NONRADIAL CLUSTERED SPIKE SOLUTIONS FOR SEMILINEAR
ELLIPTIC PROBLEMS ON S”

CATHERINE BANDLE AND JUNCHENG WEI

ABSTRACT. We consider the following superlinear elliptic equation on S™
2Agru—u+uP =0 in S, w>0 in S"

where Agr is the Laplace-Beltrami operator on S™. We prove that forany k =1,...,n—1,
there exists pp > 1 such that for 1 < p < pi and ¢ sufficiently small, there exist at least
n — k positive solutions concentrating on k—dimensional subset of the equator. We
also discuss the problem on geodesic balls of S™ and establish the existence of positive
nonradial solutions. The method extends to Dirichlet problems with more general
nonlinearities. The proofs are based on the finite-dimensional reduction procedure which
was successfully used by the second author in singular perturbation problems.

1. INTRODUCTION

Let D be a geodesic ball in the n-dimensional sphere S = {z € R"™ : |z| = 1},
centered at the North pole with geodesic radius ;. We consider singularly perturbed

elliptic problems of the following type

(1.1) e2Agnt —u+uP =0,u>0 in D, u=0 on dD.

where Agn is the Laplace-Beltrami operator on S™ and p > 1. It is well-known that the
moving plane method applies to the balls contained in the hemisphere, see [34] and [21],
and implies that all positive solutions are radial in the sense that they depend only on
the geodesic distance 6, from the North Pole. For large balls containing the hemisphere,
the moving plane device fails in general. However in some special cases it is still true that
all positive solutions are radial as was observed by Brock and Prajapat [10]. For instance
if p< 22 and e? > ﬁ then (1.1) admits only radial solutions.

The main goal of this paper is to construct non radial solutions for small € and for balls
with radius 6} > 7/2.
Wamatics Subject Classification. Primary 35B40, 35B45; Secondary 35J40.
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2 CATHERINE BANDLE AND JUNCHENG WEI

Throughout this paper we shall assume that 67 > /2

We shall also be interested in non radial solutions of the corresponding problem in S™

(1.2) 2Agnu —u+uP =0, u >0 in S™

In [9] Brezis and Peletier conjectured that nonradial solutions will bifurcate as ¢ — 0.
It is one of the purposes of this paper to answer this question affirmatively. More precisely

we have, setting for fixed k=1,...n — 1

)

n—k—27

nokt2 - if k< n—2,
(13) pk_{—i—oo, ifk>n—2,

Theorem 1.1. For each integer k = 1,....n — 1, there exists £, > 0 such that for 1 <
p < pr, 0 < e < g problem (1.2) has at least n — k solutions concentrating on a

k-dimensional surface of the equator.

The analogous problem for an arbitrary domain in R™ and for a power nonlinearity

(1.4) e2Au—u+uP =0,u>0 in Q;
' u=0 on 01,
has attracted a lot of attention in recent years. For p < Z—J_“g, and e small, problem (1.4)

admits solutions with spike layers concentrating at (local or global) maximum points of
the distance function. See [13], [15], [24], [30], [38], and the references therein. We expect
according to numerical computations carried out in [36], that such a result remains true

also for (1.1). For the critical case similar results have been established in[7].

In [6] the authors studied (1.1) for £ small and general p and proved for balls of geodesic
radius 6% > /2 the existence of radially symmetric clustered layer solutions (i.e., solutions
depending on 6,, only) for (1.1) as ¢ — 0. The same result was obtained independently
by Brezis and Peletier [9] for the special case n = 3 and p = 5 by means of a completely

different technique.
Our results extend to problems with more general nonlinearities
(1.5) e?Agru—u+ flu)=0 u>0 in DCS" u=0 on 9D,

where f is subject to the following conditions:
(f1) f(t) =0for t <0, f(0) = f'(0) =0 and f € C'[0,00) N C*(0, 0),
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(f2) the following problem has a unique solution

(1.6) Aw —w+ f(w) =0 in R”’k,w(O) = max w(y),w(y) — 0 as |y| — +oo.
yeR"—

Assumption (f2) implies that w(y) = w(|y|) is radial and that the only solution of the

linearization of (1.6) at w
(1.7) Av—v+ fl(w)o =0 in R v(y) — 0 for |y| — 400

is a linear combination of g—;‘;, 7 =1,...,n — k. The proof of this fact can be found in
Appendix C of [33].

We will show that problem (1.5) possesses three types of solutions:
(1) Type (I ) solutions with a spike near k—dimensional subset of the boundary 0D

(2) Type (II) solutions with clustered spikes on k-dimensional subset of spheres near
the equator
(3) Type (III) solutions with clustered spikes both on k—dimensional subset of spheres
near the equator and a spike near k—dimensional subset of the boundary dD.
Remark: The symmetry results in [31] and [10] imply that in balls contained of radius
0% < 7 /2 problem (1.5) has only radial solutions. As for problem (1.1) nonradial solutions
can therefore only be expected for 6} > /2.
To state our results, we introduce the polar coordinates in R"+:

x1 =rsinf,sinf,_;...sinf, sin @,
Ty =1rsind,sinf, ...sin by cos ¢,
(1.8) r3 =rsinf,sinf,_1...cos by,

Tpi1 =T cCOSH,

wherer = /23 + ...+ 22, 0<¢p<2m, 0<6;<m j=2,.,n. Soaparametriza-
tionof S"isr=1,{0<p <27 0<6;, <m j=2,..,n} We also define

(1.9) g =cosbj,j=2,..n.
We look for nonradial solutions of (1.1) of the form
u=u(&n, o, Epr1), k=1,....,n — 2.

Define a k—dimensional spherical cap on S”

(1.10) Cr={0ks1=... =01 = g,Gn = arccosr}.
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We also need a quantity: let p. satisfy
(1.11) w(p.) = Ape’pe, pe >> 1

where Ay is some generic constant to be given in (3.10). It is not difficult to see that there
exists a unique solution p, which satisfies (2 — 6)log 2 < p. < 2log 1 for all &€ < £4(6).

The location of the boundary layer is given by the unique solution of

r*+ R —k—1 V1i—-R? 1 1
s n eln S = —5logg+0(z—:).

