C32C43C64 + C52C65 — C32C53C65 — C42C54C65 1 C32C43C54C65)
pa(3p1 + p2)

Ccu1 = C52 — €32C53 — C42C54 + €32C€43C54),
41 (i1 + 112) Ginn +2M2)( 52 — €32C53 — C42C54 )

1
Cq2 = 56326437

_l’_

C50 = ali + o) (C61 — Ca1C64 — C51C65 + Ca1C54C65 + €31 (—Co3 + C53C65 + C43C64 — C43C54C65)

(21 + p2)(3pa + pi2)

+co1(—co2 + ca2Cea + C52C65 — Ca2C54C65 + C32(Co3 — Ca3C64 — C53C65 + Ca3C54C65)))s



C51 = 5(021052 + €31C53 — C21C32C53 + C41C51 — €21Ca2C54 — €31€43C54 + €21C32C43C54),

p1 (2p1 + pu2) (1 + pi2)cgs + Apa(pr + o) (3pn + 2pz)ce1Cos — Apapin (1 + pi2)Co2Ces

C =
v 4(2p1 + p2)(Bua + p2)(3pa + 2p2)

1
o3 = 5 —————— (—4p2 (31 + p2)cs2 + (2p1 + T p12)eazcss),
% 2 (1 +M2)( p2(3pn + p2)esz + (2pn + p2)(p1 + p2)cascss)
Co4 = _%(053 — C43C54), Ce5 = %cu,

where p; = v; + 1 for i = 1,2 and the solutions depend on 14 parameters Ay, As, c43, C52, C53, C54, Ce1 GNA

Ce2 .-
[ ]

Moreover,
if u1, po € N, the solution space is a fourteen dimensional smooth manifold;

if p1 € N, po € N, and 2uy € N, then csa = ¢4 = cg2 = 0, the solution manifold is eight
dimensional;

if pp € N, uo € N, and 2us € N, then csa = c54 = cg1 = ce2 = 0, the solution manifold is six
dimensional;

if up € N, po € N, and 2u; € N, then cy3 = c61 = cg2 = 0, the solution manifold is eight
dimensional;

if pi € N, ps € N, and 3up € N, then cso = c53 = c43 = 0, the solution manifold is eight
dimensional;

ifpr € N, ps € N, and 2u7 € Ny3up € N, then cy3 = c50 = ¢53 = cg2 = cg2 = 0, the solution
manifold is four dimensional;

ifpur €N, ps €N, and 21 € Ny g + po € N, then cy3 = ¢54 = 52 = cg1 = 0, the solution manifold
is six dimensional;

ifpr €N, uo €N, and 2p1 € N,y +2u0 € N, then cy3 = ¢54 = 52 = cg2 = 0, the solution manifold
is six dimensional;

if/,bl %N, 2 QN, and 2/1,1 S N,ul + po %N,/ﬂ +2/.L2 ¢N, then C43 = C54 = C52 = Cg1 = Cp2 — 0,
the solution manifold is four dimensional;

if ur €N, po € N, and 3u; € N,2us € N, then cy3 = c5q4 = €50 = cg2 = c53 = 0, the solution
manifold is four dimensional;

if pr €N, po €N, and 3py € N,2uy € N,y + pp € N, then cq3 = 54 = c61 = cg2 = 53 = 0, the
solution manifold is four dimensional;

zf,ul g N, H2 g N, and 3/J1 € N,Z/IQ g N,/Jl +ﬂ2 ¢ N, then C43 — C54 =— Cp1 = Cg2 — C53 = C52 — 0,
the solution manifold is two dimensional. All the solutions must be radial;

zf,ul g N, H2 g N, and 2#1 ¢ N,?)‘Ll,l g N,/Ll +[L2 € N, then C43 — C54 — C53 = Cg2 — Cg1 — C52 — O,
the solution manifold is two dimensional. All the solutions must be radial;

