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ABSTRACT. We consider the following singularly perturbed Neumann problem
(Lin-Ni-Takagi problem)

EAu—u+uP =0, wu>0 in Q, %:0 on 09,
where p > 2 and Q is a smooth and bounded domain in R2. We construct a
new class of solutions which consist of large number of spikes concentrating on
a segment of the boundary which contains a strict local minimum point of
the mean curvature function and has the same mean curvature at the two end
points. We find a continuum limit of ODE systems governing the interactions
of spikes and show that the derivative of mean curvature function acts as
friction force. Our construction is partly motivated by the construction of
CMC surfaces on broken geodesics by Butscher and Mazzeo [10].
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1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

1.1. Introduction and Main Results. In this paper, we establish new concen-
tration phenomena for the following singularly perturbed elliptic problem

0e2Au—u+u? =0 in €,
u>0 in €Q, (1.1)
fu=0 on 09,

where € is a smooth bounded domain in R? with its unit outer normal v, and
the exponent p is greater than 2, and € > 0 is a small parameter. We prove the
existence of solutions concentrating on a segment of 0f.

This equation is known as the stationary equation of the nonlinear Schrodinger
equation:

- h2

th— = —— At + Vip — Fp|P2 1.2

B 5 AV VY =AY (1.2)

where h is the Plank constant, V is the potential and 4, m are positive constants.

Then standing waves of 1) can be found by setting 1 = eiEt/Ev(x) where E is a
constant and the real function v satisfies the elliptic equation:

—h2Av+ Vo =P~ % (1.3)

for some modified potential V. If we consider h — 0, the above equation becomes
a singularly perturbed one.
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It can also be viewed as a stationary equation of Keller-Segel system in chemo-
taxis ([27]) and the Gierer-Meinhardt biological pattern formation system ([21]).
In particular, Lin-Ni-Takagi [31] first derived this problem from Keller-Segel sys-
tem and initiated the study of the quantitative properties of its solutions. In the
literature this is also called Lin-Ni-Takagi problem ([I7]).

Although problem is simple-looking, it has a rich and interesting structure
of solutions. For the last twenty years, it has received considerable attention. In
particular, various concentration phenomena exhibited by the solutions of
seem both mathematically intriguing and scientifically useful. We refer to three
survey articles [38], [39] and [44] for more backgrounds and references.

In the subcritical case, problem admits spike layer solutions, concentrating
at one or multiple points of Q. It was first established in [40],[41] by Ni and Takagi
the existence of least energy (mountain pass) solutions to , that is, a solution
ue with minimal energy. They showed in [40] [41] that, for each € > 0 sufficiently
small, u. has a spike at the most curved part of the boundary, i.e., the region where
the mean curvature attains maximum value.

Since the publication of [41], further studies on spike-layer solutions (for the
Dirichlet problem and mixed boundary problem as well) have been made. For
spike solutions, solutions with multiple boundary spikes as well as multiple interior
spikes and mixed interior and boundary spikes have been established . (See [4],
[6, [, [14-[18], [22]-[25], [28]-[29], [42], [43], [45]-[46] and the references therein.)
Thanks to these works, the phenomenon of concentration at points is now well-
understood. Necessary and sufficient conditions for the location of boundary and
interior spikes are available.

In particular, concerning the interior spike layer solutions, Lin, Ni and Wei [30]
showed that there are at least (EHETNEDN number of interior spikes and recently the
first author and the third author and Zeng [5] extended their result and obtained
the optimal bound of number of interior spikes S—}VV for general smooth domain in
RY,

A general principle is that for interior spike solutions, the distance function from
the boundary 92 plays an important role, while for the boundary spike solutions,
the mean curvature function of the boundary plays an important role.

Besides the spike-layer solutions, it has been conjectured for a long time that
problem should possess solutions which have m—dimensional concentration
sets for every 0 <m < N —1. (See e.g. [38].) The case of m = N is excluded since
(1.1) is not expected to exhibit phase transitions.

Under symmetry conditions, some results have been obtained in [1], [2], [8], [9],
[11] for problem (1.1)) as well as the Dirichlet problem and the nonlinear Schrédinger
equation.

In the general case, progress although still limited, has also been made in [19],
[20], [32], [34], [35], [36], [37], [47], [48]. For solutions concentrating on interior
higher dimensional sets, results were first obtained in [47], [48] where the third
author and Yang constructed solutions concentrating on line segment in the interior
of the domain 2. For boundary concentration solutions, in a series of papers of
Malchiodi and Montenegro [34]-[36], they proved the the existence of solutions
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concentrating on the whole boundary or arbitrary components of 9Q when Q C R,
and solutions concentrating on closed geodesics of 92 when @ C R® and later
Mahmoudi and Malchiodi [19] extended the results and obtained the existence
of solutions concentrating on the & submanifold of 92 C R provided that the
sequence ¢ satisfies some gap condition. The latter condition is called resonance.

In [3], the first and third authors and Musso removed the resonance condition
in [47] and proved the existence of solutions concentrating on the interior straight
line by putting a large number of spikes distributing along the line. It is natural
to ask that whether one can remove the resonance condition for the boundary
concentration solutions using similar ideas. Also in all the above mentioned papers,
for higher dimensional boundary concentration solutions, the concentration sets
are either the whole boundary or closed submanifold of the boundary. A natural
question is:

Does problem have solutions which concentrate on a broken segment of the
boundary for alle — 0 ¢

In this paper, we give an affirmative answer to the above question. We construct
solutions concentrating on a broken segment 7 of the boundary 92 C R? for all
e — 0 if ~ satisfies the following condition:

(Hy). Let v = ~([0,b]) be the segment parametrized by arc length, and H(q) be
the curvature of ) at q. Denote by

' (3(5)) = “LH (3 (9). B/ (0() = S H (3 (9)).

ds2
Assume that H" (y(s)) > ¢o > 0 for all s € [0,b], and H(v(0)) = H(y(b)).

Remark 1. From assumption (Hy), one can see that 4 must contain a non degen-
erate local minimum point of the curvature H and that the curvature at the two
end points of v must be the same.

Our main result in this paper states as follows:

Theorem 1.1. Assume that -y satisfies (Hy), then there exists g > 0 such that
for e < eq, there exists boundary spike solutions to concentrating on .

Remark 2. In the paper [24], Gui, Winter and the third author proved the exis-
tence of multiple spike solutions concentrating at the local minimum point of the
curvature H(p). In this paper, we proved the existence of spike solutions concen-
trating on the segment which contains a local minimum of H(p). Theorem
extends their result to a segment containing a local minimum point of H.

1.2. Description of the construction. The solutions we construct consist of
large number (O(—=)) of spikes distributed along the segment v whose inter dis-
tance is sufficiently small (O(elne)).

At first glance one may discard such kind of solutions as there seems to be no
balancing force at the end points of the segment. In the following we will show
that the derivative of the mean curvature function acts as friction force. This new
phenomena was first discovered in the construction of CMC surfaces by Butscher
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and Mazzeo [I0] in which they constructed CMC surfaces condensing to a finite
geodesic segment. We will comment more on this later.

In this subsection, we will briefly describe the solutions to be constructed later
and will give the main idea in the procedure of the construction.

More precisely let w be the unique solution of the following equation:

Aw —w + wP =0 in R?,
w >0, w(0) = max,crz w(y), (1.4)
w — 0 as |y| = oo.

