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BLOW-UP FOR THE CRITICAL HEAT EQUATION

MANUEL DEL PINO, MONICA MUSSO, AND JUNCHENG WEI

ABSTRACT. We consider the problem
vy = Av+ [vP7 v in Qx(0,7),
v=0 ondQx(0,T),
v>0 in Qx(0,7).
In a domain Q C R%, d > 7 enjoying special symmetries, we find the first

example of a solution with type II blow-up for a power p less than the Joseph-
Lundgren exponent

00, if 3 <d< 10,

d) =
pr(d) {1+ ifd>11.

ﬁ\/ﬂ’
No type II radial blow-up is present for p < pyr(d). We take p = g—i’;, the
Sobolev critical exponent in one dimension less. The solution blows up on
circle contained in a negatively curved part of the boundary in the form of a
sharply scaled Aubin-Talenti bubble, approaching its energy density a Dirac
measure for the curve. This is a completely new phenomenon for a diffusion
setting.

1. INTRODUCTION

Perhaps the most studied model of singularity formation or blow-up in nonlinear
parabolic problems is the semilinear heat equation

vy =Av+|vP"w in Qx (0,7), (1.1)
v=0 on dN x (0,7T),
v>0 in Qx(0,7T).
where p > 1. Here Q be a smooth domain in R? (or entire space) and 0 < T' < +o0.
A smooth solution u(z,t) of Problem (1.1) is said to blow-up at time T if
timn (-, )] = @) = +oc.

The key issue in the study of blow-up phenomena is to understand how and where
explosion can take place. The blow-up is said to be of type I if we have that

limsup(T — ¢) 77 |v(-, £)|| Lo () < 400 (1.2)
t—=T
and of type II if
limsup(T' — ) 7= |[v(:, 1) || Lo () = +00. (1.3)
t—T

Type I means that the blow-up takes place like that of the ODE v, = vP, so
that in the explosion mechanism the nonlinearity plays the dominant role. In a
1
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related interpretation, the blow-up “respects” the natural scalings of the problem.
The second alternative is rare and far less understood. The delicate interplay of
diffusion, nonlinearity and geometry of the domain is responsible for that scenario.

The role of the Sobolev critical exponent

0o, if1<d<2,
ps(d) = {

2 i d > 3.

is well-known to be central in the possible types of blow-up for (1.1).

When 1 < p < pg(d) solutions can only have type I blow-up, as it was first
established by Giga and Kohn [22] for the case of Q convex, and in [34] in for a
general domain. This is also the case for p = ps(d) and radial solutions of (1.1)
[14], or if  is star-shaped [2]. Type II blow-up radial sign-changing solutions exists
for p = ps(4) [14, 37].

Refined asymptotics of Type I blow-up together with constructions and classifi-
cation results have been obtained in many works, we refer the reader to [6, 23, 24,
30, 32, 35, 39] and references therein.

Type I is expected to be in any reasonable sense the “generic” way in which
blow-up takes place for any p > 1, see [5, 14, 30, 29)].

Type I1 blow-up solutions are much harder to be detected. The only examples
known are for d > 11 and p > pyr.(d) where pyr(d) is the Joseph-Lundgren exponent

[28] defined as
@ {oo, if3<d< 10,
pijL =

4 .

Herrero and Veldzquez [26, 27] found a radial solution that blows-up with type II
rate. The local profile locally resembles a time-dependent, asymptotically singular
scaling of a positive radial solution of

Aw+wP =0 in R (1.4)

See also [33] for the case of a ball, and [3] for an arbitrary domain with the same
profile profile when p is in addition an odd integer. A main ingredient in the
constructions is the stability of radial solutions of (1.4) whenever p > py.(d) [25].
No positive solution (radial or not) is stable for p < p;(d) [13].

In [29] Matano and Merle proved that in the radially symmetric case no Type
IT blow-up can take place if ps < p < pyr(d), a result that precisely complements
that for the Herrero-Velazquez range. Recently in [5] an entire finite energy, axially
symmetric type II blow-up solution with a singular set exactly being the symmetry
axis was built for d > 12 and p > py(d — 1) > py(d).

A question that has remained conspicuously open for many years is whether
or not type II blow-up solutions of (1.1) can exist in the Matano-Merle range
ps(d) < p < psr(d). Such solutions must of course be non-radial. In this paper we
prove that the answer is yes in dimension d > 7 and p = % =ps(d—1) in a class

of domains with axial symmetry.
Let us identify R? ~ C x R42 and consider the orthogonal transformations

QQ(Z) = (eia(zl +’iZg),Z), ﬂ—’i(Z?x/) = (Zl+i22az37"'7fzia"~zd)' (15)
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We assume that €2 is a smooth, bounded domain with 0 ¢ €, that is invariant under
this transformations:

Qa()=9Q, m(Q)=Q forall aeR, i=3,...,d.

In other words €2 is a radial domain in the first two coordinates, even in the re-
maining ones which does not contain the origin. In {2 we consider the problem

v =Av+vTs in Qx(0,7), (1.6)
v=0 ondQx (0,T),
v>0 in Qx(0,7).
Let m = inf{|z1 +iza| / (21 +i22,0) € Q} > 0 so that the curve
[:={(21+1i22,0) / |21 + iz2| = m}
is a circle contained in 0f2.

Theorem 1. Let d > 7 and Q0 a domain as described above. For any sufficiently
small T > 0, there exists a smooth solution v(z,t) of problem (1.6) that remains
uniformly bounded outside any neighborhood of the curve I' while

. (d—3)(d—4)
1 T — v . oo - 0
Jo (T =)ol Dl > 0, v = =57
We notice that for p = % we have p%l = % < ~ so that v exhibits type II

blow-up.

The construction provides very accurate information on the solution. The prin-
ciple is very simple We let n = d — 1 and consider the standard Aubin-Talenti
function [38]

1 \T o
U =an (1550) o an= (-2, (17)

n+2
—2

which is a positive solution of AU + U™

o(z.t) ~ A(;U (A?t))

where 2 is the vector joining z and its closest point to a circle of the form (14d(¢))T
contained in the domain, with A(t) — 0 and d(t) — 0 as t — T. We have that the
energy density |Vu(z,t)|? concentrates in the form of a Dirac mass for the curve I,
a phenomenon usually called bubbling. Bubbling at points triggered by criticality
is a feature known in several different contexts, including dispersive equations and
geometric flows. There is a broad literature on that matter. We refer the reader
for instance to [1, 7, 8, 9, 12, 23, 19, 20, 21, 31, 36] and their references.

= 0. The solution has the form

The phenomenon of higher dimensional boundary bubbling here discovered is
definitely triggered by geometry and is entirely new in the diffusion setting. It is
worth mentioning that similar blow-up triggered by geometry of the boundary under
axial symmetry has been numerically conjectured to hold for the three dimensional
Euler equation in [18].

In an elliptic context, a result with resemblance to the current one was found in
[11], methodologically connected with [10]. In fact we conjecture that a construction
like the one here should be possible along a negatively curved closed geodesic of the
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boundary. We believe that geometry is essential and that in a convex domain the
Matano-Merle range of exponents may still lead to non-existence of type II blow-up.

The 2-variable radial symmetry of the domain leads us to look for a solution with
the same symmetry of a problem in a domain with one dimension less at the critical
exponent where point bubbling is obtained. This problem is methodologically chal-
lenging. For instance the method in the construction in [37] of point type II blow up
in the radial sign-changing context in dimension 4, based on the pioneering work by
Merle, Raphael, Rodnianski [31], later applied to various blow-up problems, does
not seem not apply here. See [3] for a difficult adaptation of that technique for a
related problem in a non-radial setting, yet only valid for odd integer powers, which
is never our case.

We close this introduction by mentioning that our proof applies equally well
to an exterior domain of the same nature. Besides, within the symmetry class
the phenomenon we obtain is codimension 1-stable (presumably highly unstable
outside symmetry). We shall not elaborate in that issue, which is a rather direct
consequence of our construction.

We devote the rest of this paper to the proof of Theorem 1.

2. SCHEME OF THE PROOF

Let d = n + 1, and consider the change of variables

(21, 2za,t) = u(y /22 + 22,23, ..., 24, 1)

for some u = u(xy,...,Tn,t). In terms of u, solving (1.6) in the class of functions v

that are invariant under the orthogonal transformations (1.5) translates into solving

1 Ou n+ 2

u =Au+ ——+4+u’in D x(0,T), =
¢ r1 011 ( ), P n—2 (2.1)
u>0 in Dx(0,T), u=0 on 9D x (0,T),

with w(z1,...,25,...,2n) =u(®1,...,—xj,...,2,) for any j =2,...,n. Here D is
the smooth bounded domain in R™ defined as

Q={(z1,...,2a) ER? : (/22 +22,23,...,24) € D},

with the properties
(1,...,2j,...,2n) €D <= (T1,...,—Tj,...,Z,) €D, j=2,...,n,
and
DU{(21,Z) ERxR™ ! . 7 =0} #0.
With no loss of generality, we assume that
inf{r >0 : (r,0) € D} = 1.

The result contained in Theorem 1 is expressed in terms of Problem (2.1) in the
following
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Theorem 2. For any T small enough, there exists a finite time blow-up solution
to Problem (2.1) of the form

e=)Y L, (==
v (50) U( A)
where O(1) is uniformly bounded and o(1) — 0 uniformly as t — T. Here U s

defined in (1.7), and
Et)=(1+d@1)) e, &= (1—d(t)e, where e =(1,0) (2.2)

n—2

u(z,t) = A" (t)

(1+0(1))+0O(1)

with
dit) = (T —t) (1+0(1), A= (T — )" (1+0(1), as t—T

We find the solution to Problem (2.1) as predicted by Theorem 2 by constructing
a sufficiently accurate approximation, and then an actual solution to the Problem as
a small perturbation which is subtle to use in particular by the structure instability
of the problem. Our solution has the form

u(z,t) = Wa(x,t) + w(x, t) (2.3)

where W5 is an explicit approximation whose expression encodes the predicted
asymptotic behavior as t — T. Here w is a small correction in some appropriate
topology.

In the rest of this section we describe Wa(z,t) and the method of construction
of an actual solution near Ws which we call the inner-outer gluing method.

Construction of the approzimation Wa(x,t) . We introduce two scalar functions
d, A:(0,T) — R, expressed respectively as

d(t) = do(t) +dui(t), A(t) = Ao(t) + Ai(t), (2.4)
where dy and \g are explicitly given by
do(t) = (T = 1), No(t) = (T — )"+ (25)

with ¢ a positive constant that we will define later. The functions A\; and d; are
thought as parameter functions to be determined. For the moment, we assume that
A1 and d; are controlled by Ag and dp in the whole interval (0,7T), in the following
sense. For any scalar function h(t), t € (0,7), and any real number 4, ||h||s stands
for the weighted L°°-norm defined as

1hlls = (T = &)= ht)l| o= 0,7) - (2.6)
We assume that
T . T .
)\1(15) 2:/ )\1(8) dS, dl(t) = / dl(S) dS, with
¢ ¢ . (2.7
ldy]| ee + || A1]|2ee <1, for some o € (=,1).

n—4 n—4 2

In fact, we can think at o as close to 1. The final time 7" > 0 will be chosen to be
small enough so that d(t) > 0, and A(¢) > 0, in the whole interval ¢t € (0,T).

As in the statement of Theorem 2, we proceed with the first step in the con-
struction of Wy in (2.3) and we introduce

Wi [)‘h dl](xa t) =W (1’, t) - WO (:L’, t) (28)
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where

Wo(x,t) = A~ (1)U <x X(g(t)) , Wola,t) = A" (U (m ;(f;t)> :

with U given by (1.7), and the points &, ¢ described in (2.2). We recall that U
solves +2
Au+un-2 =0, in R". (2.9)

Since d(t) > 0 for all t € (0,7), we see that &(t) € D, £(t) € D, for any
t € (0,T). In fact, since (1,0) € 9D, the point ¢ is the reflection of £ through the

boundary. In other words, ng(t) = (1,0). The radial symmetry of U implies

that W[\1,d;](1,0) = 0, for any possible election of A\; and d;.

The way to establish whether W is a good approximation is to measure the size
of the error S[W;](x,t), where

1 Ou
t) = — A _— P,
Slul(z, t) u + Au + P +u

Formally, one sees that, locally around a small neighborhood of &, the error S[W1]

looks like, in the expanded variable y = %,

(2.10)

Az () - P p-ni (2 " UP~(y)
oy on—2 d Y)-
We refer to (1.7) for the definition of the constant «, and to (3.1) for the precise
expression of S[Wq].