’Lf,LL1 ¢N, 125 gN, and 2,Ll,1 ¢N,3,U,1 gN,,ul +,u2 gN,iﬂLl +,lt2 S N, then C43 = C54 = C53 = Cp1 =
cs2 = 0, the solution manifold is four dimensional;

if i & N, pp € N, and 2p0 & Ny3pn & Nopn + p2 & No3pn + pe & N,2uq + po € N, then

C43 = C54 = C53 = Cg2 = cg1 = 0, the solution manifold is four dimensional;

if p1 €N, po €N, and 2pu1 & N, 31 € Nypg + p2 € Ny 3pa + po & N, 201 + o € Ny 3pg + 2p0 €N,
then cy3 = c54 = €53 = Cg2 = c52 = 0, the solution manifold is four dimensional;

if pr € N, po €N, and 2p1 & N, 3py € Ny + po € Ny 3pg + po & N, 2uq + po & N, 3pq + 20 ¢ N,
then cq43 = C54 = €53 = Cg2 = €50 = cg1 = 0, the solution manifold is two dimensional. All the
solutions are radial.



Remark 2.2. The maximal dimension of the space of the solutions is 14, which coincides with the
dimension of the Lie algebra associated with Ga.

Proof:
By Theorem 1.1 of Lin-Wei-Ye [15] with n = 6, the solution for (2.13) can be expressed as

6
eVl = f = |z|—2a'1()\0 + Z | Pi(2)]?), (2.18)
i=1
where -
Pi(z) = 2t N "yt (2.19)
§=0

wi =~i+1, and ¢;; are complex numbers and \; > 0, satisfy
J
Ao-+ede =270 gD ) 2 (2.20)
k=i
From the formula (5.16) in [15], if we denote by L; = v/A;, we have
e~ = 2k=Ddet, (f) for 2 <k <6. (2.21)

So from wy = wg, we can get the following:

1
LO = )
213 12 g (g + p2)2(201 + p12)2 (31 + pa2) (3p1 + 2p0) Lo L
1
L, = ,
YT 9T (i + )2 (21 + p2) (Bpn + 2p12) s
1
Ly = ,
27 273 (i + 1) (21 + pr2) (g + pi2) L
1 1
Ly =5 , Lg=2%%2 + p2)LaLs,
S P+ )t ) e kel ) lals
C10 = 1 ) Ce5, C20 = faf (cs4ce5 — Co4)
(2p1 + p2) (Bpa + p2) 7 (21 + p2) (Bpa + 2p2) ’
cor — pa(3p1 + p2) -
21 — 54,
(11 + p2)(Bp1 + 2p2)
30 = i + pa) (C63 — €43C64 — C53C65 + C43C54C65),
2(3p1 + p2) (3pr + 2p2)
o m(2 A ope) _ (1t p2) (2 + p2)
€31 = =5~ (C53 — C43C54), C32 = )
2p2(3p1 + 2412) 242341 + pi2)
1
C40 = 2 + 12) G + 212) (—co2 + C32C63 + Ca2C64 — C32€43C64 + C52C65 — C32C53C65 — C42C54C65 + C32€43C54C65 ),
C41 = Ha (B + o) (€52 — €32C53 — Ca2C54 + C32€43C54),
(11 + p2) (B + 2p2)
1
Ca2 = 5C32C43,
+
C50 = (2u1lf(:21)(3lizi- 1) (€61 — Cca1Ce4 — C51Ce5 + Ca1C54C65 + C31(—Co3 + C53C65 + Ca3(Coa — C5aCo5))

+co1(—Co2 + Ca2Cea + C52C65 — C42C54C65 + C32(Co3 — Ca3C6a — C53C65 + C43C54C65))),
1
C51 = 5(621052 + €31C53 — €21C32C53 + C41C54 — C21C42C54 — €31C43C54 + C21C32C43C54),

(11 (201 + pi2) (g + pr2)cds + Ao (p + p2) (31 + 22)ce1ces — Apapa (Bpr + p2)ceaces)
4(2p1 + p2) (B + p2) (3p1 + 2p2)

