SYMBIOTIC BRIGHT SOLITARY WAVE SOLUTIONS OF COUPLED
NONLINEAR SCHRODINGER EQUATIONS

TAI-CHIA LIN AND JUNCHENG WEI

ABsTRACT. Conventionally, bright solitary wave solutions can be obtained in self-focusing
nonlinear Schrodinger equations with attractive self-interaction. However, when self-
interaction becomes repulsive, it seems impossible to have bright solitary wave solu-
tion. Here we show that there exists symbiotic bright solitary wave solution of coupled
nonlinear Schrdodinger equations with repulsive self-interaction but strongly attractive
interspecies interaction. For such coupled nonlinear Schrédinger equations in two and
three dimensional domains, we prove the existence of least energy solutions and study the
location and configuration of symbiotic bright solitons. We use Nehari’s manifold to con-
struct least energy solutions and derive their asymptotic behaviors by some techniques
of singular perturbation problems.

1. INTRODUCTION

In this paper, we study symbiotic bright solitary wave solutions of two-component sys-
tem of time-dependent nonlinear Schrodinger equations called Gross-Pitaevskii equations
given by

{ thdyhy = —%A% + Vi(@)Yn + Ui [n 1 + Una| 2[4, (1.1)

ihOphy = —2=Ahy + Va() s + Use|tho|*t3 + Una|t1[*he, @ € Q, > 0. '

which models a binary mixture of Bose-Einstein condensates with two different hyperfine
states called a double condensate. Here ) C RY (N < 3) is the domain for condensate
dwelling, v;’s are corresponding condensate wave functions, & is the Planck constant
divided by 27 and m is atom mass. The constants Uj; ~ a;;, 7 = 1,2, and Uz ~ aq,
where a;; is the intraspecies scattering length of the j-th hyperfine state and a;y is the
interspecies scattering length. Besides, f/J is the trapping potential for the j-th hyperfine
state. In physics, the usual trapping potential is given by

N
Vilw) = aju(ae — Zp)®  for o= (21, ,on) € Q,j = 1,2,
k=1

where @;; > 0 is the associated axial frequency, and Z; = (Z;1,--- , Zjn) is the center of
the trapping potential f/j

When the constant Uj; is negative and large enough, self-interaction of the j-th hyper-
fine state is strongly attractive and the associated condensate tends to increase its den-
sity at the centre of the trap potential in order to lower the interaction energy (cf. [32]).
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This may result in spikes and bright solitons which can be observed experimentally in
three dimensional domain (cf. [8]). Conversely, when the constant U;; becomes positive,
self-interaction on the j-th hyperfine state turns into repulsion which cannot support
the existence of bright solitons. To create bright solitons while each self-repulsive state
cannot support a soliton by itself, the interspecies attraction may open a way to make
two-component solitons called symbiotic bright solitons. Recently, symbiotic bright soli-
tons in only one dimensional domain have been investigated as the interspecies scattering
length a2 is negative and sufficiently large (cf. [28]). However, in two and three dimen-
sional domains, the existence of symbiotic bright solitons has not yet been proved. In
this paper, we want to show the existence of such solitons by studying the least energy
solutions of two-component system of nonlinear Schrodinger equations.

To obtain symbiotic bright solitons in a double condensate, we may set ¥ (z,t) =
u(z) €Mt hy(z,t) = v(z) e'*2* and use Feshbach resonance to let U;’s, A;’s and a;4’s be
very large quantities. By rescaling and some simple assumptions, the system (1.1) with
very large Uj;’s, S\j’s and a;’s is equivalent to the following singularly perturbed problem:

e2Au — Vi(x)u + pud + fuv®* =0 in Q,
e2Av — Vo(2)v + pov® + fulv =0 in Q,
u,v >0 in €,

u=v=0 on 0f,

(1.2)

where u and v are corresponding condensate amplitudes, ¢ > 0 is a small parameter,
and § ~ —ajs # 0 is a coupling constant. Here we may use the zero Dirichlet bound-
ary condition which may come from [13]. To study symbiotic bright solitons of double
condensates, we consider two cases of the domain 2. One is to set ) as the entire space
RY (N < 3). The other is to set Q as a bounded smooth domain in RN. The constants
pu; ~ —U;; < 0,5 = 1,2, give repulsive self-interaction, and § ~ —a;2 > 0 means at-
tractive interaction of solutions u and v. Moreover, V; > 0,7 = 1,2 are the associated
trapping potentials.

Another motivation of studying the problem (1.2) may come from the formation of
bright solitons in a mixture of a degenerate Fermi gas with a Bose-Einstein condensate
in the presence of a sufficiently attractive boson-fermion interaction. Recently, there
have been successful observations and associated experimental and theoretical studies of
mixtures of a degenerate Fermi gas and a Bose-Einstein condensate (cf. [10], [24] and
[25]). Recently, the corresponding model has been given by

Np
. 2
ihOwp? = — 3 ApP + Vi(2)p® + guNploP 0" + gor Y | |0} P9,
=1
zh@tgof = —%A()ﬁf + VF(LC)QOf +gBFNB |QOB’2QO§T, T e Q, t > 0,] = 1, te ,NF,

