SYMMETRIC AND ASYMMETRIC MULTIPLE CLUSTERS IN AN ELLIPTIC SYSTEM

JUNCHENG WEI AND MATTHIAS WINTER

Abstract. We consider the following static Gierer-Meinhardt system in a bounded interval: 8

<
:

ϵ^2A^{00} � A +^{A2}_H = 0, x 2 (�1, 1), DH^{00} � H + A^2 = 0, x 2 (�1, 1), A^0 (�1) = A^0 (1) = H^0 (�1) = H^0 (1) = 0, where ϵ > 0 is a small parameter and D > 0 is a constant independent of ϵ. A cluster is a combination of several spikes concentrating at the same point. In this paper, we rigorously show the existence of symmetric and asymmetric multiple clusters. This result is new for elliptic systems and seems not to occur for single equations. We reduce the problem to the computation of two matrices which depend on the coefficient D as well as the number of different clusters and the number of spikes within each cluster.

1. Introduction

Since the work of Turing [35] in 1952, many models have been derived and investigated to explore the so-called Turing instability [35]. One of the most famous models in biological pattern formation is the Gierer-Meinhardt system [17], [26], [27], which in one dimension can be stated as follows: A_t = ϵ^2ΔA − A +^{Ap}_{Hq} , x ∈ (−1, 1), t > 0, τH_t = DΔH − H +^{Ar}_{Hs} , x ∈ (−1, 1), t > 0, A^′ (±, t) = H^′ (±, t) = 0,

(1.1)

where (p, q, r, s) satisfy 1 < qr (s + 1)(p − 1) < +∞, 1 < p < +∞, and where ϵ << 1, 0 < D < ∞, τ ≥ 0, D and τ are constants which are independent of ϵ.

1991 Mathematics Subject Classification. Primary 92C15, 35K57; Secondary 35J60. Key words and phrases. Multiple clusters, Symmetric and Asymmetric, Singular perturbation. 1

2 JUNCHENG WEI AND MATTHIAS WINTER

In this paper, we consider the steady-state problem of (1.1) and further assume that (p, q, r, s) = (2, 1, 2, 0). Namely we consider the following elliptic system

ϵ^2A^{′′} − A +^{A2}_H = 0, x ∈ (−1, 1), DH^{′′} − H + A^2 = 0, x ∈ (−1, 1), A(x) > 0, H(x) > 0, x ∈ (−1, 1), A^′ (−1) = A^′ (1) = H^′ (−1) = H^′ (1) = 0.

(1.2)

We remark that our results for (1.2) can be easily generalized to more general (p, q, r, s) cases. The main difficulty in studying (1.2) is that there is no variational structure. On the other hand, (1.2) represents a typical activator-inhibitor system in biological pattern formation.

Problem (1.2) has been studied by numerous authors. Let us mention several important existence results on multiple spike (also called multiple peak) solutions which are related to our present paper.

1) (Existence of symmetric N−peaked steady-state solutions) I. Takagi [34] first established the existence of N-peaked steady-state solutions with peaks centered at

x_j = −1 + 2j − 1 N , j = 1, . . . , N, for ϵ << 1,^{ϵ√}_D << 1. Such solutions are symmetric and they are obtained from a single spike by reflection. We call them symmetric N−peaked solutions since all the peaks have the same heights. Takagi’s proof is based on symmetry and the implicit function theorem.

2) (Existence of asymmetric N−peaked solutions) By using matched asymptotic analysis, M. Ward and the first author in [36] showed by asymptotic expansions that for D < D_N , where D_N is given explicitly, problem (1.2) has asymmetric N−peaked steady-state solutions. (An asymmetric multiple spike means that the heights at spikes are different.) Such asymmetric solutions are generated by two types of peaks – called type A and type B, respectively. Type A and type B peaks have different

MULTIPLE CLUSTERS 3

heights. They can be arranged in any given order

ABAABBB . . . ABBBA . . . B

to form an N−peaked solution. The existence of such solutions is surprising. It shows that the solution structure of (1.2) is much more complicated than one would first expect. The stability of such asymmetric N−peaked solutions is also studied in [36], through a formal approach. The stability issue of symmetric and asymmetric N-peaked solutions is addressed in [23] and [36].

We remark that asymmetric patterns can also be obtained for the Gierer- Meinhardt system on the real line by a dynamical systems approach, see [14].

In ([42]), we gave a rigorous and unified theoretic foundation for the existence and stability of general N−peaked (symmetric or asymmetric) solutions. In particular, the results of [23] and [36] were rigorously established. Moreover, it was shown that if the N peaks are separated, then they are generated by peaks of type A and type B, respectively. This implies that there are only two kinds of N-peaked patterns: the symmetric N−peaked solutions constructed in [34] and the asymmetric N−peaked patterns constructed in [36].

3) (Existence of a single cluster on R^1 and R^2)

Recently, Doelman, Kaper and H. van der Ploeg, [14], and independently Chen, del Pino and M. Kowalczyk [5] considered the Gierer-Meinhardt system on the real line. They constructed multiple-spike solutions concentrating at a single point on the real line. It turns out that the distance between neighbouring spikes is of the order O(ϵ log^1_ϵ ). We call such solution a single cluster. In other words, a cluster is a collection of multiple spikes concentrating at a single point.

Similar results in R^2 were obtained in [9], where spikes are located at regular polygons or concentric regular polygons, and the distance between spikes is of the order O(ϵ log log^1_ϵ ).

On the other hand, in recent years, the existence of a single spike or multiple spikes in a higher dimensional bounded domain has been studied

4 JUNCHENG WEI AND MATTHIAS WINTER

by many authors for the following singularly perturbed Neumann problem { ϵ^2Δu − u + f(u) = 0, u > 0 in Ω, ∂u ∂ν = 0 on ∂Ω,

(1.3)

or the following nonlinear Schrodinger equations

h^2Δu − V (x)u + f(u) = 0, u > 0 in R^k, U ∈ H^1(R^k) (1.4)

where f(u) has subcritical growth. We refer to [1], [2], [3], [4], [6], [7], [8],[10], [11], [18], [19], [21], [20], [22], [25], [28], [29], [30], [33], [38], [37], [43], [44] and the references therein.

However, there are fewer results on the existence of a single cluster or multiple clusters. It is proved ([20], [11]) that given nondegenerate local minimum points of the mean curvature of the boundary there exist (multiple) clusters to (1.3) concentrating at these point(s). In [24] for the nonlinear Schrodinger equation (1.4), an analogous result is proved for (nondegenerate local) maximum points of the potential V (x). In general, in order to obtain multiple clusters for single equations, we must either have nontrivial geometry of the domain or nontrivial critical points of the potential.

The results in this paper imply that an elliptic system alone can generate multiple clusters even when the domain is trivial and in the absence of a potential. Moreover, we will show that there are both symmetric and asymmetric multiple clusters. The locations of these clusters are determined by three ingredients: the number of clusters, the number of spikes within each cluster, and the order of clusters.

The main difficulty in constructing multiple clusters is that there are two scalings involved: the interactions between the clusters, and the interactions between the spikes within each cluster. In this paper we succeed in constructing multiple clusters in the one dimensional case. Our result is the first in this direction. It remains an open question if this is true in two dimension. Another interesting question is the stability of such solutions.

Before we state our main results in Section 2, we introduce some notation. Let L^2(−1, 1) and H^2(−1, 1) be the usual Lebesgue and Sobolev spaces.

MULTIPLE CLUSTERS 5

With the variable w we denote the unique solution of the following problem: w^{′′} − w + w^2 = 0, y ∈ R, w > 0, w(0) = max_{y∈R} w(y), w(y) → 0 as |y| → ∞. (1.5)

In fact, it is easy to see that w(y) can be written explicitly: w(y) = 3 2 sech^2 (y 2 ) . (1.6) Let I := (−1, 1). (1.7) For z ∈ (−1, 1), let G_D(x, z) be the Green function given by { DG^{′′}_D(x, z) − G_D(x, z) + δ_z(x) = 0, x ∈ (−1, 1), G^′_D(−1, z) = G^′_D(1, z) = 0. (1.8)

We can calculate explicitly G_D(x, z) = {_θ sinh(2θ) cosh[θ(1 + x)] cosh[θ(1 − z)], −1 < x < z, θ sinh(2θ) cosh[θ(1 − x)] cosh[θ(1 + z)], z < x < 1, (1.9)

where θ = D^{−1/2}. (1.10) We decompose G_D(x, z) into a singular part and a regular part: G_D(x, z) = K_D(|x − z|) − H_D(x, z), (1.11) where K_D(|x − z|) = 1 2 √ D e^{− 1√D |x−z|} (1.12) is the singular part of G_D(x, z) and H_D is the regular part H_D of G_D. Note that H_D is C^∞ in both x and z. Moreover, H_D(x, x) = 1 2 √ D − θ sinh(2θ) cosh[θ(1 + x)] cosh[θ(1 − x)]. (1.13) We use the notation e.s.t to denote an exponentially small term of order the O(e^{−d/ϵ}) for some d > 0 in the corresponding norm. By C we denote a generic constant which may change from line to line.

This paper has the following structure: In Section 2 we introduce our three main hypotheses, (H1) – (H3) and state our two main results, Theorem 2.1

6 JUNCHENG WEI AND MATTHIAS WINTER

and Theorem 2.2. In Section 3, we provide some preliminary results. In Sections 4–6, we construct suitable approximate solutions and give some calculations for them, namely about the space dependence of the heights (Section 5) and the error terms (Section 6). In Sections 7–9, we prove the existence of multiple-clustered solutions: In Section 7, we use the Liapunov- Schmidt method to reduce the existence of solutions to (1.2) to a finite dimensional problem; in Section 8 we solve this finite-dimensional problem and complete the proof of Theorem 2.2. In Section 9, we prove Theorem 2.1.

Acknowledgments: The work of JW is supported by an Earmarked Grant of RGC of Hong Kong. MW thanks the Department of Mathematics at CUHK for their kind hospitality. We thank Professor M. J. Ward for valuable discussions.

2. Main Results: Existence of Symmetric and Asymmetric Multiple Clusters Let −1 < x^0_1 < · · · < x^0_j < · · · < x^0_N < 1 be N points in (−1, 1) and let w be the unique solution of (1.5).

We introduce several matrices for later use: For x = (x_1, . . . , x_N ) ∈ (−1, 1)^N , let

G_D(x) = (G_D(x_i, x_j)). (2.1)

Recall that

G_D(x_i, x_j) = K_D(|x_i − x_j|) − H_D(x_i, x_j).

