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Abstract
We considetthe problem
EAu—V(z)u+u =0, u>0, ueH' (R?),

wherep > 1, £ > 0 isasmallparameteandV is auniformly positive, smoothpo-

tential. LetT" beaclosedcure, non-dgeneratgeodesicelative to theweighted

arclengthfF V7, whereo = f%} — % We prove the existenceof a solutionue

concentratinglongthewholeof T", exponentiallysmallin e atary positive dis-

tancefrom it, provided thate is smallandaway from certaincritical numbers.
In particularthis establisheshevalidity of a conjectureraisedin [3] in the two-

dimensionatase. (€ 2000Wiley Periodicals|nc.

1 Intr oduction and statementof main result

We considerstandingwavesfor a nonlinearSchiddingerequationin R of the
form

0
@) —ie 00 = 2~ QU+ [yl

wherep > 1, namelysolutionsof the form v (t,y) = exp(iAe~'t)u(y). Assum-
ing thatthe amplitudeu(y) is positve andvanishesat infinity, we seethat this
satisfieq1.1)if andonly if u solvesthe nonlinearelliptic problem

1.2) EAu—V(y)u+uP =0,u>0, uecH(RY),

whereV (y) = Q(y) + A. In therestof thispapemwewill assuméhatV isasmooth
functionwith

inf V 0.

nf, () >
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Considerablattentionhasbeenpaidin recentyearsto the problemof construc-
tion of standingwavesin the so-calledsemi-classicalimit of (1.1)e — 0. In the
pioneeringwork [14], Floer and Weinsteinconstructedpositve solutionsto this
problemwhenp = 3 and N = 1 with concentrationiakingplacenearagiven point
yo With V'(yo) =0, V" (yo) # 0, beingexponentiallysmallin ¢ outsideary neigh-
borhoodof 3. More preciselythey establishedhe existenceof a solutionu, such
that

1 1
ue(y) ~ V(yo) =Tw(V (yo) 2e ™ (y —vo))
wherew is theuniguesolutionof

(1.3) w'—w+wP =0,u>0, w'(0)=0, w(too)=0.

This resulthasbeensubsequentlgxtendedto higherdimensiondo the construc-
tion of solutionsexhibiting high concentratioraroundoneor morepointsof space
undervariousassumption®n the potentialandthe nonlinearityby mary authors.
We refer the readerfor instanceto [2], [4], [7]-[13], [15, 16, 17, 18, 21, 31, 32,
34, 36, 37, 3. An importantquestionis whethersolutionsexhibiting concentra-
tion on higherdimensionaketsexist. In [3], Ambrosetti,MalchiodiandNi have
consideredhe caseof V' = V(]y|), alsotreatedin [5, 6], and constructedadial
solutionsu,(]y|) exhibiting concentratioron aspherdy| = ro in theform

ue(r) ~ V(1) Tw(V(ro) 2~ (r — 1o)) ,
undertheassumptiorthatry > 0 is anon-dgenerateritical point of

(1.4) M(r)=rN"1ve(r)
where

_ptl 1
(2.5) o= =1 2

andw is againtheuniquesolutionof (1.3). The conjecturds raisedin [3] thatthis
type of phenomenomakesplace,at leastalonga sequence = ¢,, — 0, when&er
thespherdy| = r¢ is replacedy aclosedhypersuréicel’, whichis stationaryand
non-dgeneate for the weightedareafunctional [, V7. In this paperwe prove the
validity of this conjecturan dimensionN = 2.

For N = 2, thefunctionalabove, definedon closedJordancunesr’, hasa sim-
ple geometricaimeaning:it correspondso the arclengthof I" measuredvith re-
spectto themetricV? (dy? + dy2) in R?. Thuswewill establisttheconcentration
phenomenoonT', providedthatthis cune is anon-dgeneratelosedgeodesidor
this metricin R?.

We do not prove theresultfor all smallvaluese > 0 but only for thosewhich
lie away from certaincritical numbersMore precisely thereis anexplicit number
A« > 0 suchthatgivenc > 0, if ¢ is sufiiciently smallandsatisfieshegapcondition

(1.6) |k?e? — \,| >ce, forallkeN,
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thena solutionu, with therequiredconcentratiompropertyindeedexists. In other
words,thiswill bethecasewhen&er ¢ is smallandaway from thecritical numbers

%, in the sensehatfor fixedandarbitrarily smalle < v/A,,

To stateour main result,we needto malke precisethe conceptof a curve T' being
stationaryandnon-dgeneratdor theweightedengthfunctional . V7.

Let T beaclosedsmoothcurve in R? and/ = |T| its total length. We consider
naturalparameterizatiory(6) of I" with positve orientation,whereé denotesar
clengthparametemeasuredrom a fixed point of I". Let v(6) denoteouterunit
normalto I'. Pointsy which aredy-closel’, for suficiently small§, canberepre-
sentedn theform

(1.7) y=7(0)+tv(0), [t <d, 0€]0,0),

forallk e N.

wheremapy — (t,0) is alocal diffeomorphism Any curve suficiently closeto T’
canbeparameterizeds

Y9(8) =(8) + g(8)v(6)

whereg is a smooth,/-periodicfunctionwith small L*°-norm. Call 'y, the curve
definedthis way. By slight abuseof notationwe denoteV (¢,0) to actuallymean
V(y) for y in (1.7). Thenweightedlengthof this curve is given by the functional
ofg

4
I = [ Vo= [ Va0 0)d

Fg
=/V‘T 0) |y + gv' + g'v|db.

Since|y'| = 1 andv’ = k(6)+' wherek(#) denotesunatureof I', we getthatthe
above quantitybecomes

(L.8) / V7 (9(6),0)[(1+ kg)? + (¢')%]? db.

I' is saidto be stationaryfor the weightedlength [,. V7 if the first variation of
thefunctional(1.8) at ¢ = 0 is equalto zero. Thatis, for ary smooth,/-periodic
functionh(0)

¢
0= J'(0)[h] = / [(VO)h + VO kh) db,
0
whichis equialentto therelation

(1.9) oVi(0,0) = —k(6)V(0,0) forallg e (0,7).
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We assumehevalidity of thisrelationatT". Let usconsidemow the secondvaria-
tion quadratidorm

1 4
J"(0)[h,h] = 5/0 (VIR 2+ (V) +2(VO)k]h?] db

)4
- %/ (VIR + (V) — 2V K2 ]h] do
0

We saythatT" is non-dgeneate if sois this quadraticform in the spaceof all
functionsh € H'(0,¢) with h(0) = h(£). Thisis equivalentto the statementhat
thedifferentialequation

(VIR = (V) —2V k*]h = 0
hasonly the £-periodic solution A = 0, or using (1.9), that the boundaryvalue
problem

B +oVWoh — [0V Wy — (67t + 1) K2R = 0,
(1.10) h(0) = h(¢), h'(0) = h'(¢),

hasonly the trivial solution. As an example,let us considerthe radial caseV =
V(r). Thenwe seethatI’ = {r = r(} is stationarypreciselyif M'(ry) = 0 where
M is definedby (1.4). If in additionM" (rq) > 0, namelyif r is anon-dgenerate
localminimizer we havethat(V?);, +2(V7)k > 0. Thismakesautomaticallythe
quadratidorm J”(0)[h, k] positive definite,hencenon-singularA non-dgenerate
stationarycurve closeto I" will still bepresentf theradialpotentialis modifiedby
smallnon-radialperturbations.The geometricinterpretatiorallows the construc-
tion of otherexamplesIf V7 (y) ~ W upto alargevalueof |y| thenthemet-

ric V° dy? representapproximatelythatof asphereembeddedh R3. If eventually
V increasesothatV (y) ~ 1 for verylarge|y|, thewholemetricwill resemblehat
of a “globe attachedo a plane”, the presencef at leasttwo geodesicshusbe-
ing clear: oneon the globe,the otheron the connectingheck. Non-deyenerag of
thesegeodesicss nottruein generalput maybegenericallyexpectedn asuitably
strongC™-topology

We needafurtherelemento describehegapcondition(1.6). Let w denotethe
uniquepositive solutionof problem(1.3). We considerthe associatedinearized
eigewvalueproblem,

(1.11) B —h+pwP h=h, inR, , h(oo) = 0.