(1.3)
where N and Np are the numbers, mpg and mp are the mass of bosons and fermions, Vg
and Vj are trap potentials, o and gpf 's are wave functions of Bose-Einstein condensate
and individual fermions, respectively. When the constant gg is positive i.e. repulsive
self-interaction, and the constant gpp is negative and large enough enough i.e. strongly
attractive interspecies interaction, bright solitons may appear in such a system. Using
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the system (1.3) (cf. [17]), a novel scheme to realize bright solitons in one-dimensional
atomic quantum gases (i.e. the domain € is one dimensional) can be found. Here we
want to study bright solitons in two and three-dimensional atomic quantum gases i.e.
the domain € is of two and three dimensional. As for the problem (1.2), we may set
o8 = u(x)eMt/\/Npg, o = v;(z) e’*2t and suitable scales on mp, mp, Vs, Vi, g5, g5
and \;’s. Then the system (1.3) can be transformed into

o Np
e2Au — Vi(z)u + pyu? +ﬁuz vjz- =0 in €,
j=1
< 52Avj—‘/§(x)vj+ﬁu21)j=0 in Q j=1---,Np, (1'4)
u,v; >0 in €,
u=v=0 on 0f),

\

which can be generalized as a singular perturbation problem given by

e?Au — Vi(x)u + pyu? + ﬁuz 0]2. =0 in Q,
j=1
e?Av; — Vo(x)vj + pov + fuPv; =0 in Q, j=1,---,m, (1.5)
w,v; >0 in €,
u=v=0 on 09,

\
where p; <0,j = 1,2 are constants and m = Np € N. In particular, the problem (1.5)
becomes the problem (1.2) as m = 1.

In this paper, we study the asymptotic behavior of so-called least-energy solutions of
the problem (1.2) which may give symbiotic bright solitons in two and three dimensional
domains. By this, we mean

(1) (ue,v.) is a solution of (1.2),
(2) Ecqv,wlue, ve] < Ecqv,w|u,v] for any nontrivial solution (u,v) of (1.2),
where E. o1, v, [u,v] is the energy functional defined as follows:

g Vi
E.ovwlu,v] = E/Q|vu|2+?1/gu2—’% Qu4 (1.6)
82/ Va M2
+ = |Vv|2+—/1)2—— v?
2 Ja 2 Ja 4 Jo
B e
2 Jq ’

for u,v € H}(Q). Actually, it is easy to generalize our results to the problem (1.5) for
m € N. In the case of Q = RN, N = 2,3, the least energy solution is also called ground
state. In our previous papers [20], [21] and [22], we studied the existence and asymptotics
of least energy solutions when p; and ps are positive constants. Hereafter, we study the
case that both p; and po are non-positive constants.

As (8 < \/uipiz, it is obvious that

/[EQWuF + Viu? + 2|Vl + Vou?] = /[26u2v2 + put 4 o] <0 (1.7)
Q 0
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for any (u,v) satisfying the problem (1.2) and hence u,v = 0. To get nontrivial solutions
of the problem (1.2), the assumption § > /uijz is necessary. So throughout the paper,
we assume that

p1 <0, pue <0, B> \pe. (1.8)
To study least energy solutions, we define a Nehari manifold

_ | Loyl JolE®l v ul® + Viu? + €2 7 v + Var?]
N(57Q7 Vl? VQ) - {(uav> < HO (Q> x HO (Q) — fQ[26u2U2 + ,u1u4 + ”204]
(1.9)
Note that here, unlike [20]-[22], the Nehari manifold N(e, 2, Vi, V,) has only one con-
straint. On such a manifold, we consider the minimization problem given by
CeQ Vi,V = inf E&Q’Vl’VQ [u, U] . (110)
(u,v)EN (£,2,V7,Va),

uw,v>0,

u,vZ0

When e =1, V; = A\; > 0,7 = 1,2 i.e. constant trapping potentials and the domain
Q= RY, the Euler-Lagrange equations of the problem (1.10) are

Au— Mu+ pud + puv? = 0 in RV,
Av — Xov + pov® + fu*v = 0 in RY, (1.11)
u,v — 0 as |y| — +o0.

For such a problem, we have

Theorem 1.1. Assume that (1.8) holds. Then ¢y rv y, 5, 1S attained and hence the prob-
lem (1.11) admits a ground state solution which is radially symmetric and strictly decreas-
mg.

Now we consider the existence of ground state solutions for nonconstant trapping po-
tentials. Namely, we consider the problem of coupled nonlinear Schrodinger equations
given by

e2Au — Vi(x)u + pud + Buv® = 0 in RY,
e2Av — Vo(x)v + pov® + Bu?v = 0 in RV, (1.12)
u,v — 0 as |y| — +oo,

where V;’s satisty

0<bj= inf Vi(z) < lim Vj(z) = b < +o0, j=1,2. (1.13)

zeRN |z|—o00

Then we have the following theorem on the existence of ground state solutions of the
problem (1.12).

Theorem 1.2. If either by° 4 b5° = +o00 or
CeRN VI, Ve < Ce, RN b3°,b3° (1.14)
Then c.rv v, v, 1S attained and hence the problem (1.12) admits a ground state solution.