It is well-known (see [26]) that w is radial, i.e., w = w(r) and w'(r) < 0 and has
the following asymptotic behaviour:

w(y) = engplyl™ T e (14 0(1)) (1.5)
and
w'(y) = —(1 4 o(1))w(y) as [y| — oo. (1.6)
For g € 09, we set
Qe ={z:1e2€Q}, Qe g={2:e24+q€},
and
Puy(2) = Pa. jw(z = 1) wy(z) = w(z = 9), 2 €0,

where Pq_ w(z — %) is defined to be the unique solution of

9§ on 090, (1.7)

Au—u+w(-— g)p =01in Q. 4, £y

We will put large number of boundary spikes along . Let the location of spikes
be (v(s1),---,7(sk)). We define

k
U= Zpﬂs,wsnw(z - 7(81))
i=1

€

to be an approximate solution.

A natural and central question is how to choose s; such that U is indeed a good
approximation. By formal calculation, one has the following energy expansion for
the energy functional corresponding to (1.1f):

k
k ., (si) —(s;)
JU) = 5 1w) — o0 S Hir(s0)) = (=20 4 o)
i=1
where 7,71 are positive constants. One needs to find a critical point (sq,--- , sk)
of J in order to get a solution of 1} ie. a%iJ = 0 for all <. The main point
in this paper is to exploit the contribution of H'(y(s)) in %. The novelty of this
paper is the new method of constructing balance approximate spike solutions, i.e.
the configuration space {(s1,-- ,sk)}, such that % is almost 0.

In this paper, we will establish a method to find such balance approximate solu-
tions. It turns out that the number of spikes and their positions are determined by
some nonlinear equations which involves the interaction of spikes and also the effect
of the boundary curvature. To explain this, we need to introduce the interaction
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function ¥(s) (to describe the interactions of different spikes) which is defined for
all s € R by

W) = [ 0y = (0 Sy

2 Y1
+
It turns out that «(s;) are determined by the following non-linear system:
V() 4+ 21 (y(s1) = O(?),
(kg —w(lnl) ¢ 2 (3(s0)) = O(),

.. (1.8)
w(lermpal) —p(lol) L 2p(y(s,)) = O(),
—p(lemsealy 2 g (4 () = O(P),

and the number of spikes depending on ¢ is given by k = k. = [=2—] + 1.

lelne]

One can see from the above equations that it is possible to balance the two end
points of the segment using the derivative of the curvature function. But in general,
the above nonlinear system is difficult to solve. Our new idea is to consider this
non-linear system as a discretization of its continuum limiting ODE system (as the
step size h = ¢|lng| tends to 0):

e = —p v (pl0),

L =H'(y(x(t)), 0 <t <be,

p(0) =0, p(b) = ps,

o/ (be) = — 2 H (v(2(be))))
where W1 is the inverse function of ¥, and b. = (k. — 1)h = b+ O(h) and p, < 0
is a small constant depending on €. The above overdetermined ODE is solvable
under the assumption of the segment ~ in (Hy).

To describe the configuration space of (s;), we solve the ODE system ([1.9) first
and denote the solution as z(t). Then we define the positions of spikes by midpoint
approximation:

(1.9)

li +1; .
s?:x(%)forz:lf--,k—l (1.10)
and .
sV =50+ E\Iffl(szH’(pr)) (1.11)
where
t;=(—1)elnel, i>1 (1.12)

The method to determine the approximate positions, i.e. s? is the main contri-
bution of this paper which is contained in Section [6} The position defined in this
way is indeed an almost balance one. We will find real solutions by perturbing
these spike points.

Letting y; € R, we define
s; =80 4y, fori=1,--- k, (1.13)
and y; satisfies

{ y1| < CleIn(=Tne)],

[(si41 — 1) = (s: = 8i-1)| < 2 (1.14)
min{¥(“—=1) w(L At}

€

for i =2,--- .k — 1 for some constant C' > 0 large.
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With these notations, we can define the configuration space of (s1,- -, sx) by

Ap = {(s1,--, ) € R¥|s; is defined by (T.13) and satisfies (T.14)}  (1.15)

The reason to define the configuration space in this way will be made clear in
Section Bl

Moreover, from the analysis of the ODE (1.9)) in Section @ one can get that

S; — Si—1 ce

) <

ls; — si—1| > (L4 0(1))|elne|, w( S Thg]

(1.16)

fori=2,--- ,k and
[s;i — si—1| = 2(1 4+ o(1))|elne]| (1.17)
fori=2,k.

We will prove Theorem [I.1] by showing the following result:

Theorem 1.2. Assume vy be a segment of O and satisfies (Hy). Then there exists

€o such that for € < g, there exists positive number k = k., = [ﬁ;al} + 1 and
k points (y(s1), -+ ,v(sg)) on v, where (s1, -+ ,8k) € A such that there exists a
solution u. to problem and u. has the following form:
(0= 3" P21 o (118)
ue(z) = 2 Qe o)y W 6 0 :

where o(1) = 0 as e — 0 uniformly.

Remark 3. The motivation of our construction comes from the study of the con-
stant mean curvature surface. In [I0], Butscher and Mazzeo constructed CMC
surface condensing to a geodesic segments by connecting large number (O(%)) of
spheres of radius r distributing along the geodesic segment. Such surfaces can not
exist in Euclidean space, but they are able to show that the gradient of the ambi-
ent scalar curvature acts as ‘friction term’ which permits the existence of balance
surface. So the gradient of scalar curvature plays the same role as the gradient of
the mean curvature in our case. In their paper, they require the symmetry con-
dition on the geodesic segment. In our main theorem if we further require
that Q is symmetric, it is easy to see that (H;) can always be satisfied near the
non-degenerate minimum point of the curvature H(v(s)). Since we don’t require
any symmetry of the segment in Theorem [I.1] we believe that our idea can be used
to construct CMC surface condensing to geodesic segments without the symmetry
condition. This is the main contribution of our paper. We will discuss this in a
forthcoming paper. (A. Butscher announced this result in a preprint [I3] but the
full details have not appeared.)

1.3. Sketch of the proof of Theorem We will use the Lyapunov-Schmidt
reduction method and perturbation argument to construct the solutions to .
The perturbation argument used to produce a real solution is not so different from
the ones appearing elsewhere in the literature, as we mentioned before, the main
contribution of this paper is the new idea of constructing balanced approximate
solutions. In the following, we give the sketch of the proof.
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We introduce some notations first. Since after scaling z = ez, the original
problem becomes
Au—u+uP =01in Q.
u>0in Q. (1.19)

g—Z:Oonaﬁe

Fixing s = (s1,- -+, sx) € A, we denote by

_ _ (s1) 7 (sk)
P_(Pl,"'apk)_( c y T c )

and define the sum of k spikes as
k
U=> Pa.,wz-P).
i=1

Define the operator
S(u) = Au —u+uP.
We also define the following functions as the approximate kernels

Z - OPq, p w(z — F;)

an

[

Using U as the approximate solution, and performing the Lyapunov-Schmidt
reduction, we can show that there exists €y such that for ¢ < ey, we can find a ¥
of the following projected problem:

k
S(U+¢):ZciZi, /Q VvZ;=0,i=1,---,k,
=1 €

where ¢; are constants depending on the form of ¢, Z;.
Next, we need to solve the reduced problem
c¢=0,i=1,---k
by adjusting the points in Ag.

There are two main difficulties in solving the reduced problem. First we need to
control the error projection produced by . In order to control this projection, we
need to work in a weighted norm, which estimates v locally (see Section [3)), and
also we need a further decomposition of ¢ which is given in Section [] from where
one can see why we define the configuration space of s; in . The reason that
one needs to obtain a further decomposition of v is that the inter distance of spikes
at main order is not the same. In fact, near the two end points, the inter distance
of two neighbored spikes is 2(1 + o(1))e|Ine|, while in the more central part, the
inter distance of two neighbored spikes is (14+0(1))e|Ine|. Thus the global estimate
for ¢ is not enough for our estimates. We need a further decomposition near each
spike. Second, we need to solve a non-linear system of the form , for which we
use the discretezation of the ODE equation .