Let us denote^∂_{∂xi} as ∇_{xi} . When i ≠ j, we can define ∇_{xi} G(x_i, x_j) in the classical way. When i = j, K_D(|x_i − x_j|) = K_D(0) =^1_2^√_D is a constant and we define ∇_{xi} G_D(x_i, x_i) := − 1 2 d dx | | |_{x=xi} H^D(x, x). Similarly, we define ∇_{xi} ∇_{xj} G_D(x_i, x_j) =

MULTIPLE CLUSTERS 7 = { −^1_2^d_{dx} |_{x=xi}^∂_{∂x} |_{x=xi} H_D(x, x), if i = j, ∇_{xi} ∇_{xj} G_D(x_i, x_j), if i ≠ j. (2.2) Now the derivatives of the matrix G_D are defined as follows: ∇G_D(x) = (∇_{xi} G_D(x_i, x_j)), (2.3)

∇^2G_D(x) = (∇_{xi} ∇_{xj} G_D(x_i, x_j)). (2.4) By definition, it is easy to compute that

G_D = θ sinh(2θ) (a_{ij}), ∇G_D = θ^2 sinh(2θ)

(b_{ij}), ∇^2G_D = θ^3 sinh(2θ) (c_{ij}), where a_{ij} = { cosh(θ(1 + x_i)) cosh(θ(1 − x_j)), if i ≤ j; cosh(θ(1 − x_i)) cosh(θ(1 + x_j)), if i > j,

(2.5)

b_{ij} = sinh(θ(1 + x_i)) cosh(θ(1 − x_j)), if i < j; 1 2 sinh(2θx_i), if i = j;

− sinh(θ(1 − x_i)) cosh(θ(1 + x_j)), if i > j,

(2.6)

and c_{ij} = − sinh(θ(1 + x_i)) sinh(θ(1 − x_j)), if i < j; cosh(2θx_i), if i = j;

− sinh(θ(1 − x_i)) sinh(θ(1 + x_j)), if i > j.

(2.7)

We now have our first assumption:

(H1) There exists a solution (ξ̂^0_1 , . . . , ξ̂^0_N ) of the following equation N∑ j=1 G_D(x^0_m, x^0_j )n_j(ξ̂^0_j )^2 = ξ̂^0_m, m = 1, . . . , N. (2.8)

Next we introduce the following matrix b_{ij} = G_D(x^0_i , x^0_j )n_j(ξ̂^0_j ), B = (b_{ij}). (2.9) Our second assumption is the following:

(H2) It holds that 1 2 ∉ σ(B), (2.10) where σ(B) is the set of eigenvalues of B.

8 JUNCHENG WEI AND MATTHIAS WINTER

Remark 2.1: Since the matrix B is of the form G_DD, where G_D is symmetric and D is a diagonal matrix, it is easy to see that the eigenvalues of B are real.

By the assumption (H2) and the implicit function theorem, for x = (x_1, . . . , x_N ) near x_0 = (x^0_1, . . . , x^0_N ), there exists a unique solution ξ̂(x) = (ξ̂_1(x), . . . , ξ̂_N (x)) for the following equation N∑ j=1 G_D(x_i, x_j)n_jξ̂_j^2 = ξ̂_i, i = 1, . . . , N. (2.11) Set H(x) = (ξ̂_i(x)δ_{ij}), (2.12) N = (n_iδ_{ij}). (2.13) We define the following vector field: F (x) = (F_1(x), . . . , F_N (x)), where F_i(x) = N∑ l=1 ∇_{xi} G_D(x_i, x_l)n_lξ̂^2_l (2.14)

= −∇_{xi} H_D(x_i, x_i)n_iξ̂^2_i + ∑ l≠i ∇_{xi} G_D(x_i, x_l)n_lξ̂^2_l , i = 1, . . . , N. Set M(x) = (∇_{xj} F_i(x)). (2.15) Our final assumption concerns the vector field F (x).

(H3) We assume that at x^0 = (x^0_1, . . . , x^0_N ): F (x^0) = 0, (2.16) det (M(x^0)) ≠ 0. (2.17) Let us now calculate M(x^0): Therefore we first compute the derivatives of ξ̂. It is easy to see that ξ̂(x) is C^1 in x and from (2.8) we can calculate:

∇_{xj} ξ̂_i = 2 N∑ l=1 G_D(x_i, x_l)n_lξ̂_l∇_{xj} ξ̂_l + N∑ l=1 ∇_{xj} (G_D(x_i, x_l))n_lξ̂^2_l .

MULTIPLE CLUSTERS 9

For i ≠ j, we have

∇_{xj} ξ̂_i = 2 N∑ l=1 G_D(x_i, x_l)n_lξ̂_l∇_{xj}ξ̂_l + ∇_{xj} (G_D(x_i, x_j))n_jξ̂^2_j .

For i = j, we have

∇_{xi}ξ̂_i = 2 N∑ l=1 G_D(x_i, x_l)n_lξ̂_l∇_{xi}ξ̂_l + N∑ l=1 ∂ ∂x_i (G_D(x_i, x_l))n_lξ̂^2_l

= 2 N∑ l=1 G_D(x_i, x_l)n_lξ̂_l∇_{xi}ξ̂_l + ∇_{xi} (G_D(x_i, x_i))n_iξ̂^2_i + N∑ l=i ∇_{xi} (G_D(x_i, x_l))n_lξ̂^2_l ,

since^1_2^d_{dxi} G_D(x_i, x_i) = ∇_{xi} G_D(x_i, x_i).

Note that (∇_{xj} G_D(x_i, x_j)) = (∇G_D)^T .

Therefore, if we denote ∇ξ = (∇_{xj} ξ̂_i), (2.18) then we have

∇ξ(x) = (id − 2G_DN H)^{−1}[(∇G_D)^T N H^2 + (∇G_D)EN H^2], (2.19) where id is the identity matrix and E is the matrix whose elements are all equal to 1.

We can compute M(x^0) by using (2.19) and definition (2.2): M(x^0) = ∇^2G_DN H^2 (2.20) +2∇G_DN H(id − 2G_DN H)^{−1}[(∇G_D)^T N H^2 + (∇G_D)EN H^2].

Our first result is about the existence of symmetric multiple cluster solution which generalizes the results of I. Takagi [34]. Theorem 2.1. (Existence of symmetric multiple clusters)

Let N and n be two positive integers and x^0_j = −1 + 2j − 1 N , j = 1, . . . , N. Then, for ϵ << 1, problem (1.2) has a solution with N equidistant clusters which concentrate at x^0_1, . . . , x^0_N and each of which consists of n spikes. More precisely, it can be said that

10 JUNCHENG WEI AND MATTHIAS WINTER

A_ϵ(x) ∼ N∑ j=1 n∑ k=1 ξ_ϵξ̂^0w ( x − x^ϵ_{j,k} ϵ ) , (2.21)

H_ϵ(x^ϵ_{j,k}) ∼ ξ_ϵξ̂^0, j = 1, . . . , N, k = 1, . . . , n, (2.22) x^ϵ_{j,k} → x^0_j , j = 1, . . . , N, k = 1, . . . , n, (2.23) where

ξ_ϵ := ( ϵ ∫ R w^2(z) dz )_{−1} . (2.24)

Furthermore, x^ϵ_{j,s} − x^ϵ_{j,s−1} = ϵ log 1 ϵ − ϵ log[ ξ̂_0 2D (s − 1)(n + 1 − s)] + o(ϵ), (2.25) j = 1, . . . , N, s = 2, . . . , n, and ξ̂^0 = 2tanh^{θN} nθ . (2.26)

Remark 2.2: If n = 1, this recovers the results of [34]. Theorem 2.1 also generalizes the results of [5] and [14] to a bounded interval.

Our next result concerns the existence of asymmetric multiple clusters.

Theorem 2.2. (Existence of asymmetric multiple clusters)

Let N, n_1, . . . , n_N be N + 1 positive integers.

Assume that for (x^0_1, . . . , x^0_N ) ∈ (−1, 1)^N with x^0_1 < x^0_1 < . . . < x^0_N assumptions (H1), (H2) and (H3) are satisfied. Let (ξ^0_1 , . . . , ξ^0_N ) be given by (H1). Then for ϵ << 1, problem (1.2) has a solution with N clusters which concentrate at x^ϵ_1, . . . , x^ϵ_N , or more precisely:

A_ϵ(x) ∼ N∑ j=1 n_j∑

k=1 ξ_ϵξ̂^0_j w ( x − x^ϵ_{j,k} ϵ ) , (2.27)

H_ϵ(x^ϵ_{j,k}) ∼ ξ_ϵξ̂^0_j , j = 1, . . . , N, k = 1, . . . , n_j, (2.28) x^ϵ_{j,k} → x^0_j , j = 1, . . . , N, k = 1, . . . , n_j, (2.29)

MULTIPLE CLUSTERS 11 x^ϵ_{j,s} − x^ϵ_{j,s−1} = ϵ log 1 ϵ − ϵ log[ ξ̂0_j 2D (s − 1)(n_j + 1 − s)] + o(ϵ), (2.30) j = 1, . . . , N, s = 2, . . . , n_j. Remark 2.3: Equation (2.30) expresses the fact that we have two different scalings in the spike locations: the distance between the centers of clusters which is of the order O(1) and the distance between spikes within each cluster which is of the order O(ϵ log^1_ϵ ).

Let us now comment on how to check assumptions (H1)–(H3). It is difficult to check (H1) directly. Instead, we note that G^{−1}_D is a tridiagonal matrix. (See [23] and [36].) More precisely, we calculate

G^{−1}_D = (g_{ij}) = 2 √ D γ_1 β_1 0 ... . .. 0 β_1 γ_2 β_2 ... . .. ... ... ... ... . .. ... ... ... β_{j−1} γ_j β_j 0 ... ... ... ... . .. ...

0 ... ... 0 β_{N−1} γ_N

,

where γ_1 = coth(θ_1 + θ_2) + tanh(θ_1), γ_j = coth(θ_{j−1} + θ_j) + coth(θ_j + θ_{j+1}), j = 2, . . . , N − 1, γ_N = coth(θ_{N−1} + θ_N ) + tanh(θ_N ), β_j = −csch(θ_j + θ_{j+1}), j = 1, . . . , N − 1 and θ_j is given by θ_j = θ(x^0_j − x^0_{j−1}). (2.31) (Recall that θ was defined in (1.10).)

Note that g_{ij} = 2 √ D(β_{j−1}δ_{i(j−1)} + γ_jδ_{ij} + β_jδ_{i(j+1)}). (2.32) Verifying (2.8) amounts to checking the following identity N∑ j=1 g_{ij}ξ̂^0_j = n_i(ξ̂^0_i )^2, i = 1, . . . , N, (2.33)

12 JUNCHENG WEI AND MATTHIAS WINTER

which is an easy exercise.

Condition (2.16) prescribes the locations x_0 = (x^0_1, . . . , x^0_N ) of the clusters. Condition (2.17) is a nondegeneracy condition. Combining (2.8) and (2.16), we see that at x_0 we must solve the following ODE: Dh^{′′} (x) − h(x) + ∑_N j=1 n_j(ξ^0_j )^2δ_x0_j = 0, −1 < x < 1, h(x^0_j ) = ξ^0_j , j = 1, . . . , N, h^′ (x^0_j +) − h^′ (x^0_j −) = 0, j = 1, . . . , N, h^′ (−1) = h^′ (1) = 0.