It is well known that this equationpossessea unique positive eigemwvalue Ag in
H'(R), with associate@igenfunctiorevenandpositive Z whichwe normalizeso
that [ Z2 = 1 (thisfollows for instancefrom theanalysisn [30]). In fact,asimple
computatiorshaws that

1 pt1

(1.12) )\Ozi(p—l)(p+3), Z=——wz.

\ /wap-l—l
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We definethenumber), as

1 ¢ 1 2
(1.13) A = Ao P </0 V(0,6)2 d9) .

Now we canstateour mainresult.

Theorem1.1. LetI’ bea non-dgeneate stationarycurvefor theweightedength
functional [ V7, asdescribedabove Thengivenc > 0 ther existsey > 0 sud
thatfor all € < ¢ satisfyingthegap condition

(1.14) |e2k? — A\,| > ce, VEkEN,

whee A\, > 0 is the numberin (1.13), problem(1.2) has a positive solution u.
which nearT, for y givenby (1.7),takestheform

(1.15) ue(y) = V(0,0)7T w (V(o,o)% é) (14 0(1)) .

For somenumbercy > 0, u. satisfiegylobally,
ue(y) < exp(—coe_ldist (y,T)) .

To explainin few wordsthedifficultiesencountereh theconstructiorof these
solutions Jet usassumédor themomentthatV = 1 onT" andthat/ = 27. Thenin
termsof the stretchectoordinategs, z) = e~!(¢,6) the equatiorwould look near
thecurve approximatelylike

Vo F 05 0P —v=0 (5,2) €RZ,

wherev is 27e~!-periodicin the z variable. The effect of cunatureandof varia-
tionsof V' areherengylected.Thelinearizationof this problemaroundthe profile
w(s) thusbecomes

boz+ bss +puP T Ip—p=0 (s,2) €,
with ¢ 2me ! -periodicin z. Functionsof theform
¢' = ws(s)[asinkez +beoskez], ¢ = Z(s)[asinkez + beoskez],

are eigenfunctionsassociatedo eigewaluesrespectiely —k?¢? and Ay — k?e2.
Marny of thesenumbersare small and“near non-invertibility” of the linear oper
atorthusoccurs. Thereforethe useof a fixed point agumentafter inverting the
linear operatorin the actualnonlinearproblemis a very delicatematter Worse
thanthis, thesetwo effectscombined,in principle orthogonabecausef the L?-
orthogonalityof Z andwy,, are actually coupledthroughthe smallerorderterms
neglected. In [1, 19, 20, 33 relatedsingularperturbationproblemsinvolving the
Allen-Cahnequationin phasetransitionsexhibiting only the translationeffect ¢!
have beensuccessfullytreatedthroughsuccessie improvementsof the approxi-
mationandfine spectralanalysisof the actuallinearizedoperator The principleis
simple: the betterthe approximationhigherthe chancef a correctinversionof
thelinearizedoperatoito obtaina contractiormappingformulationof theproblem.
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In [24, 25, 28, 35] resonanc@henomenaimilar to the“ ¢?-effect” hasbeenfaced
in relatedproblems. In [24, 25] a Neumannprobleminvolving whole boundary
concentrationwidely treatedfor point concentratiorafterthe works[23, 29, 30].
Recentlyin [27, 26] this boundaryconcentratioron a geodesiof the boundaryin
the3d-casdrasbeentreatedvia arbitrarily high orderapproximationsOurmethod,
closerin spirit to that of Floer and Weinstein,provides substantiakimplification
andflexibility to dealwith larger noiseandcouplingof the two effectsinherentto
this problem. The solutionto the full problemin the above idealizedsituationis
roughlydecomposeth theform

v(s,2) =w(s— f(ez)) +ee(ez) Z(s — f(ez)) + (s, 2)

wheref ande are2r-periodicfunctionsleft asparametersyhile ¢ (s, z) is L?(ds)-
orthogonafor eachz bothto w,(s — f(ez)) andto Z(s — f(ez)). Solvingfirstin
¢ anaturalprojectedproblemwherethelinearoperatoiis uniformly invertible, the
resolutionof the full problembecomegeducedto a nonlineay nonlocalsecond
ordersystemof differentialequationsn (f,e) which turnsto be directly solvable
thanksto the assumptionsnade. This approachs familiar whenthe parameters
(f,e) lie in a finite-dimensionakpace,correspondinghis time to adjustingin-
finitely mary parameters.To stressout the differencewith the radial case: the
parametee is not presentand f is just a singlenumber The analysiswe make
takes specialadvantagethroughFourier analysisof the factthatthe objectsto be
adjustedareone-ariablefunctions while we still believe thatthecurrentapproach
maybemodifiedto the higherdimensionatase We alsobelieve thegapcondition
maybeimprovedto sizese?, ary g > 1.

In therestof the papemwe carry outthe programoutlinedabove which leadsto
theproofof Theoreml.1.

2 The setup near the curve

Let I" bethe curwe in the statemenbf thetheorem.We shall usethe notation
introducedn theprevioussection.

Stretchingvariables,absorbinge from Laplace$ operatorreplacingu(y) by
u(ey), equation(1.2) becomes

(2.1) Au—V(ey)u+uP=0,u>0, ueH (R?).

Let (s,z) = e~1(t,0) benaturalstretchedtoordinatesssociatetb thecune T, =
e~!T, now definedfor

(2.2) z€[0,e7), s (—e 60,67 6p).
Equation(2.1)for u expressedn thesecoordinatebecomes

(2.3) Uyy + Uss + Bi(u) — V(es,ez)u+uP =0
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in theregion (2.2),where

1 ek(ez)us e2sk'(e2)u,
(1+ 8k(6z)s)2] + 1+¢ek(ez)s  (1+cek(ez)s)®

For furtherreferenceit is corvenientto expandthis operatoiin theform

Bl (u) = uzz[l —

(2.4) Bi(u) = (ek(ez) —e?sk*(ez))us + Bo(u) ,
where
(2.5) Bo(u) = €%sa1(es,e2)u, +esas(es,e2)u,, +>s%as(es, ez)u

for certainsmoothfunctionsa;(t,6),j = 1,2, 3. Obsere thatall termsin theoper
ator B; have e asacommonfactor

We considemow a furtherchangeof variablesin equation(2.3) with the prop-
erty thatreplacesat mainorderthe potentiallV’ by 1. Let

(2.6) a(8) = V(0,0)71, [(8)=V(0,0)3

andfix atwice differentiable £-periodicfunction f(6). We definev(z,z) by the
relation

2.7) u(s,z) = alez)v(z, 2), z=P(ez)(s— f(ez)) -

We wantto expressequation2.3)in termsof thesenew coordinatesWe compute:
(2.8) Uy = afvg, Uss = af gy

(2.9) u, = ed'v+avg(B(s = f)), +av,

Uy, = €2a"v + 26 [ve (B(s — f)) 2 + 0]
0 [Vl (B(s = 1))z 2+ 2002 (B(s — 1))z
(2.10) + vz (B(s — f))zz + v22]
We alsohave
(Bs—1)=elB(s—f)=Bf'], (Bls—1)..=[B"(s—f)—28'f-Bf"].