Vi-R 4 F+R 2

Our main result in this paper is the following

(1.12)

Theorem 1.2. Let k=1,...,n—1 be a fized integer. Let N > 0 be another fixed positive
integer. Set —R = arccos 0. Then there exists eny > 0 such that for alle < ey, problem
(1.1) admits three types of solutions ul(&n,...; 1), u2(Eny ooy Ehn)s U3 (Eny ooy Enrr), with
the following properties

(1) (Type I) ul concentrates at £y = Cye where 15 satisfies (1.12)
More precisely, we have ul(0, ...,0,75) — w(0), where w(y) is the unique solution of (1.6),

and there exist two constants a and b such that
(1.13) ul(Eny o Erp1) < qe—be T dist((Enyenhin) 1)

(2) (Type II) u?(&n, ..., Exs1) concentrates at Yo = UN,C i with

T2
N+1

el _
(1.14) ry = (I 5

Jepe +O(e),l=1,..,N

where p. is defined by (1.11).
(3) (Type IIT) u3(&,, ..., k1) concentrates at k-dimensional subset Y3 = U{LC@L U Cie

where 1§ satisfies (1.12) and

_ . N+1
(115) = -

As a consequence, for each N > 1, there exists at least (2N + 1) solutions for € suffi-

Jepe +O(e),l=1,...,N.

ciently small.

Remarks:

(1) When k = n—1, this corresponds to result in [6] and [9]. In this case the solutions

are radial. When k£ =1,...,n — 2, all solutions in Theorem 1.2 are nonradial.
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(2) It was proved in [16] that all solutions of (1.6) are radial. In general there are not
necessarily unique. Examples of functions for which there is a unique solution are

found for instance in [28].

Going back to equation (1.2), we have the following

Theorem 1.3. Letk=1,...n—1 and k+1 < j <n and N be a fixed positive integer.
Then there ezists eny > 0 such that for all € < eny, problem (1.2) admits n- k solutions
e j(&ny - Epg1) such that u.; concentrates on a k—dimensional subset {0; = 5,1 = k +

o .
1,...,n,i # j,0; = arccosrj; } where

N +1

(1.16) ri; = (- Jepe +0(e),l=1,...,N

Theorem 1.1 then follows from Theorem 1.3.
Radially symmetric Type II solutions are studied for the following singularly perturbed

problem

2A, _ , ‘
(1.17) {eAu u+ f(u) =0,u>0in

% =0 on 092

where 2 is the unit ball in R™. See [1], [2], [11], and [26]. In particular, we mention
the results of [26] which state that for any positive integer N > 1, there exists a layered
solution u. to (1.17) with the property that w. concentrates on N spheres r{ > ... > r5
satisfying 1 —r§ = elog 14+0(e),rs_ —r5 = elog 14+0(¢),j = 2,..., N. This is in contrast
to the Dirichlet problem where near the boundary the solution concentrates at most on

one sphere(cf. solutions of Type I of [6]).

Our approach mainly relies upon a finite dimensional reduction procedure. Such a method
has been used successfully in many papers, see e.g. [1], [2], [14], [18], [19], [26]. In
particular, we shall follow the one used in [26].
This method consists of three main steps:
Step 1: Choose good approximate solutions which concentrate on some circles C,.,, ..., C;. .
This is done in Section 3.
Step 2: Solve the nonlinear PDE modulo the projections of finite dimensions correspond-
ing to translation modes. This reduces the problem to a finite dimensional problem.

This is done in Section 4.
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Step 3: Use degree theory (depending on nondegeneracy of some reduced functional) to
solve the reduced problem.

This is done in Section 5.

The interested reader may consult the survey article of Ni [29] (pages 170-173) for more
details.

Throughout this paper, unless otherwise stated, the letter C' will always denote various
generic constants which are independent of €, for € sufficiently small. The notation A, =
A |

0(B.) means that !g—j < C, while A, = o(B.) means that lim._, & =0

Acknowledgment. The research was completed while the first author (C.B.) was
visiting the Institute of Mathematical Sciences of The Chinese University of Hong Kong.
She would like to express her gratitude for the hospitality and the stimulating atmosphere.
The research of the second author (J.W.) is supported by an Earmarked Grant from RGC
of Hong Kong.

2. COORDINATES ON S"

In this section, we introduce the spherical coordinates on S™ and derive the equation
for u. For this purpose we find it convenient to map S™ stereographically onto R™. The
equator is mapped into S”~! and we shall assume that the upper hemisphere is mapped
into the unit ball of R™.

Let x € R™ and let (1,0,_1,0,_2,...,602,¢) be its spherical coordinates given at (1.8),
such that 6 € [0,7) for k=2,...,n — 1 and ¢ € [0, 27).

Then

dz|? = dr®* + r2d6> |, +r’sin6?> do* ., + ...
n—1 n—1 n—2

+r?sinf? | sinf? ,sinf? ... sinf5de’.
For our purposes it will be convenient to use the new variables
& =cosbOpfork=2,..n—1, & = .

Then

2 2 2
T 2 r*(1—&q1)

|dx|* = dr? + .

dfifz +ooet 7”2(1 - 5271) (1= §§)d§%

n—1 n—2
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Rn

South Pole

FIGURE 1. Stereographic projection

After a stereographic projection of S C R"*! onto R™ we have for the line element on S™

9 \2
ds* = (1 +r2) |dz|?.

Let 6,, be the geodesic distance from a point on S™ to the North pole and set

Then

We have

Hence

&, = cosb,.

0, [1-¢ 2
= tan = = — 146,
P Tre 142 T8

2 2
( 2 2) r? =1—¢2 and (ﬁ> =(1-&) 1 +¢&)7°0

1+7r d&,

1 1-& 1-&)A-& 1)
=7= é’,%d&% + 1_—2d€721_1 +

2
n—1 1 - n—2

(11— (- )

= Z giid£i2-
i=1

d82 dgi_g +
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The Laplace-Beltrami operator on S™ takes the form

Z 652 \/_gll agl)

where
n

)
vo=1]a-&)
k=3
For m = 2,...n denote

Apim—t O ((1—53@)?8).