(2.34)

The derivation of (2.34) is similar to Section 7 of [42]. From (2.34), we obtain the following: Given a set of positive integers (n_1, . . . , n_N ), we can compute the locations of x_0 = (x^0_1, . . . , x^0_N ) explicitly. Then we can compute the matrices B and M.

To verify (H2) and (H3), we need to know the eigenvalues of B and M. In the same way as for the matrix G_D, one can show that B^{−1} is a tridiagonal matrix. Even with this piece of information, it is almost impossible to obtain an explicit formula for the eigenvalues. Numerical software for solving eigenvalue problems of large matrices is indispensable. By asymptotical analysis, one can show that as D → 0, the matrices G_D, B and M are asymptotically diagonal. So at least for D small, assumptions (H2) and (H3) are satisfied.

The main idea in proving Theorem 2.2 consists of the following steps: We first rewrite (1.2) as a single nonlocal equation:

S_ϵ[A] = ϵ^2A^{′′} − A +

A^2 T [A] = 0,

where H = T [A] satisfies

DH^{′′} − H + A^2 = 0, H^′ (−1) = H^′ (1) = 0.

Step 1: We choose good approximate solutions. A ∼ w_{ϵ,}x = N∑ j=1 n_j∑

k=1 ξ_ϵξ_{j,k}w ( x − x_{j,k} ϵ ) , j = 1, . . . , N, k = 1, . . . , n_N , where ξ_{j,k} and x_{j,k} will have to be chosen carefully. More precisely, we first choose x_{j,k} such that x_{1,1} < x_{1,2} < . . . < x_{1,n1} < x_{2,1} < . . . < x_{2,n2} < . . . < x_{N,1} < . . . < x_{N,nN} ,

MULTIPLE CLUSTERS 13 x_{j,l}−x_{j,l−1} ∼ ϵ log 1 ϵ −ϵ log[ ξ̂0_j 2D (l−1)(n_j+1−l)], j = 1, 2, . . . , n, l = 2, . . . , n_{j−1}, | | | | ∑_{nj} k=1 x_{j,k} n_j − x^0_j | | | | ≤ ηϵ^{3/4}, j = 1, . . . , N, where η > 0 is a suitably chosen small constant.

Next we choose ξ_{j,k} so that they will solve a system of algebraic equations. This is done in Section 4.

Step 2: The error terms.

We then compute the space dependence of the heights, T [w_{ϵ,}x](x_{j,k} +ϵy)− T [w_{ϵ,}x](x_{j,k}) and the error term S[w_{ϵ,}x]. This is done in Section 5 and Section 6, respectively.

Step 3: The Liapunov-Schmidt reduction method.

By using the Liapunov-Schmidt reduction method we solve the following equation S_ϵ[w_{ϵ,}x + ϕ] = ∑ j,k α_{j,k} dw_{ϵ,}x dx_{j,k} , ∫ I ϕ dw_{ϵ,}x dx_{j,k} dx = 0, j = 1, . . . , N, k = 1, . . . , n_j, where α_{j,k} = α_{j,k}(x) are some scalar functions depending on x.

This is done in Section 7. Step 4: The reduced problem.

Finally, we solve the following reduced problem: α_{j,k}(x^ϵ) = 0, j = 1, . . . , N, k = 1, . . . , n_j. This is done in Section 8.

A natural question is the following: Are all N−cluster solutions generated by two types of clusters as is the case for spikes? We believe that this should be true but the proof may be complicated and is left to a future study.

3. Some preliminaries

In this section, we consider a system of nonlocal linear operators. This section provide the foundation for the Liapunov-Schmidt reduction process in Section 7. We first recall from [42]:

14 JUNCHENG WEI AND MATTHIAS WINTER

Theorem 3.1. Consider the following nonlocal differential operator Lϕ = ϕ^{′′} − ϕ + 2wϕ − γ ∫ R wϕ ∫ R w^2 w^2 = αϕ. (3.1)

If γ ≠ 1, then Ker(L) = span{w^′}.

Next, we consider the following system of nonlocal operators

LΦ := ΔΦ − Φ + 2wΦ − 2 (∫ R w CΦ dy ) (∫ R w^2 dy )_{−1} w^2, (3.2)

where

Φ = ϕ_{1,1} . . ϕ_{1,n1} . . ϕ_{N,1} . . ϕ_{N,nN}

∈ (H^2(R))^|n^|,

n = (n_1, n_2, . . . , n_N ), |n| = n_1 + n_2 + . . . + n_N ; C = (c_{j,k;m,s}), c_{j,k;m,s} = G_D(x_j, x_m)ξ̂_m for j, m = 1, . . . , N, k = 1, . . . , n_j, s = 1, . . . , n_m, Remark 3.1. The matrix C is the product of a symmetric matrix and a diagonal matrix. It therefore has only real eigenvalues.

Lemma 3.2. Suppose that (H2) holds. Then 1 2 ∉ σ(C). (3.3) Proof. Let η = (η_{1,1}, . . . , η_{1,n1} , . . . , η_{N,1}, . . . , η_{N,nN} ) be an eigenvector of C with eigenvalue λ. Then we have ∑ m,s c_{j,k;m,s}η_{m,s} = λη_{j,k}.

MULTIPLE CLUSTERS 15

This can be rewritten as ∑ m G_D(x_j, x_m)ξ̂_m ∑ s η_{j,s} = λη_{j,k}, j = 1, ..., N, k = 1, ..., n_j. (3.4) Summing over k, we obtain ∑ m G_D(x_j, x_m)n_jξ̂_m ∑ k η_{j,k} = λ ∑ k η_{j,k}. So ∑ k η_{j,k} is an eigenvector of B. Thus, by (H2), either λ ≠^1_2 or ∑ k η_{j,k} = 0 for j = 1, . . . , N. In the latter case, we then have from (3.4) that λη_{j,k} = 0 and hence λ = 0. In any case, we obtain λ ≠^1_2 .

Assumption (H2) and Lemma 3.2 imply that (H2’) It holds that 1 2 ∉ σ(C). (3.5) For later use, we set

L_0u := u^{′′} − u + 2wu, (3.6)

where u ∈ H^2(R).

The conjugate operator of L under the scalar product in L^2(R) is

L^∗Ψ = Ψ^{′′} − Ψ + 2wΨ − 2C^T (∫ R w^2Ψ dy ) (∫ R w^2 dy )_{−1} w, (3.7)

where

Ψ = ψ_{1,1} . . ψ_{1,n1} . . ψ_{N,1} . . ψ_{N,nN}

∈ (H^2(R))^|n^|.

We obtain the following

Lemma 3.3. Assume that assumption (H2) holds. Then

Ker(L) = X_0 ⊕ X_0 ⊕ · · · ⊕ X_0, (3.8)

16 JUNCHENG WEI AND MATTHIAS WINTER

where X_0 = span { w^′ (y) } and Ker(L^∗) = X_0 ⊕ X_0 ⊕ · · · ⊕ X_0. (3.9) Here the number of factors is |n|.

Proof: Let us first prove (3.8). Suppose LΦ = 0.

Let us diagonalize C such that P^{−1}CP = J, where P is an orthogonal matrix and by Remark 3.1 J has diagonal form, i.e., J = σ_1 0 σ_2 ... 0 σ_|n_| with suitable real numbers σ_j, j = 1, 2, . . . , |n|.

Defining Φ = P Φ̃ we have Φ̃^{′′} − Φ̃ + 2wΦ̃ − 2 (∫ R w^2 dy )_{−1} ∫ R wJΦ̃ dyw^2 = 0. (3.10) For l = 1, 2, . . . , |n| we consider the l-th equation of system (3.10): Φ̃^{′′}_l − Φ̃_l + 2wΦ̃_l − 2σ_l (∫ R w^2 )_{−1} ∫ R wΦ̃_l dyw^2 = 0. (3.11) By Theorem 3.1, (3.11) tells us that Φ̃_l ∈ X_0. (3.12) (since by assumption (H2’) we know that σ_l ≠ 1/2).

Continuing in the same way for l = 1, . . . , N, we have Φ̃_l ∈ X_0, l = 1, . . . , |n|. (3.13)

MULTIPLE CLUSTERS 17

(3.8) is thus proved.

To prove (3.9), we proceed similarly for L^∗.

Using σ(C) = σ(C^T ), the l-th equation of the diagonalized system is as follows:

Ψ̃^{′′}_l − Ψ̃_l + 2wΨ̃_l

−2 (∫ R w dy )_{−1} σ_l ∫ R w^2Ψ̃_l dyw = 0. (3.14) Multiplying (3.14) by w and integrating over the real line, we obtain (1 − 2σ_l) ∫ R w^2Ψ̃_l dy = 0, which implies that ∫ R w^2Ψ̃_l dy = 0, since 2σ_l ≠ 1.

Thus all the nonlocal terms vanish and we have L_0Ψ̃_l = 0, l = 1, . . . , |n|. (3.15) This implies that Ψ̃_l ∈ X_0 for l = 1, . . . , |n|.

As a consequence of Lemma 3.3, we have Lemma 3.4. The operator L : (H^2(R))^|n^| → (L^2(R))^|n^| is invertible if it is restricted as follows

L : (X_0 ⊕ · · · ⊕ X_0)^⊥ ∩ (H^2(R))^|n^| → (X_0 ⊕ · · · ⊕ X_0)^⊥ ∩ (L^2(R))^|n^|. Moreover, L^{−1} is bounded.

Proof: This follows from the Fredholm Alternatives Theorem and Lemma 3.3.

18 JUNCHENG WEI AND MATTHIAS WINTER

4. Computations I: The approximate solutions

Let −1 < x^0_1 < · · · < x^0_j < · · · x^0_N < 1 be N points satisfying the assumptions (H1) – (H3). Let x^0 = (x^0_1, . . . , x^0_N ). (4.1) In this section, we now construct an approximate solution to (1.2) with N clusters concentrating at these prescribed N points. As we shall see, these approximate solutions are to be valid in O(ϵ^{3/4}). Let −1 < x_{1,1} < · · · < x_{1,n1} < x_{2,1} < · · · < x_{2,n2} < · · · < x_{N,1} < · · · < x_{N,nN} < 1 be such that

ϵ log 1 ϵ − ϵ log[ ξ̂0_j 2D (l − 1)(n_j + 1 − l)] − ηϵ ≤ x_{j,l} − x_{j,l−1} (4.2) ≤ ϵ log 1 ϵ − ϵ log[ ξ̂0_j 2D (l − 1)(n_j + 1 − l)] + ηϵ, j = 1, . . . , N, l = 2, . . . , n_j, and | | | | ∑_{nj} l=1 x_{j,l} n_j − x^0_j | | | | ≤ ηϵ^{3/4}, (4.3) where η > 0 is a small number which will be chosen in Section 7. The reason why we assume (4.2) will become clear in Section 8.