The functions Z; and Z; that appear in (7.8) are

Zof) =" 200 +TUW) . 2 = 5 0) (.11)

and they are the only bounded solutions to the linearized equation of (2.9) around
U

Lo(¢) := Ap+pUP 1o =0, in R" (2.12)
in the class of functions that are even in the variable y;, for any j =2,...,n.

The definition of dy = do(t) in (2.4)-(2.5) makes the biggest part of the function
inside brackets in the first term in (2.10) at the point y = 0 equals to zero, since

do(t) +1=0, te(0,T), do(T)=0.
With this choice of dy, the definition of A\g in (2.4)-(2.5) makes the integration

of the second and third terms in (2.10) against Zp in R™ equals to zero. Indeed, Ag
is the solution to the ordinary differential equation

. . A n—2 -
s ([ Ziw)ay) - 22 (22 P ) Zo(w)dy) =0, (213)
n 2 do Rn
with Ao(T") = 0, provided the number £ in (2.5) is given by

,_[n=3 2 f Z3)dy T
Cn—4da,(n—2) Jon UP(y) dy

, (2.14)
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since —p [, UP™1(y) Zo(y) dy = 252 [, UP(y) dy.

A rigorous description of the error S[W;] in a region close to £ is contained in
Lemma 3.1. The main part of S[W;] turns out to be an explicit function of (z, 1),
independent of d; and A1. It is thus easy to correct W; to cancel the biggest part of
the error, so we end up with a final approximation we called Wy = Wa[A1,d1]. The
description of the second error S[Ws] in a region close to the point ¢ is contained in
Lemma 3.2, while the description of part of the error S[W5] far from £ is estimated
in Lemma 3.3. In Lemma 3.3, we also provide a description of W5 on the boundary
09, which unfortunately is not identically zero. The correction of the boundary
term and the construction of an actual solution to the equation is done in the second
step of our argument, through the inner-outer gluing method.

Inner-outer gluing method. This method is a procedure to find the function w
n (2.3). We expect that the function w corrects the approximation W5 in a region
far from the point £, adjusting of course the boundary conditions, and at the same
time in a region close to &.

To organize this double role for w, we introduce a smooth cut-off function n with
n(s) =1 for s <1 and =0 for s > 2, and we define

nr(z,t) =R (xR;f) : (2.15)

The radius R is independent of ¢ and T, and we fix it arbitrarily large. We write
w(z,t) = Y(z,t) + nr(x, t)P(z,t). (2.16)

In this decomposition, the term ) is mainly influenced from the region far from &,
while ® reflects what is going on close to &.

In order that v = u(x,t) defined in (2.3) is an actual solution to problem (2.1),
the function w has to satisfy

wy = Aw + pWr 'w + %STW + S[Ws](z,t) + N(w), (z,t) € Dx(0,T)
1071
w=-Wsy, (z,t)€9Dx(0,T).
(2.17)
where
N(w) = (W +w)P — WE — pWl 'w. (2.18)

Thanks to (2.16), we proceed to decompose problem (2.17) into an outer and a
inner problem.
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Let R’ > R so that nrrmr = nr. The equation in (2.17) is written explicitly in
terms of ¥ and ® as follows
1 0y 1 09

i d=Ath+——— AP+ —5—
Y +nr®: + (NR): 1/)+x1 Ox, +1r( +331 53?1)

18
L OVRV® + Anppd + — R g

i) (9171

i n—2 _
+p )\JTU(Qj §
Ao

p—1
)] nrnr(Y + @)

n—2 —_
fp |y Tt
Ao

Wty "22U<H>JP-1] nie (6 + 1n®)

p—1
)] nr (1 —ngr)Y

L Ao
+pW2p_1(1 —r) (Y +1nr®) + N[w] + Ez + Eang .
—_———
=S5 [Wa]

Here we have decomposed the error S[W5] into its principal part F5 multiplied by
the cut off ng,

SWs] = Eang + E» (2.19)
leaving all the rest into a term named E,. Observe that the terms which are
underlined all go with the cut off function ng in front. Define

o o p—1
a 5)} nr (1 —nr)

U( "

Ve, t) =p [Ao

Ty [Wé"l -1 TS f)]pl] nie (2.20)

+pWE T (1 —nwr).

Then we observe that w defined in (2.16) solves (2.17) if the pair (¢, @) solve the
following system of coupled equations

10 0 10
¢t:Aw+——¢+Vw+ A—Z)nrd®+2VOVng + — 25
I 8(E1 8t I 8351
- —n=2_ r— _
+P[W§ = U Aog)]p 1} nrMR®P (2.21)
+ N[w]+E, in Dx(0,7)
Y =-Ws, on 9D x(0,7),
and
8= 00 +p U= @ L2
£ P %o o 1 0x1 (2.22)

+E, in B(&2RM\) x (0,7).

Problem (2.21) is referred to as the outer problem: 1 adjusts the boundary con-
ditions, and takes care of the part of the error far from the concentration point

£
£

Problem (2.22) is referred to as the inner problem: ® adjusts the error close to



TYPE II BLOW UP FOR THE CRITICAL HEAT EQUATION 9

To solve the outer and inner problems (2.21) and (2.22), we proceed as follows.
For given parameters A, d and functions ® fixed in a suitable range, we solve for
Problem (2.21), for any small and smooth initial condition ¢ (z), in the form of a
(nonlocal) operator 1 = (A, d, @), provided the radius R in (2.15) is large enough
and the final time T is small enough. We solve it developing a linear theory for an
operator which resembles the characteristics of the heat equation. This is done in
full details in Section 4.

We then replace the ¢ we found into the inner problem (2.22). In order to get
a cleaner expression for problem (2.22), it is convenient to perform two changes of
variable for the function ®. First, we perform a change of variable in the space
variable, by setting
x

®(x,t) = Agn2_2<z>< A_f’t) . (2.23)

In terms of ¢, equation (2.22) gets the form

n—2 nt2
Aot = Lo(o) +pAo?® UP~p(Noy + &,1) + No? Ea(Moy +&,1)

(2.24)
+BJ¢] in B(0,2R) x (0,7T),

where Ly is the linearized equation associated to the bubble U, introduced in (2.12),
that we recall Ly(¢) = A¢ + pUP~1¢, and

. n—2 H Ao } a¢
Blo] = Moro | ——d(y,t) + Vo(y,t) - y| + | Aod + ——— | —(y, t 2.25
6= ko | 52000 + Vol )| + o+ 20| 2y (22)
A second change of variable, in the time variable, is to define
dt 2 n—4 12
Rk — T — n—14 2.9

where ¢ is the constant defined in (2.14). With this change in the time variable,
equation (2.24) becomes

br = Ap+pUP o+ H[N, d, ¢,9](y,7) in B(0,2R) x (70,00), (2.27)

for 7o = 7(0) and

n—2 nt2
HNd, ¢, 0] (y,7) =pAg> UP h(Aoy + £, (7)) + Ny Ea(Noy + &,t(7)) (2.28)
+ B[¢]
Let us discuss how we treat Problem (2.27). The linear operator Li(¢) := —¢, +

Lo(¢) is certainly not invertible, being all 7-independent elements of the kernel of
Ly also elements of the kernel of L. Thus, for solvability, one expects some orthog-
onality conditions to hold. Not only this. The solution ¢ we look for cannot grow
exponentially in time. Recall that Ly has a positive radially symmetric bounded
eigenfunction Z associated to the only negative eigenvalue po to the problem

Lo(¢) + pg =0, ¢ e L>(R"). (2.29)

It is known that pg is a simple eigenvalue and that Z decays like

—1

Z(y) ~ [y|= "= e VImllvl as |y — oo.

To avoid exponential grow in time due to this instability, we construct a solution
to (2.27) in the class of functions that are parallel to Z in the initial time 7.
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To be more precise, we can construct a solution to the initial value problem

¢r = Ad+pUP™ ¢+ HIN,d, ¢,9](y,7) in B(0,2R) x (19,00),

. (2.30)
¢(y7 TO) = SOZ(y) m B(07 2R)a
for some constant eg. While no boundary conditions are specified, we shall request
suitable time-space decay rates and, as already mentioned, some orthogonality con-
ditions on the right-hand side H[\,d, ¢,1]. In other words, one has solvability for
(2.30) provided that the following orthogonality conditions

/H[)\,d, 6.0 Zs(y)dy =0, i=0,1 vt (2.31)

are fulfilled. Tt is at this point that we choose the parameters A and d (as functions
of the given ¢) in such a way that these orthogonality conditions are satisfied. This
is done in Section 5, for any R (see (2.15)) large enough, and any final time 7" small
enough.

In Sections 6 we solve the inner problem (2.30): it is at this point that we find
that there exists R sufficiently large for that, for any final time T small enough
(or equivalently 79 large enough), the inner problem is solvable. We remark that
the (small) initial condition required for ¢ should lie on a certain manifold locally
described as a translation of the hyperplane orthogonal to Z(y). This constraint
defines a codimension 1 manifold of initial conditions which describes those for
which the expected asymptotic bubbling behavior is possible.

In summary, the inner-outer gluing procedure allows us to show that: for any
small and smooth initial condition ¥y for Problem (2.21), we find a solution
to (2.21), A, d solutions to (2.31), and ¢ solution to (2.30), with initial condition
belonging to a 1-codimensional space, so that Wy (z,t) + w(x,t) defined in (2.3)-
(2.16) is a solution to (2.1) with the expected asymptotic bubbling behavior.

The rest of the paper is devoted to prove rigorously what we have described so
far.

Notation.  We use the symbol ” < " to indicate ” < C", for a positive
constant C, whose value may change from line to line, and also inside the same
line, and which is independent of ¢ and T.

3. CONSTRUCTION OF A FIRST APPROXIMATION

We start with the description of the error function associated to the first approx-
imation Wi, introduced in (2.8). We recall the definition of the error function

1 Ou
= — _— P
Slu](x,t) u + Au + P + uP.
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A direct computation gives

i=ez(z,t)

+V_V0p+ (Wo —Wo)p —Wg+pW§71Wo.

:=eq(z,t)

We shall see that the main parts of the error function S[W7|(z,t) are contained
in the terms e; and es. Observe also that the term e4 depends only on A; and d,
but it does not depend on )'\1, nor on dl, while the term e3 depends on all parameter
functions A1, dq, A\ and d;.

Next Lemma contains a description of the error function S[W1](x,t) in a region
close to &.

Lemma 3.1. Assume the functions A\ and dy satisfy (2.7), and that T is small.
Let § > 0 be a small fired number and y = % In the region |x — &| < dd, the
error of approzimation S[Wi](x,t) can be described as follows

n+2

A2 SWAl(x,t) = Eo(y,t) + Ex[A1, A1, di)(y, 1)
+ Bqldy,dv, M](y,t) + E[A1, Ar,di, di] (y, )

(3.2)

where

. , A n—2 B
Eo(y,t) = MoXoZo(y) — gn—Q <d(o)> Ur(y),

Ex[Ar, AL di](y,t) = (A + Xodr) Zo(y)

pn—2)am (M) 2 [N dy N dy .
S S L ) A2 A P
n—2 (dO )\0 dO + ql()\o ) dO) U (y)

. . d0+d1+)\y1:|
Egldy,di, M) (y,t) = A |dy — 2L T2 o
aldy, di, A](y,t) { v 1(y)
pn—2)a, (A n-l 4
20200 (2) ol

. , Ao\ ! Mody ()" Mody
E = _ _— ) — _ _—
[Al,A],dl,dl](y,t) )‘dl (do) f(y7 >\0’ dO) )‘Al (dO f(yv )\O, dO)

o\ "2 Ny
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Here f = f(y, %, %) denotes a generic function, which is smooth and bounded for
0 0

y in the considered region, and for A1 and dy satisfying (2.7), whose expression

changes from line to line. With ¢, we denote a generic smooth real function, with

the property that q1(0,0) = 0, and Vq1(0,0) # 0.

Remark 3.1. A close look at the proof of Lemma 3.1 shows that the three functions
Ey, Ex and E4 originate from the terms e; and ey in (3.1), which, as already
mentioned, are the main terms of S[Wh].

Proof. Let § > 0 be a small fixed number. To analyze S[W1](x,t) in the region
|z — £] < dd, we introduce the variable y = L;E and we define

n

Ex(y1) = N5 S[WA(6 + M. ).

With abuse of notation, we will write e;(y,t) = e;({ + Ay,t). The definition of dy

in (2.5) gives that dy +1 =0 in (0,T'), which simplifies the first term e; as follows
do+di + )\y1:|

——————— | Z1(y).

