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Abstract

An inhibitory ternary system contains two terms in its free energy: the interface energy that favors
micro-domain growth and the longer ranging confinement energy that prevents unlimited spreading. In
a parameter regime where two constituents are small in size compared to the third constituent and the
longer ranging energy does not dominate, there is a double bubble like stable critical point of the energy
functional. The two minority constituents occupy the two bubbles of the double bubble respectively,
and the majority constituent fills the background. A special way of perturbing an exact double bubble
leads to a restricted class of perturbed double bubbles that can be described by internal variables which
are elements in a Hilbert space. The exact double bubble is non-degenerate in this class and nearby
there is a perturbed double bubble that locally minimizing the free energy within the restricted class.
This perturbed double bubble satisfies three of the four equations for critical points of the free energy;
namely the three equations involving the curvature and the inhibitor variables on its three boundary
curves. However it does not satisfy the 120 degree angle condition at its triple points. By translating
and rotating the entire restricted class of perturbed double bubbles, one finds a particular direction
and location in the domain of the problem where the locally minimizing perturbed double bubble in this
specific restricted class also satisfies the 120 degree condition. This approach can handle both asymmetric
and symmetric double bubbles.

1 Introduction

Growth and inhibition are two central properties in pattern forming multi-constituent physical and biological
systems. In such a system a deviation from homogeneity has a strong positive feedback on its further increase.
In the meantime a longer ranging confinement mechanism prevents unlimited spreading. Together they lead
to a locally self-enhancing and self-organizing process.

An archetype of inhibitory systems, the block copolymer is a soft material characterized by fluid-like
disorder on the molecular scale and a high degree of order at a longer length scale. A molecule in a block
copolymer is a linear sub-chain of one type monomers grafted covalently to another or more sub-chains of
other type monomers. Because of the repulsion between the unlike monomers, different type sub-chains tend
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to segregate, but as they are chemically bonded in chain molecules, segregation of sub-chains cannot lead to
a macroscopic phase separation. Only a local micro-phase separation occurs: micro-domains rich in different
type of monomers emerge as a result. These micro-domains form patterns that are known as morphology
phases [4].

We consider a ternary system originally derived by the authors in [25] from Nakazawa and Ohta’s density
functional formulation for triblock copolymers [18]. Let D be a bounded and smooth open subset of R?
and wy and wse be two positive numbers such that wy + wy < 1. For two measurable subsets 7 and Qo of
D satistying |Q1| = w1| D], |Q2] = wa|D|, and |1 N Q| = 0, set Q3 = D\ (21 UQs) and Q = (21,2). Here
[24], [Q22] and |21 N Q2| stands for the area (or the Lebesgue measure) of €, Qo and Oy N Q3 respectively.
The free energy of the system is

J<Q>=§i%<9i>+ S /D (=) 2 =) (=) (o, —wy) ) do. (L)

ij=1

The first term in (1.1) is responsible for growth. It is the total length of the interfaces separating the
three domains 4, Q9 and Q3. Three types of interfaces exist: 91\, the interfaces separating 27 from
Q35 002\0Q1, the interfaces separating s from Q3; 90 N 9Ny, the interfaces separating ; from Qs. One
can write the total size of the interfaces of all three types as %(PD(Ql) + Pp(Q2) + Pp(Q3)). Here Pp(£2;)
is the perimeter of Q; in D. For a set Q; with a piecewise C! boundary, this is simply the length of 9Q; N D.
For a general Lebesgue measurable subset §2; of D,

Pp(Q) = sup{/ divg(z)dz: g € C3(D,R?), |g(z)| < 1Vx € D}
Q;

where divg is the divergence of the C! vector field g on D with compact support and |g(x)| stands for
the Euclidean norm of the vector g(z) € R?; see for instance [8]. In Pp(Q1) + Pp(a) + Pp(Qs3), each of
O\, 0N\OQy, and 9Ny N 9Ny is counted twice. The half is put here to avoid double counting. To
make this term small, the €2;’s like to form large regions separated by curves as short as possible.

The second term in (1.1) provides an inhibition mechanism. The operator (—A)~!/2 is the positive
square root of the inverse of the —A operator; see (1.6); xq, is the characteristic function of Q; (xq,(z) =1
if z € ; and 0 otherwise). The matrix ;; is symmetric and positive definite (eigenvalues of v are positive)
or positive semi-definite (eigenvalues of 4 are non-negative). For the second term to be small, the functions
X, the characteristic functions of the sets €2;, must have frequent fluctuation.

Since the perimeter is a more local property and (fA)*l/ 2 is more nonlocal in nature, growth is more
prevalent at smaller scale while inhibition more dominant at larger scale. This combination prevents the
xa’s from occupying large regions. It introduces a saturation effect that forces xq, to develop oscillation
over a characteristic distance, and gives the system a self-organizing property.

Although experimentally an almost unlimited number of architectures can be synthetically accessed in
ternary systems like triblock copolymers [4, Figure 5 and the magazine’s cover|, mathematical study of J
is still in an early stage due to the complexity of J. Found by the authors in [26] and depicted in the left
plot of Figure 1 is a one dimensional solution of the Euler-Lagrange equations of 7, consisting of alternating
A, B, and C micro-domains. The functional J is posed on the unit interval with the periodic boundary
condition. Cyclic patterns of 3k, k € N, micro-domains are all local minimizers of 7. All the type A domains
(depicted in blue color) have the same length, and the same property holds for B and C' domains.

Another one dimensional solution to the Euler-Lagrange equations, again an energy local minimizer,
was found by Choksi and Ren in [6]. It models a diblock copolymer/homopolymer blend. Such a blend
is a mixture of a AB diblock copolymer with a homopolymer of monomer species C, where the species
C is thermodynamically incompatible with both the A and B monomer species. By a homopolymer of
species C' we mean a polymer chain consisting purely of the monomer species C. When such a mixture
contains a sufficient concentration of the C' homopolymers, the result in the melt phase is a macroscopic
phase separation into homopolymer-rich and copolymer-rich domains followed by micro-phase separation



Figure 1: On the left is the ABC...ABC-lamellar pattern found in triblock copolymers; on the right is the
ABAB...ABAC-pattern found in homopolymer/diblock copolymer blends.

within the copolymer-rich domains into A-rich and B-rich subdomains. See the right plot in Figure 1 for
the ABAB...ABAC phase pattern.