In orderto write down the equationit is convenientto alsoexpand
1
(2.11) V(es,ez) =V(0,ez) + V¢(0,e2)es + §%t(0,ez)6232 + ay(es,ez)e®s?

for asmoothfunctionay(t,0). It turnsoutthatu solves(2.3)if andonly if v defined
by (2.7) soles:

(2.12) S(v) = B3(v)+ B 2v,, + vgg + 0P —v =0,
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whereBjs(v) is alineardifferentialoperatordefinedby

Bs(v) = 5 [ek—erQ (%Jrf)] v
g

5 [ JLA (Go-61") va:

5 5
te? (ﬁ;x 20/~ Bf" ) va |

e B Greor)

_[eﬁQVt(ﬁH) +op 2Vtt(g+ ) ]v+B2(v)
and

(2.13) Bs(v) = (@f*) ' Bo(u) + (af?) ay(es,e2)e3s?

By (u) istheoperatorin (2.5)wherederivativesareexpressedn termsof formulas
(2.8)-(2.10) a4 is givenby (2.11)ands is replacedoy 871z + f.

Let w(z) denotethe uniquepositive solutionof (1.3). Then,takingw(z) as
a first approximation the error producedis e-times a function with exponential
decay Let usbe moreprecise.We needto identify boththe termsof ordere and
thoseof ordere?:

S(w) = By(w) =871 [5k—52k2 (%—l—f)] w

g wxw+52 (%ﬂw—%'f'—ﬁf") ww]

et g [<(Geor) ]
f

Jranen 5o o)

+67°

w + Ba(w)
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Bs(w) turnsoutto beof sizee®. Gatheringermsof orders ande? we get

1
S(w) =B [kwac — @Vt(O,sz)a:w] — ef72V(0,e2) fw
k2 " 28 22
2
—& [Efwm + ﬁwm + ﬁf'wz + @f Wy
24 Vi
-I-ﬁ—ﬂzf'mum + ﬂ—gtfxw]
167 B’
+52/8_2 l_ ]{:2.’L"ww + F-TQU)&I + ﬁ2|f,‘2'wacac + waav
o 20/ 1 1
—I—;w + a—ﬁmwm — ﬁwt:p?w— §V}tf2w]
+ By(w)

=S + £Sy + €283 + €28y + Ba(w).

Let us obsere that groupedthis way, the quantitiesS;, S3 are odd functionsof
z while Sy, S, areeven. We wantnow to constructa further approximatiornto a
solutionwhich eliminatesthetermsof ordere in theerror We seethat

S(w+¢) = S(w) + Lo(¢p) + Ba(¢) + No(¢),

where

(2.14) Lo(¢) =BGz + bua +pu” ¢ — ¢
and

(2.15) No(¢) = (w+ ¢)P — wP — puP ™14
We write

(2.16) S(w+¢) = [e(S1+ S2) + puz + puwP~rp— )]
+6253 +62S4 +B2('w) + /8_2¢zz + B3(¢) + N0(¢)

We choosep = ¢, in orderto eliminatethe term betweenbracletsin the above
expressionNamelyfor fixed z, we needa solutionof

—gr+ @ _p,wp—1¢ =¢e(S1+82), ¢(+o0)=0.
Asit is well known, this problemis solvableprovidedthat

(2.17) / (81 + So)wy dz = 0,

—0oQ

Furthermorethesolutionis uniqueunderthe constraint

(2.18) /oo pwydx = 0.
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We compute

o o o o
/ (S1+ So)wydr = / Siwgdr = 71 [k/ w2 — V_II/}/ xwwz] .
—0 —00 —00 —00
TheassumptiorthatT is stationary(1.9) amountdo k = —oV ~1V; whereo is the
constanthat preciselymakesthe amountbetweerbracletsidentically 0. In fact,
we have thevalidity of theidentity [ w?dz = 20 [ w?. Thesolutionhastheform

(2.19) ¢1 = b11+ P12,

where

(2.20) ¢11 = ear1(ez)wi(x), p12 = ef (e2)ai2(ez)ws,
with

(2.21) a1 =Bk, a1o=—B72V4(0,0) =0 k.

Functionw; theuniqueoddfunctionsatisfying
1

(2.22) —W1 g + W1 —puwP lw = w, + —zw, / wywydz =0,
o R

andws, is theuniqueevensolutionsatisfying
(2.23) —wo gz +wo — pwPTwy = w.

In fact,we canwrite
1 1
2.24 - w— —zw,.
(2.24) Wy = W p T
Substitutingp = ¢; in (2.16),we cancomputethe new error S(w + ¢1),
(2.25) S(w+¢1) =e>S3+2Sa+ Bo(w) + B2 (¢1) 2 + Bs(¢1) + No(1)-

Obserethatsince¢; is of sizeO(e) all termsabaove carrye? in front. We compute
for instance

(2.26) By(1) =B [k(¢1)a — B2Vi(0,e2)a1 | — e672Vi(0,2) f 61 + € a

Obsere thatall functionsinvolved areexpressedn (z, z) variablesandthenatural
domainfor thosevariableds theinfinite strip

S={—0<zr<00, 0<z</l/e}.

We now wantto measurehe sizeof the errorin L?(S) norm. A ratherdelicate
termin the cubic remainderis the onecarrying f” sincein reality we shall only

assumeauniformboundon || f"|| z2(o ¢ Obsere thatasimilaronearisesrom the
computatiorof (¢1),.. Both of thosetermshave similar form. For instancethe
onearisingfrom (¢1),, canbewrittenasR = &3 f"(ez)a12(e2)wa z (), With a1o

smooth.Obsere that

£
IR <0 [* 15" ez = s 2oy
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Hence .
IRl L2(sy < Ce2 || f" || L2(0,0)-
While in total L2-normwe have
3
B3 (1)l 12(s) < Ce?2 .

Let us considerthe term Ny(¢41). Since; canbe boundedby Ce|z|*w(z) for
large |z| we obtainthat

[No(¢1)| = [(w+¢1)P —w” —pwP ¢ |
= p(w+t¢1)p_2|¢1\2 < 062(1 + |z|P)w(x)P
hence

[V][5S)

[No (1) 2(s) < Cez.
In summarywe have
(2.27) ||S(w+¢1)||L2(5) <egz2,

Toimprove theapproximatiorfor asolutionstill keepingtermsof orders? we need
to introducea new parameteradditionalto f. We let Z(x) bethefirst eigenfunc-
tion of theproblem

Z" v pwP™rZ — 7 = N\ Z, Z(+o0) =0.

Then, asit is well known, Ay > 0, Z(z) is one-signecandevenin z. We now
considerur basicapproximatiorto a solutionto the problemnearthecurne T, to
be

(2.28) w=w+ ¢ +ee(ez)Z .

In all whatfollows, we will assumehevalidity of thefollowing constraintonthe
parameterg ande:

1
(2.29) 1 flla = 1fllzes(0,0) + 11 Ilzooco,0) + 17”1 20,0 < €2,

[MI°5)

1
(2.30)  ells =€®lle"llz2(0,0) + ell€'llz2(0,0) + llellzoogo,) < €2

In reality, aposterioritheseparametersvill turnoutto besmallerthanstatechere.
We setupthefull problemin theform S(w+ ¢) = 0, which canbeexpandedn
thefollowing way

SW+d) = B 2¢uz+ boe— d+pi® 19
+8(w) + B3 (¢) + (w+ )P —wP —puP~'p =10
Thenew errorof approximatioris
E; = S(w)=S(w+¢1)+eLlo(eZ)
+elp((w+¢1)" ™" —wP™ 1) (eZ) + By(eZ))]
+(w+p1 +eeZ)P — (w4 ¢1)P —p(w+ ¢1)P LeeZ,
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whereS(w + ¢1) is givenat (2.25). We decompose

Ey=En+Ep
where
(2.31) Ey =cLlo(eZ) = 723" Z + Npee Z,
and
(2.32) E,=FE,—Ey
In summanthe problemtakestheform nearthe curwe,
(2.33) L1(#) + B3(¢) + E1 + N1(¢) =0
whereE; wasjustdescribedand
(2.34) Li(¢) = B2zt baa+pe ' d— 6,
(235) Ni(9) = (+¢) = —pu” 4.