Our next theorem is to show the asymptotic behavior of these ground state solutions as
follows:
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Theorem 1.3. Assume (1.8) and
;%%n CLRN Vi (2),Va(z) < CLRN b0 b (1.15)

hold. Then

(i) ccrN vy, U8 attained and the problem (1.12) admits a ground state solution (u.,v.).
(ii) Let P° and Q¢ be the unique local mazimum points of u. and v. respectively. Let
us (P + ey) := U(y),v-(Q° + ey) := Vo(y). Then ase — 0, (U, Vo) — (U, V),
where (U, V') satisfies (1.11). Furthermore,
| P7 — ]

T — O7 CI,RN7V1(P5),V2(QE) e mlel%{fN CI,RN,Vl(a:),VQ(m) . (116)

Remark 1. In general, the condition (1.15) is difficult to check. However, if inf Vi(z) <
zeR
lim Vj(z),j =1,2, then (1.15) is satisfied.

|| —+o00

Theorem 1.3 can be extended to general bounded domains. Firstly, we set () as a
bounded smooth domain and trapping potentials V’s as constants A;’s. Namely, we
consider the following system

e2Au — Mu + pud + fuv? =0 in Q,
e2Av — Xov + pv3 + Buv =0 in Q,
u,v >0 in €,
u=v=0 on 0f).

The asymptotic behavior of corresponding least energy solutions can be characterized by

Theorem 1.4. For any 6 > \/uije and € sufficiently small, the problem (1.17) has a
least energy solution (uc,v.). Let P. and Q. be the local mazimum points of u. and v,
respectively. Then |P. — Q.|/e — 0,

d(F:, 99) — maxd(P,09), d(Qe,0%) — maxd(P,09), (1.18)

(1.17)

L (O\{P.,Q.}). Furthermore, as ¢ — 0, (U.,V.) — (U, Vo)
which is a least-energy solution of (1.11), where

Uc(y) = u(P- +ey), Vy):= v(P.+ey).

By Theorem 1.4, we may generalize Theorem 1.3 to bounded smooth domains. The main
idea may follow the proof of Corollary 2.7 in [22]. Moreover, by the same arguments of
Theorems 1.1-1.4, one may get similar results for the problem (1.5).

As py, 1o > 0, the assumption 5 < [ is essential in our previous works (cf. [20]-[22])
for the existence and the asymptotic behaviors of ground state (least energy) solutions,
where 0 < [y < /1 iz is a small constant. For larger 3’s, results of ground and bound
state solutions can be found in [1], [3], [33] and [34]. On the other hand, when the sign of
p;’s becomes negative i.e. g, up < 0, the assumption of 3’s can be changed as 8 > /1 2
which is sufficient to prove the existence and the asymptotic behaviors of ground state
solutions (see Theorem 1.1-1.4). These are new results of two and three dimensional
bright solitary wave solutions for negative p;’s.

Conventionally, there has been a vast literature on the study of concentration phe-
nomena for single singularly perturbed nonlinear Schrodinger equations with attractive

and u.(x),v.(z) — 0 in C}
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self-interaction. See [2], [4], [5], [6], [29], [30], [31], [9], [14], [15], [16], [18], [23], [37],
[38], [36] and the references therein. In particular, a good survey can be found in [26]
and [27]. However, until now, there are only few papers working on systems of coupled
nonlinear Schrédinger equations, especially for two and three dimensional Bose-Einstein
condensates. This paper seems to be the first in showing rigorously that strong inter-
species attraction may produce symbiotic bright solitons in two and three dimensional
Bose-Einstein condensates even though self-interactions are repulsive.

The organization of this paper is as follows:

In Section 2, we extend the classical Nehari’s manifold approach to a system of semilinear
elliptic equations in order to find a least energy solution to the problem (1.2). Hereafter,
we need the condition 8 > /u1 p2 for strong interspecies attraction. Using approximation
argument and energy upper bound, we may show Theorem 1.1, 1.2 and Theorem 1.3 in
Section 3 and 4, respectively. In Section 5, we follow the same ideas of [20] to complete
the proof of Theorem 1.4.

Throughout this paper, unless otherwise stated, the letter C' will always denote various

generic constants which are independent of €, for e sufficiently small. The constant o €
(0, 755) is a fixed small constant.
Acknowledgments: The research of the first author is partially supported by a research
Grant from NSC of Taiwan. The research of the second author is partially supported by
an Earmarked Grant from RGC of Hong Kong. The authors also want to express their
sincere thanks to the referee’s suggestions.

2. NEHARI'S MANIFOLD APPROACH : EXISTENCE OF A LEAST-ENERGY SOLUTION
TO (1.2)

In this section, we use Nehari’s manifold approach to obtain a least energy solution to
(1.2). Nehari’s manifold approach has been used successfully in the study of single equa-
tions. Conti et al [7] have used Nehari’s manifold to study solutions of competing species
systems which are related to an optimal partition problem in /N-dimensional domains.
In our previous paper [20], we also used Nehari’s manifold approach to find least energy
solutions and symbiotic bright solitons.

We consider the following minimization problem

CeQ ViV = (/WENi(?‘SfWLVQ)’ E.oviv|u,v] (2.1)

u,v>0,
u,vZ0

where N(e,Q, V1, Vs) and E. gy, are defined in Section 1. Note that, for N < 3, by
the compactness of Sobolev embedding H}(Q) — L), N(g,Q, Vi, Vs) and c. gy, .y, are
well-defined. Now we want to show that

Theorem 2.1. Let Q be a smooth and bounded domain in RN, N < 3. Suppose that
B > iz Then for e sufficiently small, c. v, v, can be attained by some (u.,v.) €
N(g,Q,V1,V3) satisfying

CheV S/u? < Coe™, e S/Uf < Coe®, (2.2)
Q Q
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where Cy, Cy are two positive constants independent of € and ).