Finally, the paper is organized as follows. Some preliminary facts and useful
estimates are explained in Section [2| Section [3| contains the standard Lyapunov-
Schmidt reduction process: we study the linearized projected problem in and
then solve a non-linear projected problem in[3:2} In Section [d] we obtain a further
asymptotic behavior of ¢ which gives an expansion in . In Section [5] we derive
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the reduced nonlinear system of algebraic equations for the location. Section [f] is
devoted to solving the reduced problem.

Acknowledgments. The research of J. Wei is partially supported by NSERC of
Canada.

2. TECHNICAL ANALYSIS

In this section, we introduce a projection and derive some useful estimates. Most
of the results in this section are quite standard now and has been extensively used
in the literature (see [22], [23], [24], [40], [43], [49]).

Throughout this paper, we shall use the letter C' to denote a generic positive
constant which may vary from term to term. By the following rescaling

x=c¢z z € Q. :={ez €N}, (2.1)
equation (|1.1)) becomes

(2.2)

U — () on 9.

{ Au—u-+uP =0, in Q.
v

We denote by R% = {(y1,92)|y2 > 0}. Recall that w is the unique solution of
%)

Let g € 092. We can define a diffeomorphism straightening the boundary. We
may assume that the inward normal to 02 at ¢ is pointing in the direction of the
positive x2 axis. Denote B'(R) = {|x1| < R}, and 3 = QN B(q, R) = {(z1,22) €
B(q, R)|xa — g2 > p(x1 — q1)} where B(q, R) = {z € R?||z — ¢| < R}. Then since
01 is smooth, we can find a constant R such that 992 can be represented by the
graph of a smooth function p, : B'(R) — R where p,(0) = 0, and p(0) = 0. From
now on, we omit the use of ¢ in p, and write p instead if this can be done without
confusion. So near ¢, d€) can be represented by (x1, p(z1)). The curvature of 9 at
qis H(q) = p"(0). After scaling, we know that near @ = £, JQ. can be represented
by (21,67 'p(ez1)), where (21,22) = e 1(x1,22). By Taylor’s expansion, we have
the following:

1 1
el plezn) = 50" (0)e2t + 5o (0)e2] + O(%41). (2.3)

Recall that for a smooth bounded domain U, the projection Py of H?(U) onto
{u e H*U)|Z% = 0 at OU} is defined as follows: For v € H2(U), let Pyv be the
unique solution of the boundary value problem:

Au—u+oP =0, in U,
{ g—ﬁ =0 on JU. (2:4)
Let hp(z) = w(z — P) — Pq_ ,w(z — P). Then hp satisfies
Ahp(Z) — hP(Z) = 07 in QE, (2 5)
aé’lf’ = a%w(z — P) on 09Qk. ’

For z € Oy ¢, for P = (P1,P2), set now

y1 = 21 — Py,
_ 2.6
{ Yo = 20 — Py — e tp(e(z1 — Py)). (2.6)
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Under this transformation, the Laplace operator and the boundary derivative
operator become
AZ = AZ/ + p(ezl)Qayzyz - 2/)/(821)82112/2 - &‘p//(&‘zl)ayz,

10
(140 (e20))2 5 = 0 (e20)0y, — (149 (€21))0y,.
First we need to get the expansion of hp(z) in terms of ¢, from which one can

see the effect of the boundary curvature. In this paper, we need to expand it up to
O(?). To be more specific, let v(!) be the unique solution of

Av—v=0, in R% 27)
v w’ p” (0 .
572 = me( Jy2 on ORZ,
where w' is the radial derivative of w, i.e. w’ = w,(r), and r = |z — P|.
Let v be the unique solution of
Aav —v— 2p"(0)§/ 8‘3 g5, = 01in R?,
5y = —0"(0)y1 5.+ on IRZ.
Let v be the unique solution of
Av—v =0, inR%,
v _ w' 1 (28)

Note that v(1), v(?) are even functions in y; and v® is odd function in y;. More-
over, it is easy to see that |v;(y)| < Ce ¥l for any 0 < p < 1. Let x(z) be a
smooth cut-off function, such that x(x) =1, z € B(0, Roe|lnel), and x(x) = 0 for
x € B(0,2Rpe|Inel)¢ for Ry large enough, and x.(z) = x(ez) for z € Q.. In this
case, one has w(Ro|In¢e|) = O(ef0). Set

hp(z) = —(evi(y) +*(va(y) +v3(y))xe(z = P) +e%p(2), z€ Q. (29)
Then we have the following estimate:

Proposition 2.1.
1) . < C. (2.10)

Proposition [2.1] was proved in [45] by Taylor expansion and a rigorous estimate
for the reminder using estimates for elliptic equations. Moreover, one can checked
that |¢(2)| < Ce 2=l for some 0 < pu < 1.

In our proof, only the evenness property in y; of the functions v(*) and v(®) are
used. But for the function v®, both the oddness property and equation it satisfied
will be used. In fact, it is from this term that the derivative of the curvature
function appears.

Similarly we know from [45] that
Proposition 2.2.

[8w B 0Pq. pw

S = (e = P) = ez~ P) +me), € Qe (211)
P TP
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where 1 is the unique solution of the following equation:

An—n=0in Ri,
U, w'! w’ w’ 2.12
{ aOT,IQ = 7%(‘@1‘2 TR )" (0)y? — mpu(o)yl on aRi. ( )
Moreover,
Il m1 0.y < C. (2.13)

One can observe that 7(y) is an odd function in y;. It can be seen that |n;(y)| <
Ce *! for some 0 < p1 < 1.

Finally, let
Lo=A—1+puwP t(2). (2.14)
We have the following non degeneracy property:
Lemma 2.1.

Ker(Lo) N H}(RY) = Span{g—;ul}, (2.15)

where Hy (R%) = {u € H*(R3), g—y“z =0 on OR%}.

Proof. See Lemma 4.2 in [40].

Next we state a useful lemma we will frequently use:

Lemma 2.2. If |¢1 — q2| << |q1|, we have the following estimate:

J

as |q1| — oo where ey is the unite vector (1,0).

pw(y)? M (w(y — qrer) + wly + QZel))gﬂdy =O0(lq1 — @2w(l@n])  (2.16)
Y1

2
+

Proof. By the oddness of g—;"l in y1, one has

p-1 —qie1) —w(y — gee Iw
= [, oy oy = men) = wly — qeer) 5y

0
= | pw) 5106 (y — men)las — gel)dy
Y1
= O(la1 — g2 w(|a1])-
g

Remark 4. In the following sections, we will denote by y* = (%, y4) to be the trans-

formation defined by 1) centered at the point P; and vgj ) be the corresponding
solutions in the expansion of hp,.



CONCENTRATIONS ON SEGMENTS 11

3. LIAPUNOV-SCHMIDT REDUCTION

In this section, we reduce problem to finite dimension by the Liapunov-
Schmidt reduction method. The argument by now is quite standard. We leave most
of the proofs to the appendix. We first introduce some notations. Let H%(€2.) be
the Hilbert space defined by

ou

HZ% () ={ue HQ(QE)\% =0 on 09.}. (3.1)
Define
S(u) = Au—u+uP (3.2)
for u € H%(€2.). Then solving equation (2.2)) is equivalent to
S(u) =0,u € H%(Q.). (3.3)

To this end, we first study the linearized operator

k
Lo(¥) i= A = +p(d_ Pa.pw(z — P))P ',
=1

and define the approximate kernels to be
~ OPq, pw(z - P)
o an.

i

% )

fori=1,--- k.