We recall that the descriptionheremadeis only local. We will be able howvever
to reducethe problemto onequalitatively similar to that of the above form in the
infinite strip.

3 The gluing procedure

Letw(y) denotethefirst approximatiorconstructedhearthe curve in the coor
dinatey in R?. Letd < &y/100, be a fixed number We considersmoothcut-of
functionn;(t) wheret € R suchthatns(¢) = 1if t < § and=0if ¢ > 26. Denoteas
well n5(s) = ns(e|s|), wheres is the normalcoordinateto I',. We defineour first
globalapproximatiorto be simply

W(y) = n3s(s)w,
extendedyloballyas0 beyondthe64/e-neighborhod of T'.. DenoteS(u) = Au—
V (ey)u+uP for u = w+ ¢, now ¢ globally definedin R2. ThenS(w + ¢) = 0 if
andonly if
(3.1) L(¢)=E+N(9),
where

E=8Ww), L($)=2d+pw'$-V,
and o ~ B
N(¢) = (W+ $)? —wP —pw?~ ¢,

We furtherseparate in thefollowing form:
b= 5+

where,in coordinategz, z), we assumehat ¢ is definedin the whole strip S so
thatwe want

L(n5¢) + L() = E+ N(n5¢).
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We achieve thisif thepair (¢, ¢) satisfieghefollowing nonlinearcoupledsystem:
(32)  L(¢) =5 N(p+) +n5E+npws ',

A =V + (L= nf)pwP ™" = (L—15) E + 26V V)
(3.3) +2e2(A155) ¢ + (L—05) N(n550 + 9).
Noticethatthe operatorL in thestrip S maybetakenasary compatiblesxtension
outsidethe 64 /e-neighborhod of thecune.

Whatwe wantto do next is to reducethe problemto onein thestrip. To dothis,
we solve, givena small ¢, Problem(3.3) for 1. This canbe donein elementary
way: Let usobsere first thatsinceV is uniformly positive andw is exponentially
smallfor |s| > de 1, wheres is thenormalcoordinateto T, thenthe problem

(3.4) Ap—(V — (1 —=n§)pw? )¢ = h,
hasa uniqueboundedsolutiony) wheneer || ||« < +00. Moreover,
l¥lloe < Cllhllco-

Assumenow that¢ satisfieghefollowing decaycondition
X

(35) Vo)l +Hswl <e ? forls > 2,

for certainconstanty > 0. SinceN hasa power-like behaior with power greater
thanone,adirectapplicationof contractiormappingprincipleyieldsthatProblem
(3.3) hasa unigue(small)solutiony) = (¢) with

l9(D) oo < Celll@llLoo(s)>5e-1) + IVPllLoo(is)>86-1)] 5

wherewith somealuseof notationby {|s| > §/e} we denotethe complemenbf
d/e-neighborhoodf I'.. Thenonlinearoperator) satisfiesa Lipschitzcondition
of theform

(1) — 19(2)lloo < Celllp1 — B2l Loo(s)>5e-1) + [V (1 — d2) | oo (5566 1) |-
Thefull problemhasbeenreducedo solvingthe (nonlocal)problemin theinfinite
stripS

(3.6) Lo () = 05N (¢ +(9)) + 15 B +nipu”~"9(¢)

fora¢ e HQ(S) satisfyingcondition(3.5). Here L, denotesalinearoperatorthat
coincideswith Z ontheregion |s| < 102.

We shall definethis operatomext. The operatorL for |s| < 102 is givenin
coordinateqz, z) by formula(2.34). We extendit for functions¢ definedin the
entirestrip S, in termsof (z, z), asfollows:

(3.7 Ly(¢) = L1(#) + x (e|z[) B3(¢)

wherex (r) is a smoothcut-off functionwhich equalsl for » < 10§ anvanishes
identicallyfor for » > 206 andL; is the operatordefinedin (2.34).
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Ratherthansolving problem(3.1) directly, we shalldoit in steps.We consider
thefollowing projectedproblemin H?(S): given f ande satisfyingbounds(2.29)-
(2.30),find functionsg € H%(S), ¢,d € L%(0,£) suchthat
(38)  Ly(¢) = xBi + Na(¢) + c(ez)xwy +d(ez)x Z in S,

(39) ¢($,0) :(ﬁ(.T,f/&‘), ¢Z(‘T70) :¢Z($,£/€), —00 <z < 409,

(3.10) /_O:OQS(m,z)wz(w)dx = /_o:ogb(:v,z)Z(:v)d:I: =0,0<z2z< g

Here Ny (4) = 15N (¢ +1(¢)) +n5pw~ 4(¢).

We will provethatthis problemhasa uniquesolutionwhosenormis controlled
by the L2 norm, not of whole E; but ratherthatof E;5.

After this hasbeendone,our taskis to adjustthe parameterg ande in such
away thatc andd areidentically zero. As we will see thisturnsoutto be equi-
alentto solvinga nonlocal,nonlinearcoupledsecondordersystemof differential
equationdor the pair (e,d) underperiodicboundaryconditions. As we will see
this systemis solvablein aregion wheretheboundq2.29)and(2.30)hold.

We will carry out this programin the next sections.To solwe (3.8)-(3.10)we
needto investigateinvertibility of L, in L2-H? settingunderperiodic boundary
conditionsandorthogonalityconditions.

4 Invertibility of Lo

Let Ly bethe operatodefinedin H2(S) by (3.7). In this sectionwe studythe
linearproblem
(4.2) Ly(¢p) = h+ c(ez)xwz +d(ez)xZ InS,
4.2) d(z,0) = p(z,2/¢), ¢,(x,0) = ¢p,(z,£/e),—00 < z < 00,
(4.3) / d(z,2) wy(z)dz = / d(r,z) Z(x)dz =0,0< z < é,
for givenh € L%(S). Herex(e|z|) is the cut-of introducedn thedefinitionof L
in (3.7). Ourmainresultin this sectionis thefollowing.

Proposition4.1. If § in thedefinitionof Ly is chosensuficiently smallthenthere
existsa constantC' > 0, independenbf e sud that for all smalle Problem(4.1)-
(4.3)hasa uniquesolution¢ = T'(h), which satisfieghe estimate

9l 25y < CllhllL2(s)-

For the proof of this resultwe needthe validity of the correspondin@ssertion
for asimpleroperatowhich doesnot dependf §. Let usconsideithe problem

(4.4) L(®)=-A¢+¢—puwP ¢ =h inS,
(45) (/)(x,()) :¢($’E/5)7 ¢z($’0):¢z(l‘,£/€)a —00o <z < 400,

(4.6) /_O:oqﬁ(w,z)wx(:v)dx = /_O:o¢($,z)Z(x)dx =0,0<z< g .
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Lemma 4.2. Thee existsa constantC > 0, independenbf e sud that solutions
of (4.4)-(4.6)satisfythea priori estimate

91l 72(s) < CllRll L2 (s)-

Proof LetusconsiderFourierseriesdecompositiongor h and¢ of theform

d(z,2) = i[¢1k(w)cos <#52) + ok (x)sin (#m)] ,

k=0

ha,2) = () cos (#w) + hog () sin (#az)] .

k=0
Thenwe have thevalidity of theequations
(4.7) ki +Lo(du) = ik, T ER
with orthogonalityconditions
[e.e] [e.e]

(48) / ¢lk Wy dx = / ¢lk Zdx =0.