Then
A A 1 82
' Agn = A, m O —
R A - | G R | R

Remark Observe that A,, is the Laplace- Beltrami operator on S™ depending only on
the geodesic distance from the North pole of S™, that is (0,---,0, 1 ,0,---,0).
m+1
Finally for u = u(&,, ..., &41) satisfying (1.1), we have

An—lu Ak:—‘rlu .

(2.2) | Au+ 4+t —u+ f(u)=0in D, u=0ondD
1 _gg, Hz k+2( 52)

Let

(2.3) 2z = %, j=n,.k+1, 2= (2Zn, . 2kt1)-

Then (2.2) becomes

(2.4) Au—u+ flu)=0in I;u =0 on I
where
i ’ A/ u A/ u
25 ANu=A Tl o kt1 ’
(2:5) ! ntF +1 —e222 - * H?:k+2(1 - 5242)
1 0 m O
A u= — (1—e%22)2
(1 —6227%) 2 aZm " m

and
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We also write (2.4) in the following form:

(2.6) Z \/?822 (\/ )(gii(gz))_ISZ) —u+ f(u)=0in I;u=0on I

i=k+1
where
1—¢e222

(2.7) Vo = H (1 —¢e%z7) ,gu Hl =)

i=k+1

Let us illustrate the solutions described in Theorem (1.2) in the three-dimensional case.
If we project the ball D C S? stereographically into R? we obtain again a ball of Euclidean
radius Ry = tan %* centered at the origin. The equator corresponds to the concentric ball
of Euclidean radius 1. The figures indicate in the meridian plane the maxima of the

solutions. We show type III solutions.

(@\Y

D) -

FIGURE 2. radial solutions with boundary layer and clustered spikes near
the equator

Near the boundary the solutions have only one maximum whereas near the equator the
number of spikes is any number N < Ny(g). This number increases as ¢ decreases. This
is the same for nonradial solutions. The spikes here lie on circles near the boundary and

near the equator.
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R,

1 1-dim.spike

o

1-dim.clusters near the
equator

F1GURE 3. nonradial solutions with boundary layer and clustered spikes
near the equator

3. APPROXIMATE SOLUTIONS

In this section we introduce a family of approximate solutions to (2.6) and derive some
useful estimates. Since the construction of type I1I of Theorem 1.2 is the most complicated,
we shall focus on the existence of u? in Theorem 1.2. The proof of existence of u!, u? can
be modified accordingly. We shall use a unified approach to prove both Theorem 1.2 and
Theorem 1.3.

Let us now fix jo € {k+1,...,n}. (To prove Theorem 1.2, we take j, = n.)

Let w be the unique solution of (1.6), (see assumption (f2)). Using ODE analysis, it is
standard [17] to see that

n—k—1 _n—k+1 e~ T

(3.1) w(y) =Ar~ 2 e "+0(r 2 ), ye Rk = lyl,

_n—k—-1 n—k+1

w(r)=—A,;""2 e "+0(r 2 e") for r>1,

where A,, > 0 is a generic constant depending on n and f only. We state the following
lemma, which measure the interactions of spikes. The proof of it follows from (3.1) and

Lebesgue’s Dominated Convergence Theorem. See Lemma 2.3 of [25].



MULTI-CLUSTERED SOLUTIONS 11

Lemma 3.1. Let ky > ky > 0 and let w be a function satisfying (3.1). Then for
|Py — P3| >> 1 we have

(3.2) W (z — P)w*(z — Py) = O (0™ (| P, — Py))

and for ki > ks

(3.3)

/ W (z— Pyt (@ Py) = w0 ([P~ Pof) (14O )) / W (z)e PR
Rk [Pr— Pa| ™ Jgn-s

For t = (t,,...,tg41) with ¢, € (—%, %1), we start with the approximation of solutions

concentrating at z = t/e. Let

tn t
(3-4) wt(z) =w ((Zn - ?) gnn(t>7 Sy (Zk+1 - %) 9(k+1)(k+1)(t)) , z €1,
and
(35) ws,t(z) = wt(z)n(gz - t)7 VS IE?
where
[ 1for |z| < 100 ;
(3.6) o) ={ g o ) = #Boi

The approximation of the type I solution with a boundary layer is more complicated.

For t = (¢9,0,...,0) where t € (—R, —%), we have to define w, ¢ differently. First we

set

—R—¢ o (80 e2n+R)Vonn (t0
(37) as(tO) — w (( n) g ( )70’.”’0> 7 Ba(z) _ 6_( +R)6 ( )7 zc ]5.

3

(3.1) implies that for & Bt 51

”*TH (R+t%)
1—(t9)2 =
(3.5) 0(£) = (4, + O()) (Ti)> c

A first ansatz for type I solutions of Theorem 1.2 is

w(z) = (wyo(z) — e (t°)B:(2)) n(ez — t°).

If we compute S.[w] first order terms in e remain (cf. Section 6.2, in particular the
computation following (6.24)). The correction which takes care of these terms is described

next.
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Let Wy(y) be the unique solution of the problem

(3.9)
AV, — \IIO + f (w)¥o = (_F)(zyl ayQ + nayl) + \/ﬁyl Z;:; ?)T%U — Ape A f (w)e ™, in R
fR"—k an _Oj_l —k

where Ay and ¢; are defined by

k[ |[Vw|?d
fRn  [Vwldy and e 2% = —R Ap.
An fRn—k f(w)e_yldy V 1 - R2

(Observe that by (3.10), the right hand of (3.9) is perpendicular to 9% o) =1..n—k

Hence by the assumption (f2) concerning (1.7), there exists a unique solutlon to (3.9).)

(3.10) Ay =

Since ¥, does not satisfy the Dirichlet boundary conditions we have to modify it as
follows: let
(3.11)

Uo(z) = ( Grn (), -+, Zha14/ 9o 1) (1) ( ) ‘1’0( ) gnn(t°), 0, ---70) B (2).

The approximate solution of type I assumes now the form:

(3.12) Weo(2z) = (wto (z) — . (t)B.(z) — 5@0(z)> n(ez — t°),

where ¢ € (—R, —4).

Note that for z, > we have

1
4e)
(3.13) e 1 (2)| + |Vawe i (2)] + | V2w, o(2)] < e .

Observe also that, by construction, w, satisfies the Dirichlet boundary condition, i.e.,
wajt(—g,zn_l, vy Zk41) = 0. Furthermore, w. depends smoothly on t as a map with

values in C? (I,).