3.1. Linear projected problem. We first develop a solvability theory for the
linear projected problem:

Ls@/’) =h+ Zf:l iz,

ng VZidz=0,i=1,---,k, (3.4)
Y € H (9
Given 0 < p < 1, consider the norm
12l = Sup (D e R " a(z)] (3.5)

J
where P; € Ay, with Ay defined in (1.15)).
The proof of the following Proposition on linearized operator, which we postpone

to the appendix, is by now standard.

Proposition 3.1. There exist positive numbers p € (0,1), 9 and C, such that for
all e < g9, and for any points Pj, j = 1,...,k given by , there is a unique
solution (1, ¢;) to problem . Furthermore

9]« < ClA]l. (3.6)

In the following, if ¢ is the unique solution given by Proposition we set
= A(h). (3.7)

Estimate (3.6)) implies
AR« < Cl|R]]. (3.8)
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3.2. Nonlinear projected problem. We are now in the position to solve the
nonlinear equation:

L:()+ E+ N(¥) = Zf:l ciZ;,
fQEwZizoforizl,---,k:, (3.9)
P € HY(Q)

where FE is the error of the approximate solution U:

k k
E = AQ Po.,w(z—PF) = Po,w(z—F) (3.10)
=1 i=1

k
+(D_ Pa. pw(z = P))P,
i=1

and N (¢) is the nonlinear term:

k k
N{y) = ((Z Pa. pw(z = B)) + )" — (Z Pa.pw(z = )" (3.11)

k
—p(Y_ Po.pw(z— )Py,
=1

By Proposition we can rewrite (3.9)) as
v=—-A(E+ N)) (3.12)

where A is the operator introduced in (3.7)). In other words, 1 solves (3.9)) if and
only if ¢ is a fixed point for the operator

T(¢) = —A(E+ N(¥)).

We are going to show that the operator T' defined above for 1 € HZ(€) is a
contraction on

B (b e Hy() : |l < Ce. | vz =0}
for some C > 0 large enough.

In fact we have the following lemma:

Lemma 3.1. There exist u € (0,1), and positive numbers ey, C, such that for all
e < o, for any points Py, j =1,...,k given by , the following estimates hold:

IE|. < Ce (3.13)

and

IN(@)|l. < Cllgl? (3.14)

Proof. We start with the proof for (3.13)). Fix j € {1,...,k} and consider the region
|z — Pj| < min{|Pj—Pj_1|,|Pj—P,

5 ie1ll T this region the error E, whose definition is
in (3.11)), can be estimated in the following way

BE) < Cor =Pl Y w(z=P)+ 3 hn(2)

Pi#£P;

IN

Cle+e 7" )e == Pil < Ceemrl==Til (3.15)
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if we choose p small enough such that p — u > 2.
—Pj_1],|P;
2

Consider now the region |z — P;| > min{|P; —Fiill for all j. From the
definition of F, we get in the region under consideration

k
|E(z)] < C Z hp,(z) + (Z P, w(z — P))P — Zw(x _py
< Cze—ulz—Pj|(€+€%)
< Csze—u\z—m' -

From ([3.15) and (3.16)) we get (3.13).
We now prove (3.14)). Let ¢ € B. Then

k k
N < |((Z Po. p,w(z = Pi)) +¢)F — (Z Po,w(z = P))*

k
- p(z PQE,Piw(z — P))P 1y < CyP.
i=1

Thus we have

(3 e =BT IN@W)] < Cllwl2
This gives (3.14]).

Using the above estimates, we have the validity of the following result:

Proposition 3.2. There exist p € (0,1), and positive numbers g, C, such that for
all e < e, for any points P;, j =1,...,k given by , there is a unique solution
(1, ¢;) to problem (@ This solution depends continuously on the parameters of
the construction (namely P;, j =1,...,k) and furthermore

¥« < Ce. (3.17)

Proof. As we mentioned before, we are going to show that the operator T is a
contraction mapping in 5.

By the estimates in Lemma (3.13]) and (3.14) and taking into account ([3.8)),

we have for any ¢ € B

1T« < ClE+N@) < Cle+e?)
S 016

for a proper choice of 'y in the definition of B. Take now 1, and 9 in B. Then it
is straightforward to show that

1T (1) = T(W)lls < ClIN(¥1) — N(¥2)]|-
< COlllonlls + [[92ll«] lltbr — wall«
< o(1)[lthr — -

This means that T is a contraction mapping from B into itself.
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The existence of a fixed point ¢ now follows from the contraction mapping
principle, and 1 is a solution of (3.9 and satisfies (3.17)).

A direct consequence of the fixed point characterization of 1 given above together
with the fact that the error term E depends continuously (in the *-norm) on the
parameters Pj, j = 1,...,k is that the map (P, , P;) — ¢ into the space C(£2.)
is continuous (in the *-norm). This concludes the proof of the Proposition.

O

4. FURTHER EXPANSION OF THE ERROR

In the previous section, we obtained a solution ¢ to ([3.9)), which satisfies [|¢||. <
Ce. But this estimate is not enough in solving the reduced problem. For later pur-
pose, we need to obtain the asymptotic behaviour of the function ¢ as ¢ — 0. This
is needed to compute the neighboring interactions. The idea is that although the
I - ||« norm of v is not small enough, but we can get a more accurate decomposition
such that the projection with respect to Z; is small enough for our purpose.

Before we state the result, we first consider the following equation:

A¢— ¢+ pu(y)P~to = h+ a2 in R,

2]
a—;; =0 on JR?, (4.1)

8
fRi ¢ g}y(f’)dy =0

j‘ 5 h 87u)
where d = —% We consider the above equation in the space {||h]/.«.« < +oo},
LR{+ 9y
where ||h]|« = SUDycRr2 le#11¥IR| for some 0 < py < 1. Tt is quite standard to show
the solvability of the above equation and ¢ will satisfy the following estimate:

[6[l+x < CllA]lx- (4.2)
Now we decompose 9 as follows:

Proposition 4.1.
k

Y=Y xelz— P)i + %, (4.3)
=1
where
¢l < C. (4.4)

and ¢; = ¢;(y*) is the unique solution of
Ad; — di + pu(y' )P~ ¢ = Hy +d; 288 in R%,

Jy;
g‘f; =0 on BR?H (4.5)
Jos, 0%y = 0

where d; is defined such that the right hand side of the above equation is orthogonal

to %yi) in L? norm, and
Y1
. . Si—1 — S; i S; — S;
Hy = —puy' )’ fuly' = == —en) +wly’ - = —e) +eu’], - (46)

fori=2,---  k—1 and
S9 — 8
Hy = —pw(y" )P Hw(y' — %61) + svgl)], (4.7)
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and

and we denote
1 1 i
v =08 () (4.9)
are the solutions obtained in Section centered at the point P;.