We use Ω_η to denote the set of all x = (x_{1,1}, . . . , x_{1,n1} , . . . , x_{N,1}, . . . , x_{N,nN} ) satisfying (4.2) and (4.3). We further denote x^0 = (x^0_{1,1}, . . . , x^0_{1,n1} , . . . , x^0_{N,1}, . . . , x^0_{N,nN} ) (4.4) where Ω_0 = {x^0}. (4.5) To simplify our notation, for x ∈ Ω_η we set w_{j,k}(x) = w ( x − x_{j,k} ϵ ) · χ (| | | x − x_{j,k} δ | | | | ) , (4.6)

where χ is a smooth cut-off function which satisfies the following conditions: χ(x) = 1, for |x| < 1 2 , χ(x) = 0, for |x| > 3 4 , χ ∈ C^∞_0 (R), (4.7) and δ = 1 10 ϵ log 1 ϵ .

MULTIPLE CLUSTERS 19

From (4.2), using that w(y) ∼ e^{−|y|} as |y| → ∞, we derive that ∫_1 −1 w_{j,k}w_{m,s} dx = e.s.t., if j ≠ m, O(ϵ^3), if j = m, |k − s| ≥ 2, O(ϵ^2), if j = m, |k − s| = 1, (4.8)

w ( x_{j,l} − x_{j,l−1} ϵ ) = ϵ 2D ξ̂^0_j [(l − 1)(n_j + 1 − l)] + O(ηϵ), j = 1, . . . , N, l = 2, . . . , n_j, (4.9) where η > 0 is a small number.

For x ∈ Ω_η, w_{ϵ,}x(x) = ξ_ϵ N∑ j=1 n_j∑

k=1 ξ_{j,k}w_{j,k}(x), (4.10) where ξ_ϵ is defined in (2.24) and the numbers ξ_{j,k} > 0 will be chosen at the end of this section. By rescaling Â = ξ_ϵA, Ĥ = ξ_ϵH, we obtain that (1.2) is equivalent to the following system for the rescaled functions Â, Ĥ: ϵ^2Â^{′′} − Â +^{Â2}_Ĥ = 0 in (−1, 1), DĤ^{′′} − Ĥ + ξ_ϵÂ^2 = 0 in (−1, 1), Â(x) > 0, Ĥ(x) > 0 in (−1, 1), Â^′ (−1) = Â^′ (1) = Ĥ^′ (−1) = Ĥ^′ (1) = 0.

(4.11)

From now on, we shall work with (4.11) and drop the hats. We first rewrite (4.11) as a single equation with a nonlocal term.

For a function A ∈ H^2(−1, 1), we define T [A] to be the solution of { D(T [A])^{′′} − T [A] + ξ_ϵ^{A2}_{T [A]} = 0, −1 < x < 1, (T [A])^′ (−1) = (T [A])^′ (1) = 0.

(4.12)

It is easy to see that the solution T [A] is unique and positive. Then (4.11) becomes

S_ϵ[A] := ϵ^2A^{′′} − A +

A^2 T [A] = 0, A > 0, A^′ (−1) = A^′ (1) = 0. (4.13) Let A = w_{ϵ,}x, where x ∈ Ω_η. We are now going to choose ξ_{j,k}. Let us first compute

τ_{m,s} := T [w_{ϵ,}x](x_{m,s}). (4.14)

20 JUNCHENG WEI AND MATTHIAS WINTER

From (4.12), we have τ_{m,s} = ξ_ϵ ∫_1 −1 G_D(x_{m,s}, z)w^2_{ϵ,}x(z) dz + e.s.t.

= ξ_ϵ ∫_1 −1 G_D(x_{m,s}, z) [_{nm} ∑ k=1 ξ^2_{m,k}w^2_{m,k}(z) + ∑ k≠l ξ_{m,k}ξ_{m,l}w_{m,k}(z)w_{m,l}(z) ] dz

+ξ_ϵ ∫_1 −1 G_D(x_{m,s}, z) ∑ j≠m [_{nj} ∑ k=1 ξ^2_{j,k}w^2_{j,k}(z) + ∑ k≠l ξ_{j,k}ξ_{j,l}w_{j,k}(z)w_{j,l}(z) ] dz + e.s.t. = I_1 + I_2 + e.s.t., (4.15) where I_1 and I_2 are defined by the last equality.

The integral I_2 is easy to compute:

I_2 = ξ_ϵ ∑ j≠m n_j∑

k=1 ξ^2_{j,k} [ G_D(x_{m,s}, x_{j,k})ϵ ∫ R w^2(y) dy + O(ϵ^2) ]

+ξ_ϵ ∑ j≠m ∑ k≠l [ ξ_{j,k}ξ_{j,l} ∫ I G_D(x_{m,s}, z)w_{j,k}(z)w_{j,l}(z) dz + O(ϵ^2) ]

= ξ_ϵϵ ∫ R2 w^2(y) dy [ ∑ j≠m n_j∑

k=1 ξ^2_{j,k}G_D(x_{m,s}, x_{j,k}) + O(ϵ) ] , (4.16) using the estimate (4.8).

For I_1, we have

I_1 = ξ_ϵ nm∑ k=1 ξ^2_{m,k} ∫ I G_D(x_{m,s}, z)w^2_{m,k}(z) dz

+ ξ_ϵ ∑ k≠l ξ_{m,k}ξ_{m,l} ∫ I G_D(x_{m,s}, z)w_{m,k}(z)w_{m,l}(z) dz. (4.17) Let us now compute ∫ I G_D(x_{m,s}, z)w^2_{m,k}(z) dz = ∫ I G_D(x_{m,s}, z) ( w ( z − x_{m,k} ϵ ))_2 dz. If k ≠ s, we have ∫ I G_D(x_{m,s}, z)w^2_{m,k} dz = G_D(x_{m,s}, x_{m,k}) ( ϵ ∫ R w(y)^2 dy + O(ϵ^2) ) . (4.18)

MULTIPLE CLUSTERS 21

If k = s, we have ∫ I G_D(x_{m,s}, z)w^2_{m,s}(z) dz

= ∫ I [ 1 2 √ D e^{−|xm,s−z|/} √ D − H(x_{m,s}, z) ] w^2_{m,s}(z) dz

= [ 1 2 √ D − H(x_{m,s}, x_{m,s}) ] ( ϵ ∫ R w^2(y) dy + O(ϵ^2) )

= G_D(x_{m,s}, x_{m,s}) ( ϵ ∫ R w^2(y) dy + O(ϵ^2) ) . (4.19)

In conclusion, we have ∫ I G_D(x_{m,s}, z)w^2_{m,k}(z) dz = G_D(x_{m,s}, x_{m,k}) ( ϵ ∫ R w^2(y) dy + O(ϵ^2) ) . (4.20) Next, for k ≠ l, ∫ I G_D(x_{m,s}, z)w_{m,k}(z)w_{m,l}(z) dz = O ( ϵ^2 ∫ R w^2(y) dy ) (4.21)

by (4.8).

Combining (4.20) and (4.21), we have

I_1 = ξ_ϵϵ ∫ R w^2(y) dy [_{nm} ∑ k=1 ξ^2_{m,k}G_D(x_{m,s}, x_{m,k}) + O(ϵ) ] . (4.22)

Substituting (4.16) and (4.22) into (4.15), we conclude that T [w_{ϵ,}x](x_{m,s}) = τ_{m,s} = ∑ j,k ξ_{m,s}ξ_{j,k}G_D(x_{m,s}, x_{j,k}) + O(ϵ). (4.23) We now choose ξ_{j,k} such that ξ_{m,s} = ∑ j,k ξ_{m,s}ξ_{j,k}G_D(x_{m,s}, x_{j,k}). (4.24) To see that (4.24) has a unique solution, we note that in the limit ϵ → 0 (4.24) becomes

ξ^0_{m,s} = N∑ j=1 (_{nj} ∑ k=1 (ξ^0_{j,k})^2 ) G_D(x^0_m, x^0_j ). (4.25)

22 JUNCHENG WEI AND MATTHIAS WINTER

By (H1), (4.25) has a solution with ξ^0_{m,s} = ξ^0_m. By (H2), Lemma 3.2, and the implicit function theorem, (4.24) has a solution. From (4.23) and (4.24), for this solution it follows that τ_{m,s} = ξ_{m,s} + O(ϵ). (4.26) This concludes the construction of our approximate solutions.

5. Computations II: The space dependence of the heights In this section, we compute the space dependence of the heights which is given by the difference T [w_{ϵ,}x](x) − T [w_{ϵ,}x](x_{m,s}) for x ∈ Ω_η and |x − x_{m,s}| < δ. This is an important step in determining the spike and cluster locations. To simplify our notation, we let H_{ϵ,}x = T [w_{ϵ,}x]. (5.1) Let x = x_{m,s} + ϵy. Similar to Section 4, we calculate H_{ϵ,}x(x_{m,s} + ϵy) − H_{ϵ,}x(x_{m,s}) = ξ_ϵ ∫ I [G_D(x_{m,s} + ϵy, z) − G_D(x_{m,s}, z)] × (_{nm} ∑ k=1 ξ^2_{m,k}w^2_{m,k}(z) + ∑ k≠l ξ_{m,k}ξ_{m,l}w_{m,k}(z)w_{m,l}(z) ) dz +ξ_ϵ ∫ I [G_D(x_{m,s} + ϵy, z) − G_D(x_{m,s}, z)] × ( ∑ j≠m n_j∑

k=1 ξ^2_{j,k}w^2_{j,k}(z) + ∑ j≠m ∑ k≠l ξ_{j,k}ξ_{j,l}w_{j,k}(z)w_{j,l}(z) ) dz = J_1 + J_2, (5.2) where J_1 and J_2 are defined by the last equality.