1+d+ My 1)

We refer to (2.11) for the definition of Z;(y). Let us now describe eg. In the region
we are considering, |y| < § %, we observe that

)\nT“el(y,t) =2 {dl - (3.3)

n—2
n—2 - « A n—2 A A
Az W, Ay) = —= | = 1— ——y1=+0(1 2 -
P =52 (3) -5 ng o e (5)]
where go denotes a smooth function with the properties that ¢2(0) = ¢4(0) = 0,
¢4 (0) # 0. With this in mind, we get

n+2

N ea(y, 1) = MZo(y) — 22

n—2
= ) U~ (y)

where R[A,d](y,t) depends smoothly on A and d, it does not depend on A, nor on
d, and satisfies the uniform estimates

SHIg

(3.5)

for some constant C, independent of ¢t and T. Replacing (2.13) in (3.4), we can
write

n+2 : [67% )\ n—2 _
Vel = bozol) - 5% () U0

+ (A1 + AoA) Zo(y)
_pn—2an (A> -2 e radh] v

2n—2 do Ao do Ao do
n—2a, (A" A\ "
+ 1?(2717_1) (d) U= (y) yr + <d> R\, d)(y. t),
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where R depends smoothly on A and d, it does not depend on )\, nor on d, and
n+2

satisfies the uniform estimate (3.5). In order to describe A"2" e3(y,t), we observe

that in the region we are considering, we have

Zuly +2%er) = (“)nlﬂ M

A dO yv)\io’dio
and )
d Mo\ A dy
Z 2—e)) = > = =
2500 = (3) 13D

where f = f(y, i—é, g—é) denotes a generic function, which is smooth and bounded,
whose expression changes from line to line. So, we get

n—1
WFealt) = A -2 - O] (B0

T+d+ ] \do Y30 do
S YA YD Y
— Ao+ M (52 Fly, =20
do o do .
s (Ao nt AMody ; Ao "2 A1 ody .
i (3) ek () et
)\0 2(n—2) A\ dy
We finally observe that, for |x — &| < dd, we have
n+2
n4d2 — p AO >\1 dl
=22 -
VEWE w0 = () w3t
and, forn =6
. - W\ N d
Az {(WO — Wo)? — W§ +pWg~ WO] (E+Ay,t)=(— Yy~ =)
do Ao’ do
while for n > 7
. _ . M\ N d
NE [(Wo = Wol? = WE +pWE ™ Wo €+ a0 = (22) £, 55,55
do Ao’ do
We thus conclude that
n+2
nt2 N )\0 )\1 dl
A2 ey(y,t) = (do) fy, N do) (3.8)
where f = f(y, i—é, Z—é) is a smooth bounded function. Putting together (3.3)-(3.4)-
(3.6)-(3.7)-(3.8), and using the fact that n > 6, we obtain (3.2). O

Observe that the function Ey in (3.2) is an explicit function of z and ¢, and it
does not depend on the parameter functions A1, and dy. It is convenient to slightly
modify the approximate solution W7, adding a correction that will eliminate the
term Ey in the error. To this purpose, we write

()T  pan [ fp UP ) Z0(y) dy -
B = (32) w0 =)= 52 | 7).

Let h = h(y) be the radially symmetric, fast decaying solution to
Ah+pUP~'h=m, in R",
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defined by the variation of parameters formula as follows. We denote by Z a radial

solution to AZ + pUp_12 = 0 which is linearly independent to Zy. One has that
Z(r) ~r*™™ asr — 0, while Z(r) ~ 1 as r — oo. Then h is given by

T T
h(r) = cZo(r)/ Z(s)m(s)s" tds — cZ(r)/ Zo(s)m(s)s" " Lds, 1=y,
0 0
for some constant c¢. One sees that

h(ly)) = O(lyI™?), as [yl = cc. (3.9)

w(z,t) = A~ h (x;§> ,and w(z,t) =27 h (ﬂf;&) .

Observe that

-1
Aw+p<)\_"22U<x;§>>p w=A""Tr (x;5> (3.10)

A new approximate solution is defined to be

Define

n—2
WQ[)\l,dl](x,t) = W1 [)\17d1](1}7t) — <j\l2> [w(x,t) — ’lI}(.’E,t)] . (311)

=W (z,t)

where W is the function defined in (2.8). A direct computation gives that the new
error function S[Ws](z,t) is given by

S[Wa)(x,t) = S[Wi](z, 1) — @2)"_2 [Aw + pwg’—lw}

+ 65($,t) + 66(.13,t)

(3.12)

where

2\ T (M) LW
do dyg x1 011
p

A n—2 A n—2
+ <W1 - (°> W) ~WFP+p (°> wr=w.
do do

Observe that the function eg depends only on A1 and di, but it does not depend
on A1, nor on di. On the other hand, e5 depends on all A1, di, A\; and d;.

Next Lemma contains a description of the error function S[Ws](x,t) in a region
close to €. An immediate comparison between the expression of S[W7] in (3.2) and
the one of S[W5] in (3.13) shows that the new approximate solution W corrects
the error Ej.
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Lemma 3.2. Assume the functions A1 and dy satisfy (2.7), and that T is small.
Let § > 0 be a small fired number and y = % In the region |z — &| < d0d, the
error of approzimation S[Wa](x,t) can be estimated as follows

n+2

A2 S[Wa)(x,t) = Eaa[Ai, Aty di](y, 1)

. : : (3.13)
+ E2,d[d15 dla Al](yvt) + E[/\h >\17 dladl](y7t)
where
Esa[As AL, di](y,t) = (A + Aor) Zo(y)
: ; M\ 2 (n—2
S0t (3) (M504 T )
pn—=2)am (M) 2 [N dy A dy .
_p\n—2)% [ A0 A%y A1 p
2n—2 (do Ao do +g1()\o’d0) vTw)
: : do+d1+>\y1}
FEs gldy,di, X\ tH)y=A|d — ——\| 7
sty di . 0) = A [dy - DL )
S YA
“a\dy (20 on
(R) o
p(n—2)ay, (A n-t 1
+2”1<d UP=(y)n

. . A\t N dy c )" A dy
E[\, A1, dy,di](y, ) = Ady | 22 e Y VI o
nddndilonn =ad (3) s -k (3) s g

)\0 n+2 )\1 d1

Here f = f(y, %, %) denotes a generic function, which is smooth and bounded for
0 0

y in the considered region, and for A\ and dy satisfying (2.7), whose expression

changes from line to line. With ¢ we denote a generic smooth real function, with

the property that q1(0,0) =0, and Vq1(0,0) # 0.

Proof. Lety = % and consider the region |y| < ¢ %, for some fixed number §. The
function es(x,t) defined in (3.12), is explicitly given by

eoesty =~ (22) a8 W5 200+ 9 )+ 0 )]

N (A) S [A(” 2 hy +25e)) ~ Vh(25e)  (y+ 2;le1))]
< d
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Taking advantage of the estimate (3.9), we can write

AN F es(x,t) = —AA (22) (n;2h(y)+Vh(y)~y)

Ao\ 2 oh
—\d - 3.14
(do) 8y1(y) (3.14)
/\0) /\1 d1 ()\0) >\1 dl
+ AN +\d ,—, —
() rot e (2) st D

where f = f(y, il , g—l) denotes a generic function, which is smooth and bounded
for y in the considered region, and for A; and d; satisfying (2.7).

Next, we claim that

n+2 Ao 2 A1 ody
2 == —_ — 1
A €6 (xv t) <d()) f(yv )\0 ) d() )a (3 5)

for some f as before. To check the validity of (3.15), we start with the observation
that

A n—2 3 A n—2 B _

=) [aesmgtal = (2] p W - w

do dO

/\0 n—2 e J)—é

Using again estimate (3.9), and a Taylor expansion, we get that

n—2 n+2
sz (Ao 1 (N A
<d0> [Aw +PW0 ’LU:| - (do) f(y> )\O’ dO)

Observe now that

wiz d [ Ao\ 2 2 A1 dy
) dt[(d) ]W—A(T D L D,

n—2 n—2
n+2 )\0 1 a[/L )\0 )\1 d1
A5 (22 =22 222,
(do) X 6,131 (do) f(y’ /\0’ do)

A direct computation thus gives that both terms
2 (A" 72 1 oW
do I 5‘:U1

e 4o (X n—2
dat |\ 4y
ceribed as (22)" " fly 2 d Cof(y A diy g
can be described as (do) [y 52, ), for f = f(y, 52, §) smooth and bounded

for y in the considered region, and for Ay and d; satisfying (2.7). Taylor expanding
P

n—2 n—2
n (Wl — (%) W) —WP+p (%) Wg_lW, and using again (3.9), one

gets a similar expression also for this last term. Putting all the above information
together, (3.15) is proven.

while

The proof of expansion (3.12) thus directly follows from (3.14), (3.15) combined
with expansion (3.1) in Lemma 3.1 and the definition of W (x,t) in (3.11). O
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In the remaining part of the Section we describe the error function S[Wa](x,t)
far from the concentration point &, and also the approximation W (z,t) itself when
evaluated in the boundary of D.

We write the error function S[Ws] as in (2.19)

A n—2 B B
S[Wal(x,t) = |e1 +ex — (d0> [Aw + pW}¥ Lw nr(x,t) + Ea(z,t), (3.16)
0

2:E2

where np is the cut off function introduced in (2.15). In this way, F encodes the
information of the error S[W2] regarding the lower order terms and the part of the
main terms far away from the concentrating point £. For later purpose, we need to
estimate this part of the error, Ey, in certain weighted L> norm.
Let « € (0, %) be a positive number, that we can think as very close to 0. For
any smooth function f = f(z,t), z € D and t € (0,T), we define the norm
)

. n—2
[f 1l = f{M >0 2 A= f(Ay +€,1))]
n—2+os 4 9 (3.17)

do L [y[>re

For any smooth function g = g(z,t) defined in 9D x (0,T), we introduce the norm
on the boundary
- )\0 —n+2—o0—a
lalom = 13" () (3205)) ow.5) i=ooniory. (318)

In the next Lemma, we describe the part of the error we called F5 in the whole
D x (0,T), and its Lipschitz dependence on A; and d;. When needed, to emphasize
the dependence of E5 on the parameter functions A\; and d; we use the notation

EQ(I’,t) = E‘g[Al,dl](x7t).

Lemma 3.3. Assume the functions A\ and dy satisfy (2.7). Let R be large and
fized and let T be small. Then,

1 Ballnoc S max{TT=0, B2}, |[Wallop < TTD, (3.19)

Moreover, there exist positive numbers 1,69 > 0 such that, for any parameter
functions dy, and A}, \? satisfying (2.7), one has

| B di] = BalA, ] en o € max{T* R} = Bz, (3:20)

and
W2\, di] = WaAZ, di]llon < T AL = ARl ste (3.21)

Also: for any parameter functions \1, and di, d3 satisfying (2.7), one has
1Bal, 2] = Balt, @] ea S max{ T, R} 2 — ] s (3.22)

and

IWalAi, di] = WaAr, dillon < T — di| 2o (3.23)
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Proof. We start the analysis of the second estimate in (3.19). If x € 9D, then
|z —&| > |z — €| > rd, for some r > 0, so that a Taylor expansion gives

1 1

|z — &|n—2 N |z — é|n—2’

Wa(z,t) = AT (1+0(\%), glx):=

uniformly for € 9D. We claim that

g(z) = O(d"'l—l ), uniformly on 9D.