Proof. First by the definition of d;, there holds

g = [ g2%W)
R2 Oy

dy. (4.10)

Then from Lemma and the evenness of vgl) with respect to y¢, and the definition
of the configuration space (|1.15)), we know that for i =2,--- [k —1

Id;| < Ce™|s141 — 84| — |85 — si—1 | min{w( _65”1),10(82' _;“)} < Ce?, (4.11)
and for i = 1, k,
1| = O(w(Z=2)) = O(?) and |di| = O(w(ZE—E1)) = 0(?).  (4.12)

3 9

Moreover, from (4.1)), we have the following estimate:

|3l < Ceif p> 2+ 1. (4.13)

Our strategy to estimate 1, is to decompose 11 into three parts and show that
each of them is bounded in || - ||« as € — 0. We write v as

Y1 = Y11 + P12 + Y3, (4.14)

where 111 satisfies

A1 — 911 =0, in Q.
_P)é, 4.15
s N (1)
Define 115 by
L
i=1
and s; is determined by
k
M) == [ (Sxele = Por+Hn)z (4.17)
Q

< =1
Finally define 113 to be the solution of the following equation:
Le(y13) = B Le(th = iy Xe(z = P)gi — €2(h11 + 12)) in Qe

%5t =0 on 00 (4.18)
st 1ﬂ132idz =0.



16 W. AO, H. CHAN, AND J. WEI

Next we will estimate 11,112,913 term by term. First we estimate g1 =
1O Xx-(2=Pi)¢s
52

5 . By direct calculation

_ . a(bz 8X5(z_Pi)
Jie = =2 Z Xe(z +¢ZT)

_ 52 de—lh y——| aXf(gy_ P) + 0(62)

k
= O(e2e (m—mHRollnel Z e~ Hlz—Fil

i=1
k
< C Z e~ Hlz—Fi
i=1

if we choose p; > p and the cutoff function in such a way that (u; — pu)Rp > 1. In
the above estimate, we use the definition of ¢; and the Neumann boundary satisfied
by it and the definition of the cut-off function x. Thus we have that ||g1c]/« < C,
therefore, there exists constant C' > 0, such that

1]« < C. (4.19)

By the definition of 12, ¢; and the estimate on 111, one can obtain that

/ZXE — Pj); + *n1) Zidz

5 Jj= 1
:/ Xe(z — P)¢i Zidz + Z Xe(2 —pj)o;Zidz
Qe j=i—1,it1
+0(gtTHmAFe))) L O(£2)

In order to estimate the above term, we first consider a general function which
is the solution of the following equation:

Ap— ¢+ pw(y)P~'o
= —pw(y)P L (w(y — qre1) + w(y + gaer) + o) + dﬂg’—;ly) in R2,

gf =0 on IR?, (4.20)
Jee ¢Z Wy =0
We can decompose it as
¢ = ¢1 + ¢2) (421)
where
Agt — o' + pu(y)P~ et
= —pw(y)" (w(y - qer) +w(y + qer) + ev®) + d 20 in B2, (4.22)

a¢> =0on 8]R+,

1 ow(y _
f]R2 8y1 =0
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and
A¢? — ¢* + pu(y)P~ ¢
= —pw(y)’ H(w(y + g2e1) —w(y + qreq)) + do 52 w(y) in R?,
8%;2 =0 on OR?%,
fR2 ¢2 83y1 dy =0

where d; are deﬁned such that the right hand sides of the above equations are
orthogonal to 2% y in L? norm It is easy to see that ¢! is even in y; and by Lemma

-, ¢? satisfies

(4.23)

[0 lsx < Cwlqr)|gr — g2l

if |1 — g2] << |q1| and |g1| — oo.
Using the above estimates, we can decompose ¢; as

bi = din1 + Gi2 (4.24)
and ¢, 1 is even in y¢ and
Si — Si—1 Si — Si+1 — Si—1 Si — Si41
[rallen < €l 220 — |22 i (L2 )} < Ce?
(4.25)

Then by the above estimate and the decomposition in Proposition we have

/ Xe(2 — P)¢i Zidz = O(£?), (4.26)

and similar to the decomposition of ¢;, one can also decompose ¢;_1 + ¢;+1 as an
even function of y¢ and an O(g?) function, so we get that

Z / Xe(z — Pj)¢; Z;dz

Jj=i—1,3+1

o %
= [ (6 ouw) Wy + 02
=0(e?)

Moreover, since |s1 — s2| = 2(1 + o(1))|elne| and |sp—1 — sg| = 2(1 + o(1))|eIne],
one can get that

/ Xe(z — Pa)paZ1dz = 0(52),/ Xe(2 = Pr_1)bp_1Zpdz = O(£%). (4.27)
Q. Qe
Thus we have

|s;] < Ce?. (4.28)

Next we estimate ;3. Denote by
Le(y — ZXs pi)di — € (Y11 + 112)).

Claim:

I £l < Ce®. (4.29)
Proof of the Claim:
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By the definition of f., we have
fe(z) = L(v — ixe(z — P)¢i — 2 (Y11 — ¢r2))
=E+N®¥)+ Z eiZi = Y Le(x=(z = P)@i) = €*L(vu1 + $12)
= <Z PQE,Piw@Z— P,)” —lzwcz — P+ N(¥) + Zc, ;
—er — P)(Ay¢i — & + p( Zpﬂwz—Pi))p_lJrO(E))@)
+Z (2ViV(xe(z — Pi)) + ¢ilAxe(z — P)) — €2 Le(th11 + th12)
ZPQEP - i))p—Zw(z—P )P + N (¢ —|—Zc, ;

- er z— Zm . PPt —w(y - P»P—l)qz

fpw(y — PP N w(y — Pi—1) + w(y — Piy1) +evii(y)) + di Z;)
+Z O(e)pi + Z(QV@V(XE(Z —pi)) + ¢iAX=(2 — Pi)) — €L (Y11 + 12).

From the definition and estimates of ¢;, ¥11, %12, X, and the configuration space,
we know that |c;| = O(g?), so

el < Ce?.
By the a priori estimate, we know that
13l < C,
thus we have

We thus finish the proof.
O

Given points P; defined by -, Proposwlon 2| guarantees the ex1stence (and
gives estimates) of a unique solution ¥, ¢;, i = ,k, to problem (3.9 It is
clear then that the function u = U 4 % is an exact solutlon to our problem ,
with the required properties stated in Theorem if we show that there exists a
configuration for the points P; that gives all the constants c; in equal to zero.
In order to do so we first need to find the correct conditions on the points to get
¢; = 0. This condition is naturally given by projecting in L?(€2.) the equation in
into the space spanned by Z;, namely by multiplying the equation in by
Z; and integrate all over (2.. We will do it in details in the next section.

5. THE REDUCED PROBLEM

In this section, we keep the notations and assumptions in the previous sec-
tions. As explained in the previous section, we have obtained a solution u =
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Zle Pa, pw(z — P;) + Zle Xe(2 — P;)¢; + €291 of the following equation

{ Au—u+uP = Zle ¢; Z; in Q. (5.1)

Ju =0 on 99,

In this section, we are going to solve ¢; = 0 for all ¢ by adjusting the position of
the spikes, i.e. P;. First, multiplying the above equation (5.1) by Z;,i =1,--- ,k
and integrating over )., we get that

c1 fQE (Au —u+ uP)Z;
2 Jo (Au—u+uP)Z,
M| D= _ (5.2)
Ck fQE(Au—u—t—u”)Zk
Recall that M is invertible, so ¢; = 0,7 =1, -+ | k is reduced to solve the following

system:

Jo (Au —u+uP)Z,
Jo. (Au—u+uP)Zs

Jo. (Au —u+uP)Zy
We have the following estimates:

Lemma 5.1. Under the assumption of Proposition [3.3, for ¢ small enough, the
following expansion holds:

S1 — 82

/ (Au —u+uP)Z1dz = —( ) — e2vH' (y(s1)) + O(e?), (5.4)
Qe

and fori=2,---  k—1,

ST Sy (BTS2, Y (y(5:))+O(?) (5.5)