The same model (1.1) is used to study both triblock copolyemrs in [26] and polymer blends in [6]. In
the latter case the free energy functional is derived from Ohta and Ito’s work on polymer blends [20]. For
a triblock copolymer the nonlocal interaction matrix [v;;] is positive definite; namely the two eigenvalues of
~ are both positive [26, Lemma 3.4]. For a homopolymer/diblock copolymer blend one eigenvalue of [y;;] is
positive but the other one is zero [6, (4.36)].

The most interesting phenomenon in a ternary system in higher dimensions is arguably the triple junction.
In two dimensions triple junction appears at points where Q1, Q5, and €3 all come to meet. A double bubble
is a typical structure of this property. It is a pair of two adjacent sets bounded by three circular arcs of
radii r;; see Figure 2. In this picture the radius of the left arc is ry, the radius of the right arc is ro, and
the radius of the middle arc is rg. The radii r; satisfy a relation % — % = % The three arcs meet at two
points, called triple junction points or triple points, and they meet at 120 degree angles.

There is a special symmetric double bubble where the radius r; an ro are equal. Then the middle arc
becomes a straight line, i.e. an arc of infinite radius; see Figure 3.

The double bubble arises as the optimal configuration of the two component isoperimetric problem. Let
my > 0 and mg > 0. Find two disjoint sets F; and Es in R™ such that |E;| = my, |Es| = mg, and the length
of 0E, UOE,, ie. 1(P(E1) + P(E2) 4+ P(E3)), where E3 = R™"\(E; U E») and P(E;) is the perimeter of
E; in R™, is minimum. The double bubble described here (or its higher dimensional analogy) is the unique
solution to this isoperimetric problem by the works of Almgren [3], Taylor [36], Foisy et al [9], Hutchings et
al [11], and Reichardt [23]. Compared to the first modern proof of the standard isoperimetric problem of
one component by Schwarz [34] in 1884, these results on the two component isoperimetric problem are very
recent, a manifestation of the great difficulties associated with triple junction.

A critical point Q = (Q1,s) of J is a solution to the following equations:

k1 +y11la, + v1i2la, = A1 on 9Q\00, (1.2)

ko +v12lo, + 7220, = A2 on 892\391 (1.3)

ko+ (v11 —m2)la, + (2 = v22)la, = A1 — A2 on 99y NS, (1.4)
vty = 0 at 8 NN, NINs. (1.5)

Here we assume that ©Q; and €3 do not touch the boundaries of D. Otherwise we need to add another
condition that the boundary of 1 (or £23) meets the boundary of D perpendicularly.

In (1.2)-(1.4) K1, K2, and kg are the curvatures of the curves 9Q;\00s, 0Q2\02, and 90 N Ny,
respectively. These are signed curvatures defined with respect to a choice of normal vectors. On 9Q;\925
the normal vector points inward into ;. On 99Q\0€, the normal vector points inward into 3. On
0 N O, the normal vector points from s towards €21, i.e. inward with respect to ;1 and outward with
respect to 2. If a curve bends in the direction of the normal vector, then the curvature is positive.

Also in (1.2)-(1.4) I, and I, are two functions on D determined from €y and g respectively. The
function Iq,, called an inhibitor, is the solution of

—Alg, = xq, —w; in D, 9,Ig, =0 on dD, / Ig,(z)dz =0, (1.6)
D



where 0,1, stands for the outward normal derivative of I, on 9D. Note that the constraint |Q;| = w;|D|
implies that the integral of the right side of the PDE in (1.6) is zero, so the PDE together with the boundary
condition is solvable. The solution is unique up to an additive constant. The last condition [}, Iq,(z)dz = 0
fixes this constant and selects a particular solution. One also writes I, = (—A)~!(xq, —w;), as the outcome
of the operator (—A)~! on xq, — w;. The operator (—A)~/2 in (1.1) is the positive square root of (—A)~1.

The constants A; and Ay are Lagrange multipliers corresponding to the constraints |Q;| = w|D| and
|Q2] = wo|D|. They are unknown and are to be found with ©; and Q.

In the last equation, (1.5), vy, va, and vy are the inward pointing, unit tangent vectors of the curves
O \0N, 00\, and 91 N Qs at triple points. The requirement that the three unit vectors sum to
zero is equivalent to the condition the three curves meet at 120 degree angles.

We will find a double bubble like solution to the equations (1.2)-(1.5), when w;, wy and 7 are in a
particular parameter regime, where the system is biased towards the third constituent and the first and
the second constituents are more or less comparable in size. In other words w; and wp are small, and #*
stays away from 0 and co. The matrix v can be large to some extent, but it must be positive definite with
comparable eigenvalues.

To make these conditions more precise we introduce a fixed number m € (0,1) and a small € so that

w1 = €2m and wy = €2(1 —m). The area constraints 21| = wi|D| and |Q2| = wa|D| now take the form

Q1] = me? and |Qp] = (1 — m)e? (1.7)

Instead of w; and ws, € becomes one parameter of our problem.
The other parameter is the matrix . It must be positive definite and satisfy a uniform positivity
condition. Namely, there exists ¢ > 0 so that

A7) < X(Y) (1.8)

where () and i(fy) are the two eigenvalues of v such that 0 < A\(y) < i('y) The matrix v must also have
an upper bound; namely that |y|e3 is small. Any of the equivalent norms of v may be used for |y|. We take
it to be the operator norm for definiteness.

The main result in this paper is the following existence theorem.