Next we describe the approximate location of the concentration points t. We first

describe the boundary concentration point. Let 2 be the unique solution such that

(3.14) 2+ R n—k—llgvl—RQ L ooe s
. — eim — = —£10g — 1€
V1—R? 4 P+ R B TA

where ¢; is defined at (3.10).
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To describe the concentration points near the equator, we have to consider the auxiliary

functional

i 1
(3.15) E.(t', .. tY) = AOZ t) +ZG !

where Ay is defined in (3.10) and the functlon G satlsﬁes
1
Janx F(w)e¥1 Jgn-i

The properties of G are given in the following lemma whose proof is given in Section 6.

(3.16) G(T) = Fws s Yni))0(T + Y1, Y2, s Yn—i)

Lemma 3.2. The function G is radially symmetric and for T large, we have

!

(317) G(T) = (1+ O()u(T), G (T) = (1+ O(z)w'(T), G'(T) = (1+ O’ (T)

Using Lemma 3.2, we have the following result, the proof of which is carried out in

Section 6.

Lemma 3.3. The functional E.(t',....t") has a unique minimizer (L,...,tY) in the set
{# A -t >ej=2,..., N}

Moreover, we have

(3.18) = -2 e o)
where p. is the unique solution of
(3.19) G (pe) = Ave?pe, p- >> 1.

Furthermore, the smallest eigenvalue of the matrix

O*E.
M= oo

is greater than or equal to Ag. As a consequence, we have that
(3.20) M x| < Olx|.

Remark: Note that for any 0 < < 1 there exists ¢y > 0 such that.
1 1
(3.21) (2 —19)log— < p. <2log — for all ¢ < ¢y.
€ €
We introduce the following set

*r 7700
[ty —£] < e,
th, — | <ei=1,.,N

Y

t9 = (¢2,0,...,0),t" = (0,....,t% ,0,...,0), where
(3.22) A= {(to,tl,...,tN) }
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where 0 < 79 < §, 0 being defined in (f1).
For (t%,...,t") € A, we define

(3.23) t° =+t =F ret' i =1,...,N,t" = (¢,0,...,0),t' = (0,...,t: ,0,...,0),

»“jo 0 Yoo

(3.24) Wi =wepi(2),i=0,1,....N,W(z) ==Y W,
and -
(3.25)
(R A+ ) (gan(t)Y? (1= ) (gan(t)\ 1 (1 + ) (gut))? (1= t)(gu(t)V?
Lo = € ’ € ) Xz—ln_[_1 < € ’ € ) ’

Then we have
t%,t', .. tN) e A iff |#|<1,7=0,1,..,N
and
; 4 i ; . 1
(3.26) a.(t%) = O(Ve), ti, = O(e[Inel),j =1,.., N, |[t' —t’| > 2|i — jlelog =~

The choice of the approximated location of the concentration points comes from the
computations carried out in the proof of formula (5.1).
Let

(3.27) S.(u) = A'u—u+ f(u).

Finally we state the following important lemma on the error estimates. The proof of
them will be delayed to Section 6.2.

Lemma 3.4. Let (t°,...,tY) € A and let € be sufficiently small. Then
(i) if ez; =t + e(gun(t) V%Y1 4,5 =,k + 1, we have
24, + O(7)

N

where o is defined in the condition (f1).

(1) if ez = t; + &(gnn(t) Y2ypi1_j,j =k +1,..,n,i =1,.., N, we have
2 2
(3.29) S.W] = —2575;‘.0% poe, Y O

(3.28) S:[Wol(z) = glt70§0,—2c1 f’ (w)e ™ + O(€1+%)7

2
m<jo yn+1fm

—ejot’, +2E (y) + O(3(1 + [y[*)e )

On+1-jo
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where E',i = 1,...,N are bounded and integrable functions which are even in y;,j =

1,...n—k. As a consequence, we obtain

(3.30) ISVl L2,y < Ce™

4. FINITE-DIMENSIONAL REDUCTION

In this section we perform a finite dimensional reduction process. Since most of the
analysis here is similar to that of [6], we just point out the main differences.
Fix (t%,...,t") € A. We define two norms:

n

0
(4.1) (uyv)az/ ﬁ[ it o | 4 uw
I. 0z;

i=k+1

, <u,v >8:/ Vguv.
IE

Here /g corresponds to volume element related to Sk cf. (2.7) Integration by parts

implies
(u,v)e = — <u, Av—v>_.
Define
ow ow ,
(42) ZO,E:_7Zi,E:_iai:17"'7Na Zi:Azi7g_Zi7g7Z‘:O7---7N
ot ot
and

(u,u): < —I—oo,u(—g,zn_l, ey Zpg1) = 0,
H = wevenin &,j=k+1,...n,5 # Jjo
(u,2i)e =0, j=0,...,N

Note that, integrating by parts, one has
u€eH if and only if <u,Z; >.=—(u,z,.).=0, i=0,1,....,N.

Let us consider first the following linear problem: for given h € L*(I.) find ¢ € H such
that

(¢, 1)e— < /W), 1) >.=< h,p >., Vip € H.

This equation can be rewritten as a differential equation

(4.3) { Lo = Ao — ¢+ (W) =h+ XN, .2
| pEM, <¢,Z>=0, i=01N,

for some constants ¢;,i = 0,1, ..., N or in an abstract form as

(4.4) ¢+S(¢)=h in H,
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where h is defined by duality and S : H — H is a linear compact operator. Using
Fredholm’s alternative, showing that equation (4.4) has a unique solution for each h, is
equivalent to showing that the equation has a unique solution for A = 0. Next it will be

shown that this is the case when ¢ is sufficiently small.

In order to derive an a priori bound for ¢ in terms of h we need the asymptotic be-

haviour of z;. and Z; in €. By elementary computations we obtain, setting y,4+1—; =
(e2j—t%)(g;;(t%)) /2
13

(G70jo (6% Ow

(4.5) Zie = — . T + Ri(y)
L
(4.6) 7, = Wi @) gy 00 gy
€ ayn—i-l—jo

where R;(y) i = 1,2 are bounded and integrable over R"*.

Let us define the norm

(4.7) 6]+ = sup [o(z)].

z€l.

We have the following result.