)



and from ws = 2wy + In 2, one can get

1
Co3 = 5 (—4esapa (B + p2) + cazesz(2un + p2) (1 + p2)),
p2(p1 + p2)
211 + 201 +
Coa = *%(053 — C43C54), Co5 = %643-

So we can get that the solutions satisfy (2.15) and (2.17) and depend on 14 parameters c43, ¢s52, C53, Cs4, C61, C62, A
and As. The other parts of the theorem follow from [15].
O
From Theorem 2.1,we can get that the solutions of (2.13) depend on 14 parameters Ay, A5, c43, C52, C53, C54, Co1
and cg2. By formula (5.16) in [15], we get the radial solution of this system (—wq g, —wa,0) can be written
as

pre = e
= Ao+ A2t o A2 atie) 4 N 2Q@uatu2) oy p20tp2) 4\ 200 4202) 4\ 204t 20e)
oG = riEeve

= 4 [Aou% + ) (428 (N NG (201 + p12)? + M As (11 + 112)?) + MoAs (B + 2p2)?

(M A (B + 2p2)% + i AsAa) + iAo (A + 4Nar®))
+r22 (Ao (A2 (1 + p12)® + A3 (21 + p2)?r? 4+ Xy (Bpa + pg)?r*)
FAT (A + Ag(pn + pi2)? 7 + Mg (21 + p2)? )
0t i) (12200 Xy X6 (31 + p12)? + AsAs (11 + p2)?) + Ao ds (201 + piz)?

+rH (As X6 (201 + p12)? 4 p3AA5) + Aade(pn + p2)2r%) + M%>\5>\67’12“1+8”2],

where the parameters are defined in (2.17), and the radial solution of (2.12) can be expressed as
e~ W10 2~ W10
e~ 2,0 = 4e~ w20 |°

Corollary 2.3. (Nondegeneracy) Assume 1,72 € N. The set of solutions corresponding to the linearized

operator of (2.12) is exactly fourteen dimensional. More precisely, if ¢ = < zl > satisfies |p(z)] <
2
C(1+|z])* for some 0 < o < 1, and
A6y + BR300, — ) =0 o
A¢2 + e2W2,0—3W1,0 (2¢2 — 3¢1) =0. ’

Then ¢ belongs to the following linear space K: the span of

{w,\4, WAsy Weyz1) Weys oy Wesa 1) Wesz oy Wess 1y Wess oy Wesa, 1y Wesa, 2 Wegr, 15 Wegr, 2 Wega, 15 Wegs, 2 }’ (223)

Odwi o
where we denote by wx = 8‘?”)2(0 , and X € {ca3,i, 52,05 C53,i5 C54.45 C61,45 C62,5, A and As} for i =1,2,
0X
and
2(p1+p2)
— 23p1+pz) 4 97 ) pAQ2uitu2) 2 2 2 r

Wi, = PLG (7" + 2 A5 pips(p + pa)” —

! e 2V s (i + p2)? (2 + p2)?(3pn + p2)?

: )
22ININs 3 (1 + pi2)* (2p1 + p2)* (Bpan + p2)? (B + 2p2)% /7
W2\ 22 [ !
2, -
! 2205 (1 + p2)® L NN (200 + p2)® (Bpa + p2)2(3p + 21 p2)

L 203 As (i + o) SO0 Th2) (MRS AT (i + p2)® (B + i) *r i (2563 Mg (1 + o) ™ 4 3) — 1)

PN (B + p2)?



L3 283 o+ pug) U (SN (1 + p12)? (2411 + p12)* (g + piz)rt — 1)
PN (201 + p2)* (3 + p2)?