This is certainly true if x is a point of the boundary, far from p := (1,0), say
if d(z,p) > rov/d, for some constant 79. Observe now that if z € 9D is such
that d(z,(1,0)) < V/d, then we can assume that = = (4(Z), %), with ¢ a smooth
function so that ¢(0) = 1, V¢(0) = 0, and D?¢(0) # 0. Thus, for = in this region,
a simple Taylor expansion gives the existence of a constant ¢ so that |g(x)] <

c%, for x#p, g(p)=0.We can conclude that, for any x € 9D, one has

1 A n—2
Wo(z,t)| <ec— | = d.
Wate 0] < e (3)
The second estimate in (3.19) follows right away.

Let us check (3.21). Let dy, and A}, A\ satisfy (2.7). For any z € 9D, a Taylor
expansion gives

[WalAL, dal, 1) — WalA, d)(o )] < A~ F (20(2%) — 202 5) It - 23
e m(g’“’f>7ro<xf>|u1x%|
(3.24)

for some A = Ao + A, with A satisfying (2.7), where mo(y,t) = 252h(y) + Vh(y) - y.
We refer to (3.11) for the definition of h. Let us analyze the first term in the right
hand side of the above formula. Arguing as before, and using (2.7), we get

n (A
AL S (32

n—2
A2 ) AT -

r—& m—é
Zo(—) = Zo(—) 5

IR0 VS N A
P () TIM - Bl
Similarly, one can treat the second term in (3.24). This concludes the proof of

(3.21). In a similar way, one can show the validity of (3.23). B
Let us show the validity of the first estimate in (3.19). We write Es explicitly

Ey =

e1+ ey — (22)"—2 [Aw —&—pr_lw” (1 —ngr(z,t))

e (3.25)

6
+) ej(a,t).

j=3
We refer to formulas (3.1) and (3.12) for the definition of e, j =1,...,6.
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We start analyzing e,,;. Observe that this function is not zero only for |x —&| >
R)\y. We decompose
Dﬂ{m : |£C—f| > R)\()} =D, UDy, Dy :Dﬂ{x : R\ < |£L’—€| < 5d}

To describe ey, in D; we make use of the result of Lemma 3.2. In fact, using
expansion (3.12), we see that, for € D;, we can estimate ey,; with

C AN A, o\
out( @) < —= | | 7 — U? - Ur
eniletl < oz | () Lo+ (4 ()l
A\ (3.26)
+ <d0> 1(1—771%()\1/-#5775)):151 +12 + 13,
for some constant C, independent of ¢, and of R. Here we use the variable y = “"T*E

Observe now that, when x € Dy,

R—2-2 AO)"_2 A A2 R-1-@ (Ao>"—1 A2
t| <C — | 7 — s || L CO—= | —
bl <O <do o Qe 20T \G ) arpee

and

1 )\O)n—a A2
3| < C—= | — —_—.
5] < Az (do (L+[y[)te

Thanks to condition (2.7) on the parameter functions A; and dy, we get that
& n—2 ﬁ & n—2+o
do Ao do ’

C [ r\"F° e, A2
tl + t2 + td S )\"772 <do> ma,X{T"74 s R } W (327)

for some constant C, independent of ¢, of T and of R.

and hence

We next discuss the size of ey in Dy. In this region, we think that |y| =

‘:c;§| > (5%, and we refer to the explicit expression of ey, ez as in (3.1), and to

n—2
(;‘—8) {Aw —|—pW§’_1w} as in (3.10). We analyze ej, leaving to the interested

reader the estimates of the other two terms, which can be done in a similar way.
From (3.1), we obtain that

d 1 C (AT A A
)| < C—+ < = o AT
ler(@ Dl < O35 A+ [yhm=t = A= (d) @ (1 + [yl)zte
We readily get
O AO n—2-c l—0o A—2
<G (N = 3.28
ler(@ D < o <d) 1+ g 328

Collecting (3.26), (3.27) and (3.28), we conclude that
leout | eo < Cmax{T7=3, R~2},

In order to estimate the remaining terms es,...,eq, for each one of them we de-
compose the domain D into the region where |z — &| < dd, and its complement.
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To analyze these terms in the first region, we use the result of Lemma 3.2. For
instance, we can see that, for |z — | < dd, we have

\ n—2 n—=2—o —92
a8 () s ()
2

do A2 \do L Jy2+e
Similar estimates follows for the other terms ey, . .., eg in this region. Consider now
the complementary region, where |z — &| > dd. In this case, it is convenient to look
at the explicit definition of the terms es, ..., eg. For instance, consider es as defined
in (3.1). In this region, far from £, we estimate
1 1 C (A" ie A2
les(@, )| S = T S = <0) Twd o
Az (L+[y)=t A"z \do L+ [y[>te

In a very similar way, one can treat the other terms. We leave the details to the
reader.

The Lipschitz dependence of Ey with respect to the topology of the set to which
A1 and d; belong, as stated in (3.20) and (3.22), follows from the analysis of each
one of the terms of Ey in (3.25). One has to study them both in a region relative
close to &, where one takes advantage of the results contained in Lemma 3.2, and
in a region far from &, where the explicit expressions collected in (3.1) and (3.12)
are of use. ]

4. SOLVING THE OUTER PROBLEM

This section is devoted to solve in ¢ = v(z,t) the outer problem (2.21) in the
form of a non linear non local operator

Y(x,t) = U[A1, d1¢] (2,t)

of the parameter functions A; and d; satisfying the bounds (2.7), and of the function
¢ defined in (2.16)-(2.23) and chosen in the following range.

For a > 0 and for functions f = f(x,t) defined in D x (0,T), define
flla == inf{M >0 : A= |f(Ay +&,1)]

n—2+o (41)
<M (AO )
do 1+ |yl

and

[ flls.a :=nf{M >0 : X2 [f(Ay + & 1)

< ()\())n—Q-HT AL } (42)
- do L+ Jy|ta

Let o € (0, 1) be the positive number fixed in the definition of the norm (3.17).
We recall that o may be thought as close to 0. We take a positive, small and a > «.
We assume that ¢ in (2.16)-(2.23) satisfies the following bound

[6llin = 1A% 6lla + 127" Voo S max{TT=5, R} (43)
where we refer to (4.9) for the definition of 3, and to (2.7) for the definition of o.
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For parameter functions A\, d; satisfying (2.7), and for functions ¢ satisfying
(4.3), we find a solution 1 to the initial value Problem

10 0 10
qpt:Az/)—l—fi—FVi/)—k A— — 773¢>+2V<I>V773+—ﬁ<1>
1 01 ot x1 011
_ _n=2 _
+p W= U(TOE)];, 1] nrnr® (4.4)

+ N[w]+ FEy in D x(0,7)
Y =-Ws, on 90Dx(0,T), =1y, in Dx{t=0}

This solution will have || - ||, g,o-norm bounded, for any small and smooth initial
condition g.

We have the validity of

Proposition 4.1. Assume that the parameters \; and dy satisfy (2.7), and the
function ¢ satisfies the constraint (4.3). Assume furthermore that 1o € C3(D) and

%0l oo (B + IV ¥0l| oo (5) S max{T ™=, R}, (4.5)

Assume that the radius R is large and fized, and that T is small. Then Problem
(4.4) has a unique solution b = U(\y,dy, @), so that, for y = “"ng,

. )\0>n2+0 1o .
P x,t) < | — ——— max{T =9, R~} 4.6
penl 5 (3) oy mad b

and, for |y| < R,

A

n

max{T = ,R72) (4.7

)\ n—2+o )\_1
A °>

o . A A —
|v w(l'v )| ~ (dO |y|a+1_|_1

To prove this result, we shall estimate, for given functions f(z,t), g(z,t), h(z) the
unique solution of the linear problem

10
o= A+ 20 vy o f(z,t) inDx(0,7T), (4.8)
T 6951
Y=g ondDx(0,T), v(,0)=h,
where the function V' is defined in (2.20). To this end, we define 8 > 0 to be

1 n—2+o
— (A()) ~(T—-t)7" as t—T, (4.9)

n—2 >
A2 do

where o € (0,1) is the number fixed in (2.7). Thanks to (2.4), (2.5) and condition
(2.7), we have that
n—2 n—-2+2

f== 2(n — 4)

We also assume that § — 27 > 0.

>0, forany n>6.

Lemma 4.1. Let ¢ be a positive constant, independent of t and T, such that
[ fllss,0 < ¢ |hlleepy < ¢ and ||gllop < c. Let ¢ = 9[f,g,h] be the unique
solution of Problem (4.8). If v is chosen sufficiently small, then, for all (x,t),

(T-t)~"

L+ |yl

Y@t S (Iflleea + 2l D) + lgllop)
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where y = wT—E and the norm || - ||y is defined in (3.18). Moreover, we have the
following local estimate on the gradient

< A HT —t)78
IVetb (@, )] S (1 flexsa + 1Bl Loe () + llgllon) Wa (4.11)

for ly| < R.

Proof. To prove the result, we construct a super solution for (4.8). To this end, let
q(|z]) = ﬁ and let Q(]z]) be the radial positive solution of

AQ+4¢=0 inR", givenby Q(r)= 4/ n€1 / q(S)Snflds.
r P 0

Observe that Q(z) ~ in R™. One has

_1
I4|z]~

AQ-l— 6| |2Q—|—2q<0 in R"

provided § is small enough. Define Q(z) := Q (L;g) and q(z) == 35¢ (TE) For
a possibly smaller 8, one has

_ ) ~ 3
A$Q+A—27HQ Q+ 5¢ =0 inR™
1+ T‘
Observe now that -
A °R™
Vizg,t)| < A——,
Vet € AT

for some constant A independent of ¢ and T, as a direct consequence of the definition
of V given in (2.20), and the bounds (2.7) on the parameter functions A; and d;.
Moreover,
L 1 0Q (2.1)| < AL 1
1 Oy ~EF Ay L+ Jyt e
From the above estimates, we obtain that
AQ+ia—Q+VQ+ 3q<o
x1 021
thanks to the fact that R is large.
Define vg(z,t) = (T —t)"PQ(z). We have

(o) = BT — ) F71Q — (T — 1) PVQ(*=

and
1 0o A2

A?ﬁo—ﬁ-fai-&-v%-i-f(x t) < W(T

for some positive, possibly small, a. Thus we get, for some positive c;

(wo)t+Awo+—ﬂ+V¢o+f(m )< =BT —1t)"77'Q

o1
r—§& x©—¢&
A

_ t)—ﬁ

(T =) Q (=) PVQ(=)-
_A?

B

> .

_ t)_’B.
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Observe now that, for some constant A > 0,

_ 1;—5 x—g AOZ
Vo35 3 < i
and )
~x—& d al™2

Choosing « small, we get

—(o)r + Ao + Viho + f(z,t) <O0.

Moreover, one has |g(z,t)| < Muyo(z,t), for (z,t) € 0D x (0,T), and |h(z)| <
Mpo(z,0), for z € D, provided the constant M > 0 is properly chosen, and « is
close to 0. Thus M1y is a positive super solution for (4.8). Estimate (4.10) thus
follows from parabolic comparison.

To get the gradient estimate in (4.11) we scale around & letting
S —¢
1/1(%15) =1 ( 2 7T(t))
where 7(t) = A(t)~2. We choose T small so that 7 > 2. Then ¢ satisfies for
|z] < 6A~1, with sufficiently small 6,
Orth = At alz,1) - Vb + (2,000 + f(2,7)

where f(z,7) = A2f(€ + Az, (7)), and the uniformly small coefficients a(z,t) and
b(z,t) are given by

a(z,t) == [Mz+EXN], b(z,t) =V(E+Az) = O(R™)(1 +|z)) %

Our assumption in f implies that in this region

) £ (@ — i)y Al

~ 1+ |z|2te

while we have already established that
[[f 1[5,

[T S (7 = 1) P e
Let us now fix 0 < n < 1. By standard parabolic estimates we get that for 1 >
7(to) + 2,
(V.4 (71, Vn,Bio(0) + IV 23b(T, I Lo (B1o(0))
S Nl Lo (Bao ) x (ra—1,71) + Il L% (Bao(0))x (ra=1,71)
ST = t(r = D) Pl fllepora S (T =) | fllena-

provided that 7y > 2. Translating this estimate to the original variables (z,t) we
find that for any t > c,tg, for a suitable constant c,,,

(R)\)1+71 [wa(ta ')]n,BloRx(g) + R)‘”vaw(t? .)HLOO(BlORA(g)) 5 (T - t)_ﬁHf”**,Dé'

Using similar parabolic estimate up to the initial condition ¢y at 0 for v yields the
validity of the above estimate, and hence of (4.11), for any ¢ > 0. The proof is
complete. O

We now give the
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Proof of Proposition 4.1. Lemma 4.1 defines a linear bounded operator S(f, g,h) =
1, which is the solution to (4.8) and the existence of a constant ¢ > 0 such that

1S(f. 9, W)llac < € ([1f s, + 1Rl o= (D) + llgllop) - (4.12)

We establish the existence of a solution ¥ to (4.4), satisfying (4.6), as a fixed point
for the Problem

Y =8()), S():=S(f,g,h), (4.13)
where
B 0 1 Onr
+p {Wf_l - [AQ%U(m;E)]p’l NrMr® (4.14)
0

+N[W]+E2, g=—-Wsy, h=1y.
We claim that there exists a fixed point ¢ for (5.8) in the set

By = {t : |[¥]la € Mmax{TT 5, R2}}, for some M >0,

as a consequence of the Contraction Mapping Theorem. Indeed, by Lemma 4.1,
there exists a constant ¢ such that, for any ¢ € By,

ISl < e (If o+ 1l =Dy + lgllon)

1—0o
From the second estimate in (3.19), we get that ||g|lop < T™=. Thus the map

S sends the set By into By provided that || f|lea S TT=9. This last inequality
follows from the fact that

a 1 8nR 1—0o 9
A== )np®+2VOVng + — —L0|, 0 < %5 R
| < 8t) nr e+ R+ 1 O lix,0 S max{ }
r—¢

O M ne® + Nl S max{T0=9, R
0

(4.15)

Ip [WS‘I — [N = U(

combined with the first estimate in (3.19), that was already proven in Lemma 3.3.
We postpone the proof of (5.10).