Proposition 4.1. Let ¢ satisfy (4.3). Then for e sufficiently small, we have
(4.8) 0]l < Cl|Rll

where C'is a positive constant independent of ¢ and (t°,...,tY) € A.

Proof. The proof of this proposition is similar to that of Proposition 4.1 of [6]. We just
point out the differences here. the key point here is to use the symmetry assumption (i.e.,
¢ is even in all variables except zij, ) to exlcude many degeneracies. It is important to
note that W € 'H and the the equation is invariant under reflections in &;,j = n, ...,k + 1.

Arguing by contradiction, assume that
(4.9) o]l = 1; [2]]+ = o(1).
Similar to the proof of (4.12) in [6], we obtain

(4.10) ci = O(e||hll) + ol|gll.) = o(e),  i=0,1,...,N.
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Also, since we are assuming that [|h||. = o(1) and since || Z;||. = O (1), there holds

N
(4.11) Ih+> " eZill = o(1).
=0

Thus (4.3) yields

ANo—g+ f'(W)g = o(1);
(4.12) { beH <é,Zi>.=0, i=0,1,..,N,

We show that (4.12) is incompatible with our assumption ||¢||. = 1. First we claim that,
for arbitrary, fixed Ry > 0, there holds

N .
tl
(4.13) 6(z)] =0 on (J{lz—=| <R}  as £—0
€
i=0
Indeed, assuming the contrary, there exist o > 0, i € {0,1,..., N} and sequences

€k, Ok, Zx € Br,(t?) such that e, — 0 as k — oo and ¢, satisfies (4.3) and

(4.14) |br(zr)| > 0 for all k.

Without loss of generality, we may assume that ¢ = 1. The proof of the other cases
~ 1

is similar. We also omit the index k for simplicity. Let ¢(y) = ¢(z) where z; = t;] +

(9;;(t))"%y,41;. Then using (4.12) and |¢||. = 1, as &y — 0 @, converges weakly in

HE _(R™*) and strongly in CL_(R"*) to a bounded function ¢y which satisfies

loc loc
A¢O - Qbo + f/('lU)(bo =0 in Rnik.

Hence ¢y must tend to zero at infinity and so, by (1.7), ¢9 = Z;:f cjg—;“_ for some c;.
J

Since ¢ is even in y;,j =n,...,k + 1,7 #n+ 1 — jo, we see that
ow

JO
OYnt1-jo

ol

On the other hand,é; L Z; in H, we conclude that Jan—r G0 f' (w) 9w__ — (), which yields

OYnt1—jq

¢j, = 0. Hence ¢g = 0 and ¢ — 0 in Byg(0). This contradicts (4.14), so (4.13) holds

true.

Given § > 0, the decay of w and (4.13) (with Ry sufficiently large) imply

1
(4.15) IFW)ell. < 6+ Slell..
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Using (4.12) and the Maximum Principle one finds

N
ol < INFW)l + D lelll Zl + IR
1=0

1
< 2%+ 9l
and hence
o]l <46 <1
if we choose 0 < %l. This contradicts (4.9). UJ

Using Proposition 4.1 and standard contraction mapping principle, we have the follow-

ing finite dimensional reduction theorem

Theorem 4.2. For (t°,....,t") € A and ¢ sufficiently small, there exists a unique (®,c) =
(@0, v, (0, ..., tY)) such that the following holds

(4.16) e

{ AW +®)— (W) + f(W+) =N % in L.,
Moreover, the map (t°,...,t") — (P o, v, c(t°, ..., tY)) is of class C°, and we have

(4.17) [P, g0, x|l < Ce™ .

Proof. The proof is exactly the same as Proposition 4.2 of [6]. we omit the details. O

5. PROOF OF THEOREMS 1.2 AND 1.3

From (4.16), we see that, to prove the existence of Type III solutions of Theorem 1.2 and
Theorem 1.3, it is enough to find a zero of the vector c.(t%, ..., t") = (coe, C1ey oy one)t.

The next Proposition computes the asymptotic formula for c.(to,t): (Recalling (3.23))

Proposition 5.1. For ¢ sufficiently small, we have the following asymptotic expansion
1

270 fenn (F (w)(52)?)

(51) 0075(130,...,13]\]) = doI,tO—FﬁO’E(EO,...,tAN),
(5.2)
A(E.(,.... 1Y)

- + 6,80, ), i=1,..., N
ot i )
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where d; # 0,i = 0,1,..., N are positive constants, and B3;.(t°,....,t"),i = 0,1,.... N are

continuous functions in (1°, ..., t") with

N
(5.3) Bie(l, .. ) = O™ + Y |E?),i =0,...,N.
=0

We delay the proof of the proposition at the end of the section. Let us now use it to
prove Theorem 1.2 and Theorem 1.3
Proof of Theorem 1.2:

To prove Theorem 1.2, we set jo = n.

To find a zero of c.(t°,...,t"), it is enough to solve the following systems of equations
(5.4)  dot® + Bo (1, ..., 1Y) = 0, d;Vu(E(t", .., tN) + B (L ..., #Y) =0,i=1,...,N.

By Lemma 3.3, the matrix M is invertible with uniform bound, (5.4) is equivalent to

~

(5.5) (A0, .. YY) = B.(°, ..., i)
where 3.(°, ..., #V) is a continuous function in (£°, ..., #V) satisfying

~

N
(5.6) B, ) = 0™ + > 1),
=0

Let B = {(°,....,")] |({°, ...,#")| < €2 }. Then Brouwer’s fixed point theorem gives a

solution in B, called (£2,...,12), to (5.5), which in turn, gives a solution

to equation (2.6), where
(5.7) t0 = (1 +22,0,...,0),t. = (0,.... . +1°,0,...,0).

It is easy to see that u? satisfies all the properties listed in Theorem 1.2.
O

Proof of Theorem 1.3:
To prove Theorem 1.3, we let jo € {k + 1,...,n}. Then for each fixed N, there are at
least n — k solutions u. j,,jo = k+1,...,n.
O
Now we are ready to prove (5.1).
Proof of (5.1):
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Similar to the proof of (5.8) of [6], we multiply equation (4.16) by \/gz;., integrate by

parts and obtain, using Lemma 3.4 and Theorem 4.2,

N
(5.8) ch,g < 7y, zie >5:/ V9(e2)SAWHD, 10 vz :/????SE[W]ZZ-7E+O(5HTO)
1=0 I

IE

/IZSWlJerWl me )zie + O(e1™).