/ (Au—u+uP)Z;dz = ¥(
Q. 3 3

and

/Q (Au —u+uP)Zpdz = \I/(Sk_sﬁ) — 2 H' (y(s1)) + O(£3) (5.6)

where vy > 0 is a constant defined in .
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Proof. First, by direct calculation, one can get the following expansion:

Au—u+u?
k k
= [AU+ Y ez = P8 = (U4 xelz — P U+ Eoxele - P
k
+[€2(A¢1 — i1 +p(U+ ZXE(Z - Pi)@)p_l?ﬂl)]

[U+ngz— )i + 24P U+ngz— -

U"’ZXez_ plel}
=1 + 12 + 1.
Next we calculate I; to I3 term by term. First from the estimate on 7 in (4.4)
/ Lz; = 52/ (A1 — 1 +p(U + ZXE(Z — pi) ¢’ M) Zs
Q. Q. Z

:gﬂ;—mdz—ﬂfﬁamz;ghh+MU+§:M@—fﬂ@VA%¢1

=< [ pto— uts - P2 2EZ R PEZE) L oe)a:

or o T
=0(e%). (5.7)

Moreover

| nz - / [U+Zxaz— Do) = (U + D xele — P)
Q.
U+ngz— Do)’ 12¢]

< c / 12 = O(). (5.8)

Next from the equation satisfied by ¢; and the definition of the cutoff function Yy,
we get that

LZ, = AU —-U+UP)Z; (z—=P)(A¢; —d; +pUP~10,)Z;
/Qs 1 /Qs( + UP) +Z/QX(Z J)( ¢;— ¢ +p ¢J)

U+ZX5 —UP —pUP™ 1ZX —pi)¢ilZ; + O(%)

/ (AU—U-‘FUP)ZZ‘-‘FIH+I12+O(€3). (5.9)
Qe

In the following, we will show that, although ¢; is of O(e), but after projection
with respect to Z;, the terms containing ¢; is indeed O(g3).
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Similar to the estimate in (4.26)), using the equation satisfied by ¢;, we have for
=2, k-1

Z/ﬂ Xe(z = Pj)(Ag; — o5 +pUP ™' ¢;) Z;
j €

:/ Xe(z = P)(Ag; — ¢ +pUT ™" ¢5) Zi

+;/ Xs - A¢j ¢j +]707)71925]')Z1
j#i

- / p(UP —wl™)¢iZ; + O(e?)
Q.

> [ 3= P)ae; — o 07102+ 0

+ Z /QXE( 2= P))(A¢; — ¢; +pUP " ¢;)Z;i + O(€?)

j=t1—1,i+1
Si — Si—1 Si — Si+1 — Si—1 Si — Sit1
= OCel| | =1 | min{uw (™ ) w( )}) +O0(E%)
g 3 3 3
=0(e’)

and similarly we can always decompose

er — Pj)¢; = epr; + O(?)

where 1)1 ; is a function even in yi, and by Proposition we have

dw(y")
oy

Z; = +en; + O(e?)

where 7; is odd in yi. Thus we have

I <c/ p(p — 2w ZXE — P62 Zsdz + O(?)

< Ce3.

For the case i = 1,k, recall that w(2=22), w(*=—=2:=L) = O(e?), one can also get
that

Iy + Ia = O(£%). (5.10)

Thus we have the following:

/ IlZidz:/ (AU —U +UP)Z; + O(£?).
Qe Q

=
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Next for i =2,--- [k —1

/ (AU —U +UP)Z;
Qe
= [, [ Po v - Ry - Sut - py]z
= [ o= Ry ol + 207 4 o)
Qe
+ 3" Pz = By) +OE) = > w(z— P)| 2,
J#i i

= / pw(z — PPt (501(1) + 62(’052) + 053))
Q.

0 - P
+w(z— P_q1) + w(z — Pi+1)> % + O(e%)
Si—1 — 8§ S — 85 ow
- / pu(y)(wly - ==—e1) +wly - == —e1))— W
R2 € € 1
s [ o UL 4 o
R2 oy
Similarly, one has for i = 1, k,
/ (AU - U +UP)Zy
Q.
S9 — S ow
= / pwy)w(y — Z—er) 8(y)
R2. € n

e pu(yy— 2280 | o),
R2 oy1

and

/ (AU — U + UP) Z
Qa

Sp_1— S ow
=/ pu(y)w(y — ——"Te)) 3(y)
R?{» g Y1

+e2 /
R

Next by the definition of vgg), we can get that

/ pw(y)l’*law(y)v@dy _ / 7(A71)6w(y)v£3)
R2 o R2 o1

puey = 2,0 4 o),

2
2 Y1

oy1 Oy " Oys O

_ / duly) oo s 9 duly)
OR%

_ 1 w'(lyl) |2 N, A
= =3 [ ot

= 71/2/7(3)(&) - *VQH/("Y(Si))a

(5.11)

(5.12)
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where vy = %fR(%)ny‘ > ( is a positive constant.

Recall that the interaction function is defined by

v == [ poty - (.0l % Dy,

Combining (5.9), (5.10)),(>.11)), (5.12) and (5.13]), we know that

/ Ilzle:—‘I’(l
Qe
and fori =2,--- ,k—1

81 — 82

) — *vaH'(v(s1)) + O(£?)

t/h&wzW@Z;EM—W@£§im—¥wwa»+m9)
QE

and

3

The results follows from (5.7)), (5.8) and (5.14)-(5.16)).

/ N Zedz = U550 20 B (y(s1) + O(3).
Qe

From Lemma [5.]1] H the problem ([5.3)) is reduced to the following system:

Wy (|22522) + e H' ((s ))=0(53),
Wy (2222 ) = Wy (|252)) + e H' (v(s2)) = O(%),

€

Wy (|51 ) Wy (|52 ) 4 2B (s5)) = O(P),
W (1) 1 2 ((s4)) = O(D).

where we denote by
Ui(s) = vg ' U(s).

By summing up the first ¢ equations, one has

{ qfl(sm sueiost) 4 S 2H (y(s5)) = O(ie?) for i =1,k — 1,
iy e H' (1(s:)) = O(ke?).

We need to find a solution of (5.18]) in (1.15).

6. SOLVING THE NONLINEAR SYSTEM

23

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

Our aim in the rest of this paper is to find a solution {s;} to the above non-linear

system ((5.18)) in (|1.15).

Observe that the linearized matrix of the above system at main order is degen-

erate, thus the terms containing H'(y(s)) will play an important role.

We will

explain how we solve system (5.18]). The novelty of this paper is to consider the
above system as a discretization of an ODE system. In order to explain this idea,

we first introduce some notations.

Let
s=G(b)
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be the solution of Wy (s) = b. Since Wy (s) = Cps~2e (1 + o(1)) as s — oo, using

this asymptotic behaviour of ¥y, one has the following:

In(—Inb)
Inb

Then the above reduced system ([5.18)) is equivalent to the following system:

{&H%EQZ}ﬁ%NW%D+O@ULbML~wk1
sk — sp_1 = eG(2H'(v(sk)) + O(e3k)).

G(b) = —(1+ O( ) 1nb, as b 0. (6.1)

(6.2)

Let h = —elne be the boot size, if we denote by s; = x(t;) where t; = (i — 1)h,
then from the above system (6.2]),

{ wepmelte) — L G(— 2 (= X H (7(x(8)))h) + O(e%1)), (6.3)
p)=rlbens) — L G2 H (y(2(t))) + O(%k)).