—0o0 —00
We have denotechere

Lo(Bk) = — ik,zz + b1k — pwP ™ i
Let usconsiderthebilinearformin H'(R) associatedo the operatoiLy, namely

B.w) = [ (sl +(1—po? HpP)ds.
Since(4.8) holdswe concludethat

(4.9) ClllpelI72m) + 1)z 2 ()] < B(iw Pur)

for a constantC > 0 independenof [, k. Using this fact and equation(4.7) we
concludetheestimate

(1 ‘|‘k‘4g4)||¢lk||%2(R) + ||¢llc,$||%2(R) < C”hlkH%g(R)
In particular we seefrom (4.7) that ¢, satisfiesanequationof theform
~ Pz + bk = hig, TER

Where||ﬁlk||L2(R) < Cl|hug|lp2 (). Henceit follows thatadditionallywe have the
estimate

(4.10) (ke Zo @y < Cllbkll7z -
Adding up estimateg4.9),(4.10)in k£ and]/ we concludethat
ID?¢|72s) +11DBl72(s) + 1 72(5) < ClbllFzs),
which endsthe proof. O
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We considemaw the following problem:givenh € L?(S), find functions¢ €
H?(S), ¢,d € L?(0,£) suchthat

(4.11) L(¢p) = h+clez)wy+d(ez)Z InS,
(4.12)  ¢(x,0) = d(z,£/¢), ¢.(x,0) = ¢, (w,£/e),—00 <z < +o00,
o0 o

(4.13) / d(z,2) wy(z)dr = / d(z,2) Z(z)dz =0,0< 2z < g

— 0 — oo €
Lemma4.3. Problem(4.11)-(4.13)possesses uniquesolution.Moreover,

9]l 125y < CllIRllL2(s)-
Proof. To establishexistencewe assumehat
27k

h(z,z) = g[hlk(x)cos (Tsz) + hog(z)sin (#ez) ],

andconsidetthe problemof finding ¢y, € H*(R), andconstantsyy,, dy; suchthat
k*€*$ue + Lo(duk) = huk + coewg + digZ -z €R.
and

oo o]
/ ¢lk'wxdl':/ b Zdx = 0.
o o]

Fredholms alternatve yieldsthatthis problemis sohvablewith the choices
[o hipwgdz oo ik Zdx

Ck=""Foo 53— k= ~"70 2. "
T R wide %, Z2da

Obsere in particularthat

(4.14) ]§)|Clk|2+|dlk|2 SC&Hh”%z(s)
Finally define
> 2k . 27k
#(w.2) = S dri(w)cos (75 ex) + garla)sin (T ez |
k=0
andcorrespondingly
s 2k . 27k
c(z) = g[clk cos (%z) + o sin (%z) 1,
s 2k . 27k
d(z) = I;)[dlk cos (%z) + dog sin (%z) -

Estimate(4.14)givesthatc(ez)w, andd(ez)Z have their L2(S) normscontrolled
by thatof k. Theapriori estimate®f thepreviouslemmatell usthattheseriesfor
¢ is corvergentin H?(S) anddefinesa uniquesolutionfor the problemwith the
desiredbounds. O
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Proofof Proposition4.1. We will reduceProblem(4.1)-(4.3)to asmallperturba-
tion of a problemof the form (4.4)-(4.6)in which Lemma4.2 is applicable. We
will achieve this by introducinga changeof variablesthat eliminatesthe weight
B2 in frontof ¢,,. Welet

#z,2) = p(,a(2), a(z)=e [ " B(r)dr.

Themapa : [0, f) — [0,%) is a diffeomorphismhere] = f(fﬁ(r)dr. We denote

then
(:Zsz = /8(102’7 ¢zz = /62 (52)(10z’z’ + 55,(5'2)(:02’

while differentiationin z doesnotchange.The equationin termsof ¢ now reads

Ap—puP o+ o+ xBs(p) +pW T —wP o +efps =h
+é(e2)wy +d(e2')Z, inS
o(z,0) = o(z,1/€), @ (x,0) = g, (x,l/e),—00 < z < 400,
o o Z

/ o(z,2 ) we(z) dz = / o(z,2') Z(z)dx =0,0 <2 < —.

—00 —00 3
Hereh(z,2') = h(z,a~1(2')) andthe operatorBs is definedby usingthe abave
formulasto replacethe z derivativesby 2’ derivativesandthevariablez by a=!(2')
in the operatorB;. Thekey pointis thefollowing: the operator

By(p) = xBs(p) + o +p(a? " —uwP o
is smallin thesensehat

1B1(#)ll 28y < COllll 2 s

This last estimateis a ratherstraightforvard consequencef the factthat |es| <
206~ wherevertheoperatori; is supportedandtheothertermsareevensmaller
whene is small. Thusby reducingd if necessarywe apply theinvertibility result
of Lemma4.2. The resultthusfollows by transformingthe estimatefor ¢ into
similar onefor ¢ via changeof variables.This concludeghe proof.

[l

5 Solvingthe nonlinear intermediate problem

In this sectionwe will solve problem(3.8)-(3.10)
Ly(¢) + B3(¢) = xE1 + No(¢) + c(ez)x wg + d(e2)x Z,

underperiodicboundaryconditionsandorthogonalityconditionsn S. HereNy(¢) =
x N1(¢+ ¥(¢)) wheneer this operatoris well defined,namelyfor ¢ satisfying
(3.5). A first elementarybut crucialobserationis thattheterm

E = [36 %" +eoe]Z
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in the decompositiorof Ey, (2.31)-(2.32) haspreciselytheform d(¢z) Z andcan
thereforebe absorbedor now in thatterm. Thus,the equivalentproblemwe will
look atis

Ly(¢) + B3(¢) = xE12+ No(@) + clez)xwy +d(ez)x Z .
Thebig differencebetweerthetermsE,; andE; is their sizes.Noticethat

3
| E12]|p2(s) < Cez,

while E11 is apriori only of sizeO(e%). We call E; = xEro.

For furtherreferenceit is usefulto point out the Lipschitzdependencef the
termof error E5 ontheparameterg ande for thenormsdefinedin (2.29)-(2.30).
We have thevalidity of the estimate

3
(5.1)  [[Era(f1,e1) — Era(fo,e2)l|n2(s) < Ce2 (|| f1 — folla + |lexr — e2[p]

Let T betheoperatordefinedby Propositiord.1. Thenthe equations equva-
lentto thefixed pointproblem

(5.2) ¢ =T(E>+ Na(¢)) = Al¢).

The operatorT’ hasa usefulproperty: Assumeh hassupportcontainedn |z| <
29 Theng = T'(h) satisfiegheestimate

_2 406
(53) [6(2, )|+ V(2. 2)| < gllowe = for fo] > —.

In fact, sinceBs is supportedn |z| < @ andsodo thetermsinvolving ¢ andd,
then¢ satisfiedor |z| > 2%‘5 anequationof theform

/8_2¢zz + ¢zz— (1 +0(1))p=0
with o(1) — 0 uniformly ase — 0. For |z| > @ we canthenusea barrierof the

form o (z, 2) = || $lleee™ 2~ %) to concludethatfor [«] > 4% we hare
108

$(7,2) < [|lloce™ < -

The remaininginequalitiesfor ¢ arefoundin the sameway. The boundfor V¢
follows simply by local elliptic estimates.Now we recall thatthe operator(¢)
satisfiesasseendirectly from its definition,

(5.4) [ (@llzee < CLIIVS+[Bll] o0 g2 +¢72]
andalsothe Lipschitzcondition
(5.5)  9p(d1) =(¢2)llree < CTII[V(d1 = o) | + b1 — ol l| oo (4> 20 ] -

Thesefactswill allow usto construcaregionwherecontractiormappingprinciple
applies.As we have said,

3
[ B2l 12(s) < Cie?.
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for certainconstaniC,, > 0. We considetthefollowing closed boundedsubsebf

H?(S):
1]l i2(s) < De,
B={g¢ecms)| & y
[Pl + V¢l ||L°°(|z|>4si5) < ||¢||H2(S)6 €

we claim thatif the constantD is fixed sufficiently large thenthe map A defined
in (5) is acontractionfrom B into itself.