Theorem 1.1 Let m € (0,1) and v € (0,1]. There exist 6 > 0 and o > 0 depending on the domain D,

m and ¢ only, such that if € < §, |y|e3 < o, and Lt X(y) < A(v), then a perturbed double bubble exists as a
stable solution to the problem (1.2)-(1.5) satisfying the constraints (1.7). Each of the two perturbed bubbles
is bounded by a continuous curve that is C°° except at the two triple junction points.

N[

The authors proved this theorem in [32] for the case that the two bubbles have the same area, i.e. m =
The proof there heavily exploited the symmetry of the double bubble in this special case and cannot be
generalized to the asymmetric case where m # %

In this paper we present a new approach that does not require the symmetry. This breakthrough is
achieved in the definition of the restricted perturbation of an exact double bubble. The perturbation consists
of two steps. In the first step the two triple points of an exact double bubble are moved vertically by the same
distance in opposite directions. The three circular arcs are changed to three new circular arcs connecting
the new triple points. One requires that the areas of the regions bounded by the new arcs remain the
same. Another requirement is that the three new arcs continue to satisfy the radii relation. Under these
requirements the new set is characterized by one variable only, the height of a new triple point, which we
denote by 1. The height of the corresponding triple point of the original exact double bubble is denoted h.

In the second step one perturbs the shape of the new circular arcs so that the radius of each arc becomes
a function wu,(t), where ¢t € (—1,1) and i = 1, 2, 0 refers to left, right, and center curves respectively. As we
perturbed the circular arcs to curves, the triple points stay fixed and the areas of the two sets bounded by



the new curves remain constant. Next replace u; by three new variables ¢;. The requirement that the triple
points are not changed in the second step implies that ¢;(+1) = 0. Moreover the area constraints are linear
integral constraints on ¢;; see (3.14).

Then we can use ¢; and 7, termed internal variables because they do not have obvious geometric meanings
but can yield all geometric variables through transformations, to characterize each perturbed double bubble
in the restricted class. The quadruple (¢1, 2, ¢o,n) is an element of a Hilbert space, and we recast our
problem as a variation problem on this space.

Below is an outline of the proof of Theorem 1.1. In Section 2, a detailed description of an exact double
bubble E is given. Then for small ¢, £ in a slightly smaller subset of D, and 6 € S' we take a transform
T ¢, that maps the double bubble E to T, ¢ 9(F) inside D. This image is a scaled down exact double bubble
centered at £ of the direction #. Lemma 2.1 gives an estimate of J(T¢ ¢ ¢(F)), the energy of the exact double
bubble T€7579(E).

The crucial idea in this work is the construction of restricted perturbations of the exact double bubble
T. ¢ 0(E) presented in Section 3. As discussed above, two steps of perturbation lead to internal variables
(41, b2, ¢o,m) by which the problem is recast as a variational problem on a Hilbert space.

In section 4 one calculates the first variation of the energy functional and obtains an nonlinear operator
S so that a locally minimizing perturbed double bubble in the restricted class is a solution of S(¢,n) =0
where ¢ stands for the triple (¢1, ¢2, do).

This equation is solved by a fixed point argument near the exact double bubble T, ¢ ¢(E), which in terms
of the internal variables is represented by (0,h). In Section 5 one studies the second variation of J in the
restricted class, or in other words the Fréchet derivative §’(0,h) of S, at the exact double bubble.

This linear operator turns out to be invertible. In Section 6 one finds a solution (¢*,n*) as a locally
minimizing fixed point in the restricted class. It is also shown that (¢*, n*) satisfies the equations (1.2)-(1.4),
but not necessarily (1.5).

To find a perturbed double bubble that solves all the equations (1.2)-(1.5), one investigates the dependence
on ¢ and 6, the center and the direction of the restricted class. Denote (¢*,n*) by (¢*(+,&,0),n*(£,0)) and
consider J(¢*(-,£,0),n*(&,0)) as a function of (£,6). In Section 7, it is proved that this function attains
a minimum at a point (£*,0%) € D x S!, and at this (¢*,6*) the perturbed double bubble represented by
(o*(+, &%, 6%),n*(£*,0%)) solves all the equations (1.2)-(1.5).

This approach is presented in detail for the asymmetric case, i.e. m # % For the symmetric case m = %
one needs to make some small adjustments. These modifications are given in Section 8. We point out that
even for the symmetric case, the approach presented in Section 8 based on our current method is more
elegant than the one in [32].

In this work all estimates indicate their dependencies on € and ~. For instance if some thing is bounded
by C|y|€?, then this C' may at most depend on D, m, and ¢, but must be independent of ¢ and . If a
quantity is of order O(|y|e*), then there is C' > 0 independent of € and ~ such that the quantity is bounded
by Clylet.

Since we work in two dimensions, it is convenient to adopt the complex notation. For instance we opt to
write pel® + B where p, a, 3 € R, instead of (pcos(at), psin(at)) + (3,0).

Finally we mention that the functional J has a simpler counterpart in a binary system. Let w € (0,1)
and v > 0. For Q C D with the fixed area: || = w|D|, the binary energy of  is

Ta(@) =Po@ + 3 [ [(-8) P (xa - w) da. (19)
D
A critical point of this functional satisfies the equation

K+l = A (1.10)

on 9. The equation (1.10) or the functional (1.9) may be derived from the Ohta-Kawasaki theory [21] for
diblock copolymers; see [19, 24]. The equation can also be derived from the Gierer-Meinhardt system [31].
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Figure 2: An asymmetric exact double bubble with angles a;, radii r;, and centers (b;,0). One of the two
triple points is (0, h).

This binary problem has been studied intensively in recent years. All solutions to (1.10) in one dimension
are known to be local minimizers of Jg [24]. Many solutions in two and three dimensions have been found
that match the morphological phases in diblock copolymers [22, 28, 27, 29, 30, 13, 14, 31, 33, 37]. Global
minimizers of Jp are studied in [2, 35, 17, 5, 16, 15, 10] for various parameter ranges. Applications of the
second variation of Jp and its connections to minimality and Gamma-convergence are found in [7, 1, 12].