We claim that
[S(¥1) = S(¥2)lla < el — 2lla, (4.16)

with 0 < ¢ < 1if Ris large and T small. Thus, the map S is a contraction, provided
S is chosen small. This concludes the proof of the existence of 1 solution to (4.4),
satisfying estimate (4.6). Estimate (4.7) follows from Lemma 4.1 and estimate
(4.11).

The rest of this proof is devoted to establish the validity of (5.10) and (4.16)

We now prove (5.10). Recall that

Bz, t) = Ay T ¢ (I/\Og,t)
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We star with the first estimate. Since we are assuming the bound (4.3) in the inner
function ¢, we observe that

9 /, )\0 n—2+o 1
A= Lyrol < ¢ 2o -
&= g < (1a + 153+ s ot ()

so that, in the region where it is not zero (that is R < |y| < 2R), we get

)\O)n2+a )\,2
do 14 [yl

n—2
A2

ot

a —aT+o
2|8 = gmme| S ol (
Analogous estimate holds for the term xll 6’7R(I> Similarly, one has

)\0 n—2+o )\,1
2V OVng| < =2 —
el S il (3)

so that, in the region where it is not zero, we get

2 N )\0 n—2+o )\72
Az |2VOV SR Dlin | — _
28Tl S RNl (3)
We conclude that

1 Onr

1 0xq
This gives right away the validity of the first estimate in (5.10).

0
H (A—) M@+ 29OV + - O R, (47)

Next we consider the second estimate in (5.10). We have

n—2 _ _n=2 T — _
A2 ‘p {Wf - U )\05)]” 1] 77R/77R<I"

)\0 n—2+o
<A (y) 6]l ()

WWPJ
B >\O n—2+o )\_2
SR 2||¢Hm () T L 24a
do 1+ [yl
In order to estimate N(w), we write
1
Walat) =~z [U) + plo)] (1.18)

From (2.18), we get

NE Ny +6) £ 33 (U4 9+ NT [+ upd)) — (U + p)?

p(U+p)P1A”22[¢+nR<I>]] (lA P+ IA%nRMI”)

n—2+o
<<Ao)< +>”< lvlz_ |¢||§’n>
~ \do 1+ [yl 14 |ylop

_ & (n—240)(p—1) - Ao n—2+o A2
< [l + llll7 TTopTe
dO in dO 1 + |y‘2+o¢

This concludes the proof of the second estimate in (5.10).
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We now prove (4.16). Observe that, for any pair of functions 1, V2 € By, we
have

18(4h1) = S(¥2)lla < c[N(w1) = N(W2)[lss,0
since g and h, as defined in (5.7), do not depend on 1. Here we denote
w; =Yz, t) + nr(z, t)®(x,t), j=1,2.

We refer to (2.18) for the definition of N. Using again (4.18), we can write

n—

A7 N (wi) = N(wo)| Ay +6,8) SA2[(U 4 p+ A7 (01 + nad))?

— (U+p+ A (2 +1r®))” = p(U + )P A= |1 — ¢

A (n—=2+0)p A2
< ( A gy - .
do L+ |yl

From here, we get the validity of (4.16), thanks to the fact that R is large and T is
small. This concludes the proof of the Proposition.
O

We further observe that the solution 1) = ©[A1,d1, @] to Problem (4.4) clearly
depends on the parameter functions A, d; and ¢. Next Proposition clarifies that
1 is Lipschitz with respect to A1, d; and ¢ and their respective topologies.

Lemma 4.2. Assume the validity of the hypothesis in Proposition 4.1. Taking R
large and T small, there exists ¢ € (0,1) small so that, for any A}, A} satisfying
(2.7), we have

[0 dry @] = 0N i 6l < eflA] = Al s (4.19)
for any di, d? satisfying (2.7),

oA di, 6] = A, dF dllla < elld] — df | 1e (4.20)
and, for any ¢1, ¢o satisfying (4.3)

[¥[A1, dv, d1] — A1, di, @2l < €f|d1 — d2|lin, (4.21)

Proof. Estimates (4.19) and (4.20) follows from the Lipshitz bound on the error
function E, contained in (3.20) and (3.22), and from the Lipschitz bound on the
value of W5 on the boundary 9D as described in (3.21) and (3.23). We leave the
details to the reader.

We shall prove (4.21). As in the argument to show the first estimate in (5.10),
we need to chose the number ¢ in the definition of the norm (4.1) and the number
« in the definition of the norm (3.17) so that a > a.

Let A; and d; be fixed, and let ¢ and ¢o satisfying (4.3). Let 1; = 1[¢;] the
solution corresponding to ¢;, with the same Ay and dy. Define ¢ = ¢; — 1y, It
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solves

1o
21 Oz

) 19
v+ (A= L) ppd+ovovn, + — g
ot xy 01y
z—¢

" )]p‘l} Nr1MRP (4.22)

+ N[wi1] — N[wg] in Dx(0,T)
=0, on 90D x (0,T), =0, in Dx{t=0}

Py = A+ —

+p W =g F U

where

_n—2 xr —
Wl({E,t):?l)l(ir,t)+773($,t)q)1(x,t)7 (I)ZZ)\O 2 ¢z ( /\ g,t) y (I):(I)l—q)z.
0
To get (4.21), it is convenient to decompose ) into a first part that it is linear in
®, and the rest. We write

=P+
with 1[} solution to

Py = Alﬁ"‘iaw

1 Onr
—0
r1 011

181

0
«+V¢+(A-> nR® + 2VOVnR + —

ot
_n=2 —
+p [W§_1 = 7 U(x%f)]p_l} nrmr® in D x(0,7T)

=0, on 9D x(0,T), % =0, in Dx{t=0}.

Arguing as in the proof of (4.17), we get

0 10
|| (A_) UR‘I)+2V<I)V77R+*$<DH**0¢ ,SR a+o¢H¢1 ¢2||2n

Arguing as in the proof of the second estimate in (5.10), we get

—n2 x—§
I [ 87" = g T U el S 61— daln

for some ¢ > 0. Applying Lemma 4.1, we obtain

[P]la < cllgr — P2llin (4.23)

with the constant ¢ € (0,1) if we choose R large and T" small. In order to estimate
1), we observe that

Nlwi] — N[wa] = (Wa + 1 + nr®1)” — (Wa + 12 + np®s)”
— pWE (1 + nr®r — 2 — nr®P2).
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Using again the notation introduced in (4.18), we get

N N[ = Nlwal|Ow + ) = A2\ (U + 9+ A (9 + ) )

- (U +p+ )\%2(% + T]R‘I)2>)p

—p(U+ p)p_lx\% (Y1 + nr®1 — Y2 — NrP2)

AN @ = )l + VT (@1 — @)

Mo (n—2+0)p A2 \-2
S\ L I8+ g 1B — B |
~ (d()) ]__|_|y|2+a||¢”a 1+ ‘y|2+aH 1 2”1”

Thanks to the above estimate, the non linear equation satisfied by ¢ can be solved
applying Lemma 4.1 and a fixed point argument of contraction type for functions
1) satisfying

\WH& < C||¢1 - ¢2||1n
for some ¢ € (0,1), provided T is chosen small and R large. This fact, together
with (4.23), give the validity of (4.21) O

A last remark in in order.

Remark 4.1. Proposition 4.1 defines the solution to Problem (4.4) as a function
of the initial condition 1o, in the form of an operator 1 = W[ahy|, from a neigh-
borhood of 0 in the Banach space Co(D) equipped with the C* norm ||¢l| Lo (p) +
V4po || o= (D) into the Banach space of functions ¢ € L>°(D) equipped with the norm
1¢)]|4x,8,0 > defined in (4.1).

A closer look to the proof of Proposition 4.1, and the Implicit Function Theorem
give that 1o — W] is a diffeomorphism, and that

19 [va] — U[¥3lla < ¢ [llvg — ollLe(o) + Vg — VUi llLe(m)] |

for some positive constant c.

5. FINDING THE PARAMETER FUNCTIONS

As mentioned in Section 2, we can solve the inner Problem (2.27), provided that
certain orthogonality condition of the ”right-hand side” as in (3.24) are satisfied.
In this Section we first derive the system of ordinary differential equations in A\;
and d; that is equivalent to get the orthogonality conditions satisfied. Then we
find parameter functions A\; and d; which solve these ODEs. This is done, for any
¢ fixed, and satisfying (4.3), while ¢ is already fixed as the solution of the outer
problem (2.21), as stated in Proposition 4.1. We conclude the Section showing that
the solution A\; and d; Lipstitz depends on ¢.

We start with

Lemma 5.1. Assume that the parameters A\ and dy satisfy (2.7), that R is large
and T is small, and that the function ¢ satisfies the constraint (4.3). Let ¢ be the
solution to Problem (2.21), whose existence and properties are stated in Proposition
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4.1 and Lemma 4.2. Let H = H[\,d, ¢,v] be the function defined in (2.28). Then,
for any T small, we have the validity of the following expansions

L 0021030 dy = ([ 2) (1450 + a5 20))
i (AO)”W o (1400 + (3 50)) (5.1)

n—2
+ A\ (0) Ragr (1 +p(t) + Ch(/\l & 7¢)>
and

: A d
[ .02y = Msaora (1400 + 60 o))
B(0,2R) o do

( ) [i—j} a0 (450 +a (5 5 0) o
( >" 2+UCLOR <1+p()+¢h()\1 dla¢)> |
+Ad1< ) aOqu(il jﬂqﬁ)

where A and B are the constants given by

A= / Z2(y)dy, B= % (/ Uplzo) . (5.3)

Here o € (0,1) is the number fized in (2.7), which can be thought as close to 1. With
ao,r we denote generic constants (i.e. independent of t) with ag r = 1+o0(R™1Y), as
R — oo. Here p = p(t) denotes a generic function, which is smooth fort € (0,T) so
that, for some o >0, ||p|lo s uniformly bounded, as T — 0. We refer to (2.6) for
the definition of the || - ||o-norm. The explicit expression of p = p(t) changes from
line to line. Moreover, q1 = q1(n1,12,¢) denotes another generic function, which
is smooth in its variable, uniformly bounded, ast — T, for m , ne € L>°(0,T), and
¢ satisfying (4.3), with ¢1(0,0,0) =0, and for any t € (0,T)

|Q1 1, m2, O)(t) — @1 [77%772,¢](t)| Sl — U%HL‘x(O,T) (5.4)
a1 [n,m3, #1(t) — qln,m3, B1(0)] < lns — m3ll Lo 0,1 (5.5)
lq1[n1,m2, $1](t) — qu[n, m2, d2](t)| S T||p1 — d2|lins (5.6)

for some a > 0 small. The explicit expression of q1 also changes from line to line.
The function g1 share the same properties as qi, and moreover qi(ni,n2, ¢ + ¢) =

51(7717772%5) + 61(77177727(%)'

Proof. We write

3 —2
H= ZH]» Hy =pAo® UP M p(hoy + &, 8(7)), Hs = B[g). (5.7)
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The proof of (5.1) is consequence of the following three expansions, as T — 0,

j A od
/ HyZ, dy = \d; (/ Zl2> ao.r <1 + q1( 1 1 0)>
B(0,2R) n N do’
)\0 n—1 p(n - 2)an )\1 d1
- <d0> 2”71 / U 'y1Zy ) ao.r (1 +p(t) + Q1(/\ N ,0) ] (5.8)
+ )\)\1 (A ) Ra/() R
do

(1+p +a( AL & 0))
/(02R)H121 ( >n2+0 ao,Rr <1+p()+r11(Al dl,qb)) (5.9)

Ao do’

and

AO 2n—2+o0
/ HBZl dy = (d> ao,R O(Riz) ql(oao7¢)
B(0,2R)

0 (5.10)

/\ n—2+o .
+ Xo (d ) di O(R™1)q1(0,0, ¢)
0
where we are using the same notations as in the statement of the Lemma.
Proof of (5.8). In the region y € B(0,2R), the function
nt2

Hy=),"
0

n—2
€1+ es — (20) [Aw +pW§)1w” ()\oy-i-fﬂf(T))

has been described in Lemma 3.2. Referring to (3.13), we see immediately that
fB(o 2R) Es 2\ (y,t)Z1(y) dy = 0, for all ¢, because of symmetry. We get

: d
/ HyZydy = A[dy — - Od}/ Z3(y) dy
B(0,2R) +a” JB(0,2R)

(A" oh
()L B,
"\ do B(0,2R) 91 1)
)\0>n1 p(n — 2)ay, / 1
B AT 4 Up 7
(dO 2n-t B(0,2R) e
. )\ n—1
o ()0 ( [ izw) dy)
0 B(0,2R)
)\ n—2
() o ( [ izw) dy>
0 B(0,2R)
/\ n+2
() 0</ zl<y>|dy>.
0 B(0,2R)

Expansion (5.8) follows after we observe that

1 = 2 2-n @ _ 2
L Z0tr=([ Z@aasom), [ Sz = o)

/ Uty 7z, = (/ Up_lylZl) (1+ O(R™2), / 71| = O(R),
B(0,2R) B(0,2R)
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for R large.