We first note that if (u,v) € N(g,Q, V3, V), then

Bl = §( [19ats [tes 19 [ur) oo
= [pl/u+26/uv+u/4].

Let (un,v,) be a minimizing sequence. Then by Sobolev embedding H}(Q2) — L%(Q) for

1<qg< %, we see that u, — u., v, — v.(up to a subsequence) for some functions

u. >0, v. >0 in L*(Q) and hence

1
Ee 0w vy [tn; vn] — Z[Ml/“§+25/ugvf+ﬂz/0§]= Ce Vi V- (2.4)
Q Q Q

By (2.4) and the weak lower semicontinuity of the H' norm, we have

ooy > ( |17k /vlu§+52/|vvg|2+/v&v3>, (2.5)
Q Q Q
/|Vu€\2 /Vlu +e /|vv5| +/V2v <M1/u +2ﬁ/u +u2/ vl (2.6)

Next we consider for ¢ > 0,

Buw(t) = EcovimViu, Viv]. (2.7)
Our first claim is
Claim 1. If 20 [, u®v® + py [, u* +po [ v* > 0, then B (t) attains a unique mazimum

point ty, where
JolE?l 7 ul? + Viv? + 2 7 vf* + V07

th = 2.8
0 Jo[28u0? + pyut + pov?] (28)
Furthermore, (\/tou, v/tov) € N(g,Q, V1, V53).
Proof. Since
Bun(t) = [ [ivar+g [vae+S [1gup+] [ v
H1 4 M2 4, 1 2,2
222 Lt Z
[4/Qu+4/gv+25/guvl,
then the proof follows by simple calculations. We omit the details here. [l

By Claim 1 and proper choice of (u,v), it is easy to check that the Nehari manifold
N(e,Q, V1, V3) is nonempty. Our second claim is

Claim 2. The inequalities of (2.2) hold if 5 > \/f1jiz.
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Proof. We first prove the upper bound of c. o v,.v,. Since 3 > /i1 ft2, there exists a # 0

such that 2802 + g + gy > 0. In fact, we may set o = —z—f if u; < 0,7 =1,2. For

e sufficiently small, we choose a test function w such that support(w) C B.(P) where
P e Q. Let (u,v) = (aw,w). Then [,[208u*v* + pu® 4+ pv'] > 0. By Claim 1, there
exists o > 0 independent of & such that (v/fou, /tov) € N(g,, Vi, V3). Hence we obtain

Ce,Q,V1,Va < CEN: (29)

where C'is a positive constant independent of ¢ and 2. Combining (2.9) with (2.3), we
obtain that

/[52]Vu5|2 + ViuZ + % V2| + Vov?] < Cue™. (2.10)
Q

For (2.10), we may rescale spatial variables by ¢ and apply the standard Gagliardo-
Nirenberg-Sobolev inequality in R (cf. [11]). Consequently,

/ug < Ohel, /v;‘ < Ohel (2.11)
Q Q

where C} is a positive constant independent of £ and ().
For lower bound estimates, the definition of the manifold N (e, 2, V;,V5) may give

/[52]Vu]2 + Viu? + 2| Vo?| + Vov?] < 26/ u*v?
0 0

for any (u,v) € N(e,, V1, V3). On the other hand, as for (2.11), we may rescale spatial
variables by ¢ and apply the standard Gagliardo-Nirenberg-Sobolev inequality in RY
(cf. [11]) to derive

/[52|Vu|2+V1u2+€2|Vv2|—|—ng2] > CeN/? [(/ ut)Y? + (/ U4)1/2} > C’sN/Q(/ ulv?)t/?
Q Q Q Q
for any (u,v) € N(e,Q, V4, V3), and hence we obtain that for any (u,v) € N(e,Q, V4, V3),
(u,v) # (0,0),

/ uv? > OV, (2.12)

Q

where C'is a positive constant independent of € and 2. Due to fQ u?v? < (fQ u4) 1/ (fQ v4) 1/2,
(2.11) and (2.12) may yield lower bound estimates [, u? > C1e™ and [, v? > Cie, where

(' is a positive constant independent of £ and €.
O

Finally we claim that
Lemma 2.2. (u.,v.) is a least-energy solution of (1.2).

Proof. By Claim 2 and (2.6), we have 20 [, u2v? + 1 [, ul + p2 [, v2 > 0. Moreover, by
Claim 1, there exists tg > 0 such that (v/fou., /tov:) € N(g,Q, V1, V5) i.e.

52/\vu5|2—|—/Vlu§+52/|Vv5|2—|—/1/2v§:t0 {ul/u§+2ﬂ/u§vf+u2/vf} :
Q Q Q Q 0 Q Q

(2.13)



TAI-CHIA LIN AND JUNCHENG WEI SYMBIOTIC SOLITONS IN COUPLED NLS

Consequently, (2.6) and (2.13) may give
to<1. (2.14)
On the other hand,

E. o v Vioue, Viovs] > ccaviv, = —[ /U +25/U +u2/ 4], (2.15)

o1
E- v, v, [Vioue, Vigue] = A—l[ul/ﬂuﬁJrQﬁ/ngv?Jruz/Qvf]. (2.16)

Since to > 0, (2.15) and (2.16) imply that ¢, > 1. Thus by (2.14), we obtain ¢, = 1 and
(ue,ve) € N(e,Q, Vi, Va). Therefore, (u.,v.) attains the minimum c. g v, 15