We first calculate J_2: J_2 = ξ_ϵ ∫ I [G_D(x_{m,s} + ϵy, z) − G_D(x_{m,s}, z)] × ( ∑ j≠m n_j∑

k=1 ξ^2_{j,k}w^2_{j,k}(z) + ∑ j≠m ∑ k≠l ξ_{j,k}ξ_{j,l}w_{j,k}(z)w_{j,l}(z) ) dz = ξ_ϵ ∫ I [ ∇_{xm,s} G_D(x_{m,s}, z) + O(ϵ|y|) ] ϵy

MULTIPLE CLUSTERS 23 × ( ∑ j≠m n_j∑

k=1 ξ^2_{j,k}w^2_{j,k}(z) + ∑ j≠m ∑ k≠l ξ_{j,k}ξ_{j,l}w_{j,k}(z)w_{j,l}(z) ) dz

= [ ∑ j≠m n_j∑

k=1 ξ^2_{j,k}∇_{xm,s} G_D(x_{m,s}, x_{j,k}) + O(ϵ|y|) ] ϵy (5.3)

by (4.8). For J_1, we have

J_1 = ξ_ϵ ∫ I [G_D(x_{m,s} + ϵy, z) − G_D(x_{m,s}, z)]

× (_{nm} ∑ k=1 ξ^2_{m,k}w^2_{m,k}(z) + ∑ k≠l ξ_{m,k}ξ_{m,l}w_{m,k}(z)w_{m,l}(z) ) dz

= ξ_ϵ nm∑ k=1 ξ^2_{m,k} ∫ I [G_D(x_{m,s} + ϵy, z) − G_D(x_{m,s}, z)] w^2_{m,k}(z) dz +ξ_ϵ ∑ k≠l ξ_{m,k}ξ_{m,l} ∫ I [G_D(x_{m,s} + ϵy, z) − G_D(x_{m,s}, z)] w_{m,k}(z)w_{m,l}(z) dz

= ξ_ϵ nm∑ k=1 ξ^2_{m,k} ∫ I [G_D(x, z) − G_D(x_{m,s}, z)] w^2_{m,k} dz + O(ϵ^2y^2) (5.4) by (4.8). Note that ∫ I [G_D(x, z) − G_D(x_{m,s}, z)] w^2 ( z − x_{m,k} ϵ ) dz = ∫ I [ 1 2 √ D ( e^{−|x−z|/√D} − e^{−|xm,s−z|/√D} ) − (H_D(x, z) − H_D(x_{m,s}, z)) ]

×w^2 ( z − x_{m,k} ϵ ) dz = 1 2 √ D ∫ I ( e^{−|x−z|/} √ D − e^{−|xm,s−z|/√D} ) w^2 ( z − x_{m,k} ϵ ) dz −∇_{xm,s} H(x_{m,s}, x_{m,k}) ( ϵ^2y ∫ R w^2(z) dz ) + O(ϵ^3y^2). (5.5)

Let z = x_{m,k} + ϵz̃. If k = s, we have 1 2 √ D ∫ I ( e^{−|x−z|/√D} − e^{−|xm,s−z|/√D} ) w^2 ( z − x_{m,k} ϵ ) dz = 1 2 √ D ϵ ∫ R ( e^{−ϵ|y−z̃|/√D} − e^{−ϵ|z̃|/√D} ) w^2 (z̃) dz̃ (1 + O(ϵ|y|))

24 JUNCHENG WEI AND MATTHIAS WINTER = 1 2 √ D ϵ [ ϵ ∫ R (|z̃| − |y − z̃|) w^2 (z̃) dz̃ + O(ϵ^2y^2) ]

= 1 2 √ D ϵ [ ϵT_0(y) + O(ϵ^2y^2) ] , (5.6)

where

T_0(y) = ∫ R (|z̃| − |y − z̃|) w^2(z̃) dz̃ (5.7) is an even function. If k ≠ s, then 1 2 √ D ∫ I ( e^{−|x−z|/√D} − e^{−|xm,s−z|/√D} ) w^2 ( z − x_{m,k} ϵ ) dz

= ϵ 2 √ D ∫ R ( e^{−|xm,s−xm,k+ϵ(y−z̃)|/√D} − e^{−|xm,s−xm,k−ϵz̃|/√D} ) w^2 (z̃) dz̃

= ϵ 2 √ D ∫ R [ 1 √ D (|x_{m,s} − x_{m,k} − ϵz̃| − |x_{m,s} − x_{m,k} + ϵ(y − z̃)|)

+O(|x_{m,s} − x_{m,k}|^2) ] w^2 (z̃) dz̃

= ϵ 2 √ D [ 1 √ D ( − x_{m,s} − x_{m,k} |x_{m,s} − x_{m,k}| ) ϵy + O ( ϵ^2 log^2 1 ϵ ) ] ∫ R w^2(y)dy. (5.8)

Combining (5.3), (5.6), and (5.8), we have H_{ϵ,}x(x_{m,s} + ϵy) − H_{ϵ,}x(x_{m,s}) = ϵ 2 √ D ∫ R w^2(y) dy T_0(|y|)ξ^2_{m,s}

+ ϵ 2D ∑ k≠s ξ^2_{m,k} ( − x_{m,s} − x_{m,k} |x_{m,s} − x_{m,k}| ) y

− nm∑ k=1 ξ^2_{m,k}∇_{xm,s} H_D(x_{m,s}, x_{m,k})ϵy

+ ∑ j≠m n_j∑

k=1 ξ^2_{j,k}∇_{xm,s} G_D(x_{m,s}, x_{j,k}) ϵy + N∑ j=1 n_j∑

k=1 ξ^2_{j,k}(ϵ^2|y|^2). (5.9)

MULTIPLE CLUSTERS 25

6. Computations III: The error terms

In this section, we compute the error terms. Recall from (4.12) that

S_ϵ[A] := ϵ^2A^{′′} − A +

A^2 T [A] , (6.1)

where T [A] is defined by (4.12). We now compute the error term

S_ϵ[w_{ϵ,}x] = S_ϵ [_N ∑ j=1 n_j∑

k=1 ξ_{j,k}w_{j,k} ]

= ϵ^2Δ (_N ∑ j=1 n_j∑

k=1 ξ_{j,k}w_{j,k} ) − N∑ j=1 n_j∑

k=1 ξ_{j,k}w_{j,k}

+ (∑_N j=1 ∑_{nj} k=1 ξ_{j,k}w_{j,k} )_2 H_{ϵ,}x = ∑_N j=1 (∑_{nj} k=1 ξ_{j,k}w_{j,k} )_2 + e.s.t. H_{ϵ,}x − N∑ j=1 n_j∑

k=1 ξ_{j,k}w^2_{j,k}

= N∑ j=1 (_{nj} ∑ k=1 ξ^2_{j,k} ( 1 H_{ϵ,}x − 1 ξ_{j,k} ) w^2_{j,k} )

+ N∑ j=1 ∑ k≠l ξ_{j,k}ξ_{j,l}w_{j,k}w_{j,l} 1 H_{ϵ,}x + e.s.t.

= N∑ j=1 (_{nj} ∑ j=1 ξ_{j,k} (ξ_{j,k} − τ_{j,k}) + (τ_{j,k} − H_{ϵ,}x) H_{ϵ,}x w^2_{j,k} )

+ N∑ j=1 ∑ k≠l ξ_{j,k}ξ_{j,l}w_{j,k}w_{j,l} 1 H_{ϵ,}x + e.s.t. (6.2) By (4.9), (4.26) and (5.9), this implies that

‖S_ϵ[w_{ϵ,}x]‖_L2_{(−} 1_{ϵ ,} 1_{ϵ )} = O(ϵ). (6.3)

The estimates derived in this section provide an important step that will make our approach work in the rest of the paper.

26 JUNCHENG WEI AND MATTHIAS WINTER

7. The Liapunov-Schmidt Reduction Method

In this section, we use the Liapunov-Schmidt reduction method to solve the problem S_ϵ [_N ∑ j=1 n_j∑

k=1 ξ_{j,k}w_{j,k} + v ] = N∑ j=1 n_j∑

k=1 β_{j,k} dw̃_{j,k} dx (7.1)

for real constants β_{j,k} and a function v ∈ H^2(−^1_ϵ ,^1_ϵ ) which is small in the corresponding norm, where ξ_{j,k} is given by (4.24), w_{j,k} is defined by (4.6), and x = (x_{1,1}, . . . , x_{1,n1} , . . . , x_{N,1}, . . . , x_{N,nN} ) ∈ Ω_η. To this end, we need to study the linearized operator

L̃_{ϵ,}x : H^2(I_ϵ) → L^2(I_ϵ)

defined by

L̃_{ϵ,}x := S^′_ϵ[A]ϕ = ϵ^2ϕ^{′′} − ϕ + 2Aϕ T [A] − A^2 (T [A])^2 (T^′ [A]ϕ), where A = ∑_N j=1 ∑_{nj} k=1 ξ_{j,k}w_{j,k}, I_ϵ = (−^1_ϵ ,^1_ϵ ), and for a given ϕ ∈ L^2(I) we introduce T^′ [A]ϕ as the unique solution of { D(T^′ [A]ϕ)^{′′} − (T^′ [A]ϕ) + 2ξ_ϵAϕ = 0, −1 < x < 1, (T^′ [A]ϕ)^′ (−1) = (T^′ [A]ϕ)^′ (1) = 0.

(7.2)

We define the approximate kernel and co-kernel, respectively, as follows:

K_{ϵ,}x := span { dw_{j,k} dx | | | | | j = 1, . . . , N, k = 1, . . . , n_j } ⊂ H^2(I_ϵ),

C_{ϵ,}x := span { dw_{j,k} dx | | | | j = 1, . . . , N, k = 1, . . . , n_j } ⊂ L^2(I_ϵ).

Recall the definition of the following system of linear operators from (3.2):

LΦ := ΔΦ − Φ + 2wΦ −2 (∫ R wCΦ dy ) (∫ R w^2 dy )_{−1} w^2,

MULTIPLE CLUSTERS 27

where

Φ = ϕ_{1,1} . . ϕ_{1,n1} . . ϕ_{N,1} . . ϕ_{N,nN}

∈ (H^2(R))^|n^|.

By Lemma 3.4, we know that

L : (X_0 ⊕ · · · ⊕ X_0)^⊥ ∩ (H^2(R))^|n^| → (X_0 ⊕ · · · ⊕ X_0)^⊥ ∩ (L^2(R))^|n^|

is invertible with a bounded inverse.

We also introduce the projection π^⊥_{ϵ,}x : L^2(I_ϵ) → C^⊥_{ϵ,}x and study the operator L_{ϵ,}x := π^⊥_{ϵ,}x ∘ L̃_{ϵ,}x. By letting ϵ → 0, we will show that L_{ϵ,}x : K^⊥_{ϵ,}x → C^⊥_{ϵ,}x is invertible with a bounded inverse provided ϵ is small enough. For this we will use the fact that the operator L is the limit of the operator L_{ϵ,}x as ϵ → 0. This statement is contained in the following proposition.

Proposition 7.1. There exist positive constants ϵ̄, η, λ such that for all ϵ ∈ (0, ϵ̄), x ∈ Ω_η, we have ‖L_{ϵ,}xϕ‖_L2_{(Ωϵ)} ≥ λ‖ϕ‖_H2_{(Iϵ)}. (7.3) Furthermore, the map L_{ϵ,}x = π^⊥_{ϵ,}x ∘ L̃_{ϵ,}x : K^⊥_{ϵ,}x → C^⊥_{ϵ,}x is surjective.

Proof of Proposition 7.1: This proof follows the method of Liapunov- Schmidt reduction which was also used in [1], [2], [4], [18], [19], [20], [16], [31], [32], [42], [43] and [44].