Proof of (5.9). From the result of Proposition 4.1, and more specifically estimate
(4.7), we expand

P(§ + Aoy, 1) = ¥(§) + VY (§) Aoy
for some £. By symmetry, the integral of the first term is zero, so that we get
A A1 d
/ H\Zy = ()" (1 +p(t)+q1()\1,dl,0)> (/ UP~ly Zy).
B(0,2R) 0 o do B(0,2R)

Thus we get the validity of (5.9).

Proof of (5.10).  From the definition of the function B[¢], we immediately ob-
serve that this is a linear function of ¢, and it does not depend on A;. A direct
computation and the use of the estimate on ¢ given in (4.3) gives

. n—2 . 0
/ H3Z, = )\0)\0/ [ o(y,t) + Vo(y,t) @/] Z1 + Aod/ —(b(y,t)Zl
B(0,2R) BO2R) L 2 B(0,2R) OU1

Ao

2n—2+o >\0 n—2+o .
_ <d0) a0.1 OCR™1%) 41(0,0,6) + Ao (do) 41 31(0,0,6).

The proof of (5.2) is consequence of the following three expansions, as T'— 0,

. A d
/ HyZody = Aag.r (1 +p(t) + a1 ( Lt 0)) / Zg(y) dy
B(0,2R) n

o do’
n—2
(&) "2 2] ()
do 2n- Ao do n (5.11)
A\ dy
XaO,R(1+p(t)+Q1()\7’d 70))
0
Y N Y YR N VI
A,y (22 A0 20 AL
wad () o aGtfo+(3) o a5,
)\ n—2+o )\ d
/ HyZydy = (d°> ao.1 (1+p(t)+ql()\l,d1, )), (5.12)
B(0,2R) 0 o do
and
2n—2+o
/ HsZydy = <d0> ao,r O(R™'*) ¢1(0,0, ¢)
B(0,2R) 0 (5.13)

)\0 n—2+o .

+>\0 (d) dl (jl(ovoa(b)a
0

where we are using the same notations as in the statement of the Lemma. The

proofs of (5.12) and (5.13) are similar to the ones of (5.9) and (5.10) respectively,

so we leave them to the reader.

Proof of (5.11). Referring again to (3.13) for the expression of Hy in the region
we are considering, we see immediately that fB(O 2R) Esq(y,t)Zo(y) dy = 0, for all
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t, because of symmetry. We get

/ HyZydy = [ + }\0/\1]/ Z5(y) dy
B(0,2R) B(0,2R)

. . A n—2 _9
+ [AA1 + AoAd] (d2> /B(O 2R)(n h+Vh-y)Zo(y) dy

do 2n—2 Ao do B(0,2R)

A1 dyp
X (1+pt)+aq(=,-—,0
(1+p(0) + 0 (3, 5H0)
)\0 n—1 . 0 n—2 ) )\1 dl
Ady | — AA —
+ 1(d0> + 1<d0) O(R)ql()\07dao)

Using (2.13), that is A Jan 25 = £ (2—8)"_2 Jon UP™1 Zy, we get

. Ao d
[ vty =3aon (1450 + 0G0 [z d
B(0,2R) 0 aop n

)\0 n=2 p(n — 3)Oén )\1 d1 p—1
_ (20 pin = 9)% A1 41 7
(do) 2n—2 Ao do /R" v 0)*
A\ dp
Yo dy )

. AO n-l 2 Al dl AO e 2 )\1 dl
+/\d1 (do) O(R)ql(AO,dO,O)-F d() O(R)ql(/\o,do,()).

x ao,r (1 +p(t) + a1 (

Thus (5.11) follows. O

Next we get the existence and Lipschtz properties of A; and d; that make the
required orthogonality conditions.

Proposition 5.1. Let ¢ be the solution to Problem (2.21), whose existence and
properties are stated in Proposition 4.1 and Lemma 4.2. Let H = H[\, d, ¢,9] be
the function defined in (2.28). For any function ¢ satisfying the constraint (4.3),
there exist functions \y = A\ [¢] and dy = d1[¢], which satisfy the bound (2.7), for
which

/ H(y,t) Zo(y)dy =0 forall te(0,T)
B(0,2R)

(5.14)
/ H(y,t) Z1(y)dy =0, forall te (0,T).
B(0,2R)
Moreover, if ¢1 and ¢o satisfy (4.3), one has
IALl61] = Arlga]ll e + [ldilén] = di[d2]| 12e < clldr — dallin (5.15)

for some ¢ € (0,1), provided T is small and R is large.
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Proof. The result of Lemma 5.1 is telling us that solving equation (5.14) is equiv-
alent to solving a certain non linear non local system of ordinary differential equa-
tion of first order in Ay and d;. Indeed, from (5.1) and using the fact that

(GR) 275, = e(T = )75

equation in (5.14) is equivalent to

(see (2.5)), for some constant ¢, we get that the second

. 14o 4o A d
i+ An(T =07 = (T =07 (50 + (3 F00) )

[ (5.16)
(T, (1 L)+ @ (A;,d;,qs))

where Ag is a constant (independent of ¢). The functions p and ¢; have the same
properties as stated in Lemma 5.1.

We next look at (5.2) to get the differential equation corresponding to the first
equation in (5.14). Using (2.5)-(2.14)-(2.13), we get

. (n—3) Lto A1 AL ody
AL — (T—t)/\l :(T—t)"_ f(t)+ (T_t)cn <)\0’do’¢)

L. A\ d
(T -t 7= 1d, (1+pt) +qu [ 2,550
2o’ do

Here f = f(t) stands for a uniformly bounded in (0,7), as T — 0. It is convenient
to multiply the above equation against (T'— t)"~3, and re-write it as

T =750 = (=0 @)+ (T - v (3, 5L0)
N (5.17)
+ (T - t)ﬂ*%ﬁdl (1 +p(t)+ a1 (i\‘l’ %7 ¢>)>
o do
Let d = d(t) and A = A(t) be the solution to
d+ Ap(T — )75 = (T — t)"=5p(t)
d 1t+o (518)
4 oo = @
given by
T ] 2
a0 = [ [~An(T =)= 4 (= )il ds
t (5.19)
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These functions satisfy the bound (2.7). Then dy = d +d, A\; = A + X solves the
system (5.16)-(5.17) if

d(t)z/tT@—s)i*—" " (A“,‘”%) (s) ds

Ao dp
+/tT<T—s>1+ﬂ<A+A><s> (1+p<s>+q1 (A;A,d;%)) ds
A) = (Tlt),m,/f(T—s)”-‘* M (s)an (AA“ d+d,¢)

+(T_t)n_3/tT(T_s)n2+nudl(s) <1+p(s)+q1 <A+)\’d+d ))

.20)

Using again the result of Lemma 5, and in particular (5.4)-(5.5), one can solve
(5.20) with a fixed point argument based on the Contraction Mapping Theorem.
Estimate (5.15) follows from (5.20) and (5.6).

(]

6. SOLVING THE INNER PROBLEM

The last step in the proof of our result is to solve the inner Problem (2.27),
after we already defined the outer solution 1, whose existence and properties
are contained in Proposition 4.1 and Lemma 4.2 in Section 5, and the parameter
functions di, A1, as in Proposition 5.1 in Section 5.

The key ingredient to solve (2.27) for functions ¢ satisfying (4.3) is the resolution
of following linear problem: Given a sufficiently large number R > 0, construct a
solution (¢, eg) to the initial value problem

¢T = A¢ +pl’](y)pild) + h(yaT) in BQR X (7_05 OO) (61)

(y,70) = eoZ(y) in Bar

provided that h satisfies certain time-space decay rate and certain orthogonality
conditions. Here Z is the positive radially symmetric bounded eigenfunction asso-
ciated to the only negative eigenvalue to the linear problem (2.29). We recall that
T =7(t) is given in (2.26), as

—4
() = (:_W(T —t 1w, and 7 = 7(0).
In the 7-variable, the bound (4.3) on ¢ reads as
[10]lin = sup — 7(14[y|*)|o(y, 7)

T>710,yEB(0,2R

+ s AL+ [y )IVe(y, T)| S max{T T, R~2}
T>70,y€B(0,2R)

(6.2)

n— 2+o’
n—

where v = so to have
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Here o € (1,1) is the constant (which can be thought close to 1) introduced in
(2.7). The solution for Problem (6.1) we build has R-dependent uniform bounds
for right hand-side h with L>°-weighted norms of the type

1All24a = sup sup 7" A% (1 + [y[*7*) [h(y, 7)]. (6.3)
T>To YyEB2Rr

Also, for a function p = p(7) we denote

plly := sup 77[p(7)|.

T>T0

We have the validity of

Proposition 6.1. Let R > 0 be large enough. For any 1o sufficiently large (de-
pending on R), for any h = h(y,T) with |h|l, 24« < +o00 that satisfies for all
71=0,1

/ My, 7)Zij(y)dy = 0 forall 7€ (19,00), (6.4)
B(0,2R)

there exist ¢ = ¢lh] and eq = eg[h] which solve Problem (6.1). They define linear
operators of h that satisfy the estimates

n+l—a
R

A+ [yDIVely, D)l + ey, )| S 7 T+ l°

12llv.24a, (6.5)

and
|€0[h]| S ||h||1/,2+a- (66)

The proof of this Proposition is an adaptation to our symmetric setting of the
result contained in Proposition 7.1 in [7]. For completeness, we will give a resumed
proof of this Proposition in Section 7.

Proposition 6.1 states the existence of a linear operator S which to any function
h(y,T), with |||, 244-bounded and satisfying (7.2), associates the solution (¢, eg)
to (6.1). Furthermore, it states that S is continuous between L spaces equipped
with the topologies described by (6.5)-(6.6).

We want to use Proposition 6.1 to solve the inner problem (2.27). Up to this mo-
ment in our argument, the radius R was chosen large and the final time 7" was chosen
small, one independently from the other. Thus, let R be fixed arbitrarily large. We
claim that, for any 7" small enough (or equivalently for any 79 = (7?:24) ZTflfﬁ

large enough) in terms of R, Problem (2.27) has a solution. Indeed, we observe first
that the parameter functions A\; and d; as defined in Section 5 are such that the
right-hand side H(y, t) satisfies the orthogonality condition (7.2), for any ¢ € (0,7T)
(or equivalently for any 7 > 7p). Thus, the existence and properties of ¢ and eq
solution to (2.27) are reduced to find a fixed point for

¢ = A(¢), where A(¢):=S(H(\[¢],di[¢], ¢, ¥[¢]))
in a proper set of functions. We recall the definition of H given in (2.28)
HIN d,6,4](y,7) = pAo® UP 9oy +&,1(7)
207 By +&,1(r)) + Blo],
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n—2
where we recall that Eo = e + e — (2—3) [Aw + pWé’flw . From Lemma 3.2,
we get that
% * By + &, t(r Nlvzta S max{TT=0, R},

while from Proposition 4.1 we obtain

n—2
[pAg * Up_l?ﬁ()‘oy+fat(7))”u,2+a NmaX{T(" R R™ 2}

This estimates suggest to search for a fixed point for the map A in the set of
functions ¢ so that

1 A= 2
C:={¢ : gllin < r "™ max{T™=0,R2}},
for some r large, independent of T" and R. From (2.25), we easily get
I Bl¢] ST 7| in- (6.7)

This implies that, provided the constant r is chosen large, one has A(C) C C. We
next prove that A is a contraction mapping, provided R is (possibly) larger (and
thus T smaller). We shall emphasize the fact that ¢ depends from ¢ in a non linear
and non local way, recalling that

¥ =[] = ¥[Ai(0), d1(8), 9.
Combining (4.19), (4.20), (4.21) and (5.15), one gets
[¥[1] — Yldallla < clldr — d2llin (6.8)

for some c € (0, 1), which can be done arbitrarily small, provided R is chosen large
(and consequently 7" small). We claim that there exists ¢ € (0,1) so that

A(1) — A(P2)|lin < cllp1 — P2]lin (6.9)
for any ¢1, ¢2 € C. From Proposition 6.1 we get that

[A(¢1) = A(@2)|lin < c R™IH A, iy b1, 9] = H[a, do, $2,90] 244
where \; = A[@;], d; = d[¢;] and ©; = [¢;]. Consider first

Hig] = pAg™ U~ 9[6) Moy + E[6], 1))

We write
|Hy[p1] — Hi[#2]| < 10)\(:%2 UP~ 9[d1](Aoy + E[¢1],8(T)) — ¢[da] (Moy + €[], (7))

+p)\g%2 UP~ |¢p[ga] (Aoy + E[en], (7)) — ¥lda)(Aoy + E[pa], t(7))]|
= hy + hs.