In order the solve the above system, we consider the limiting case of the above
system, i.e. view M as a'(t) and 370 H'(v(x(t;)))h as fot H' (y(x(t)))dt,
and introduce the following ODE:

& =H'(y(x(t))),
5(0) =0, p(b:) = pp, (6.4)

where b. = (k — 1)h = [2]h = b+ O(h).

One can see that the above second order ODE has three initial conditions. Be-
sides the two end point initial values, there is an extra condition, i.e. the last
equation of , which in fact comes from the last equation of . This ODE
with extra initial condition is not always solvable. It turns out that this extra con-
dition corresponds to some balancing condition of the curvature of the segment ~.
In order to solve this ODE, we need assumption (H;) on . For this ODE, we have
the following existence result:

Lemma 6.1. Under the assumption (Hy), there exists g > 0, such that for every
e < gg, there exist pp = pp(e) < 0, such that the above ODE is solvable.
Moreover, py satisfies the following asymptotic behaviour:

In(—1Ine)

po = —(H'(v(be)) + O( e

)h. (6.5)

Proof. From the asymptotic behaviour of G, we know that the first equation of

D i

dz 1 €
pra —EG(EP@))
= @+ 0D 4y p(e) + 2)
where
" 1 " :171n(—1n5)

Ine Ine
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Integrating the above equation from b, to ¢, one has
¢ 1 €
t) —x(b = ——G(—p(t))dt
o) albe) = [ - pGo)
In(—1Ine ¢
— avo™ )»mu—@+m/ﬁm_
ne be

Plugging the expression for z(¢) into the second equation,

In(—1Ine)

Ine

p'(t) = H'(y(x(be)) + (14 O(

By the boundary condition p(0) = 0, p(b.) = pp, we have

p(t))dt].

25

)]az(t —be) + a1 /b In(—p(t))dt]). (6.6)

/ 1/ a0 140D o) +a [ (plo)de)e = —pi. (61
By Taylor’s expansion,
H'(0 (o0 + 1+ OC 2 laa(t b+ a1 [ In(-p(e)de)
= H(1(a(0) + arlt — 1) + 0P )
= H (e (0) + arlt — 0.)) + O,
So from and the above equation, we have
o B , In(—1Ine)
/bs H'(y(z(t))dt = / H'( )+ az(t —b)))dt + O( e )
= H((alb) ~ asbe) — Hr(x(b) + O
= Po (6.8)
Since by the third boundary condition
#(b:) =~ G H (1 (b2)))). (69)
one can get that
op = H'(y(x(be)))e Ine. (6.10)
We assume that
oo = (H'(v(be)) + pe)elne, (6.11)
then
_ (1 +o(1))pe
x(be) = be + (b)) (6.12)
Using , is reduced to the following:
B H'(7(0)) — H'(7(be))
H0) = Ho b)) + UL, (613)
Folpe) +0(2) = O(M D),
By the assumption (Hq)
H(¥(0)) = H(v(b)), H'(v(0)) # H'(~(b)) (6.14)
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and
H"(y) > ¢o >0, b. = b+ O(h), (6.15)
the above equation is uniquely solvable with
In(—1Ine)
=0(——). 6.16
p- = O (6.16)

So there exists unique p, = (H'(v(be)) + O(W))eln@ such that 1) is
solvable, and we have

2(0) = O(M

Ine

In(—1Ine)

), @(be) = b + O( Ine

). (6.17)
O

We will use the solution of the ODE to approximate the solution of (6.2)). In
order to obtain a good approximate solution, one need to control the error of

tit1

ZH/(’Y(x(tj)))h - H'(y(x(t)))dt.

0

So we will use the midpoint Riemann sum approximation of integrals which will
give us

St - [ H G = o) (6.15)
To be more specijﬁcl, we will choose the approximate solution to be the following:
z¥ = x(f;), t}z%,izl,m’k—l, (6.19)

and -
7 =2y + <Gl —m) (6.20)

where x(t) is the solution determined by the ODE ([6.4]).
We want to find the solution to (6.2]) of the form
5 =) +y,. (6.21)
Then y,; will satisfy the following equation:
Yoo — s = By 4 £(G(=2 0, B3 (a2 + ) + O(%9) — G(=e2 Ky H'(1(a2)) ).
fori=1,--- k-1

250 H (v(29)y; + O(2) S5, lysl? = —Ex + O(e%k),
(6.22)
where

fori=1,---,k—1, and
k
By =23 H'(4(22)).
j=1

First we show that the approximate solution we choose is indeed a good approx-
imate solution, i.e. the error E; is small enough. In fact, we have the following
error estimate:
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Lemma 6.2.
B =al, —a) —eG(—=e* ) H'(y(z9))) = O(e)
fori=1,--- k—1, and

k
E, = EQZH/(W(-TE))) — O(EQM)

Moreover, the following estimate holds:

k—1

S 1B = 06).

i=1

Proof. First for i = k — 1, we have
) —al | —eG(— QZH’

= eG(—p) — <G(~* > H'(7(z2))

Ine

k—1
= O()lov = 3 H' (02

Since we choose the midpoint approximation, we have for i =1, - --

(tiv1) ZH’ Nh = O(h?),
and
k k—1
S H@@)h = O H (@))h — p(tr)) + (H' (v(29)h + pltr))
j=1 j=1
= O+ 0(7111(;11;5));1 - 0(71“(;11;5) )h.

By (6.26)) and (6.27)), and recall that p, = O(h), one can obtain that

B =20 —a)_ | —eG(— 2§ H'(y = O(eh)
and
In(—1Ine)
_ 2
E,=0(e e )-

Next by the equation satisfied by p(t), we can get that
p(t;) = O(min{i, k — i + 1}h)

27

(6.23)

(6.24)

(6.25)

(6.27)

(6.28)

(6.29)
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sofori=1,--- k—2

ad —ad —eG(— ZZH

—/ti“—la(8 (t))dt — eG(— QZH’
N 3 Ine lnsp

_ e _ &2 P'p—(p')? _ 3
= ——Glp(tie)h —eG(= ZH +0(7| T (tig1))h
= (G p(tis1) &2 ZH/ O(M(t D)R?

Ine "t |Inelpz "
=0( < (tiv1) ZH’ O(M(tiﬂ))h‘%

P(ti+1) | Inelp?
eh 1 h

= O( )+ 0(e)( )

min{i, k — i+ 1} min{i, k — i + 1}2 + min{i, k — i+ 1}
= 0(e).

Morevore, from the above estimate, we have

Y E;=0(), fori=1,-- k-1,

Finally, we will show that equation (6.22)) is solvable.