Let usanalyzethe Lipschitz characteof the nonlinearoperatorinvolvedin A
for functionsin B:

Na(¢) = xN1(¢+1(4))
where
Ni(¢) = pl(w+tg)P~ " —wP~"] 47,
fort € (0,1). Fromhereit follows that
IN1(9)] < ClIP +19l%],
sothatdenotingSs = SN {|z| < 10§/e}, we have thatfor ¢ € B,

IN2($)lI2(s) < CllIlT 2y + 181245y + LI (D)2, + 19(D) 1 Za(s, -
Using Sobole’s embeddingve get

16120 5y + 16l 7a¢s) < C D5y + 1l7r2s)] 5
while usingestimatg5.4),thefactsthat¢ € B, (5.3),thattheareaof Sy is of order
0O(d/¢e) andSobole’s embeddingye get

s
1920 (s, + 19 (D)[7a(s5) < Ce %[+ bl sy + 16l1Hr2(s) ] -
It thusfollows that
3

(5.6) IN2()2(s) < O +¢%).
Besidesasfor Lipschitzcondition,we find afteradirectestimate,

IN1(¢1) = Nu(2)ll2(s) < Lld11T2ns) + 111l acs)

+ld2llLas) + 1621l s)]
X[ll¢2 = prllL2e(s) + |62 — dillags) s

with constants” independenbf the bounda priori assumecbn 1 f1lz2(0,0)- We
thenconcludefor No,

[N2(h1) — Na(d2)llz2(s)y < [IN1(p1+9(¢1)) — Ni(d2 + (1))l 12(s;)
HIN1 (b2 +1p(é1)) — Ni(d2 +9(2)) |l 2(s5)
< Alllpr — d2llragsy) + ld1 — Palln2e(sy) ]
+A[llYp(h1) —¥(P2)ll La(s;)
+19(p1) = (P2)ll 120 (s5) ]
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where
A=A+ A
with
A = il s,y + 1900 Fans,y + 101l15a0s,) + 1980l agsy) » L= 1,2,
Arguingasbefore the conclusiornof theseestimatess
3 (p— 3
(5.7) [ Na(¢1) — Na(o)llr2(s) < C(e2P7D + 2|1 — ol as)
Now, let ¢ € B thenyp = A(¢) satisfieghanksto (5.6),
lellz2(s) < ITI{Cye? +CDPe3?}.
Choosingary numberD > C.||T'|| we getthatfor smalle
il 2 sy < De?.

Ontheotherhandwe have

el zee sy < Cllel a2(s)-

But ¢ satisfiesan equationof the form Ls(¢) = h with h compactlysupported.
Hencep belongsto B thanksto the discussiorabove. A is clearly a contraction
mappingthanksto (5.7). We concludethat (5) hasa uniquefixed pointin B.

We recallthatthe error E» andthe operatorT itself carry thefunctionsf and
e asparameters.A tediousbut straightforvard analysisof all termsinvolved in
thedifferentialoperatorandin theerroryield thatthis dependences indeedLips-
chitz with respecto the H2-norm (for eachfixede). In the operator considerfor
instancethefollowing only terminvolving f”:

By (¢) =" (2) o

Thenwe have
1B sy < [ 17O Pa0 (sup [~ 160, o)
Letp(z) = [°2 |de(z,2) > dz. Then
2
supip() < ¢ [ [8:f+2 [ I6llgus
1 —1 2
< 551;p<p(z)+46 /S\gbm| :

Hence

(5.8) (2) < Ce7Y@ll sy,
sothatfinally

1Bs (D)l r2(s) <ellflla-
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For the othertermsthe analysisfollows in simplerway. Emphasizinghe depen-
denceon f whatwe find for the Linearoperator?” is the Lipschitzdependence

[Ty, = T, | < Cel| f1 — flla-

We recallthatwe have the Lipschitzdependencés.1). Moreover, the operatorN
alsohasLipschitz dependencen (f,e). It is easilychecled thatfor ¢ € B we
have, with obviousnotation,

5
N1 ,e0) (@) = Nigyen) (D) 22(s) < Cez|| f1 — folla +[le1 — e2lls]-
Hencefrom thefixedpoint characterizatiome thenseethat

3
(59) ||¢(f1,61) - ¢(f2,62) HHZ(S) < Ce2 [Hfl - f2||a + ||€1 - 62”(;] .
We summarizeheresultwe have obtainedn thefollowing:

Proposition 5.1. Ther is a numberD > 0 sud that for all suficiently smalle
andall (f,e) satisfying(2.29)-(2.30),problem(3.8)-(3.9)has a uniquesolution
¢ = &(f,e) which satisfies

3
Pl 72(s) < Dez,
8
18] + [Vl ||Loo(|;,;|>4705) < ||¢||H2(8)6 €
Besides) dependd.ipsditz-continuouy on f ande in thesensef estimatg5.9).

Next we carry out the secondpartof the programwhich is to setup equations
for f andd which areequivalentto makingc, d identically zero. Theseequations
areobtainedby simply integratingtheequation(only in x) againstrespectiely w,,
andZ. It is thereforeof crucialimportanceo carry out computation®f theterms
Jg Brwg dz and [ E1 Z dz. We do thatin thenext section

6 Estimatesfor projectionsof the error

In thissectionwe carryoutsomeestimatesor thetermsf Ey w, dz and i E; Z dz,
whereFE;, werecall,wasdefinedin (2.31)-(2.32) andw,, is anoddfunction. Inte-
grationagainstll eventermsin E; thereforgustvanish.We have

/Elsz/E12wz:/S(w+¢1)wx
R R R

+ /wa lap[(w+¢1)p_1 —wp_l](GZ)+€Bg(6Z)‘|

—I—/sz l(w+¢1 +eeZ) — (w+ )P —p(w+ ¢1)p_lseZ] .

Werecall
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S(w + (}51) = 6253 + 6254 + Bg(w) + B3(¢1)
+[(w + ¢1)p —w” _pwp—1¢1] + /B_2(¢1)zz

whereS; is anoddfunction, S, is anevenfunctionandB; (w) is of ordere3. Thus
we seethat

/RS(w+¢1)ww — —52{5—1f"/Rw§

—I—2f'ﬁ’2ﬁ'/R(w§+mwmwz)

+2a7 187 f /Rw?c

+f (ﬁ‘1k2 /R wy + B3 Vy /]R wwwx) }
+/sz [(w+¢1)P —wP — puP~ ]

(6.1) + [ wBs(g0) + b1 s" + s
R

Hereandbelov we denoteby b;., [ = 1,2, generic,uniformly boundectontinuous
functionsof theform

bie = blg(z,f(sz),e(ez),f'(sz),se'(ez))
whereadditionallyd; . is uniformly Lipschitzin its four lastarguments.
Thecoeficientin frontof f(ez) in (6.1)canbecomputedas

£ (679 [ w2 57Va [ v ) =7 (5782 [ w2 =057V [ 02)

wherewe have usedthefactthat [ zww, = —1 [pw? = —0 [Rw?.

We seethattheterm [(w + ¢1)P — wP — pwP~'¢4] is to mainorderof the form
@wl’—%f andit isthereforeof theorderO(s?). Wehave ¢; = ¢11 + $12 Where
werecall$y; is odd, g5 is even,andwith their sizesrespectiely proportionako e
andto ef. Thusin the expansionof thesquareerm @wl’—%f asymptotically
only the mixed productbetweenp,; andg¢,o givesriseto a nonzeraermafterthe
integrationagainstw,,. We have

/R wal(w+ )P — P — puP L] dz

—1
(6.2) = ’% /R wewP %P2 dx + e3bo,

= €2a11(ez)a12(6z)f(5z)p(p— 1)/Rw$wp72w1w2 dz + €3boe.
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Now, let usconsider
o(e2) = /R Bs(oh1)w,.

All termsin this expressiorcarryin L?-normasfunctionsof = ez powersthree
or higherwith the exceptionof thetermsof sizee in Bs. Thuswe find

pe2) = ™" [ [K(@1)a B 2Vil0,e)a1] wa
R
—sﬁ_2V}(O,sz)f/R¢1ww+O(53).