Observe that, thanks to (6.8) and using that Ao(t) = (T — t)Hﬁ

n—2 1
|hi(y,7)| < ceT™z UFa=n) |61 — d2llin,

L+ [yl
for some constants ¢ > 0, and ¢ € (0,1). Also, thanks to (5.15), we have

ldlga) — dlga]l| s

ho(y, T <cT™T 7 (+7k3)

< T (1+n 4
cC 1+| |4||¢1 ¢2||’LTL
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Choosing, if necessary, R even larger (and automatically T' smaller), we get
¢RI Hi[¢1] = Hi[2]llv24a < clldr — ¢2lin (6.10)

for some ¢ € (0,1). Next, we consider Es[¢](Aoy + £[¢], t(7)). Since the part of Es
n—2

given by — (2—8) {Aw —I—pr_lw} does not depend on ¢, we have

n42 n42

Ao® E2[¢](Aoy +€[0), (1)) = Ag® (e1 + €2)[0](Aoy + £[¢])
N\ ? : Aoy + do + d1[@] Ao
N (A[(b]) Yo {dlw * Aoy -311-41_+ dj)_-f— dl[@ﬂ] & ()\[Qﬂy>
+ ()\)[\25]) i Ao [;\0 + )\1[05]} Zg <>\/\[;]y)

o) o ) G Sl

Recall that we are in the region |y| < 2R. We claim that

n+2

o7 [Baltn] — Balto]] lvata < cT75 (|61 — dalim- (6.11)

Assuming the validity of (6.11), and choosing, if necessary, R even larger (and
automatically T smaller), we get

CR"+1_O‘||)\;# [Ea[¢1] — E2[d2]] lv2+a < cllér — d2llin (6.12)

for some ¢ € (0,1). To prove (6.11), we just consider the term

glo] = ()\/\[2)]> ' Ao [}\0 + }\1[¢]} Zo ()\)[\;]y)

nt2
in the expression of A\j2 Es3[¢](Aoy + &[¢],t(7)). The estimates for the other two
terms can be obtained in a similar way, and we leave them to the interested reader.
We write

9lo1] — gloa] = [(/\[);)1])3 - (}\[);,2])2] Ao P\o + 5\1[¢1]} Zo (Af:;l]y)
+ <)\[):;2]) ' Ao P‘l[@bl] - 5\1[4172]} Zo <)\>f<(1)5]y>

M V2L Ao Ao
() 2o o+ utea] [ (50) - 2 ()]
Observe that, for ¢1, ¢ € C,

() ()

‘/.\1[¢>1] - /.\1[¢>2]‘ < XN T75 | Aifon] — ;\2[¢2]||%7

w3

/\0 % —9 \
H<Qm)zwwmm—&mmﬁ7

and
Ao Ao

>\0 )\O =27 ]| ) — ) 1
20 (57030) - 0 (5 )| £ 1V 2050 - G 55 ulon] = el
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for some A satisfying (2.7). We thus conclude that
lg[é1] = gle2lllvz+a < eT73 [ Aa[d1] — Az[go]ll ez

for some constant ¢. Estimate (6.11) for the term g[¢] follows directly from the
Lipschitz dependent of A on ¢, as stated in (5.15).

Write now B[¢] = B1[¢] + Bz2[¢], where

Bale] = ko | 52600 1) + Tolu1) o).
and

&M=PM@+ Ao }w

— 20 2 (0.
Aoy1 +&[d] ] O ®.1)
For both terms, we have

-V

1 1 T ,
|Bi[¢1] — Bi[go]| < T " R(T+3R + 1)WH¢1 = ®2llin, i=1,2.
Choosing, if necessary, T even smaller, we get
cR™ 1% B¢1] = Blgelvz+a < clldr — d2]lin (6.13)

for some ¢ € (0,1).

Estimates (6.10), (6.12) and (6.13) give the contraction property for A in the set
C. Thus we proved the existence of a solution to the inner problem (2.27). This
fact concludes the proof of the existence of the solution predicted by Theorem 2,
with the expected properties.

7. PROOF OF PROPOSITION 6.1

We are interested in the construction of a solution to Problem (6.1) for any given
right-hand side h with ||h|,,244 < +00.

To describe our construction, we consider an orthonormal basis ¥,,, m = 0,1,.. .,
in L?(S?) of spherical harmonics, namely eigenfunctions of the problem

Ag2Vpm + AmOm =0 in S?

sothat 0 = Ag < A1 = ... = Ay =2 < A\py1 < ... For simplicity, we use the
notation Bag = B(0,2R). Let h € L?(Bag). We decompose it into the form

h(y,7) = Zhj(r, )9y/r), r=ly|, hij(rT1)= /32 h(ré,7)9,(6) db.
7=0

In addition, we write h = h® + h' + b where

WO =ho(r,7), h'=> hi(r,r)0;, ht= > hi(r,7)0;.

=1 j=n+1

Observe that h! = bt = 0if h is radially symmetric in the y variable. Consider also
the analogous decomposition for ¢ into ¢ = ¢° + ¢! + ¢-. We build the solution ¢
of Problem (6.1) by doing so separately for the pairs (¢°, h°), (¢*, h') and (¢+, h ).
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We also need to recall that the operator Lo(¢) = A¢ + pUP~1¢ has an n + 1
dimensional kernel generated by the bounded functions Zy, Z; defined in (2.11)
and also by

Zi(y) = g;], i=2,...,n. (7.1)

Proposition 6.1 is a direct consequence of the following

Proposition 7.1. Let v,a be given positive numbers with 0 < a < 1. Then,
for all sufficiently large R > 0, there exists 19 so that, for any h = h(y,T) with
|h]lv,24a < 400 that satisfies for all j =0,1,...,n

/ Wy, 7)Zj(y)dy = 0 forall T € (19,00) (7.2)
Bar

there exist ¢ = ¢lh] and eq = eg[h] which solve Problem (6.1). They define linear
operators of h that satisfy the estimates

6.7 S 7| o Oz + e ]
) S — v,2 — v,2
L+ [y T g [y e 73
Hh||u,2+a}
L+ fyle 17
R R7L+1—a
o) S 7 et L e
| y¢(y T)| ~ T 1+|y|n+1 || || 2+ 1+|y|n+2 || | 2+ (7 4)
+ ||h||1/,2+a]
1 Jy[et ]
and
|€0[h]| /S ||h||u,2+a- (75)

We refer to (6.3) for the definition of the | - ||, 24+4. Proposition 6.1 is a direct
consequence of Proposition 7.1. Indeed, if h is even in the y; variable, 1 = 2,...,n,
(7.2) is automatically satisfied for j = 2,... n..

The result contained in Proposition 7.1 follows from next Proposition, which
refers to the following problem

¢r = A+ pUP" ()¢ + h(y,7) — (1) Z(y) in B(0,2R) x (79, 00),
o(y,70) =0 in B(0,2R).
We have the validity of the following

(7.6)

Proposition 7.2. Let v,a be given positive numbers with 0 < a < 1. Then,
for all sufficiently large R > 0 and any h with ||h||, 244 < +00 and satisfying the
orthogonality conditions (7.2), there exist ¢ = ¢[h] and ¢ = c[h] which solve Problem
(7.6), and define linear operators of h. The function ¢[h] satisfies estimate (7.3),
(7.4) and for some v >0

o(7) /BZR hZ' ST R

+ e R Bllvra] - (7.7)

h — Z/ hZ
Bar v,24a

Assuming the validity of Proposition 7.2, we easily get
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Proof of Proposition 7.1. Let ¢; be the solution of Problem (7.6) predicted by
Proposition 7.2. Let us write

o(y.7) = ¢1(y, 7) + (1) Z(y), (7.8)
for some e € C* ([9, 00)). We find
0-¢ = A+ pUP™ ') + h(y, 7) + [€() — Aoe(T) — e(7) ] Z(y).
We choose e(7) to be the unique bounded solution of the equation
e(r) — Xoe(r) = c(1), 7€ (109,0)

which is explicitly given by

e(r) = /Oo exp(v/Ao(T — ) c(s) ds.

The function e depends linearly on h. Besides, we clearly have from (7.7), |e(7)| <

~

T "||h||v,24q- and thus, from the fact that ¢ satisfies estimates (7.3), (7.4), so does
¢ given by (7.8). Thus ¢ satisfies Problem (6.1) with initial condition ¢(y, 7o) =
e(70)Z(y). 0

The rest of the Section is devoted to the

Proof of Proposition 7.2. The proof is divided in two steps.

Step 1. We claim that for all sufficiently large R > 0 and any h with ||hl, 244 <
400 there exists ¢ and ¢ which solve Problem

¢r = Ap+pUP" )+ h(y,7) — c(7)Z(y) in Bag x (10,00) (7.9)
QS:O on 8BQR><(7'0,OO)7 qﬁ(',To):O in Bag.
Moreover,

R 2|h0v24a | B0 |v2+a

e |

1 n—2 1 n—1
1yl 1l (7.10)
N Allv,2+a thlu,2+a]
L+Jy[n=2 1+ [yl

and for some vy > 0

c(T)—/ hZ‘ < T—”{Hh—z/ hZ
Bagr Bar

We do the construction of the solution mode by mode.

+ e R Bllyasa). (7.11)
v,24a

Construction at mode 0. We solve Problem (7.9) in the radial case, with h =
ho(r, 7).

To this purpose, let x(s) be a smooth cut-off function with x(s) =1 for s < 1
and x(s) = 0 for s > 2, and consider xu(y) = x(ly| — M), for a large but fixed
number M independently of R. By standard parabolic theory, there exists a unique
solution ¢, [ho] to

¢r = AG+pUP" (1= xar)d + ho(y,7)  in Bar X (79,00) (7.12)
¢:O on 8B2R>< (7‘0,00), ¢(-,’7'0)ZO in BQR,



TYPE II BLOW UP FOR THE CRITICAL HEAT EQUATION 41

where
B() :ho—CO(T)Z, CO(T) :/ hZ.
Bar
The function ¢.[hg] is radial and satisfies the bound
T — HhHV 2+a
Oulho]| STV ——.
-0l ST
This can be proved with the use of a special super solution, arguing as in Lemma
7.3 in [7]. Setting ¢ = ¢u[ho] + ¢ and ¢(7) = co(7) + &(7), Problem (7.9) gets
reduced to
br = Ap+ pUP™L ) + ho(r,7) — &(1)Z in Bag x (15,0) (7.13)

d):O on 8BQRX(T0,00), &(',7’0):0 intR,

where hy = pUP~ xarda[hol. Observe that ho is radial, it is compactly supported
and with size controlled by that of hg. In particular we have that for any m > 0,

~ 7'7” —
h < 5 N« [ho] (-, oo | . 7.14
o) £ T | s 7ol 7 (7.14)
We shall next solve Problem (7.13) under the additional orthogonality constraint
o(7)Z = 0 forall 7€ (r9,00). (7.15)
Bar

Problem (7.13)-(7.15) is equivalent to solving just (7.13) for ¢ given by the explicit
linear functional ¢ := ¢[@, hg] determined by the relation

(1) /BQR 7% = /BQR ho(-,7)Z + /aBZR 0o (-,7)Z. (7.16)

If the function ¢ = ¢(7) in Problem (7.13) were independent of ¢, standard linear
parabolic theory would give the existence of a unique solution. On the other hand,
a close look to (7.16) shows that the dependence of ¢ = ¢(7) on ¢ is small for
instance in an L®-C1+**5* getting, since Z(R) = O(e™ 1) for some v > 0. A
contraction argument applies to yield existence of a unique solution to (7.13)-(7.15)
defined at all times. To get the estimates, we assume smoothness of the data so
that integrations by parts and differentiations can be carried over, and then argue
by approximations. Testing (7.13)-(7.15) against ¢ and integrating in space, we
obtain the relation

o, [ &+Q.9) = /B 96, 9= ho— (1) 20,

Bar
where @ is the quadratic form defined by

Q(6,6) = / (V6P — pUP16P] - (7.17)

In [7], it is proven that there exists v > 0 such that, for any ¢ with [ ¢Z = 0, the
following inequality holds

Q6.0) = 1 [ o

Thus we have

87— ng + Y / (52 5 Rn—Z/ 92. (718)
Rn—2 Bar Bar

Bar
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We observe that from (7.16) and (7.14) for m = 0 we get that
o) < UK, K= [sup s [hoM-,r)an} et [sup V. [Rol(7)

T>T0 T>To

Besides, using again estimate (7.14) for a sufficiently large m, we get

/ 92 S T_QVKQ.
Bar

Using that (5(',7'0) = 0 and Gronwall’s inequality, we readily get from (7.18) the
L?-estimate

16C T2 (B2my S T VR'TPK, (7.19)
for all 7 > 79. Now, using standard parabolic estimates in the equation satisfied by
¢ we obtain then that on any large fixed radius M > 0,

6C LBy S T VRV2K forall 7> 7.