2 The exact double bubble

Recall that an exact double bubble, depicted in Figure 2, is a pair of two adjacent adjacent sets E7 and Fs,
denoted by E = (E1, FE2). The set E; is bounded by two circular arcs of radii 7y and rg. One arc, whose
radius is 7g, is also on the boundary of F,. The rest of the boundary of E5 is another circular arc whose
radius is 7s.

We consider the asymmetric case 11 # ro until Section 7. In Section 8 we will deal with the symmetric
case. Without the loss of generality assume that

rr <7rag, (21)

so F is smaller than Es.

The three radii satisfy the condition

1 1 1
r 11 (2.2)
T1 r2 To

The two points where the three arcs meet are termed triple junction points, or just triple points. The three
arcs meet at the triple points at 120 degree angle. Denote by a1, a2, and ag the angles associated with the
three arcs, Figure 2. The last condition and (2.1) imply that

2w 21 T

T ao, as =L tag, ao€ 0,7). 2.3
3 00, a2 3+aoao(3 (2.3)
In this paper we assume that the area of E; is fixed at m and the area of Fs is 1 — m, where m is given
before (1.7). These constraints, |Eq| = m and |E3| = 1 —m, can be expressed as

a1 =

r?(ay — cosaj sinay) +r2(ap — cosagsinag) = m (2.4)
r2(ay — cosagsinay) — r2(ag — cosagsinag) = 1—m. (2.5

Note that 1
m e (07 5) (2.6)



by the assumption (2.1). Place the exact double bubble E = (E;, F3) in R? so that the triple points are
(0,h) and (0,—h) where
h=r;sina;, i=1,2,0 (2.7)

is positive. Moreover the centers of the three arcs are denoted (b;,0), i = 1,2, 0, respectively.

Scale the exact double bubble £ down by a factor € and put it inside the domain D. The middle point
of the two triple points is £ and the angle of the line connecting the three centers is 6. Here £ € ﬁg and
6 € S'. The set ﬁg is the closure of the set

D5 = {z € D : dist(z,0D) > 6} (2.8)

which is a smaller subset of D, and the set S! is the unit circle synonymous with the interval [0,27] of
identified end points. The scaling factor € is bounded by §:

0<e<d. (2.9)
To describe § and § more precisely, recall the Green’s function G(z,y) of —A on D with the Neumann
boundary condition. It satisfies

—AG(,y)=0(-—y) — in D, 0,G(-,y)=0on dD, / G(z,y)dz =0, (2.10)
D

1
D]
for every y € D. Here 0,,G stands for the outward normal derivative at 0D of G with respect to its first

argument z. One can write

1 1
= —log—— 2.11
Glz,y) = 5-log P + R(z,y), (2.11)

where R is the regular part of GG, a smooth function on D x D. It is known that

R(z,z2) = o0 as z — ID. (2.12)
We choose § small enough so that
min R(z,z) < min R(z,z2). (2.13)
z€D z€D\ Dy

This § is fixed throughout the paper. Next take § such that
0 < 2max{ry,ro}d < 4. (2.14)

For the moment we only assume that § satisfies (2.14). Later more conditions on ¢ will be imposed.
With € bounded by ¢ and £ in Dy, define a transformation T, ¢ g by

T.ocp:d— e+ € (2.15)
Then the scaled down double bubble is T, ¢ ¢(E):
Te’g,g(E) = (Te’g’g(E1>7Tg7g79(E2)), where TE)&@(Ei) = {Eeiai‘ -‘rf T E El} (2.16)

Our choice of § and § ensures that T, ¢ o(E;) C D.
The next lemma estimates the energy of T, ¢ g(E). Let

5 =0 —2max{ry,r}6 >0 (2.17)

and _
Dz={z € D: dis(z,0D) > d}. (2.18)

If a double bubble T, ¢ ¢(E) satisfies (2.9) and ¢ € Dy, then T, ¢ o(E;) C D7§. Actually T¢ ¢ 6(E;) has some

distance from (9D§7 so a small perturbation of T, ¢ ¢ (E;) will remain in D7§, a property needed in later sections.



Lemma 2.1 The energy J(Te¢9(E)) of the scaled down exact double bubble T, ¢ ¢(E) is estimated as follows.

T(Teeo(E {262617“1—1—2%]{271_(1%; mmj—&-e// 2ﬂ_log |dacdy—|—emmj (5,5)}}‘

< 2max{ry,ra} max |VR z,y)| Z Yigmim; )€

TYE i,j=1

where my = m, my =1 —m, and VR denotes the gradient of R(x,y) with respect to its first variable x.

Proof. In this proof the transformation T, ¢ ¢ is written simply as T'. Clearly the first term of J(T'(E)) is

%(PD(T(El)) + Pp(T(E2)) + Po(D\(T(E1) UT(E2)))) = 2€ Z a;r; (2.19)

To estimate the second term f J(T'(E)) note that, with the help of the Green’s function G,

/ / 2 (xq, - Wi)) ((—A)fl/Q(XQj - wj)> do = /Q /Q]- G(z,y) dody. (2.20)

Therefore

/ / G(z,y) dzdy / / og + R(x, y)) dxdy (2.21)
T(E T(E;) T(E;) T(E ) 27 —yl
= (log m;m; + € / / — log = dzdy + € / / ee‘ex +& e+ €) didj.