Since
¢1 =ceaqi(ez)wi(z) +ef(ez)ara(ez)wa(x)
with wy (z) oddandw,(z) evenwe obtain

p(ez) = ezf(sz)alg(sz){ﬁ_l/R [k(wQ)w—ﬁ_QVt(O,sz)xwg] 'ww}

(6.3) 2§ (e2) B 2any (e2) Vi (0, e2) /R wiwg +O(eY)

=eany (ez)ara (ez)f(sz)/

1
lwg,xwm + —TWirwo +wWiWy | -
R o

Notethatby differentiatingthe equation(2.23)andusingequation(2.22),we ob-
tain

1
(6.4) /p(p— DuwP 2wywiwy = —/ Wpw —I—/ (wg + —zW)Wwo 4.
R R R o

Adding (6.2) and(6.3) andusing(6.4),we have

[ wallw+ 17 —w? —pur=igi]+ [ weBa(g)
R R

p(p— 1)wp*2w$w1w2

= 52(111(52)(112(‘52”(52)/]R

1
+wg g Wy + E-Tw:chQ +wiwg | + 63 [blsf” + b2€]

=287 o2 f /R[2w2,zw$ + a_lx(wzw)x] +&° [b1ef" + boc]

65) = -2 1o k2f /R w2 +e3b1e f" + boc]

wherewe have used(1.9) andthefollowing integral identities

_ 2 1 2 —1/ _L_ 2 / 2
/ng,mwm— (p_1+2)/wa,a ngw—(2 p—l) wa.
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In summarywe have establishedhat
(6.6) /RS('w + ¢ ) wpdr = 2[f"(e2) + v1(e2) f' +volez) f | + €3[bie f" + boc]

wherevy; is givenby

(6.7) () =B(B 26 +2a7 1 1) =aV 1V,
and-ys, is givenby
(6.8) 72(0) = —oV Wy + (67 + 1)k,

Let usestimatenow theterm

/wa lsp[(w + )Pt —wP N (eZ) + 6B3(6Z)]

/R Wy l(w + 1 +eeZ)? — (w+¢1)? —p(w+ qﬁl)p_leeZ] )
We find now that
69) [ woepl(w+¢17 ' —u 1}(e2)
+ [ wa{(we+ 1+ ee2)” = (we+ 1) —plw+ 1) eez]}
=ep(p—1) /pr—%lez wg +e”p(p—1) /pr—%?z?wgc +&3by,.

Thesecondntegral vanisheswhile in thefirst only thetermcarryingthe odd part
of ¢ is non-zero.Thuswe find thatthistermsequals

62a11(5z)e/ Zwiwy dz + 3bo, .
R

Letuscomputenow ¢ [ w;Bs(eZ)dz . In this term,we have to considercompo-
nentsof orderO(e) in the coeficientsof B3 which areoddfunctions.We obtain

6/ wyB3(eZ)dr = 626k(6z)/ Wy [Zg + c127]
R R
+254e"k(ez)/ Wy Z
R
+€3 [bise” + b%sf” + b2€] .
Summarizingwe have proventhat

/REI’“’w dz = e’[f" +yf' +ya(e2) f ]+ [r3(ez)e + e vae]
(6.10) +&3b1 " 4+ b2, f" 4 boe].
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The next computationsratheranalogouscorrespondo the projectiononto Z of
the error We computenow [ E4Z. The main componenin this expressionis
givenby

6[62,3726I,+>\06]/Z2
R
We alsohave atermlike

p(ez) = 6,671/ [k((,bl)w—ﬁ”%((),ez)xqbl} Z+€,372V;5(0,€Z)f/ 0 Z
R R
= EQk,Bflan(ez)/R[(wl)z%—clxwl]z
+62kﬁ_2‘/}(0,6z)f2a12(6z)/wQZ
R

— 258 ay (e2) /}R [(w1)s + c12w1] Z + £3bss

becausef theassumptioron f.

Therearealsotermsof ordere? comingfrom the secondorder expansionof
S(w). Werecall,from thedecompositiorf2.31)-(2.32thatthe errorcarrieseither
termsaccompaniety £? asafactoror by £3. Thetermswith €2 producefunctions
of 6 = ez with L2(0,£)-normsof ordere®. Thetermsof ordere? in the decompo-
sition of E; areeitherevenor oddin thevariablez. Thosewhich areodddo not
contriluteto theintegral sincethefunction Z is even. Takingalsointo accounthat

f andf’ areuniformly controlledby e we just needto consider
di(ez) = e72V4(0,e2) f(e2) / ¢1 Zdx
R
ds(e2) = 2%, e2)p(p—1) [ [wP~2u}) Zdo
R

dg(ez) = € /R [—ﬂ‘%%wx + 8746 |22 was +
+ﬁ_1ﬁ”$’wx + a—lﬁ—Qa//w + 204_1,3_30/.73’11)35
1
— §ﬂ4V}t$2w] Zdz .

It is easyto seethatalsod, = O(e?), The commonpatternof ds andds is that
eventhoughthey have sizee? in L? norm,they definesmoothfunctionsof = ¢z,
whichis averyimportantfactto obtainthedesiredresult.

For thetermparallelto (6.9) we get
ep(p— 1)/ wP™2p1eZ Z dx + *p(p — 1)/ wP2e?Z3dz + €31, = €%by, .
R R
We considemow anothercomponent:

e/ Bs(eZ)Z = —626(62)]0(62),3721/,5/ Z?2 + £ =0().
R R
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Additionally, we alsoneedto considersomehigherordertermsin e. The ones
involving first derivative are

66—/Z2+266—/xZZ

Only oneterm (in By(eZ)) involving e carriesalsoe®. But this term is also
accompanietdy [ Z(z)*zdz = 0. Therealsois atermof theform
[ef B7%y5(e2) + O(e?)]€" (e2)
with O(&?) uniformin e.
In summarywe have establishedhat,asafunctionof 8 = ¢z,

(6.11) /R B1Zdz = 1+ efys + O(e2)] 2"

+e3y6e’ +erge — e2yr(ez) + O(e3).
where~;,1 = 5,...,7 aresmoothfunctionsof their agument. Explicit expression
for the coeficient v, whichwe will needlater, is
270 [

7 Projectionsof terms involving ¢

We will estimatenext thetermsthatinvolve ¢ in (3.8)-(3.10)integratedagainst
wg andZ. Concerningw,, we call the sumof them(¢), which canbe decom-
posedasy = 32, p; below.

Let 1 (ez) = [z Bs(¢)w,. We male the following obseration: all termsin
B(¢) carrye andinvolve powersof z timesdervativesof 0,1 or two ordersof ¢.
Theconclusions thatsincew, hasexponentialdecaythen

4
| 160) 28 < O 4l s

Hence

le1llz2(0,6) < CE°.
In B3(¢) we singleouttwo lessregularterms. Theonewhosecoeficient depends
on f" explicitly hastheform

o1 = 21" /R $oZ(1+ kefi(z— f)) 2
- /R ${Z(1+kep(z— ) o

Since¢ hasLipschitz dependencen (f,e) in the form (5.9), we seethat this is
transmittedrom Sobole’s embeddingnto

||¢(f1;€1) ¢fz,ez)||L°° <C€2[||f1 folla + llex —e2lfs] 5



CONCENTRATION ON CURVES 27
from whereit follows

1
l1x(f1,€1) — P14 (f2,€2) |12 (0,) < Ce*2 || f1 = falla+ [ler —e2lls)] -

Theonearisingfrom secondderiative in z for ¢ is

Plssx = ‘/RQSZzZ[l - (1 + kEﬁ(.’E - f))_Q]dx
We readilyseethat

[10x (F1€1) = Pran(F2,€2) l2(0,0) < CE[|| f1 = falla + ler — ealls] -

Theremainderp; — g1, — w144 actuallydefinesfor fixede a compactoperatorof
thepair (f,e) into L2(0,£). Thisis aconsequencef thefactthatweakcorvergence
in H2(S) implieslocal strongconvergencein H!(S), andthe sameis the casefor

H?%(0,¢) andC'[0,4). If f; ande; areweakly corvergentsequences H?(0,4)

then clearly the functionqu(fj,ej) constitutea boundedsequencén H'(S). In

the above remainderonecanintegrateby partsif necessargncein z. Averaging
againstw, which decaysxponentiallylocalizesthe situationandthe desiredfact
follows.