= =0
For i =0,1,..., N, we make use of (4.5) and deduce that

69 [ SWls= L) [ Sm

+ O(g't™).
I MWn+1-jo

For i = 0, jo = n, we have, using (3.28),

/ s = 22Oy e [ () O gy 4 (et
0 ’ 1—R2 Rn—k ayl

1,

(5.10) = doe™ o + O(*™)

where

dy =

24, +O( ) ow 2A —I—O( )
| In E| —2c ! —y1 | In E| —2c —Y1
MR LELP / g R /Rn_kf(w)e 40,

For i =1,2,..., N, we have, using (3.29),

/ S.[Wilzidz = O(£'™) if [ # i,
Ly,

+0(£%)

S:W [ ZZdZ - __/ ;S ayn—l—l —jo

, 9*w ow 9*w ow
= 2t / n - Z&ttZ / Yn
J0 Rn—k y = ]O a 2 8yn+1—]0 Z Rn—k = ]0 5’

Ynt1—jo m<jo Ynt1- mﬁyn-‘rl —Jo

i dw 2
t — O
ity [ G+ O

Is,t

| ow
__ktz./ 4O Ine
L[ Gl oEne)

for

(5.11) / 82_11)8_11)__1/ (6w)2
' Rn—k Yio Y3, 0o 2 Jpen Oy,
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and

w ow 1 ow
5.12 e = — 2

where m # jj.
On the other hand, we have

JONOESUIEEEE / (F () wes + )
L= I=1 Rk

I=i—1,i+1 ann+1_]o
tz 7tl
oG
=By Y % +0(e?)
l=i—1,i+1 Jo
where
BO — f(w)e_yn+1—j0 7& 0
Rn—k
Thus we have for i =1, ..., N,

N
/ S S+ 1 Zm -3 fm))=

Ie =0 =1

th tl

GG( 20)

ow

Mnt1-jo

Z / wti—l + wti+1) n 0(52)
Rn—k 1

:_ktz 2 B 1470
J/ |8y1| + bo Z —6;0 +O0(e ™)

l=i—1,i+1
OGSty
= —BO[Aoté-o — Z T + O(€1+7—0)]
i=2
So we have forv=1,..., N,

/ S.Wndz = —By 2 | oty

1. 0t

- B,

3
ot 't

(5.13) = d;e (Mz?) + O™

where d; = —By,j =1, ..., N.

(M(t - t*f))j + O(e'™)

+0(e?)

21
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Since

1 ’ aw
—(0y +0
O LT G+ o)
we derive Proposition 5.1 from (5.8), (5.10) and (5.13). (The fact that all the error terms
e in (80, )

O

(514) < Zl7Zi,€ >e=

are continuous in (fo, N ) follows from the continuity of ®, o

1111

6. PROOF OF THREE LEMMAS

6.1. Proof of Lemma 3.2. The fact that G is radially symmetric follows from the radial
symmetry of w.

To study the properties of G when T is large, we note that by (3.1) for T" large

k+1 n o _ 2 n—k _ 92
W(T + Y1, Y2, oY) ~ A ((T + y1)? Zy] . V(T+y)2+ 508 2

- AnTk-&-;—n e_Te—yl—i-O(%)
~ w(T)e N O00T)

Then by Lebesgue’s Dominated Convergence Theorem, we derive that

(6.15) F@)(T + 0,30, s) = (14 Ol [ fla)e™

Rnsz Rnfk
and so

1
G(T) = (1 +O(7)w(T)
The other estimates can be proved in a similar way.

O

6.2. Proof of Lemma 3.3. Note that for T large, w" (T) > 0 and hence G(T) > 0. It is
easy to see that a global minimizer of E.(t) exists since F.(t) is convex. Let us denote it

NH)PE + est, where p. satisfies

by (£, ...,tY) which is unique. Setting . = e(i —
A052,05 - _G (pa)7

then s7 satisfies

N
N ]. £ € € SE
(6.16) Aop(i — T+) + Agess + e~ 750) — o7 (50 4 O( E u) =0,7=1,..,N
— Pe
J=1

which admits a unique solution s* = (si, ..., s5,) = O(1).
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Let M = (8;%57(;)). We show that the smallest eigenvalue of M is uniformly bounded

from below. In fact, let n = (7}1, . ,77N)T and we compute

|t€ 1
(6.17) )~ Myjnin; = AoE 77]+ E G (L—L=)(my — nj—1)* > Aolnl?
1,

which implies that the smallest elgenvalue of /\/l, denoted by A1, satisfies
(6.18) A1 > Ag > 0.
Now we consider
M7l =" M2 < A7l
which proves (3.20).

6.3. Proof of Lemma 3.4. Using (1.6) it is easy to see that

S.[W] = S.[Wo] + S.[>_ Wil + O(e™ %)

=1

N N
(6.19) = SWol + DS Wi+ QW) = Y f(W) + O(e™e=).
=1 =1
Let us compute each term in the right hand side of (6.19): to this end, we first compute

8wt
(6.20) Z 9(ez)(gu(ez)) a—zl)

S V9(ez) 82;

n

- Z glll 3@;& Z 1_)((%11n( EJ(&Z)))((;_Zt

I=k+1 I=k+ 19”(

0
+ Z gll €Z )aith

I=k+1
Let ez; =t} + e(g;:(6) ?ynsa_j,j =n, .k + 1 or

t
z= -+ Dy
€

where D is a diagonal matrix.
Fori=0,50 =n,n+1—jy =1, we have
n—1 l

(6.21) Vi=(1-e) T -y

I=k+1

—222 4 o)),
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(6.22) S e
| Grm = 1g2z2(1_5< S )+ O(EY) i m < n

and
dln /g (m —2)e?z,, 9g, L —2e%z, ifm=n
(623) = — s = 2622 4\
0z, 1—e222 0Zm —5% +0(eh) if m <n
Substituting (6.23) into (6.20) and after a lengthy computation, we have
SE [wto]

t0 82w
6.24 —2¢e z Yy Y
(6.24) V1 — (19)2 lay% \/ tO mz@ O

t9 ow

5+ O Ine|(1+ [y)e )