Now we want to claim that (u.,v.) is a nontrivial solution of (1.2). Since (u.,v.)
is an energy minimizer on the Nehari manifold N(e, 2, V},V5), there exists a Lagrange
multiplier a such that

Vv E&Q,Vl,Vz [u€7 Ua] +av G[“ay Ua] = 0, (2.17)
where
Glu,v] = /[52] v ul? + Vi + & vl + Vau?] — /[u1u4 + 28u0? + ppvt] . (2.18)
& Q

Acting (2.17) with (u.,v.), and making use of the fact that (u.,v.) € N(e,Q, V1, V3), we
see that

a/ 2[°| 7 uel* + Viul + *| v vef* + Vaul] — Sa/[ului +2BuZvZ + ppvl] = 0,
Q Q
and
« / [ul + 2BuZv? + ppvl] = 0.
Q

Since (ue,v:) # (0,0) and

[t 286202+ pl) = [ 217 w4 Vi € 9+ Vael) > 0,
then o = 0. This proves that

VE57Q7V1,V2 [ueava] =0

and hence (u., v.) is a critical point of E. q v, v,[u, v] and satisfies (1.2). By Hopf boundary
Lemma, it is easy to show that u. > 0 and v. > 0. Therefore, we may complete the proof
of this Lemma and Theorem 2.1.

g

Another useful characterization of c. o v, v, is given as follows:
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Lemma 2.3. If 8 > \/uipz, then we have
CeQVi,Va — inf sup E&Q’VLVQ[\/Eu, \/EU] (219)

wwEHS(Q), uz0,v£0, >0
Ja26u2v2+pgut+pugv]>0

JollVul® + Viu? + [Vl + Vao?]
in ‘
wwEHA(Q), w0020, ([o[26u*v? + pu* + pavt])2

IQ [26u21}2+,u,1 u4+p,2v4] >0

Proof. The last identity in (2.19) follows from simple calculations. To prove (2.19), we
denote the right hand side of (2.19) by m.. From Theorem 2.1, ¢, g, v, is attained at
(uz,v:) € N(g,9,V1,V3). Moreover, by Claim 1 in Theorem 2.1, E.qy, v, [Vtue, Vtv.]
attains its maximum at ¢ = 1. Hence

m& S CE,Q,VLVQ = E,Q,V1,V2 [u€7 UE] = Sug EE,Q,Vl,VQ [\/Zu€7 \/EUE]' (220>
t>

On the other hand, fix u, v € Hg(Q) such that u,v > 0 and [, [26u*v* + pu + pev?] > 0.
Let to be a critical point of B, (t). Then (viou, v/tov) € N(g,Q, Vi, Va),

Ceomive < Feawive(Viou, Vo) < sup E.qv, v, [Vtu, Viv]

t>0

and hence c; o v, v, < m.. Therefore, we may complete the proof of this Lemma.

3. PROOFS OF THEOREM 1.1 AND THEOREM 1.2

In this section, we prove Theorem 1.1 and Theorem 1.2 by approximation argument.
Fix a ball Q = By, where k is a large parameter tending to infinity. By Theorem 2.1, each
Ce.B, .V, 1S attained by (ug,vy) a least energy solution of the following problem:

2 Au(z) — Vi(z)u(z) + pu® + Buv® = 0 in By,
e2Av(x) — Va(x)v(x) + pov® + fuPv = 0 in By, (3.1)
u,v >0 in By, u=v =0 on 0B;.

By examining the argument in the proof of Theorem 2.1, we may obtain the following
estimates:

CleNg/ up < Cye™, ClgNg/ vE < CoelV | (3.2)
By, By,

where C and Cy are positive constants independent of 0 < ¢ < 1 and k£ > 1. By the
system (3.1) and (3.2), we may derive that

/ €2 V2 + Vil + 2 Vg2 + Vaod] < Cye | (3.3)
By,

where (3 is a positive constant independent of 0 < ¢ < 1 and £ > 1. We may extend
each uy, and vy equal to 0 outside By, respectively. Then (3.3) may give
ks vy + ol vy < Cae™2, (3.4)

where C} is a positive constant independent of 0 < ¢ <1 and k£ > 1.

10
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Now we study the asymptotic behavior of ug, vy as k — oo. Due to (3.4), we obtain
that as k — oo, up — @, v, — v, where 4,0 > 0 and 4,0 € H'(RY). Moreover, the
standard elliptic regularity theorem may give that (@, v) is a solution of the system

2Au —Viu+ mud + B2 =0 in RV,
QAT U 3 =9 _ RN (3.5)
e?Av — Vou + pov® + puv =0 in RY.

Then we have the following lemma, whose proof is exactly same as those of Theorem 3.3
in [22].
Lemma 3.1.

(a) Ask — 00, ccp i ve — Ce, RN V1, Vs
(b) Ifu# 0,0 # 0, then (4,v) is a solution of (1.12) and attains c. gy v, vy, i-€. (U,0)
is a ground state solution of (1.12).
It remains to show that u # 0, # 0. Note that if u = 0, then v satisfies
2AT — Vb + pat® = 0. (3.6)
Due to ps < 0, it is obvious that © = 0. Therefore, we only need to exclude the case that
u=v=0.
Suppose V(z) = A\; and Vo(z) = Ag. Then by the Maximum Principle and Moving
Plane Method, both u; and v, are radially symmetric, strictly decreasing and satisfy

€2Auk — Aluk + ,uluz + ﬁukv,% =0 in Bk,
e2Avg — Avg + pgvy + fujvy =0 in By,
up = ug(r),vg = vg(r) >0 in By,
u=v=0 on 0B;.