Suppose that (7.3) is false. Then there exist sequences {ϵ_k}, {x^k}, {ϕ^k} with ϵ_k → 0, x^k ∈ Ω_η, such that ‖L_{ϵk,}xk ϕ^k‖_L2_{(Iϵk )} → 0, as k → ∞, (7.4) ‖ϕ^k‖_H2_{(Iϵk )} = 1, k = 1, 2, . . . . (7.5)

28 JUNCHENG WEI AND MATTHIAS WINTER

We define ϕ_{ϵ,j,k}, j = 1, 2, . . . , N, l = 1, . . . , n_j and ϕ_{ϵ,|}n_{|+1} as follows: ϕ_{ϵ,j,l}(x) = ϕ_ϵ(x)χ ( x − x_{j,l} δ ) , x ∈ I, (7.6) ϕ_{ϵ,|}n_{|+1}(x) = ϕ_ϵ(x) − ∑ j,l ϕ_{ϵ,j,l}(x), x ∈ I. At first (after rescaling) ϕ_{ϵ,i} are only defined on I_ϵ. However, by a standard result they can be extended to R such that their norm in H^2(R) is still bounded by a constant independent of ϵ_k and x^k for ϵ small enough. In the following, we will study this extension. For simplicity, we keep the same notation for the extension. Since for j = 1, 2, . . . , N, l = 1, . . . , n_j each sequence {ϕ^k_i } := {ϕ_{ϵk,j,l}} (k = 1, 2, . . . ) is bounded in H^2_{loc}(R), it has a weak limit in H^2_{loc}(R), and therefore also a strong limit in L^2_{loc}(R) and L^∞_{loc}(R). Call

these limits ϕ_i. Then Φ = ϕ_{1,1} . . ϕ_{1,n1} . . ϕ_{N,1} . . ϕ_{N,nN} solves the system

LΦ = 0.

By Lemma 3.3, Φ ∈ Ker(L) = X_0 ⊕ · · · ⊕ X_0. Since ϕ^k ∈ K^⊥_{ϵk,}x_k by taking k → ∞ we get Φ ∈ Ker(L)^⊥. Together, these two statements give Φ = 0.

By elliptic estimates, we get ‖ϕ_{ϵk,j,l}‖_H2_{(R)} → 0 as k → ∞ for j = 1, 2, . . . , N, l = 1, . . . , n_j. Furthermore, ϕ_{ϵ,|}n_{|+1} → ϕ_|n_{|+1} in H^2(R), where Φ_|n_{|+1} satisfies

Δϕ_|n_{|+1} − ϕ_|n_{|+1} = 0 in R.

Therefore, we conclude that ϕ_|n_{|+1} = 0 and ‖ϕ^k_|n_{|+1}‖_H2_{(R)} → 0 as k → ∞.

This contradicts ‖ϕ^k‖_H2_{(Iϵk )} = 1. To complete the proof of Proposition 7.1, we just need to show that the operator which is conjugate to L_{ϵ,}x (denoted by L^∗_{ϵ,}x) is injective from K^⊥_{ϵ,}x to C^⊥_{ϵ,}x. Note that L^∗_{ϵ,}xψ = π_{ϵ,}x ∘ L̃^∗_{ϵ,}x with

L̃^∗_{ϵ,}xψ = ϵ^2Δψ − ψ + 2Aψ T [A] − T^′ [A]ψ A^2 (T [A])^2 .

MULTIPLE CLUSTERS 29

The proof for L^∗_{ϵ,}x follows along the same line as the proof for L_{ϵ,}x and is therefore omitted.

Now we are in a position to solve the equation π^⊥_{ϵ,}x ∘ S_ϵ(w_{ϵ,}x + ϕ) = 0. (7.7) Since L_{ϵ,}x|_K⊥_{ϵ,x} is invertible (call the inverse L^{−1}_{ϵ,}x) we can rewrite this as ϕ = −(L^{−1}_{ϵ,}x ∘ π^⊥_{ϵ,}x ∘ S_ϵ(w_{ϵ,}x)) − (L^{−1}_{ϵ,}x ∘ π^⊥_{ϵ,}x ∘ N_{ϵ,}x(ϕ)) ≡ M_{ϵ,}x(ϕ), (7.8) where N_{ϵ,}x(ϕ) = S_ϵ(w_{ϵ,}x + ϕ) − S_ϵ(w_{ϵ,}x) − S^′_ϵ(w_{ϵ,}x)ϕ (7.9) and the operator M_{ϵ,}x is defined by (7.8) for ϕ ∈ H^2(I_ϵ). We are going to show that the operator M_{ϵ,}x is a contraction on B_{ϵ,r0} ≡ {ϕ ∈ H^2(I_ϵ)|‖ϕ‖_H2_{(Iϵ)} < r_0} if r_0 and ϵ are small enough. We have by (6.3) and Proposition 7.1 ‖M_{ϵ,}x(ϕ)‖_H2_{(Iϵ)} ≤ λ^{−1} ( ‖π^⊥_{ϵ,}x ∘ N_{ϵ,}x(ϕ)‖_L2_{(Iϵ)} + ‖ π^⊥_{ϵ,}x ∘ S_ϵ(w_{ϵ,}x) ‖ L2(Iϵ) ) ≤ λ^{−1}C(c(r_0)r_0 + ϵ), where λ > 0 is independent of r_0 > 0, ϵ > 0 and c(r_0) → 0 as r_0 → 0. Similarly, we show ‖M_{ϵ,}x(ϕ) − M_{ϵ,}x(ϕ^′ )‖_H2_{(Iϵ)} ≤ λ^{−1}C(c(r_0)r_0)‖ϕ − ϕ^′ ‖_H2_{(Iϵ)}, where c(r_0) → 0 as r_0 → 0. If we choose r_0 = ϵ^α for α < 1 and ϵ small enough, then M_{ϵ,}x is a contraction on B_{ϵ,r0} . The existence of a fixed point ϕ_{ϵ,}x now follows from the standard contraction mapping principle and ϕ_{ϵ,}x is a solution of (7.8).

We have thus proved Lemma 7.2. There exist ϵ > 0 η > 0 such that for every pair of ϵ, x with 0 < ϵ < ϵ and x ∈ Ω_η, there is a unique ϕ_{ϵ,}x ∈ K^⊥_{ϵ,}x satisfying S_ϵ(w_{ϵ,}x+ϕ_{ϵ,}x) ∈ C_{ϵ,}x. Furthermore, we have the estimate ‖ϕ_{ϵ,}x‖_H2_{(Iϵ)} ≤ Cϵ^α, (7.10)

30 JUNCHENG WEI AND MATTHIAS WINTER

where α < 1.

Remark 5.1: By one more iteration, it can actually be shown that ‖ϕ_{ϵ,}x‖_H2_{(Iϵ)} ≤ Cϵ. (7.11)

8. The reduced problem In this section, we solve the reduced problem. This complete the proof of our main existence result given by Theorem 2.2.

By Lemma 7.2, for every x ∈ Ω_η, there exists a unique solution ϕ_{ϵ,}x ∈ K^⊥_{ϵ,}x such that S_ϵ[w_{ϵ,}x + ϕ_{ϵ,}x] = v_{ϵ,}x ∈ C_{ϵ,}x. (8.1) Our idea is to find x^ϵ = (x^ϵ_{1,1}, . . . , x^ϵ_{1,n1} , . . . , x^ϵ_{N,1}, . . . , x^ϵ_{N,nN} ) ∈ Ω_η near x^0 = (x^0_{1,1}, . . . , x^0_{1,n1} , . . . , x^0_{N,1}, . . . , x^0_{N,nN} ) ∈ Ω_0 such that also S_ϵ[w_{ϵ,}xϵ + ϕ_{ϵ,}xϵ ] ⊥ C_{ϵ,}xϵ (8.2) and therefore S_ϵ[w_{ϵ,}xϵ + ϕ_{ϵ,}xϵ ] = 0.

(Recall that Ω_0 contains only one point.) To this end, we let W_{ϵ,m,s}(x) := ϵ^{−1} ∫ I S_ϵ[w_{ϵ,}x + ϕ_{ϵ,}x] dw_{m,s} dx dx, W_ϵ(x) := (W_{ϵ,1,1}(x), . . . , W_{ϵ,N,nN} (x)) : Ω_η → R^|n^|.

Then W_ϵ(x) is a map which is continuous in x and our problem is reduced to finding a zero of the vector field W_ϵ(x).

We note that ϵ^{−1} ∫ I S_ϵ[w_{ϵ,}x + ϕ_{ϵ,}x] dw_{m,s} dx dx = ϵ^{−1} ∫ I [ S_ϵ[w_{ϵ,}x] + S^′_ϵ[w_{ϵ,}x](ϕ_{ϵ,}x) + O(‖ϕ_{ϵ,}x‖^2_H2_{(Iϵ)}) ] dw_{m,s} dx dx = ϵ^{−1} ∫ I S_ϵ[w_{ϵ,}x] dw_{m,s} dx dx + O(ϵ) since ϵ^{−1} ∫ I S^′_ϵ[w_{ϵ,}x](ϕ_{ϵ,}x) dw_{m,s} dx dx

MULTIPLE CLUSTERS 31

= ϵ^{−1} ∫ I [ ϵ^2ϕ^{′′}_{ϵ,}x − ϕ_{ϵ,}x + 2w_{ϵ,}x T [w_{ϵ,}x] ϕ_{ϵ,}x − w^2_{ϵ,}x (T [w_{ϵ,}x])^2

(T^′[w_{ϵ,}x]ϕ_{ϵ,}x) ] dw_{m,s} dx dx

= ϵ^{−1} ∫ I [ [ 1 T [w_{ϵ,}x] − 1 ξ_{j,k} ]2w_{ϵ,}xϕ_{ϵ,}x − w^2_{ϵ,}x (T [w_{ϵ,}x])^2

(T^′[w_{ϵ,}x]ϕ_{ϵ,}x) ] dw_{m,s} dx dx

= ϵ^{−1} ∫ I [ (ξ_{j,k} − τ_{j,k}) + (τ_{j,k} − T [w_{ϵ,}x] T [w_{ϵ,}x]ξ_{j,k} 2ϕ_{ϵ,}x− w^2_{ϵ,}x (T [w_{ϵ,}x])^2

(T^′[w_{ϵ,}x]ϕ_{ϵ,}x) ] dw_{m,s} dx dx = O(ϵ^{−1}‖ϕ_{ϵ,}x‖_H2_{(Iϵ)}ϵ) = O(S_ϵ[w_{ϵ,}x]_L2_{(Iϵ)}) = O(ϵ).