\/ (t9)2 Oy

On the other hand since . depends on z, only,
A/ﬁa - 55
= (1 - 6222)6;:/ - n€2znﬁ; - ﬁa
1—¢£? 1
Zo et 1| = 0@

L= ()2 1—(19)?
and hence

Se[wto - ae(to)ﬁs] = f( - O‘s“O)B&) - f(w)

9 tn (9210 Z

€ Yy Yy

\/ 1-— tO 2 ! ay% \/ tO m<n 1 ynJrl m
nt9 ow

5o T OE 1+ [y)e™™)

\/1— (t9)2 dys
R+t

T a0 R 8210
= —a.(t%e VW fw)e ™V — e e ——
( ) f() Vl_RQayl Vl_RzzaynJrlm

m<n
ntd  Ow -
+O0(e'*2
\/ 1-— R2 @yl ( )
. . 2(R+t9) 2
= AR () e Ve e e Oy

V1—R? ay m ng 3yn+1 m

O(e'*%)

R+tY

_e R Ow
V1 — R20y
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Since .
(== )"’T“e‘%%ﬁ
R+t
() 1 O( e Ve VIR — e (14 O( e Vi
=(zrn |1 |0)e e ge” (1+O<|1n5| 0)e ,
we deduce that (using the equation (3.9))
(6.25)
2A +O(|ln5‘)

SE[WO] =S [wto - O‘s(to)ﬁa - E\i/o] = 1+70£06—201 f’ (w)e—yl + O<61+%>

vV1—R?
which is just (3.28).
Next we consider the case 1 = 1,...,n. In this case, we have that

n

(6.26) g,b,=1-e2— Y 22+ 02", yg=1- Z I 822]2-+O(84|z|4)

j=m+1 j=k+1

Hence
Gmm (t) B 0w

Awy = Aw + : 1
e v Z [gmm<tl +€Dy) ]ay721+1—m

m=k+1

Z 2 gmm tz 12 Y% ow

m=k+1 ayn—H -m

u 1 ow
+ A (—(m = 2)e*z) 5——— + O (1 + [y[*)e ™))
m%:ﬂ V9(ti 4+ eDy) Wnt1-m

0w i
(6.27) = Aw — 2t Y 41— o a2t 0 D Yntioio a ——
n+1 —Jjo m<jo n+1 —m

ow ~ _
g HEE(Y) + O (1 + [y[)e™)
Yn+1—jo

where E'(y) is a bounded and integrable function which is even in y;,j = 1,....,n — k.

—E]ot

(The last term is harmless since it is even in y;.)

Hence from (6.27) we have

. 0w ; 0w
(6.28) S.[W;] = —2etl ——— o2 +2eth Y e
n+1 —Jo m<jo yn+1—m

- i — dw i - -
<t (g5 (#)) 7 52—+ () + O el (1 + [yf)e) = O(( nele™).
nrl=7j0



26 CATHERINE BANDLE AND JUNCHENG WEI

On the other hand, the interaction terms can be estimated as follows: for ez; =t +
e(975 () Y1 [ = il > 2, g5;(t") = 1+ O(| Ine])
[£?—t!]

wu(z)=0(e = )= 0(54‘ lng‘zl)

Therefore

(6.29) FO7 we) = D flwn) = F (i) (s + ) + OE),

Combining (6.28) and (6.29), we obtain (3.29). (3.30) follows from (3.28) and (3.29).
0

7. EMDEN EQUATIONS OF S"

Our interest in the existence of positive nonradial solutions grew out from the study of

the problem

(7.1) Agnv —Av+1vP =0, v>0inD CS",v=00n0D, X\ > 0.
in particular when p = Z—J_r; is the critical exponent. As in the previous sections we shall

assume that D is a geodesic ball, centered at the North pole with geodesic radius 6.
As already mentioned in the Introduction if 6% < 7/2 all positive solutions are radial.

2

We therefore assume that 6% > 7/2. If we set u = A7 and e 2 = A then u satisfies

problem (1.1).

In [6] it was shown that in contrast to the corresponding problem in the Euclidean
space (7.1) possesses for arbitrary p > 1 and large A radial solutions. There are three
types of solutions as in Theorem (1.2) with k replaced by n — 1. As X increases there
are more and more solutions with an increasing number of spikes on n — 1- dimensional
spheres near the equator. These solutions have been observed numerically in [36]. From
Theorem (1.2) we obtain also the existence of nonradial solutions for (7.1) or equivalently
to (1.1). yields

Theorem 7.1. Let 1 < p < pg. Then the statements of Theorem (1.2) remain valid for
u= )\P%lv, v being a positive solution of (7.1). In particular we have )\_P%l’u(G) —co >0
as @ — X, 1 =1,2,3 where 0 = (0,,,- -+ ,02,¢).

Proof. We only have to show that the assumptions (f1), (f2) are satisfied for

Aw —w +wP = 0 in R**,
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The existence of a ground state was proved in [37]. The radial symmetry follows from

[16]7

see also the remark in [35]. The uniqueness has been proved in [22]. O

Theorem (1.1) follows from the above result.

1]

2]

REFERENCES

A.Ambrosetti, A. Malchiodi and W.-M. Ni, Singularly perturbed elliptic equations with symmetry:
existence of solutions concentrating on spheres, Part I, Comm. Math. Phys. 235 (2003), 427-466.
A.Ambrosetti, A. Malchiodi and W.-M. Ni, Singularly perturbed elliptic equations with symmetry:
existence of solutions concentrating on spheres, Part II, Indiana Univ. Math. J. , 53 (2004), no.2,
297-329.

C. Bandle and R. Benguria, The Brezis-Nirenberg problem on S3, J. Diff. Eqns. 178 (2002), 264-279.
C. Bandle and L.A. Peletier, Best constants and Emden equations for the critical exponent in S3,
Math. Ann. 313 (1999), 83-93.

C. Bandle, A. Brillard, M. Flucher, Green’s function, harmonic transplantation and best Sobolev
constant in spaces of constant curvature, Trans. Amer. Math. Soc. 350 (1998), 1103-1128

C. Bandle and J. Wei, Multiple Clustered Layer Solutions for Semilinear Elliptic Problems on S,
submitted.

C. Bandle and J. Wei, Solutions with an interior bubble and clustered layers for elliptic equations
with critical exponents on spherical caps of 83, in preparation.