2,2 (p1+p2)? 192p3 p3r3H1 20, 6,2 2,6
20+ 1) (St ) G i) M@ Gaaran? T2 MU )T

55 (B + 2p12)2

F2R2 U S NE (i + pag) tOp P2 B2 |

r2H1
Wirs = LG [r6u1+4uz 2 A BT i (s + pr2)” 2MNZp3 p3 (pn + p2)*(2p1 + p2)?(3pn + 2p2)?
1
22N (i + p2)* (21 + pr2)* (B + p12)? (B + 2p2)% )
Wy, = 4p2c [3M§)\4T10’L1+6“2 + 280 3NN (pun + pao)?r 2SIz 19T 2N (11 + pug) i O3H i)
38114602 Agr2(Buatyz)
+27/@(2111 + o) 293 3N2 (i + p2)* (B + 2p2)?
3r2(u1tp2) r2n2
22BN (i + ) (2pn + ) (Bp + 2p2)% 28 pSpdNINZ (i + 1) (2p1 + p12)8(Bpin + pr2)*(Bpan + 2p2)
1 i 3 2003 (1 + po)®r2Umtre)
2348 AN (1 + 12)8 (Bt + p12)? (A§(2M1 + 112)0 (31 + 2u2)* A3 (2p1 + pr2)* (Bpn + 2p2)?

22003 15 (pa + u2)6r6(”1+’“‘2))],

)\6(2/‘1 + /~L2)T7M1+4N2 )\1(/$1 + MQ)T’“ )\3(/1,1 + IUZ)(2/~51 + MZ)T3N1+2M2
2p2 2(3p1 + p2) 2ua(3p1 + p2)

[(“1 + 112)? (MoAs(2p1 + p2)® + Mgz Ag) + (27"2“2 (MoX6 (B + 112) (Bpa + 22) (21 + i)’

5142
Wie, = PLG ()\47" pit2pz 4 )cos 110,

4po griaTine
242 (31 + p12)
o (M As (1 + p2)? (3p1 + 2p2) + 263 A2 Aa (31 + p12))) + 31 Aa(p1 + po) (2001 + p2) (31 + M2))

w27043,1

+200 (201 + p12) 7 (NoAa (31 + p12)? + M ds(p 4 p2)?) + (201 + M2)7“2(3“1+”2) (2(M1 + p2) (A A6 (31 + 21
+u§)\3)\4) + (2p1 + M2)T2”2(>\2)\6(3u1 + M2)2 + A3 As(p1 + ,u2)2)>

+2(p1 + p2) (Bpn + p2)r*CHTE) (g N6 (21 + p2)? + 3N Ns)
+3paAa N6 (11 + p2) (2p1 + pi2) (Bpua + pg)r' 42 | cos 1y 6,

p1,grimathe
(1 + p2) (B + 2p2)
—~2X6(3pa1 + p2)r®)) = i Xa(p + pi2))] cos(2p1 + p12)0,
4pg grimithe

(11 + p2)(3p1 + 2p2
FA0As (11 + p2)? (Bpun + 2p12)% = 2(p1 + p2) (B + pa)r ™ (M Xs (B + 2p2)? + piAs )

Fuho(Na(p1 + p2)® = 2200 (31 + Nz)TQM)) + i (AoAa (B + p2)? + MiAs(p + p2)?)

[(7‘2‘“ (L1 Aa By + p2) + (Bpa + 2p2)r**2 (A5 (p1 + p2)

W1, 59,1

) {TQ'H ( = 2(3p + 2u2)r* (200X (201 + p12)* (Bpn + pi2) — Mp2As (p1 + i2)?)

W2, 59,1

gtz ( — 2(3p1 4 2p2) (A2 A6 (Bpa + p2)? + A3 As (p1 + p2)?)
—2(p1 + p2)r? 1 (As e (21 + p12)® + 5 AaXs) + 3Nads(pn + p2) (Bun + p2) (B + 2u2)r4"’1)

+3p1 A5 A6 (1 + p2) (Bpa + pi2) (Bpa + 2M2)T8“1+6“2] cos(2p1 + p2)0,



Ml)\grpﬂl-ﬂm 3 M1A3(2,u1 +M2)r3#1+ﬂ2 N )\5T5#1+3#2 B AG(Q,UI +M2)T7p1+3p2
2(3p1 + 2p2) 2012 (3p1 + 2p2) 29

dp2.c 3( 1 +p2) ( 2 2 2
G 2211 (119 (201 \ 2 Ao
5723 1 2702) [7" T (g (21 A5 (k1 + p12) (31 + 2p2) + p1 Ao Aa (31 + p12))