Here we have used the fact that A; > 0, u; <0,5 =1,2 and 8 > 0. Moreover, since the
origin 0 is the maximum point of u; and v, then Aug(0), Avg(0) < 0 and ug(0) , v£(0) > 0.
Hence by (3.7), we have

Bv(0))? > = (ur(0))* + Aty B(ur(0))? > —p2(vg(0))* + Az .
Consequently, as £ — o0,
B(vo(0))? —p1(u0(0))? + Ay > Ay, (3.8)
Bug(0)) > —pa(ve(0))* + Ay > Ay .

Here we have used the fact that u; < 0 and (ug,vr) — (ug,vo) in C}

(3.7)

>
>

2 (RY). Therefore,
(3.8) may imply that uyg # 0,v9 Z 0 and (ug,vy) € N(1,RY, A1, \y) is a minimizer of

CLRN ALz
On the other hand, any minimizer of ¢; g 3, A, called (Up, Vp), must satisfy

AUO — )\1U0 + ,ulUg’ + BU()‘/(? = 0 in RN,
AVy — XVo + V@ + UG Vo = 0 in RV, (3.9)
Uo, Vo > 0,Uy, Vy € Hl(RN)
Due to 3 > 0, the problem (3.9) is of cooperative systems. By the moving plane method
(cf. [35]), (Uy, Vo) must be radially symmetric and strictly decreasing. This may complete

the proof of Theorem 1.1.
To finish the proof of Theorem 1.2, we divide the proof into two cases as follows:

11
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Case 1: either b° = oo or b5° = oo.

Proof. In this case, we note that

1
comiins = [ v+ 2000k + pan
k

S C(Z’)E':N )

and
1
CeBrViVe = 7 /B {52!Vuk|2 + Viup + &% Vg |* + ng}
k
> 0,eN/? / ui + / vp ] .
Bk Bk

Consequently,

CE)EN S CE,Bk,Vl,VQ S CGENﬂ (310)

where (5, (g are independent of ¢ < 1, £ > 1. This gives
/ (€2 Vg2 + Vil + 2 Vg2 + Vaod] < CreV.
By

By Sobolev’s embedding (since N < 3),

1
u$ < Cge?, / up < Coe™ o ————— | (3.11)
/B,c ’ Bin{|z|>R} g min Vy(z)
lz|>R
Hence
1/2 1/2
Jirion ™= o) Ur®)
Bin{lz|>R} Bun{lz[>R} Bin{le|>R}
1/2
<C ! (3.12)
102 min Vi (z) '
z|>R
By (3.2) and (3.12), we have
C
/ ul> 0y - —=2 |V, (3.13)
Bn{|z|<R} min Vi(z)

Thus if u;, — u, then w > 0 and

/ >0 - LS . P (3.14)
Br min V;(z)

lz|>R
Due to b3° = 400, we may choose R large enough such that C) — C—l#() > %C’l.
min Vi (x
|zI>R

Consequently, f B ut > %ClsN and hence uw # 0.

12
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Case 2: b3° < +oo, j=1,2
Proof. Suppose © =v = 0. Then
ug, v, — 0 in C1_(RY). (3.15)
Let M and R be such that
o 1
[Vi(z) = 05| < i for |z| > R. (3.16)

Let xgr(z) be a smooth cut-off function such that xgr(z) =1 for |z| < R, xgr(z) = 0 for
|z| > 2R. Now we set

up = up(l — xr), Uk =wv(l—xg)- (3.17)

Then we have

[ovap = [ wak-2 [ Vue Voo + [ VP
RN RN RN RN

lim ( +/ |vukXR|2> =0.
k——+o0 RV

Now we denote o(1) as the terms that approach zero as k — oo. Thus we can write

/ |Vﬁk|2:/ |Vug|* + o(1). (3.18)
RN RN

and

Vuy - V(upxr)

RN

Similarly,

/ W%F=/ Nwﬁﬂﬂ%/ m%=/’%%+mm/‘%%:/'%%+dn
RN RN RN RN RN RN

for all 2 < p < 6. Hence E. g, vi.vs Uk, V] = CeBvive = Ee By vive Uk, Uk] + 0o(1). More-
over,

/ 2| V|2 + BT + 2| V2 + 6572 (3.19)
RN
- /RN [y + 2605 + 0]

:/RNU’? — Vi(z))as +/ (b5° — Va(@))0; + o(1)

RN

:O<% /RN(ﬂi +@2)> +o(1)

:0(%) Yo(l), j=1,2.