Thus it remains to compute 1 ϵ ∫ I S_ϵ[w_{ϵ,}x] dw_{m,s} dx dx = c_{m,s}. (8.3) Let x = x_{m,s} + ϵy. By (5.9), we have 1 ϵ ∫ I S_ϵ[w_{ϵ,}x] dw_{m,s} dx dx = 1 ϵ ∫ R S_ϵ[w_{ϵ,}x]w^′(y) dy + O(ϵ), where w^′(y) = dw(y) dy . For clarity, we set w^′_{m,s}(y) = w^′(y) since x = x_{m,s} + ϵy. We calculate by (5.9) and (6.2) c_{m,s} = 1 ϵ ∫ R S_ϵ[w_{ϵ,}x]w^′(y) dy

= 1 ϵ N∑ j=1 n_j∑

k=1 ξ_{j,k} ∫ R ξ_{j,k} − H_{ϵ,}x H_{ϵ,}x w^2_{j,k}w^′_{m,s} dy

+ 1 ϵ N∑ j=1 ∑ k≠l ξ_{j,k}ξ_{j,l} ∫ R w_{j,k}w_{j,l} H_{ϵ,}x w^′_{m,s} dy + O(ϵ)

= 1 ϵ nm∑ k=1 ξ_{m,k} ∫ R ξ_{m,k} − H_{ϵ,}x H_{ϵ,}x w^2_{m,k}w^′_{m,s} dy + 1 ϵ ∑ k≠l ξ_{m,k}ξ_{m,l} ∫ R w_{m,k}w_{m,l} H_{ϵ,}x w^′_{m,s} dy + O(ϵ) = 1 ϵ ξ_{m,s} ∫ R ξ_{m,s} − H_{ϵ,}x H_{ϵ,}x w^2_{m,s}w^′_{m,s} dy

32 JUNCHENG WEI AND MATTHIAS WINTER + 1 ϵ ∑ k≠s ξ_{m,k} ∫ R ξ_{m,k} − H_{ϵ,}x H_{ϵ,}x w^2_{m,k}w^′_{m,s} dy + 1 ϵ ∑ k≠l ξ_{m,k}ξ_{m,l} ∫ R w_{m,k}w_{m,l} H_{ϵ,}x w^′_{m,s} dy + O(ϵ) = E_1 + E_2 + E_3 (8.4)

where E_1, E_2, and E_3 are defined by the last equality.

By (5.9), we have

E_1 = [ ∑ k≠s 1 2D x_{m,s} − x_{m,k} |x_{m,s} − x_{m,k}| ξ^2_{m,k}

− nm∑ k=1 ξ^2_{m,k}∇_{xm,s} H(x_{m,s}, x_{m,k})

+ ∑ j≠m n_j∑

k=1 ξ^2_{j,k}∇_{xm,s} G_D(x_{m,s}, x_{j,k}) ] 1 3 ∫ R w^3(y) dy, (8.5)

E_2 = ∑ k≠s ξ^2_{m,k}O(ϵ),

E_3 = 1 ϵ ∑ k≠s ξ_{m,k}ξ_{m,s} ∫ R w_{m,k}w_{m,s}w^′_{m,s} H_{ϵ,}x dy + O(ϵ) = 1 ϵ ∑ k≠s ξ_{m,k} ∫ R w^2_{m,s}w^′_{m,k} dy + O(ϵ)

= 1 ϵ ∑ k≠s ξ_{m,k} ∫ R w^2(y)w^′ ( y + x_{m,s} − x_{m,k} ϵ ) dy + O(ϵ)

= 1 ϵ ∑ k≠s ξ_{m,k}w ( x_{m,s} − x_{m,k} ϵ ) x_{m,s} − x_{m,k} |x_{m,s} − x_{m,k}| 1 3 ∫ R w^3(y) dy + O(ϵ). (8.6) In summary, we obtain the following vector field c_{m,s} ( 1 3 ∫ R w^3(y) dy )_{−1}

= 1 ϵ ( 1 3 ∫ R w^3(y) dy )_{−1} ∫ I S_ϵ[w_{ϵ,}x] dw_{m,s} dx_{m,s} dx = ∑ k≠s ( 1 2D ξ^2_{m,k} − 1 ϵ ξ_{m,k}w ( x_{m,s} − x_{m,k} ϵ )) x_{m,s} − x_{m,k} |x_{m,s} − x_{m,k}|

MULTIPLE CLUSTERS 33 + ∑ j≠m n_j∑

k=1 ξ^2_{j,k}∇_{xm,s} G_D(x_{m,s}, x_{j,k})

− nm∑ k=1 ξ^2_{m,k}∇_{xm,s} H(x_{m,s}, x_{m,k}) + O(ϵ) = ∑ k≠s ( 1 2D ξ^2_{m,k} − 1 ϵ ξ_{m,k}w ( x_{m,s} − x_{m,k} ϵ )) x_{m,s} − x_{m,k} |x_{m,s} − x_{m,k}| + ∑ j≠m ∇_{xm} G_D(x_m, x_j)n_jξ^2_j

−∇_{xm} H(x_m, x_m)n_mξ^2_m + O(ϵ^{3/4}). (8.7)

Note that when x = x^0 = (x^0_{1,1}, . . . , x^0_{1,n1} , . . . , x^0_{N,1}, . . . , x^0_{N,nN} ) ∈ Ω_0 we have ∑ k≠s ( 1 2D ξ^2_{m,k}(x^0) − 1 ϵ ξ_{m,k}(x^0)w ( x^0_{m,s} − x^0_{m,k} ϵ )) x^0_{m,s} − x^0_{m,k} |x^0_{m,s} − x^0_{m,k}| = O ( ∑ m,k |ξ_{m,k}(x^0) − ξ^0_m| ) = O(ϵ^{3/4})

since ∑ k≠s ( 1 2D (ξ^0_m)^2 − 1 ϵ ξ^0_mw ( x^0_{m,s} − x_{m,k} ϵ )) x^0_{m,s} − x^0_{m,k} |x^0_{m,s} − x^0_{m,k}| + O(ϵ)

= 1 2D (ξ^0_m)^2(2s − 1 − n_m) + 1 ϵ ξ^0_m ( w ( x^0_{m,s+1} − x^0_{m,s−1} ϵ ) − w ( x^0_{m,s} − x^0_{m,s−1} ϵ )) + O(ϵ) = O(ϵ) since w ( x^0_{m,s+1} − x^0_{m,s} ϵ ) − w ( x^0_{m,s} − x^0_{m,s−1} ϵ ) = ϵ 2D ξ^0_m(n_m − 2s + 1) + O(ϵ^2), w ( x^0_{m,2} − x^0_{m,1} ϵ ) = ϵ 2D ξ^0_m(n_m − 1) + O(ϵ^2), w ( x^0_{m,s} − x^0_{m,s−1} ϵ ) = ϵ 2D ξ^0_m(n_m − 1) + O(ϵ^2).

Furthermore, ∑ j≠m ∇_x0_m G_D(x^0_m, x^0_j )n_jξ^2_j − ∇_x0_m H(x^0_m, x^0_m)n_mξ^2_m = O(ϵ^{3/4})

34 JUNCHENG WEI AND MATTHIAS WINTER

by assumption (H3). Let F_{1,m,s}(x) = ∑ k≠s ( 1 2D ξ^2_{m,k} − 1 ϵ ξ_{m,k}w ( x_{m,s} − x_{m,k} ϵ )) x_{m,s} − x_{m,k} |x_{m,s} − x_{m,k}| (8.8) + ∑ j≠m ∇_{xm} G_D(x_m, x_j)n_jξ^2_j − ∇_{xm} H(x_m, x_m)n_mξ^2_m.

Then we have W_{ϵ,j,k} = F_{1,j,k}(x) + O(ϵ^{3/4}) (8.9) and W_{ϵ,j,k}(x^0) = O(ϵ^{3/4}). (8.10) We need the following lemma.

Lemma 8.1. Let

F_m(x) = ∑ j≠m ∇_{xm} G_D(x_m, x_j)n_jξ^2_j − ∇_{xm} H(x_m, x_m)n_mξ^2_m

and F_{1,m,s}(x) be given by (8.8).

Suppose that det(∇_{xi} F_j(x^0)) ≠ 0. (8.11) Then det(∇_{xj,k} F_{1,m,s}(x^0)) ≠ 0. (8.12)

Proof: We denote (∇_{xi} F_j(x^0)) = (m_{ij}).

Note that m_{ij} is the (i, j)-th element of the matrix M defined by (2.15).

Then, by definition, it is easy to see that w ( x^0_{m,s} − x^0_{m,s−1} ϵ ) = ϵ 2D ξ^0_m[(s − 1)(n_m + 1 − s)] + o(ϵ), s = 2, . . . , n_m,

w ( x^0_{m,s} − x^0_{m,k} ϵ ) = O(ϵ^2), |s − k| ≥ 2, ∇_{xj,t} F_{1,i,s} = { m_{ij}, if i ≠ j, c_0(i)a^i_{st} + m_{ii}, if i = j,

MULTIPLE CLUSTERS 35

where c_0(i) =^{ξ0i}_{2D} > 0 and a^i_{st} is the (s, t)-th element of the following (n_i ×n_i) matrix

A^i = (a^i_{st}) = a^i_{11} a^i_{12} 0 . .. ... 0 a^i_{21} a^i_{22} a^i_{23} . .. ...

... ... ... . .. ... ... ... ... ... . .. ... ... 0 ... ... 0 a^i_{ni(ni−1)} a^i_{nini}

, (8.13)

where a^i_{11} = (n_i − 1), a^i_{12} = −(n_i − 1), a^i_{s(s−1)} = −(s−1)(n_i+1−s), a^i_{ss} = −(n_i+1−2s), a^i_{s(s+1)} = s(n_i−s), s = 2, . . . , n_i−1, a^i_{ni(ni−1)} = −(n_i − 1), a^i_{nini} = n_i − 1. Observe that n_i∑

t=1 a^i_{st} = n_i∑

s=1 (−1)^sa^i_{st} = 0 (8.14)

and zero is a simple eigenvalue of A^i. (See [5].)

Suppose that we have N∑ i=1 n_i∑

s=1 ∇_{xi,s} F_{1,j,t}η_{i,s} = 0, j = 1, . . . , N, t = 1, . . . , n_j. This implies 0 = N∑ i=1 n_i∑

s=1 ∇_{xj,t} F_{1,i,s}η_{i,s}

= N∑ i=1 m_{ij} n_i∑

s=1 η_{i,s} + N∑ i=1 c_0(i) n_i∑

s=1 a^i_{st}η_{i,s}. By (8.14), 0 = n_j∑

t=1 N∑ i=1 m_{ij} n_i∑

s=1 η_{i,s} + N∑ i=1 c_0(i) n_i∑

s=1 (_{nj} ∑ t=1 a^i_{st} ) η_{i,s}

= N∑ i=1 m_{ij}n_j n_i∑

s=1 η_{i,s}.