We obsere alsothat g, (ez) = [ N(¢)w, canbe estimatedsimilarly. Using
thedefinitionof N (¢) andthe exponentialdecayof w, we obtain

le2llzzoe < Ce? gl < O

Let usconsidemow

pal(e2) = [ ol = Mg,
Sincew = w + ¢1 + ceZ and¢, canbeestimatedhs

eleZ ()| +|¢1 (x,2)| < Ce(|af” +1)e

we easilyseethatfor somes > 0 we have theuniform bound

[Pt — P lw,| < Cee™@lel
Fromherewe readilyfind that

3
lesllze(o,e) < Cel|dll g2 (s) < Ce®.

This termsdefinecompactoperatorssimilarly asbefore. We obsere that exactly
thesameestimateganbecarriedoutin thetermsobtainedrom integrationagainst
Z.
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8 The systemfor (f,e): proof of the theorem

In this sectionwe setup equationgelating f ende suchthatfor the solution
¢ of (3.8)-(3.9)predictedby Proposition5.1 one hasthatthe coeficient ¢(ez) is
identically zero. To achieve this we multiply first the equationagainstw, and
integrateonly in z, Theequatiorc = 0 is thenequialentto therelation

/R Frwadz + /R (No($) + Bs () + pl® ! — wP ) wada = 0.
Similarly d = 0 if andonly if

/ B\ Zdz + / (No () + B3 () +pl? " —w?)$) Zdz = 0.
R R

Using the estimatesn the previous sectionswe thenfind that theserelationsare
equialentto thefollowing nonlineay nonlocalsystemof differentialequationgor
thepair (f,e)

(8.1) Li(f) ="+ f +7f = vie+ e’ +eM.,

(8.2)  La(e)=e*(B %" +76¢') + Moe = & fyse” +ev7 + £ M.

TheoperatorsVf;. = M,.(f,e) canbedecomposeth thefollowing form:
M. (f,e) = Aic(f,e) + Kic(f,e)

whereK;, is uniformly boundedn L2(0,£) for (f,¢) satisfyingconstraintg2.29)-
(2.30)andis alsocompact.TheoperatorA,. is Lipschitzin thisregion,

| A (f1,e1) — A (fo,e2) 20,0y < Ce[ll f1 = falla + ller —e2ls] -

Thefunctionsy;,i = 1,...,7 aresmooth.

We will solve now system(8.1)-(8.2). Thefirst obseration is thatthe opera-
tor £, is invertible under/-periodicboundaryconditions. This follows from the
assumedon-dgenerag condition (1.10): if g € L?(0,4) thenthereis a unique
solutionf € H2(0,4) of L1(f) = g whichis ¢-periodicandsatisfies

1" 122 (0,0 + 1 1 oo 0,0) + 1 f 1 oo 0,0 < CllgllL2(0,0)-
We usenow assumptior{1.14)to dealwith invertibility of £,. We have:

Lemma 8.1. Assumehat condition(1.14) holds. If d € L?(0,£) thenther is a
uniquesolutione € H?(0,£) of L3(e) = d which is £-periodicandsatisfies

2ll€" lz2(0,0) +€ll€' | L2(0,6) + l€ll Lo (0,0) < CeHlldll| 20,0 -
Moreover if d isin H2(0,£), then

52||€"||L2(0,e)+||€'||L2(0,e)+||€||L°°(0,e) < C[Hd”“Lz(O,Z)+||dl||L2(0,€)]
+Clldll22(0,0)-



CONCENTRATION ON CURVES 29

Let usaccepftfor the momentthe validity of this resultandlet us concludethe
proofof thetheorem.

We solefirst Lo(eg) = ey7(6€) andreplacee = ey + é. Obsere thatby Lemma
8.1wehave

& llegllz2(0,0) + lleall Lo 0,0) < Cee.

Thesystenresultingon ( f, €) hasthesameform as(8.1)-(8.2)exceptthatnow the
terme~y; disappears.et usobsere now thatthelinearoperator

L(f,€) = (L1(f) —y3e — e*pe”, La(e)),
is invertiblewith boundsfor £L(f,e) = (g,d) givenby
171l +lelle < Cligllz+e*ld]l2.
It thenfollows from contractiormappingprinciplethatthe problem
[£+ (eA1e, €7 A2e)](f,€) = (9,d)

is uniquely sohable for (f,e) satisfying(2.29)-(2.30)if ||g||l2 < €27, ||d||> <
e%ﬂ’, for somep > 0. The desiredresultfor the full problem(8.1)-(8.2)then
follows directly from Schaudes fixed point theorem. In fact, refining the fixed
pointregion, we canactuallyget||e||, + || f ||« = O(e) for thesolution. a

Proofof Lemma8.1. We considerthenthe boundaryalueproblem
(8.3) £2(6) =d, 8(0) = e(e)a eI(O) = el(é)a

We malke thefollowing Liouville transformatiorc.f. [22]:

/[t JoB®)dD - éo
EO_/Oﬂ(O)dG t_OT,)\ 0

¥(0)= b [ F(0)a0),

)= 0)e(6), at) = 55

Obsenrethat ¥ is Z-periodicthanksto theexplicit formula(6.12)for thecoeficient
~v6- Then(8.3)getstransformednto

(8.4) Lo(y) =" +qt)y) +doy=d, y(0)=y(r), y(0)=y'(n),

andit thensufficesto establisithe estimateé.rl Lemmas8.1 for the solutionof this
problemin termsof correspondingiormsof d. It is standardhatthe eigemvalue
problem

(8.5) Y +aqt)y+ry=0, y(0)=y(x), ¥'(0)=y'(n),

n
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hasan infinite sequencef eigevalues )\, k£ > 0, with associatedrthonormal
basisin L?(0, ), {yx }, constitutecby eigenfunctionsA resultin [22] providesas-
ymptoticexpressiongsk — +oo for theseeigevaluesandeigenfunctionswhich
turnoutto correspondo thosefor ¢ = 0. We have:

1
(8.6) VA :2k+0(ﬁ).
Problem(8.4)is thensohableif andonly if A\, # Xo for all k. In suchacasethe
solutionto (8.3)thencanbewrittenas
o] glk
t) = —yr(t

Vi) =3 5w

with this seriesconvergentin L2. Hence

Wl = 3 B
YllL2(0,7) = (:\O_/\k€2)2.
Wethenchoose: suchthat

(8.7) |4k2e% — Xo| > ce

for all k, wherec is small. This correspondgreciselyto thecondition(1.14)in the
statemenof thetheorem From(8.6)we thenfind that|A\g — Aye?| > e if € isalso

suficiently small. It follows that||y|| ,2(p.r) < Ce™"(|d|| £2(o,x)- Obsere alsothat
1+ [k -

o0
19 22000 SC D Jdi|* =——— o= < C Y (1+EY)|di |-
LA(0m 1; (Ao — Ake?)? s

Hence
elly'l2(0,m) + 1191l Low 0,m) < Ce ™l L20,m)-
Besidesif disin H2(0,) with d(0) = d(), d'(0) = d' (), thenthesumy_, k*d2
is finite andboundedby the F2-normof d. This automaticallyimplies
52||y"||L2(0,7r) + ' L20,m) + lyll Lo (0,m) < C“ZZHHZ(O,w)a
andtheproofis complete. O
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