H. Brezis and L. Nirenberg, Positive solutions of nonlinear elliptic equations involving critical
Sobolev exponents, Comm. Pure Appl. Math. 36(1983), 437-477.

H. Brezis and L. A. Peletier, Elliptic equations with critical exponent on spherical caps of S3,
J’Analyse Math. 2006, to appear.

F. Brock and J. Prajapat, Some new symmetry results for elliptic problems on the sphere and the
Euclidean space, Rend. Circ. Mat. Palermo (2), 49 (2000), 445-462.

C.J. Budd, M.C. Knaap and L.A. Peletier, Asymptotic behavior of solutions of elliptic equations
with critical exponents and Neumann boundary data, Proc. Roy. Soc. Edinb. 117A(1991), 225-250.
W. Chen and J. Wei, On the Brezis-Nirenber problem on S? and a conjecture of Bandle-Benguria,
C.R. Math.Acad. Sci. Paris 341(2005), no. 3, 153-156.

M. del Pino, P. Felmer and J. Wei, On the role of distance function in some singularly perturbed
problems, Comm. PDE 25(2000), 155-177.

E.N. Dancer and S. Yan, Multipeak solutions for a singular perturbed Neumann problem, Pacific
J. Math. 189(1999), 241-262.

M. del Pino, P. Felmer and J. Wei, Mutiple peak solutions for some singular perturbation problems,
Cal. Var. PDE 10(2000), 119-134.

B. Gidas, W,-M. Ni and L. Nirenberg, Symmetry of positive solutions of nonlinear elliptic equations
in R™ Math. Anal. and Appl., part A, Advances in Math. Suppl. Studies 7 A, Academic Press (1981),
369-402.

R. Gardner and L. A. Peletier, The set of positive solutions of semilinear equations in large balls,
Proc. R. Soc. Edinb., Sect. A, 104 (1986), 53-72.

C. Gui and J. Wei, Multiple interior spike solutions for some singular perturbed Neumann problems,
J. Diff. Eqns. 158(1999), 1-27.

C. Gui and J. Wei, On multiple mixed interior and boundary peak solutions for some singularly
perturbed Neumann problems, Can. J. Math. 52(2000), 522-538.

C. Gui, J. Wei and M. Winter, Multiple boundary peak solutions for some singularly perturbed
Neumann problems, Ann. Inst. H. Poincaré Anal. Non Linéaire 17 (2000), 249-289.



28
21]
22]
23]
24]
25]
26]
27]
28]
20]
30]
31)
32)
33]
34]
35)
36]
37)

[38]

CATHERINE BANDLE AND JUNCHENG WEI

S. Kumaresan and J. Prajapat, Serrin’s result for hyperbolic space and sphere, Duke Math. J. 91
(1998), 17-28.

M. K. Kwong Uniqueness of positive radial solutions of Au —u + uP = 0 in R", Arch. Rat. Mech.
Anal.105(1989), 243-266.

Y.-Y. Li, On a singularly perturbed equation with Neumann boundary condition, Comm. P.D.FE.
23(1998), 487-545.

Y.-Y. Li and L. Nirenberg, The Dirichlet problem for singularly perturbed elliptic equations, Comm.
Pure Appl. Math. 51 (1998), 1445-1490.

F.-H. Lin, W.-M. Ni and J.-C. Wei, On the number of interior peak solutions for a singularly
perturbed Neumann problem, Comm. Pure Appl. Math., to appear.

A Malchiodi, W.-M. Ni and J.-C. Wei, Multiple clustered layer solutions for semilinear Neumann
problems on a ball, Ann. Inst. H. Poincaré Anal. Non Linéaire, 22(2005),no0. 2, 143-163.

A Malchiodi, W.-M. Ni and J.-C. Wei, Boundary clustered interfaces for the Allen-Cahn equation,
submitted.

K. McLeod, Uniqueness of positive radial solutions of Au+ f(u) =0 in R™.II, Trans. Amer. Math.
Soc. 339 (1993), 495-505.

W.-M. Ni, Qualitative properties of solutions to elliptic problems. Stationary partial differential
equations. Vol. I, 157-233, Handb. Differ. Equ., North-Holland, Amsterdam, 2004.

W.-M. Ni and J. Wei, On the location and profile of spike-layer solutions to singularly perturbed
semilinear Dirichlet problems, Comm. Pure Appl. Math. 48 (1995), 731-768.

P. Padilla, Symmetry properties of positive solutions of elliptic equations on symmetric domains,
J. Appl. Anal. 64 (1997), 153-169.

M. Struwe, “Variational Methods and Applications to Nonlinear Partial Differential Eqtaions and
Hamiltonian Systems”, Springer-Verlag, Berlin, 1990.

Ni W.-M., Takagi I., Locating the peaks of least energy solutions to a semilinear Neumann problem,
Duke Math. J. 70 (1993), 247-281.

P. Padilla, Symmetry properties of positive solutions of elliptic equations on symmetric domains,
Appl. Anal. 64(1997), 153-169.

, A. Simon and P. Volkmann, Remarks on a theorem of Gidas, Ni and Nirenberg, Ren. Circ. Mat.
Palermo (2) 45 (1996), 116-118.

S.I. Stingelin, Das Brezis-Nirenberg auf der Sphare S¥, Inauguraldissertation, Univeritat Basel,
2004.

W. A. Strauss, Existence and solitary waves in higher dimensions, Comm. Math. Physics 55 (1977),
149-162.

J. Wei, On the construction of single-peaked solutions to a singularly perturbed semilinear Dirichlet
problem, J. Diff. Fgns. 129 (1996), 315-333.

MATHEMATISCHES INSTITUT, UNIVERSITAT BASEL, RHEINSPRUNG 21, CH-4051 BASEL, SWITZER-

LAND

FE-mail address: catherine.bandle@math.unibas.ch

DEPARTMENT OF MATHEMATICS, THE CHINESE UNIVERSITY OF HONG KONG, SHATIN, HONG KONG
E-mail address: wei@math.cuhk.edu.hk