Similarly, we have

/ 280252 + @ + ] = / 28202 + it 1 pd] +o()CY. (3.20)
RN RN

13
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Hence by (3.19), (3.20) and (2.8) of Claim 1 in Theorem 2.1, we see that the unique
critical point ¢ of the function E. g pec peo [V, Vtvy] satisfies

71 = 0(%) +o(1), (3.21)

which yields

- ~ . 1
EE’RN7b<1>o7b§o |:\/7_5Uk, \/Z?]k:| :EE,RN,bi’o,bgo [Uk, /Uk] + O(H) + 0(1)

~ 1
=E. r¥ v3 v, [Uk, Uk) + O<M> +0o(1)

1
=E. R~ v; va Uk, U] + O(M) +o(1)

1
=C¢,B,,,V1,Va + O(M) + 0(1)

On the other hand,
(Vi Viny) € N, RY, b, b3) (3.22)
and then
E. rnpoe b [\/;Nﬂk, \/?’?719} 2 Ce RN p3° bge (3.23)
Consequently, c. ¥ pee pee < CeB, 11V, T+ O(%) + o(1). Letting M — +o0 and k — +o0,

we obtain ¢, v yec pe < € N 14,1, Which may contradict with (1.14). Therefore, we may
complete the proof of Theorem 1.2. O

4. PROOF OF THEOREM 1.3

In this section, we study the asymptotic behavior of (u,v.) as € — 0. Firstly, the
energy upper bound is stated as follows:

Lemma 4.1. For >0 and 0 < e << 1,

Ce RN, ViV, S EN[mielﬁfN CLRN Vi (2),Va(z) T O(1)]- (4.1)
PROOF. Fix a point 2o € RY. Let (Up, Vo) be a minimizer of ¢; R¥ v;(zo) Va(zo)- W€
set u(x) = Up(*2™),v(x) = Vo(*=™) and then use (2.19) to compute the upper bound
of C. RN v3.1,- Due to coryv oy, n, = € C1LRN A 0 the Test of the proof is simple and thus
omitted. 0J

Let u.(P°) = sup u.(z) and v-(Q°) = sup v.(z). We want to claim that sup(|P°| +
zeRN z€RN e>0
|Q°]) < 400. To this end, we need to show that both u. and v. are uniformly bounded.

In fact, as for the proof of (3.11), we have

/ (ul +v9) < eV, 2< ¢ <6. (4.2)
RN

14
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The equation of u. gives
2N, =Vyju, — ulu‘g — ﬁuevf
> — fu
= — C(z)u. in RV,
Let Ud(y) = uc(ey), and C-(y) = C(ey). Then
AU.+C.(y)U.>0 in RV, and C. e L}RY). (4.3)
By the subsolution estimate (Theorem 8.17 of [12])

1/2
ﬁMmgo(éuga@ , (4.4)

where C' > 0 is independent of e. Hence by (4.2) and (4.4), we see that ||U.||z~ < C and
hence 0 < u. < C. Similarly, we may obtain 0 < v. < C.

Claim 3: If |P°| — +oo, then bY® < +o0o. Suppose b® = +oo. Since P¢ is a local
maximum point of u., then Au.(P?) < 0. Hence by the equation of u., we may obtain

Vi(P*)ue(P?) — ul(P?) — Buc(PP)vZ(P?) = e*Au.(P?) <0,
which implies that
Vi(P9) < Bu?(P) < C, (4.5)
and hence
[Pl < Co. (4.6)
Therefore, we may complete the proof of Claim 3. Moreover, we may also claim that

b3° < +o00. In fact, suppose b = 400. Set U.(y) := u(P° + ey), Vo(y) := v(P° + ey).
Then U, — Uy in C3 (RY) and V. — V; in C? (RY), where (Uy, V) satisfies

loc loc

AUO — bcfoUo + ILLlUg + /BU(]‘/DQ =0in RN. (47)
Hence by (4.5), we may obtain V;(0) > 0, and then V; # 0. This implies that
1
vy = / Vi 2 + Vi + 2 Voo + Voo
4 RN
1
> —/ [£°|Vue|? + Viu2 + €| Vue|? + Vou?]
4 |z|>R

i)
> = Vou?
4 Jiusr ©°

> OV { inf VQ(x)]

lz|>R

which contradicts with (4.1). Here we have used the hypothesis that b3° = 4+o00. Thus
we may assume that b3° < 400 and b3° < co. As before, (Ue, V) converges to (Up, Vo)
satisfying

AUy — b°Uy + U3 + BUVE =0, AVy — bVy + Ve + VU2 =0in RY . (4.8)
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Then again Vj # 0 since otherwise, (Up, Vo) = (0,0) which is impossible. Moreover,

1
CCRN LY, = Z/N[£2]Vus|2 + ViuZ + 2|V |* + Vav?]
R
1
> —/ (€% Vu.|* + Vlug + 2|V |? + ngf}
4 Jiz/>r
>

1
N3 [ VO + 60 + [V B + o)
RN

> 5N[01,RN,b§°,bg° +o(1)]

which may contradict with (4.1). Therefore, we complete the proof of sup |P?| + |Q°] <
e>0
—+00.

Let (P¢,Q°) — (P° Q°). As before, (U, V) = (u.(P° + ey),v.(P° + ey)) — (Up, Vo),
where (U, Vj) satisfies

AU —Vi(POYU + U3+ UV?2 =0 in RV,
AV = Vo(POYV + pupV3 + U2V =0 in RV.

Then by the strong Maximum Principle, Uy, V > 0. Furthermore, we have

: —-N
lime™ " ¢ RV 11,1 2 CLRN V3 (PY),Va(PO)-

e—0

Hence by Lemma 4.1,

CLRV (PO Va(P0) S TOECCLRN Wi (@) (o)
X

1.e. C1 RN Vi (P0),Va(P0) = ler%{fzv CLRN Vi (2),Va(z) -
T

It remains to show that HDEE;QE' — 0. In fact, if @ — 400, then similar arguments

may give

. -N .
lim e™ e Y vi v, 2 CLRN 1 (PO),Va(P9) T CLRN,V1(Q0),12(Q0) = 2 gl;fN C1LRN Vi(),Va(z)
x

e—0

which is impossible. On the other hand, if @ — ¢ # 0, then Uy and V{) may have
different maximum points. This may contradict with the fact that both Uy and V; are
radially symmetric and strictly decreasing. Thus @ — 0. The uniqueness of P¢, ()¢
may follow from Claim 8 of [20]. Therefore, we may complete the proof of Theorem 1.3.