For the last term note that by the symmetry R(z,y) = R(y, z), there exists 7 € (0,1) such that
|[R(ce”’s + €, eef + €) — R(&,€)|
|VR(rees + €, ree¥f 4 €) - (ee®) + 6R(T€ei0£ + &, 7ee%) + €) - (eel))]
( max [VR(z,y)[)(lei| + legl) < demax{ri,r2} max_|VR(z,)| (2.22)

a:,yEDf x,yED§

IN

where V denotes the gradient of R(z,y) with respect to its second variable y. The lemma follows from
(2.19), (2.21) and (2.22). o

Consider a situation where the exact double bubble T¢ ¢ ¢(E) is perturbed to a set = (21,€). The
boundaries 9Q1\0Qs, 0022\0Q, and 90 N 0y, are parametrized by r1(t), ra(t), and ro(t), (¢ € [-1,1]),
respectively. Here the perturbations are assumed to be sufficiently smooth so that 1 and 5 are disjoint,
share part of their boundaries, and have two triple points. Later we will consider perturbations with more
specific properties.

The two triple points correspond to ¢ = 1 and ¢t = —1 respectively in each of the r;’s. Since the three
curves r; meet at these two points, the conditions

ri(l) =ry(1l) =ro(1) and ri(—1) =ra(—1) =ro(-1) (2.23)
must hold.
The unit tangent vectors of r1, ro, and ry are denoted T, To, and Ty and given by
r; (1)
T;(t) = ——+. (2.24)
i (t)]



Figure 3: A symmetric exact double bubble in which r; = r9 and rg = cc.

The unit normal vectors to ry, ra, and rg are N1, Ns, and Ny respectively. We adopt the following direction
convention: Ny points inward with respect to €21, N5 points inward with respect to €25, and N points from
Qo towards 2y, i.e. inward with respect to €2; and outward with respect to 5. The curvature of r; is
denoted k;. Here N; and k; conform to the sign convention so that x;IN; is the (orientation independent)

curvature vector. Under this sign convention
dT;
— = kN, 2.25
I (2.25)

where ds = |r}(t)|dt is the length element.
The following two lemmas can be proved by direct computation.

Lemma 2.2 Let r°(t) be a deformation of r(t) with v = r. Let X be the infinitesimal element of r€:
_ o ()
X(t) = =5.7%|c=0. Then

d

1 " 1
-~ O/ |(r8)’|dt:T~X‘ 1—/ kN - X ds
. .

—1 —1

where f_ll |(x2)’| dt is the length of r<.

Lemma 2.3 Suppose that a bounded domain U is enclosed by a curve OU, and U® is a deformation of U.
Let X be the infinitesimal element of the deformation of OU. Then

d

de

f(z)dx = — f(z)N-Xds
e=0 Jye aU

where N is the inward unit normal vector on OU.

Let © be a perturbed double bubble. A deformation Q° of Q is a family of perturbed double bubbles
parametrized by ¢ in a neighborhood of 0. The three curves 9Q5\095, 0925\, and 905 UOQS that enclose
QF are parametrized respectively by r§, r§, and r§. At ¢ = 0, r¥ = r;; r$ also satisfy the compatibility
condition (2.23). Define

Xi(t) = —*| (2.26)

which is the infinitesimal element of the deformation r§.



Lemma 2.4 Let Q° be a deformation of a perturbed double bubble 2 as described earlier. The three curves
ON5\00s, 005\005 and 005 N INS, are parametrized by r5(t), r5(t) and r(t) respectively, which satisfy

(2.23). Then
dJs(QF)

de

e=0

A7 ()

de

e=0

d|5|
de
d|Qs5|

de

e=0

e=0

1
(T1 +T2—|—T0) X‘ —/ x1 N7 - X4 dS—/ koNs - Xo ds
-1 891\ 09 092\
—/ KoNO . XO ds (227)
0021 NON2
—/ (111lo, +m2lo,)Ny - Xy ds — / (112lo, + v2210,)Na - Xa ds
901\ A0\
—/ ((v11 = m2)da, + (712 — 722) 10, )No - Xo ds (2.28)
0021 NON2
—/ N1 . X1 ds — / NO . Xo ds (2.29)
891\892 0Q1NON
—/ N2 . X2 ds + / NO . Xo ds. (230)
892\891 0Q1NON

In (2.27) of Lemma 2.4 X denotes the X,;’s at the triple points. Since (2.23) holds for r$, X is well defined.

Proof. . The first formula (2.27) follows directly from Lemma 2.2.
To show (2.28), recall I, from (1.6) which can be written as

Lo, (z) = / Gla,y)dy, i=1,2, (2.31)
Q;

in terms of the Green’s function. Then the product rule of differentiation implies that

4
de

d
dvdy = —
e_o/f/jG(x,y) vdy = —

However, Lemma 2.3 shows

d

de

Therefore

/ I, (z) dr =
e=0 Qe

d
Io . (z)d —
E_O/Q? QJ(SC) z+d€

s:o/ﬂ Ig,(z) dx. (2.32)

€
J

/ IQle -Xl dS—/ IQjNo -Xo dS7 1=1
3(21\892 0Q1NON
_ (2.33)
—/ IQJ.NQ'XQdS—‘r/ IQ].I\IO')(()dS7 1=2
002\ 001 0Q1NOQ
d / Gla,y) dud (2.34)
—_ €T X .
de le=0 s Jos i Y
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72/ IQ1N1X1d572/ IﬂlNO'XOd57 ’L:_]:].
091\892 691m892

= —2/ IQ2N2'X2dS+2/ [3’)21\I(J~)(()d87 1=35=2
892\8Q1 021 N0N,

7/ IQQN1~X1d57/ IQINQ'XQCIS*/ (IQ2 7]91)N0~X0d8, izl,jZQ
801\692 6Q2\891 0Q1NONs



Py Py

2

(B,0) (3,0

(1

Figure 4: First step of perturbation. Left: the exact double bubble is perturbed to a pair of two sets bounded
by three circular arcs governed by (3.1) - (3.4). Right: the same perturbed pair without the exact double
bubble. Also showing are the angles «;, the radii p;, the centers (3;,0), and one triple point (0, 7).