— oA (21 + p2) (31 + p12) (Bpn + 2p2)) + 2p2(2p1 + p12) (Mo Xs (Bpun + 2p12)” + pFAads)
—(2p1 + p2) 2 (A A6 (Bpn + 2p0)* + ,tﬁ)\:s)u;)) — p3rt TR (o A3 (201 + p2)® + A3 A0)

Wi,c5317 = ,01,G’[

W2, 53,1

cos(p1 + p2)0,

—par® R (220 + p12) 1 (A Xe (B + p12)? + AsAs (i + 112)%) — Bu2deXs (2p1 + p2) (Bp1 + 2p2)
231 + 202) M (A3 A6 (21 + p12)? + 5 AaA5)) + 31 paAs A (21 + pr2) (Bpan + 2pa0)r T2 | cos(pur + pra)

61 +3p2 | A2 11y (31 + pio)
(11 + p2)(3p1 + 2p2)

[/\O(Nl + p12) (31 + p2) (A2 + X5 (Bpn + 2pp)>r?rH42))

Wi,esan =  PLG |:>\5T Ccos ,ugﬁ,

4poy grt?
(p1 + p2) (31 + 2p2)
42 (2uatiz) ()\5(M1 + 112)? (Bp1 4 2p2)7% (201 (201 + prz) + par2FrTH2) (A 4 \gr2(Hatiz)))
1o (pa (Bpn + p2) (As(pr + p2) + 204 (2p1 + po) )
2012 (605 (g + o) (2001 + p12)* + No (31 + p2)? (Bpuy + 2/12)7“2’“)))} c0s a0,

W2, c54,1

Sp1+2pu2 )\5T3M1+2M2M2 (;U’l + NQ)
(2p1 + p2)(Bpr + p2)

Wiegy — PLG [MT } cos(3u1 + 2u2)0,

4pg grirt2n
(201 + p2) By + pi2)
—r (“2/\2(2M1 + p2) (A5 (1 + p2)® + A (Bpun + pag)*r*1)

s (1 + p2) (2 + p2)r (s (0 + p2) + N (2 + p2) (3pa + o)1)

A (g1 + p2) (Bpa + p2)r* (3 As + X6 (2p1 + M2)27“2’“))

201 (AoAe (21 + p12)* (Bpur + p2) — AipaAs (g + pi2)?)

W2,c61,1

—6u3 A5 A (11 + p12) (201 + M2)T6“1+4M} cos(3p1 + 2u2)0,

Sp1+3pe )\4T3M1+M2M1/‘L2
(21 + p2) (3p1 + 242

Wieg, = PLG [)\67" )} cos(3pu1 + p2)b,

dpg qrovatie
(2p1 + p2) (31 + 2p2)
a2 + p2) M (M X6 (Bpan + 2p2)? + A3 As))
Fui A oA (21 + p2) — par ) ((Bpy + 2p2) (AsAe (201 + p12)” + p3AaA5)
F6Xs A6 (11 + 112)2 (201 + p2)7%) — i dsAe (21 + 112)? (Bpr + 2p2)r P TH2) | cos (3 + 2)0),

W2, 69 1 [7"2”2(2(#1 + p12) (MoAe (21 + p2)® (B + 2pu2) + pi oo As)

and by replacing the cos by sin , we get we,, ,-
Finally, using Theorem 1.3 of [15], we have the following quantization result:

Corollary 2.4. Suppose (u,v) is the solution of (2.7). Then the following hold:

/ e'dr = 8m(2v1 + 72 + 3), / e'dr = 8m(3v1 + 272 + 5), (2.24)
R2 R?

and u(z) = —(4 4 2v1)log |z| + O(1), v(z) = —(4 + 27v2) log|z| + O(1) as |z| — .
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