36 JUNCHENG WEI AND MATTHIAS WINTER

By assumption (8.11), n_i∑

s=1 η_{i,s} = 0. Hence, we have n_i∑

s=1 a^i_{st}η_{i,s} = 0, n_i∑

s=1 η_{i,s} = 0. (8.15) This implies that η_{i,t} = 0 by (8.14) and since zero is a simple eigenvalue of A^i. This proves (8.12).

By Lemma 8.1, at x^0, we have F_1(x^0) = O(ϵ^{3/4}) and det(∇x0 F_1(x^0)) ≠ 0.

Therefore we may write W_ϵ as W_ϵ(x) = F_1(x) + O(ϵ^{3/4}) = ∇F_1(x^0)(x − x^0) + O(|x − x^0|^2) + O(ϵ^{3/4}).

By Lemma 8.1 and Brouwer’s fixed point theorem it follows that for ϵ << 1 there exists a x^ϵ ∈ Ω_η such that W_ϵ(x^ϵ) = 0.

Thus we have proved the following proposition.

Proposition 8.2. For ϵ sufficiently small there exist points x^ϵ with x^ϵ → x^0 such that W_ϵ(x^ϵ) = 0.

Finally, we prove Theorem 2.2.

Proof of Theorem 2.2: By Proposition 8.2, there exists x^ϵ → x^0 such that W_ϵ(x^ϵ) = 0. In other words, S_ϵ[w_{ϵ,}xϵ + ϕ_{ϵ,}xϵ ] = 0. Let A_ϵ = ξ_ϵ(w_{ϵ,}xϵ + ϕ_{ϵ,}xϵ ), H_ϵ = ξ_ϵT [w_{ϵ,}xϵ + ϕ_{ϵ,}xϵ ]. By the Maximum Principle, A_ϵ > 0, H_ϵ > 0. Moreover (A_ϵ, H_ϵ) satisfies all the properties of Theorem 2.2.

MULTIPLE CLUSTERS 37

9. Proof of Theorem 2.1

In this section, we show how Theorem 2.1 can be proved easily without any assumption on D. In fact, by reflection, we may assume that N = 1. We may further assume that A(−x) = A(x), H(−x) = H(x). There are two cases to be considered: n is even or n is odd. We choose x_1 < x_2 < . . . < x_n to be such that

ϵ log 1 ϵ − ϵ log[ ξ̂0_l 2D (l − 1)(n + 1 − l)] − ηϵ ≤ x_l − x_{l−1}

≤ ϵ log 1 ϵ − ϵ log[ ξ̂0_l 2D (l − 1)(n + 1 − l)] + ηϵ (9.1)

and_n ∑ j=1 x_j = 0 (9.2)

Thus we have (n − 1) independent variables from (x_1, . . . , x_n). On the other hand, the matrix A^i with n_i = n has exactly (n − 1) nonzero eigenvalues and one zero eigenvalue. So if we proceed as in Section 8, we have nondegeneracy. Similar arguments as in Section 8 give the conclusion of Theorem 2.1.

References

[1] A. Ambrosetti, A. Malchiodi and S. Secchi, Multiplicity results for some nonlinear Schrodinger equations with potentials, Arch. Ration. Mech. Anal. 159 (2001), no. 3, 253–271.

[2] A. Ambrosetti, M. Badiale and S. Cingolani, Semi-classical states of nonlinear Schrödinger equations, Arch. Rat. Mech. Anal. 140(1997), 285-300.

[3] P. Bates and G. Fusco, Equilibria with many nuclei for the Cahn-Hilliard equation, J. Differential Equations 160 (2000), 283–356.

[4] P. Bates and J. Shi, Existence and instability of spike layer solutions to singular perturbation problems, J. Funct. Analysis, to appear.

[5] X. Chen, M. del Pino and M. Kowalczyk, The Gierer and Meinhardt system: the breaking of homoclinics and multi-bump ground states, Commun. Contemp. Math. 3 (2001), no. 3, 419–439.

[6] G. Cerami and J. Wei, Multiplicity of multiple interior spike solutions for some singularly perturbed Neumann problem, International Math. Research Notes 12 (1998), pp. 601-626.

[7] M. del Pino and P. Felmer, Multi-peak bound states for nonlinear Schrödinger equations, Ann. Inst. H. Poincaré Anal. Non Linéaire 15(1998), 127–149.

[8] M. del Pino and P. Felmer, Semi-classical states for nonlinear Schrödinger equations, J. Funct. Anal. 149(1997), 245-265.

38 JUNCHENG WEI AND MATTHIAS WINTER

[9] M. del Pino, M. Kowalczyk and J. Wei, Multi-bump ground states for the Gierer- Meinhardt system in R^2, Ann. Inst. H. Poincaré Anal. Non Linéaire, to appear.

[10] E.N. Dancer and S. Yan, Interior and boundary peak solutions for a mixed boundary value problem, Indiana Univ. Math. J. 48 (1999), no. 4, 1177-1212.

[11] E.N. Dancer and S. Yan, Multipeak solutions for a singular perturbed Neumann problem, Pacific J. Math. 189 (1999), 241-262.

[12] A. Doelman, R. A. Gardner, and T. J. Kaper, Stability analysis of singular patterns in the 1D Gray-Scott model: a matched asymptotics approach, Phys. D 122 (1998), 1-36.

[13] A. Doelman, R. A. Gardner, and T. J. Kaper, Large stable pulse solutions in reaction-diffusion equations, Indiana Univ. Math. J. 50 (2001), 443-507.

[14] A. Doelman, T.J. Kaper, and H. van der Ploeg, Spatially periodic and aperiodic multi-pulse patterns in the one-dimensional Gierer-Meinhardt equation, Methods Appl. Anal., 8(2001), 387-414.

[15] A. Doelman, T. J. Kaper, and P. A. Zegeling, Pattern formation in the onedimensional Gray-Scott model, Nonlinearity 10 (1997), 523-563.

[16] A. Floer and A. Weinstein, Nonspreading wave packets for the cubic Schrödinger equation with a bounded potential, J. Functional Analysis 69 (1986), 397-408.

[17] A. Gierer and H. Meinhardt, A theory of biological pattern formation, Kybernetik (Berlin) 12 (1972), 30-39.

[18] C. Gui and J. Wei, Multiple interior peak solutions for some singular perturbation problems, J. Differential Equations 158 (1999), 1-27.

[19] C. Gui and J. Wei, On multiple mixed interior and boundary peak solutions for some singularly perturbed Neumann problems, Can. J. Math. 52(2000), 522-538.

[20] C. Gui, J. Wei and M. Winter, Multiple boundary peak solutions for some singularly perturbed Neumann problems, Ann. Inst. H. Poincaré Anal. Non Linéaire 17 (2000), 47-82.

[21] M. Grossi, Uniqueness of least-energy solution for a semilinear Neumann problem, Proc. Amer. Math. Soc. 128(2000), 1665-1672.

[22] M. Grossi, A. Pistoia and J. Wei, Existence of multipeak solutions for a semilinear Neumann problem via nonsmooth critical point theory, Cal. Var. PDE 11(2000) 143-175.

[23] D. Iron, M. Ward, and J. Wei, The stability of spike solutions to the one-dimensional Gierer-Meinhardt model, Phys. D 50 (2001), 25-62.

[24] X. Kang and J. Wei, On interacting bumps of semiclassical states of nonlinear Schrödinger equations, Adv. Differential Equations 5 (2000), 899-928.

[25] Y.-Y. Li, On a singularly perturbed equation with Neumann boundary condition, Comm. PDE 23(1998), 487-545.

[26] H. Meinhardt, Models of biological pattern formation, Academic Press, London, 1982.

[27] H. Meinhardt, The algorithmic beauty of sea shells, Springer, Berlin, Heidelberg, 2nd edition, 1998.

[28] W.-M. Ni, Diffusion, cross-diffusion, and their spike-layer steady states, Notices Amer. Math. Soc. 45 (1998), 9-18.

[29] W.-M. Ni and I. Takagi, On the shape of least energy solution to a semilinear Neumann problem, Comm. Pure Appl. Math. 41 (1991), 819-851.

[30] W.-M. Ni and I. Takagi, Locating the peaks of least energy solutions to a semilinear Neumann problem, Duke Math. J. 70 (1993), 247-281.

MULTIPLE CLUSTERS 39

[31] Y.G. Oh, Existence of semi-classical bound states of nonlinear Schrödinger equations with potentials of the class (V )_a, Comm. Partial Differential Equations 13 (1988), 1499-1519.

[32] Y.G. Oh, On positive multi-lump bound states of nonlinear Schrödinger equations under multiple-well potentials, Comm. Math. Phys. 131 (1990), 223-253.

[33] A. Pistoia, Multi-peak solutions for a class of nonlinear Schrodinger equations, NoDEA Nonlinear Differential Equations Appl. 9 (2002), no. 1, 69–91.

[34] I. Takagi, Point-condensation for a reaction-diffusion system, J. Differential Equations 61 (1986), 208-249.

[35] A. M. Turing, The chemical basis of morphogenesis, Phil. Trans. Roy. Soc. Lond. B 237 (1952), 37-72.

[36] M.J. Ward and J. Wei, Asymmetric spike patterns for the one-dimensional Gierer- Meinhardt model: equilibria and stability, Europ. J. Appl. Math. 13(2002), 283-320.

[37] J. Wei, On the construction of single-peaked solutions to a singularly perturbed Neumann problem, J. Differential Equations 129 (1996), 315-333.

[38] J. Wei, On the boundary spike layer solutions of a singularly perturbed semilinear Neumann problem, J. Diff. Eqns 134 (1997), 104-133.

[39] J. Wei and M. Winter, On the two-dimensional Gierer-Meinhardt system with strong coupling, SIAM J. Math. Anal. 30 (1999), 1241-1263.

[40] J. Wei and M. Winter, Spikes for the two-dimensional Gierer-Meinhardt system:

The strong coupling case, J. Differential Equations 178 (2002), 478-518. [41] J. Wei and M. Winter, Spikes for the two-dimensional Gierer-Meinhardt system:

The weak coupling case, J. Nonlinear Science 6 (2001), 415-458.

[42] J. Wei and M. Winter, Existence, classification and stability analysis of multiplepeaked solutions for the Gierer-Meinhardt system in R^1, submitted.

[43] J. Wei and M. Winter, Stationary solutions for the Cahn-Hilliard equation, Ann.

Inst. H. Poincaré Anal. Non Linéaire, 15 (1998), 459-492.

[44] J. Wei and M. Winter, Multiple boundary spike solutions for a wide class of singular perturbation problems, J. London Math. Soc. 59 (1999), 585-606.

Department of Mathematics, The Chinese University of Hong Kong, Shatin, Hong Kong

E-mail address: wei@math.cuhk.edu.hk

Mathematisches Institut A, Universität Stuttgart, Pfaffenwaldring 57, D-70569 Stuttgart, Germany E-mail address: winter@mathematik.uni-stuttgart.de