Lemma 6.3. There exists €9 > 0, such that for € < g, there exists a solution

{yi}1§i§k to such that
[Ylle < Celn(—Ine). (6.30)

Proof. For ||y|lcc << €|lne|, we have
ZZH' 2 +y;)) + O(e%)) — eG(— ZZH'

S cilyl2.,
J= J O 1<i O i
> 1H'< @y (ijlﬂf( @ TOS HeE)

The equations (6.22)) for y; can be rewritten as follows:

ern i+ = B+ O i) + Ol
fori=1,--- k-1

S g+ S H’“(v(w?))y? = O(eh) + O(2 ey,

—(

(6.31)
We will show that one can first solve ys to yx in terms of y; from the first £k — 1
equations, and finally solve y; by the k-th equation of (6.31]).
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For 1 <[ <ig=(1-4)k where ¢ > 0 is a small number to be determined later,
we have

S H (4 (@)
e T e Z S B (4 (x2))

|
MN

EH—Z—ZJ T Iy\z<z+Z—Z] )

i=1 =1

o )JFZ eilylie, +i0( £2%i )
U min{i F—it1} 2 ‘min{i,k—i+1)

i=

=0(e) + O( 5 )|y|z<l

where we denote by

[Yliy<i<i, = sup  |yil.
i1 <i<ia

Moreover,

l Z;’:l H”(v(w?))yj - l ilyli<i
6; Z;ZI H’(’y(x?)) B 6;O(min{i,k—i—i— 1})

= ot _ o(1)jylecr
Thus one can get that for | < i
yr = y1+o(Dyli<io +o(Dyli<;, +O(e) (6.32)
So we can get that
=(14+o0o1)y1 +0(e),i =2,--+ ,ig. (6.33)

For [ > ig, we have the following:

& S H GG,
n Z+ S IH/w(xg)))

+ O( ) + O(‘y|zo<z<l) + O( )|y‘z<zo (1)|y|1§’bo
= C'05|y|10<z<l + O(‘y|zo<z<l + O<|y|i§io) + O(E)

Yi+1 —

for some Cj independent of € and §. So for ig < i < k,
i = Oln) + Colylig izt + Ol <ict) +O(E) (6.34)
If 6 > 0 is small such that Cyd < i, then the above system is solvable with

yi = O(y1) + O(e). (6.35)
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From the last equation, we have

S H" (y(2))yi + Z H" (4(29))ys + O(k|y1[2) + O(ke?)
i i=ip+1
= (O H"(4(x9)(1 + o(1))yr + O(Skly1]) + O(ke) + O(k|y1|*)

=1

:O(ln(—lne)).

Ine
Thus by the assumption (H7), the equation is reduced to
y1 = o(L)yr + O)[y1] + O(ly1[*) + O(e In(—Ine))
If we further choose § small enough but independent of & such that O(8)|y1| < |1,
it is easy to see that by contraction mapping, the above equation has a solution
and satisfies
y1 = O(eln(—Ine)). (6.36)

Thus we get that there exists a solution to (6.22)) with

l¥lloo < Celn(—1Ine) << g|lnegl.

Thus we have proved the existence of solution to ((6.22]). ([

7. APPENDIX: PROOF OF PROPOSITION [3.1]

In this appendix, we shall give a proof of Proposition The proof is rather
standard. It follows from argument in [5] and [30]. It is based on Fredholm Alter-
native Theorem for compact operator and an a-priori estimate.

First we need an estimate on the following matrix M defined by
Mij = / ZiZde, Z,] = 1, e ,k. (71)
Lemma 7.1. Fore suﬁiczently small, given any vector be R, there exists a unique
vector ,3 € R*, such that MB =b. Moreover,
1Blloc < C1blloo (7.2)

for some constant C independent of €.

Proof. To prove the existence, it is sufficient to prove the a priori estimate (|7.2]).
Suppose that |5;| = ||8]|co, We have

k
> M;;B; =b;.
i=1

For the entries M;;, from the definition of Ay, and the exponential decay property
of Z;, we know that

Mn-:/ Z?dz=<1+o<1>)/ 2y > ¢ > 0,
Q. R 3291

and

S My <0 e T = o(1).

J#i J#i
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Hence for € small, we have
collBlloe < colBil <D IMi;155] + [bi] < 0o(1)[1Blloe + 1]l
J#i
from which the desired result follows. O

Next we need the following a priori estimate:

Lemma 7.2. Let h € L*(€.) with ||h||. bounded and assume that (1,{c;}) is a
solution to . Then there exist positive numbers g and C, such that for all
e < &g, for any points P;, i =1,...,k given by , one has

191« < ClAll-. (7.3)

Proof. We argue by contradiction. Assume there exists ¢ solution to (3.4) and
[Rfls =0, lell« = 1.
We prove that
¢i—0fori=1,--- k. (7.4)
Multiplying the equation in (3.4]) against Z; and integrating in Q., we get

/qupzj(z):/ hZ; + M(c;),

€ €

By the exponentially decay of Z;, we first know that

|/ 1Z;| < C|h]..
Q.

Here and in what follows, C' stands for a positive constant independent of ¢, as
e — 0. Secondly, by the equation satisfied by Pa._ , w(z — Fi),

k
/ LopZidz = / (A =+ p(Y_ Po, pw(z — PP~ ') Zidz
Q. Q. i=1

k

_ / (AZ = Zi+p( S Po, pw(z = P)P~ Zi)pdz

{2 i=—k
k

0 w(z — P; w(z — P,
:/Q p(Z[PQEVPiw(ZiR;))pil Po. p,w(z — Pi) fpw(szi)pflw

or or

i=1

dw(z — P; _
<cC \%HO(&)er(szi)p 2> Pa.pw(z = Py)lleldz
Bl 1y (Pr) T i
N / Ml[i WL +0(5)zk:e—“|z_Pj|]W|dz
Qe/Bjme| (Pi) or j=1 ’ Jj=1

< O[]l (0(e) + O("2"))
< Cell9||«
if we choose 1 small enough such that p —n > 2. This can be done since p > 2.
Since M is invertible and ||[M~1|| < C, we get that

leil < C([[All« + OE@)[¥l)- (7.5)

Jdz
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Thus we get the validity of ([7.4)), since we are assuming ||¢||« = 1 and ||h||. — 0.
Let now p € (0,1). It is easy to check that the function

W .= i e M |'7Pi|,
i=1
satisfies
LW < (2 )W,

in Q. \ Uj=1,.. xB(Pj,R) provided R is fixed large enough (independently of ¢).
Hence the function W can be used as a barrier to prove the pointwise estimate

|wm<0(Mﬂm+gwwmwmﬂmm)wm, (7.6)

for all z € Q. \ U;B(P;, R).

Granted these preliminary estimates, the proof of the result goes by contradic-
tion. Let us assume there exist a sequence of ¢ — 0 and a sequence of solutions
of for which the inequality is not true. The problem being linear, we can
reduce to the case where we have a sequence (™ tending to 0 and sequences h(™
™ ™ such that

I, =0, and [, = 1.
But implies that we also have

™. — 0.
Then 1) implies that there exists Pz(n) such that

||7*/J(n ||L<x> B(P(") R)) > C (77)

for some fixed constant C' > 0. Using elliptic estimates together with Ascoli-

(n)

Arzela’s theorem, we can find a sequence P, and we can extract, from the sequence

wgn) (-— Pi(n)) a subsequence which will converge (on compact) to 1. a solution of

gA —1+4pwP™!) thoo =0in RZ,
% =0, on OR%.
Y2

which is bounded by a constant times e’“m, with ¢ > 0. Moreover, since 1/)1(")
satisfies the orthogonality conditions in , the limit function 1, also satisfies

wooal x=0.

But the solution w being non—degenera‘ce7 this implies that ¥, = 0, which is cer-
tainly in contradiction with (7.7]) which implies that ¥ is not identically equal to
0.

Having reached a contradiction, this completes the proof of the lemma. ([

We can now prove Proposition [31]
Proof of Proposition[3.1 Consider the space

H:{ueH?V(QE);/ wZi=0, i=1,...,k}.

€
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Notice that the problem (3.4) in ¢ gets re-written as
v+ K@)=h in H (7.8)

where h is defined by duality and K : H — H is a linear compact operator. Using
Fredholm’s alternative, showing that equation (7.8]) has a unique solution for each

h is equivalent to showing that the equation has a unique solution for h = 0,
which in turn follows from Proposition The estimate (3.6) follows directly
from Proposition This concludes the proof of Proposition (3.1]).
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