~

Since the data in the equation has arbitrarily fast space decay, we can dominate
the solution outside Bj; by a barrier of the order 7*|y|~(»~2). As a conclusion,
also using local parabolic estimates for the gradient, we find that

L+ [y IVydly. ) + [y, T < 77 R* 2 K |y~ 2,
thus from the definition of K we finally get

R _
e v * h °y oo | . .2
1+ |y"n—2 f;l.,l-)o’r ||¢ [ 0]( T)HL (7 O)

It clearly follows from this estimate and inequality (7.14) that the function

L+ [y [Vyd(y, 7+ [y, 7)] S 7~

°[h°) = & + x[ho (7.21)
solves Problem (7.9) for h = hy and satisfies
Rn—Q
< -v__ Tt hO v ota
|¢0(y77—)| ~ T 1+ ‘y|n,2 || | 2+

Finally, from (7.16) we see that we have that
o= [ nz+ [ U ool 2+ O s
Bar Bar
From here we find the validity of estimate

C(T) — / hOZ ho — Z/ hOZ
Baor Bar

Hence estimates (7.10) and (7.11) hold. The construction of the solution at mode
0 is concluded.

+ e B hy|
v,24a

<[]

u,2+ai| .

Construction at modes 1 to n. Here we consider the case h = h' where h!(y,7) =
>y hj(r,7)9;. The function

PR = Z b (r, 70, (7.22)

solves the initial-boundary value problem

¢r = Ap+pUP~ o+ h(y,7) in Bag X (10,00) (7.23)
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¢=0 on dBsg X (19,00), &(-,70) =0 in Bag,
if the functions ¢;(r, 7) solves
Or-p; = L1[pj] + hj(r,7) in (0,2R) x (19, 00) (7.24)
0r9;(0,7) =0=9¢;(R,7) forall 7e€&(r,), ¢jr,mn)=0 foral re(0,R),
where
®;

(=13 +pUP~ 1, (7.25)

ar¢ j
L:l[(rbj] = arr¢j + (’Il - ]-)TJ
Let us assume that ||k ||, 244 < +00, so that [R! (r,7)] < 77Y[|hY]|)21a(1+7) 7272
Let us consider the solution of the stationary problem L£;[¢] 4+ (1 +7)~3+%) =0
given by the variation of parameters formula

g 2 1 P (2+a) 2 1
where Z(r) = w,.(r). Since w,.(r) ~ r~"+! for large r, we find the estimate |4(r)| <

RTL—(L

7o is large, and thus we find |¢;(r,7)| S 77V
by (7.22) satisfies

Then 2||h;||,.2+a7 ¥ ¢(r) is a positive super-solution of Problem (7.24) if

R

Wuhjnwﬂw Hence ¢'[h'] given

Rno
|n—1 ||hl HV,QJra'

1rp1
6w S T

Construction at higher modes. We consider now the case of higher modes,
¢r = Agp+pUP 1o+ ht  in Byg x (19, 00) (7.26)
=0 on 9OBag X (19,00), ¢(-,79) =0 in Bag,
where h = h* = 3777 | h;(r)®; whose solution has the form ¢ = 327 | ¢;(r,7)0);.
We have that for ¢ € HE(Bag)

/W%www> (7.27)
Ban T2 T '

We refer to [7] for the proof of this fact. Let ¢.[h1] be the solution to
¢r = Ap+pUP~ (1 = xar)dp+h'(y,7) in Bag x (70,00)
¢=0 on 9JBag X (19,00), ¢(-,0)=0 in Bag,
where ht = ht — ¢!t Z, and ¢+ = fBzR htZ. By writing ¢ = ¢.[h*] + &, Problem
(7.26) reduces to solving
br = Ao +pUp*1(y)gg +h in Bop X (10, 00)
&ZO on 8BQR>< (To,OO), &(-,To)zo in BQR,
where h = pUP~'xar¢.[h*], for a sufficiently large M. The function
¢ = &+ gulh ] (7.28)
solves (7.26) and satisfies
SR S 7 [+ Il (L )] b

We simply let

v24a 0 Bag.

¢lh] == ¢°[h%] + ¢ [h'] + ¢ [h]
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for the functions defined in (7.21), (7.28). By construction, ¢[h] solves Equation
(7.9). It defines a linear operator of h and satisfies (7.10). The proof of Step 1 is
concluded.

Step 2. We complete the proof of Proposition 7.2. As before, we decompose h
in modes, h = h® + h! + h', and define separately associated solutions of (7.6) in
a decomposition ¢ = ¢° + ¢! + ¢t

Construction at mode 0. For a bounded radial h = h(|y|) defined in Bap with
fBzR hZy = 0 the equation

AH+pUp_1(y)H+iL0(|y|)=0 inR", H(y)—0 as |yl - o0

where h designates the extension of h as zero outside Bsg, has a solution H =:
Ly 1[h] represented by the variation of parameters formula

H(r) = Z(r) /OO h(s) Zo(s) s" L ds + Zy(r) /Oo h(s) Z(s)s" ds (7.29)

where Z(r) is a suitable second linearly independent radial solution of Lo[Z] = 0.
If we consider a function hy = ho(|y|, 7) defined in Bagr with ||ho||y,24e < +00 and
me hoZo = 0 for all 7, then Hy = Lgl[ho(-,r)] satisfies

HHO”V@ 5 Hh0||l/,2+a-
Let us consider the boundary value problem in Bsp
O, = AD +pUP™'® + Hy(ly|,7) — co(7)Z in Bag x (70,00) (7.30)
®=0 on 8333 X (T(),OO), (I)(',T()) =0 in BgR.

Thanks to the result in Step 1, we find a radial solution ®q[ho] to this problem,
which defines a linear operator of hy and satisfies the estimates

TfuRn72

< —— R Hyllvota, 7.31
| ~ 1_’_|y‘n_2 || 0” ,24a ( )

‘(I)O(ya T)

where for some v > 0

Hy—Z7 HoZ
Bar

+e 7 hollv24al-
v,24a

a(m) - | HOZ‘ SR
2R

(7.32)
At this point we observe that since Lo[Z] = (—p0)Z (one has —pg > 0, see (2.29))
then

(—t0) HyZ = HoLo[Z] :/

LolHol Z + / (20, Hy — Hod, 7),
Bar Bar Bar

OBar

and hence

HoZ = (—uo)_l/ ho Z + O™ )77 |lhollv.24a-

Bar Bar

Also, from the definition of the operator Ly ' we see that Z = (—puo)Ly '[Z]. Thus

L5 ko = (~10)Z /

. HOZ}

HHO — 7| Hyz
Bar

v,a ‘ v,a
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ho — Z/ hoZ
Bar

Let us fix now a vector e with |e| = 1, a large number p > 0 with p < 2R and a
number 71 > 79. Consider the change of variables

®,(z,t) == ®(petpz, i+p°t), H,(z,t) := p*[Ho(pe+tpz, T1+p*t)—co(T1+p°t) Zo(pe+pz)].
Then ®,(z,t) satisfies an equation of the form

0i®, = AP, + B,(2,t)®, + H,(z,t) in B1(0) x (0,2).

+ e hollv2ta-

< ‘
~J
v,24a

where B, = O(p~?) uniformly in B5(0) x (0,00). Standard parabolic estimates
yield that for any 0 < a < 1

IV=@pllze(By ©x.2) S [®PollLe= 1 0)x0.2)) + [ HpllL= (510 x 0.2))-
Moreover

[Hpll oo (B 0)x0,2)) S 0211 YN Hollvas 1@l (B 0)x(02)) S 71 K (p)

where

R —a
K(p) = ;RQ 1hollv,2+a (7.33)

This yields in particular that
pIVy@(pe, 1+ p*)| = [V9(0,1)] S 7K (p).
Hence if we choose 79 > R?, we get that for any 7 > 279 and |y| < 3R
L+ ly) IVy@(y, )| < 77K (lyl) (7.34)

We obtain that these bounds are as well valid for 7 < 27y by the use of similar
parabolic estimates up to the initial time (with condition 0).

Now, we observe that the function Hj is of class C' in the variable y and
IVyHoll14a,r < ||Roll24a,.- It follows that we have the estimate

L+ ly1*) [Dy@(y. 7] < 7 K (lyl)

for all 7 > 79, |y| < 2R. where K is the function in (7.33). The proof follows simply
by differentiating the equation satisfied by @, rescaling in the same way we did to
get the gradient estimate, and apply the bound already proven for V,®.

A+ y)ID*®(y, )| + (1 + [y Ve(y, 7)| + [2(y,7)]

n

S T_V|‘h0||u,2+aW in Bag.
This yields in particular
L@ )] S T Mhollzso T 0 B
We define
¢°[ho] := Lo[®]| .
Bar

Then ¢°[hg] solves Problem (7.6) with
(1) = (=po)co(T). (7.35)
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¢°[ho] satisfies the estimate

n

0 —v
h s < h v asT o n
‘¢ [ OKy T)‘ ~ T ” 0” 2+ 1+ |y|n

and from (7.32), estimate (7.7) holds too.

in Bog. (7.36)

Construction for modes 1 to n. We consider now h'(y,7) = > i by )95
with ||hY||,.24a < 400 that satisfies for alli=1,...,n S5 h'Z;=0 forall 7€
(10, 00). We will show that there is a solution

to Problem (7.6) for h = h', which define a linear operator of h' and satisfies the

estimate
n+1

1 < =
77- ~
9w S

Let us fix 1 < j < n. For a function h = h;(r)J;(%) defined in Bygr, we let
H=1L;'h = Hj(r)Y;(%) be the solution of the equation

R™||h]lv24a- (7.37)

AH +pUP'H + h;0; =0 inR", H(y) -0 as |yl = oo

where iLj designates the extension of h; as zero outside Byg, represented by the
variation of parameters formula

2R o
Hj(r) = w,(r) /T p"lwi(p)"l/p ﬁj(s) wr(s)n_QS"_l ds
If we consider a function h? = h;(r,7)J; defined in Baog with |7 ||, 244 < +00 and
fBZR h/Z; =0 for all 7, then H; = Ly '[h7 (-, 7)] satisfies the estimate
1Hjllv.a S Wjllv.24a-
Let us consider the boundary value problem in Bsg
®, = A® + pU(y)* '@ + H;(r)9;(y) in Bsr x (79,00) (7.38)

d=0 on 8333)( (7’0,00)7 @(-,TQ):O in BgR.
As consequence of Step 1, we find a solution ®;[h] to this problem, which defines a
linear operator of h; and satisfies the estimates
—V n
| < _TVRY
o1+ [yt

Arguing by scaling and parabolic estimates, we find as in the construction for mode
0,

®;(y, 7) R llv24a; (7.39)

Rn+17a
1+ |y‘n+1
We define ¢;[h;| := L[®;] B Then ¢;[h] solves the equation (7.6) and satisfies

2R

L[5 )l S 77 Al 24

~

in BQR.

Rn+1

|9 hi)(y, 7)| < T_Vth||u,2+aWR_a in Bap.
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We then define ¢![hl] := 2?21 $;[h;]9;. This function solves (7.6) for h = h! and

satisfies
1721 —v Rn+1 —a .
lo" W]y, T)| S 7 IIhjllu,2+a71+|y|n+1R in Bap. (7.40)

Construction at higher modes. In order to deal with the higher modes, for
h=ht= Y ieny1 hi(r)©; we let #*[h*] be just the unique solution of the problem
¢r = Ap+pU(y)P ¢+ h*  in Bag x (79, 0) (7.41)

(]5:0 on aBgRX(T(),OO), (]5(-,7’0):0 n BQR7
which is estimated as
1A

v,24a .
ot )y, T S T T\m: in Byg. (7.42)

We just let

lh] == ¢°[h°] + ¢'[n'] + ¢ 1]
be the functions constructed above. According to estimates (7.36) and (7.42) we
find that this function solves Problem (7.6) for ¢(7) given by (7.16), with bounds

(7.3), (7.4), (7.7) as required. The proof is concluded.
(]
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