5. PROOF OF THEOREM 1.4

In this section, we follow the same ideas of [20] to prove Theorem 1.4. As for the proof
of Lemma 4.2 in [20], the upper bound of c. g\, », is given by

Lemma 5.1. For 8 > \/uips,
Ce QA1 02 S €N{017RN7>\1’,\2 “+ 1 6_2m(1_U)R5 + Cy 6_2m(1_0)R8} s (51)

where R, = %I}}aé( d(P,0R) and c¢;’s are positive constants.
€

16



TAI-CHIA LIN AND JUNCHENG WEI SYMBIOTIC SOLITONS IN COUPLED NLS

Furthermore, the asymptotic behavior of (u.,v.)’s can be summarized as follows:

Lemma 5.2. For ¢ sufficiently small, u. has only one local mazimum point P. and v.
has only one local maximum point Q). such that

d P67 Q d £ Q PE - 3
(P, 09) — +00, d(Q., 0%) — +00, 12— Qf —0. (5.2)
€ € €
Let U.(y) :== u.(P- +ey), Vo(y) = (Q: +ey). Then (U.,V.) — (Uy, Vp), where (Uy, Vp)
is a least-energy solution of (1.11). Moreover,

|z—Pe| |lz—Qe]

e |Vue| + us] < CeVMU=D"5 0 e + Jue| < Cem V- (5.3)

Now we want to complete the proof of Theorem 1.4. We may assume that, passing to
a subsequence, that P. (or Q.) — xg € . Thus

d. = d(P.,00) — dy := d(x¢,00), as € — 0.

Note that dy may be zero. Given o > 0 a small constant, we may choose d, > 0 and
o’ > 0 slightly smaller than ¢ such that

vol(B(xg,dy)) = vol(QN B(xg,dy +0)) and dy <dy+o'.
Besides, we may set 7. as a ('™ cut-off function such that

n(s)=1 for 0<s<d.+0,
ne(s)= 0 for s>d.+o,
0<n<1, [p|<C.

Let t.(z) = un:(|P: — z|) and 0.(x) = vn:(]Q: — x|). Then we have

lime™ / 261202 + pidit + pevl] = / 28U VS + Uy + Vi > 0. (5.4)
Q R

e—0 N

Hence
/[2572?173 + s + ptl] >0,
Q

as ¢ sufficiently small.
By the decay estimate (5.3) and Lemma 2.3, we obtain that

Ce, 1,02 > ES,Q,M,)\Q[tusatvs] (55)

2V o—')} — N exp {— 2\?_Q(dE 4 0')}

€

2 E ,Q,)\l,)\g [tﬂ/sa tﬁs] - €N eXp [— .

for all ¢ € [0,2], where Q= QN B(wxe,d.+0) and x. can be P. or Q.. Let R. = d?/e, where
d. is chosen such that

vol(B(0,d.)) = vol(Q N B(av, d. + o).

Using Schwartz’s symmetrization, we have

/ (@2)2(5) > /
B(0,dL) Q
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and then
[ RBP@ m ) (@) 2 [ O - 4 el) > 0. (56)
B(0,d.) Q
Thus
Es,B(O,d’E),)\l,)\g [t&:, t’lN}:] < EE,Q,)\l,)\Q [tﬂg, t’lNJE] , Vte [O, 2] . (57)

Here we have used the fact that g > 0.
By (5.6) and Claim 1 of Theorem 2.1, there exists t* € (0, 2] such that

Ez Bo,dy s po [0, 1702 > Ex po,ay o [tus, 02, V> 0.
Then by (5.5) and (5.7),

)~k )~k
B B(0,d) o x [EUE, 07

< E&Q’)\hh[t*ﬂg,t*fjg]
2/ 24/ A9

< 05797,\17,\2+5Nexp [— . (d. + o) +eNexp |— . (d.+0d")],

E. o,y a2 [t UL, 0]
= sup E. o) a . [tUL, 107]

t>0

N .
> € Jnf Ey B, a e[t ]

0,020,
(u,v)EN(1,Re,A1,\2)

>

5N{01,RN,)\1,>\2 + 3 exp [—2(1+—M(da + 0(1))] }

£

—2<1+—U)\/)\_2(d5 + 0(1))] ’

+eley exp

where ¢;’s are positive constants. Here the last inequality may follow from Lemma 5.1
and Theorem 4.1 of [20]. Thus

C1RN A\ T C3 €XP [_w(de + 0(1))]

Ceonpe = EN (5.8)
tey exp [-M(de + 0(1))]
Combining the lower and upper bound of c. g ), »,, We obtain
ey exp [—M(da +o(1)| e exp [—w@ + o<1>>]
< ¢ exp [—M%M(do +o(1)) | +c2 exp —M%M(do + 0(1))] .
This then shows that d(P.,,99),d(Q., 0Q) — max d(P,09) since |P. — Q.| — 0. O
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