Hence,
dJ,(9F) d APy /
IR T = AT G dxd
de le=0 de le=0 i; 2 Joe o (z,y) dz dy
= —/ (m1lo, + 712l0,)Ny - Xqds — / (m2la, + v22ln,)Ng - Xo ds
801\ 902\00
—/ (711 — m12) 1o, + (712 — 722)10,|No - Xo ds. (2.35)

001 NON

This proves (2.28).
The formulas (2.29) and (2.30) follow from Lemma 2.3 with f(z) = 1. o

3 Restricted perturbations

Let E be an exact double bubble in R? with two triple points at (0, h) and (0, —h). We perform a particular
type of perturbation in two steps.

In the first step, the two triple points are moved vertically to (0,7n) and (0, —n) respectively. The three
circular arcs are perturbed to three new circular arcs whose radii are p;, p2, and pg; the angles a; are

perturbed to «; accordingly; see Figure 4. The p;’s are required to satisfy the equation p% — p% = p%)' The
pi’s and the «;’s are determined from 7 implicitly by solving the following system of equations

p3(ay — cosay sinag) + pi(ap — cosapsinag) = m (3.1)

pa(ag — cosagsinag) — p(ag — cosagsinag) = 1—m (3.2)

pisina; = n, 1=1,2,0 (3.3)

pit=pt = ot (3.4)

The regions bounded by the new arcs still have the areas m and 1 —m; hence the equations (3.1) and (3.2).
The centers of the new arcs are denoted (5;,0), ¢ = 1,2,0.

In the second step of perturbation we further perturb the shape of the circular arcs. Introduce three
functions w;(t), i = 1,2,0, for t € (—1,1). The circular arcs are replaced by curves parametrized by

w ()T 4By up (1)t 4 By, ug(t)el + Bo; (3.5)

11



Figure 5: Second step of perturbation. Left: The circular arcs obtained in the first step are perturbed to
more general curves. Right: the same perturbed double bubble without the exact double bubble showing.

see Figure 5. It is required that the w;’s do not change the triple points (0,7) and (0, —n). Therefore

2
Note that a sector perturbed by u; has the area f_ll %“Tl(t) dt. Since the areas of the newly perturbed regions
must still be m and 1 — m, one requires that

/1 a1u?(t) — p? cos oy sin oy gt /1 aoud(t) — p2 cos ag sin ag i = m (3.7)

. 2 . 2

/1 asui(t) — p%cos Qo sin a g — /1 agud(t) — p(z)Qcos ap sin ag B o= 1—m (3.8)
—1 —1

This perturbed double bubble is denoted F = (Fy, F3).
Similar to the exact double bubble E and its image T¢ ¢ ¢(E) under the transformation T, ¢ g, the per-
turbed double bubble F' is also transformed by T ¢ ¢, and the scaled down version of F' is denoted €:

Q="Teeo(F) = (Tego(F1), Te g 0(F2)). (3.9)

The boundaries 091 \0Q2, 002\01, 00 N Oy of Q are parametrized by

o Teeo(ua(®)elm=aD 4 1) if i=1
I‘z(t) - { Te,£,9 (ui(t)eiait + Bz) if = 2’0 (3]_0)

respectively. Consequently

0, i(m—ant) i(m—ant) (_j if =
ri(0) = { ot s = (3.11)
%

eel? (u)(t)e' it + ayu;(t)elit) if i=20"

and the tangent and normal vectors are given by

(1) = i) Nl-(t){ Tuo)(-1) i =1 (3.12)

T;(¢)i if i=2,0

12



Although the w;’s describe the shape of the perturbed double bubble well, the constraints (3.8) are
nonlinear and hard to work with. We introduce new variables ¢;, i = 1, 2,0, in place of w;:

(157(15) _ aiu?(tg* Ozip?

to describe the perturbed double bubble F. Write ¢ for (¢1, ¢2, ¢o). F now depends on (¢, n), and the scaled

down version €2 depends on ¢, &, 0, and (¢,n). We call ¢; and 7 internal variables.
Because p; and «; satisfy the conditions (3.1) and (3.2), the area constraints (3.7) and (3.8) become

linear constraints
1 1 1 1
d dt =0 d dt — dt=0 3.14
| awas [ awd=0 ana [ outyat— [ onie)a (3.14)

on the ¢;’s. The ¢;’s also satisfy the boundary condition

(3.13)

$i(£1) =0, i=1,2,0, (3.15)

in order for the triple points (0, £7) stay unchanged.
The length of each perturbed arc in F(¢,n) is

/ V(@) + o2ad(r) dt, i =1,2,0, (3.16)
in terms of the variable u;. In terms of ¢; this becomes
! / / (¢1)?
Li(¢;, ¢ism)dt, where Li(¢;, ¢i,n) = 4| —a——57 + @i(2¢; + aip; 3.17
IR (Gtem) =\ iy T2t i) (1D

By (3.17) and (2.20) the energy of  can be written as

_62/ (&L, i dt+27”// (z,y) da dy. (3.18)

The first term in (1.1) is the short range energy which is denoted J,(€2) and the second term is the long
range energy denoted J;(2).
To specify the domain of the functional 7 in the restricted class of perturbed double bubbles, let

Y= {(6.n) € BH(~1,1);R%) xR : / (@0 + 6a(0)dt = / (6a(t) = 6ul0) dt = 0} (3.19)

Note that (0, h) represents the exact double bubble E, where ¢, = 0 and n = h.
The functional is defined on a neighborhood of (0, ) € ); namely there exists ¢ > 0 such that the domain
of J is the open ball of radius ¢ centered at (0,h) in Y:

D(T)=A{(¢;n) €Y+ [[(¢,n—h)lly <} (3.20)

Note that ¢ does not depend on € or «. It only needs to be small enough so that the resulting perturbed
double bubbles stay inside the subset DE of D, which is given in (2.18).
4 First variation

Since a perturbed double bubble €2 is described by internal variables ¢; and n, there is an easy way to
generate deformations Q°. Start with a deformation of (¢,7) € D(J) in the form:

¢;i = ¢i ey, n—n+eC (41)
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for (¢,¢) € Y. Then (3.13) defines a deformation of u; denoted by u$ (with u? being u;); namely by

ai(n + Q) (uf)? — o (n + Q) p? (n + £C)
2

¢i +ev; = . (4.2)

Here «; and p; are treated as functions of n. Differentiating (4.2) with respect to ¢ and setting e to be 0
yield

out a/.Cuz O/sz ,
P = 7 i i i ipipC. 43
Vi = ut| 5~ QPiPiC (4.3)
Note that since «;, p;, and ; depend on 7,
dai(n + €¢) / dpi(n + &¢) / dpBi(n + €¢) /
pml R U)S 7l I 21U)S e | = Bilm¢ (4.4)

In (4.3) «y, o, p;, p; are all functions of n and are all evaluated at 7.
Recall X; from (2.26) so here

i Ouf i(r—a i(r—a : : .
o] 0(9u5) _ eitr=ast) 4 o Cugtellm—ent) (i) 4 mg) if =1 ws)
' eel? 6;;’ €M ajCuitel™iti + B;C) if i=2,0
Lemma 4.1 At the triple points X;(£1) = ¢ XJ(£1) where X¥(4£1) = +eelfi.
Proof. By (4.3), since 9;(£1) = 0, u;(£1) = p;,
Ouf(£1) ,
Oz le=0 pi6
and hence
k1) { AT alpyClrE () 4 Bl it i1
g - eel?(piCe®ivi 4+ ol p;CeTivii + BIC) if i=2,0
B Ceei9 d(P1€i(";n“1)+/31) if i=1
Ceei@ d(ﬂieid’:i-i-ﬁi) it i=2,0
(i .
= Ceelew = ((*ee'%).
In this proof, pj, aj, and f; are derivatives of p;, o;, and ; with respect to 1 evaluated at 7.
The vectors X (£1) suggests a deformation that stretches the triple points.
Next compute
N g [ @) Xdt i =1
Ni - Xids = { —(r)i)- X;dt if i=2,0 (4.6)
It follows from (3.11), (4.3), (4.5), and (4.6) that
2 a/lu% / / allp% / / i(mr—aat) ! i(m—oat)(_:
‘ [% + (_ I i U +aipipy + Py - (equg e — g et T (_1))>4 dt
= (4.7)
O/,uz 0/p2 . .
¢ [1/% + <_ 5~ Qg+ =0 - aipipi + B (vjuzel®t — Uéelaiti))d di
Write (4.7) as
—Ni - Xids = € (i + E(di, 1)C) dt (4.8)
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where the &;’s are operators given by

allu% / / 1p% / / i(m—aqt) 1 i(m—an)t :
D Quiugt + +a1p1py + By - (quse —ue (—1))
O‘;u? / / Oéép? / / ioit ! ot
- — ajuuit + —= + oipip; + B - (0gue’ ™ — uje' i)

(4.9)

where u; is related to ¢; and 7 via (3.13). In (4.9) o, p; and p} are derivatives of a;, p;, and §; with respect
to n. All these functions of 7, namely o, o, p;, pi, Bi, and B}, are evaluated at 1. On the other hand u} in

(4.9) is just the derivative of u;(t) with respect to t.
Define three more functions of #:

i = pf(ai —cosqysina;), i=1,2,0.

(4.10)

Geometrically for ¢ = 1,2, u; is the sum of the area of a sector and the area of a triangle, associated with
the left or right arc, after the first step of restricted perturbation, Figure 4. For ¢ = 0, pg is the difference
of the area of a sector and the area of a triangle associated with the middle arc. By (3.1) and 3.2) the y;’s

satisfy
P14 po=m, pi2—fpo=1—m.

It is straight forward to show the following lemma.

Lemma 4.2 The operators &; satisfies the property

1
/ &0 de =

Moreover

1 1 1 1
/151<¢1,n>dt+/leowo,n)dt:/152<¢2,n>dt—/leo(aso,n)dt:o.

Proof. By (4.9)

ot ; LI
*?175“%‘71 +ahpT + 201100 — B ‘Ulel(ﬂfalt)(*l)‘il if i=1

1

/
_%

2
_ | 20apipy —29p7 i =1
- 2e;p:05 + 2nB. i i=2,0

1 !
tu? Lt ahp? + 2aupips — Bl uiel‘“ti‘ if i=2,0

On the other hand
/_{ (a1p? — Bin)’ :{ 2a1p1p) +hpi — B —npp i i=1

Fi= (ip? + Bin)’ Q0upipl + p? + Bi +npl if =20
Hence
1 /92 / . . 12 Q2( MmN/
r_ (b _ ayp; —Pi+npy it i=1 _ P71 51(51)
= aip} = Bi(taney) = ajpi — B} (sec’ ai)ay = 0.

This proves the first part of the lemma. The constraints (4.11) on u; imply that
1y + g = py — g =0
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from which the second part follows.

Let (¢,n) € D(J) and (¥, () € Y, and calculate

d d
s EZOJS((¢,H) +e(®,0), e 820\71(@5,77) +e(¥,())
For the former if ¢; € H?(—1,1),
d
dig 8=0t7s((¢7n) +5(¢7C))
= [ (0L 6im) | OLi(6h, 6ium) 21 AL omu
- e;/_l( T R v wz dt—|— ;/1 dt)g

. . i? 2 1 1 (3]
_ 62/ 4 oL ?q;;;s,, >>+8Lz(<g:;f )%dt—i—e(;—%/lwdt)é
- 6/12’@(%”)% dt + eK (6, 1)
1 4=0

= (e(K(d. 1), K(¢,1)), (1,C))

In (4.14) the three operators K;, i = 0,1, 2, and the functional K are given by:

aL’L /‘7 75 aLl ;7 (2

R(om) = Z / oL "5“"5“ i

and we write IC for (K01, Ka, Ko).
In (4.14) the inner product (-,-) comes from the Hilbet space L?((—1,1); R?) x R:

(@) G =3 [ )d(e)dt+ i

Comparing (4.14) with (2.27) of Lemma 2.4 and using (4.8) one finds, with the help of Lemma 4.1,

2 2
K:i = €K;, = 1,2707 and kv:: (ZT'L) 'Xs‘ll +Z/1 K:zgzdt
i=0 =0V 1

Moreover, by (4.8), (2.28) of Lemma 2.4 implies

d

,i=0,1,2

milo, +2lq, 1
d /s vi2la, + Y2210, o
de s:ojl((qs’n) +e0) = <E (r11 —m2)lo, + (2 —22)la, | 7| %o '
Q(e,n) ¢,
In (4.19) the functional Q is given by
1
Qe,m) = / ((m1la, + 7210, (1,1) + (M2la, +v2210,)E2(d2, 1)

-1

+((111 = 12) o, + (n2 — v22) 10, )E0 (o, m)) dt.
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Two more spaces are needed in this work:
X = {(¢n) €Y:decH((-1,1;R%)} (4.21)
1 1
Z = {(¢,n): 9 € L*((-1,1);R?), n €R, [1(¢1 + ¢o) dt = [1(¢2 — ¢o) dt = 0}. (4.22)

Clearly X C Y C Z C L?((—1,1); R?) x R. The norms of X, ), and Z are given by

2 2 2
1% =D lIillz= + 07 M@y =D il +07 [(@mlE =D ll¢il7e +n* (4.23)
i=0 i=0 i=0
where || - ||z and || - || 2 are the usual H! and H? norms of Sobolev spaces, and || - || 2 is the usual L? norm.
Denote the orthogonal projection from L?((—1,1);R?) x R to Z by II; namely
(1 1 0
e | LASCP IR A TN BN Y1 W2 %o 1
nwo = | =[G el | 1[G | ] e
¢ 0 0
The gradient of J; is an operator S from a neighborhood of (0,%) in X to Z such that
d
| T +2(w.0) = (S.(6,m), (0:€) (4.25)
for all (¢, 8) € X. From (4.14) one sees that
,C1(¢17 77)
IC?(d)Qa 7])
S(6, 4.26
s(0, @) ’Cg(éf)oﬂ?) ( )
K(¢,m)
The gradient of J is
vi1lo, +12la,
Io, + 72210
= 11 M2l 2 : 4.27
(9,m) ‘ (y11 = 712) Lo, + (112 — 722) 10, ( )

(e, n)
A remark regarding the Ig,’s in (4.27) is in order. Recall that each Iq,, i = 1,2, is a function on D given
n (1.6), and the set ; is determined by the internal variables ¢;, ¢o and n for i = 1,2. The Ig,’s (i =1,2)
in the first three components on the right side of (4.27) are now considered as outcomes of the operators

Iij : (¢iv¢0777) — IQz (rj(t))a 1= 1723 .7 = 172a0' (428)

where j = 1,2,0 corresponds to the first, second, and third component in (4.27) respectively.
The gradient of J is
S=8+S (4.29)
Therefore
eK1(o1,m) + € (y1la, +mala,)
eKa(pa,n) + € (m2la, +72210,)

S(gm) =11 Koo, m) + 52(:711 —m2)Ia, + € (2 — 722) o, (4.30)
eK(o,n) +€2Q(o,n)
The domain of S is taken to be
D(S)={(g.n) € X: [[(¢,n—h)[|x <} (4.31)

where ¢ in (4.31) is the same as the ¢ in (3.20). Consequently, D(S) C D(J).
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Lemma 4.3 It holds uniformly with respect to t that
8(07 h) = (O(|’7|64)7 O(|’7|64)7 O(|7|64)7 O("V|E4))'
Consequently, there exists C > 0 such that |S(0,h)||z < C|y|e?.

Proof. Calculations from (4.15) and (4.16) show that

1
Ki(0,h) = =, i=1,2,0, and K(0,h) _22 dlaip:)

r; dn lp=n"
By (B.25) in Appendix B, 22?20 d(czlin”’)
K(0,h) =
Consequently, by the virtue of the projection operator II and the fact that > — % = %7
K1(0,h) 1/r
§:0.m =1 [ 4200 | =1ie i (4.32)
K(0,h) 0

Regarding S;(0, k) let T; be the boundaries of the exact double bubble FE, i.e.,

i(m—at) 3 R
o _ rie +b if i=1
I‘z(t) - { ,rieiait + bi if 1= 2’ 0
and r; be the boundary of T, ¢ ¢(E;), i.e.,

ri(t) = ee’ (8i(t) + ).

One then deduces

Z;;(0, h)

/ G(r;(t), ) dy
T(E;)

1 1
—log —— dy+/ R(r;(t),y)dy
/| e [ R (0.)

1 1
2 ~ 2
= € —log ———dj+ O(e
/izw elt;(t) — ] ()

62

1 1 1
= —(log=)|E; 2 —log ————dj 2
27r<0g >| z|+€/ Og|f‘j(t)—ﬂ|dy+0(6)

€2

= %(bg ] +0(e).

Consequently, with the help of (4.13) of Lemma 4.2,

1 2

00,h) = /1[ ;—(log )\E1|+'ylgi(logl)wgﬂ&(o,h)dt

+/1 m— (1og - )|E1\+m—(log )IEs]] €200, ) at

€2

+ / [om=mang < (tog D)1 + (12— 120) = 108 1) Bl £0(0. W) e+ O11)
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2 1 1
= % (1og 1) 5| / (€0(0,h) + E(0, 1)) d
T € -1

2 1
Y12€ 1
+ 22 (1og€)|E2|[1<51<o,h>+so<o,h>>dt

2 1
V12€ 1
22 (tox ) B3] [ (@(0.1) = E0(0.1)

4oz <log %) | Ex| /_1(52(0, h) = €0(0, h)) dt + O(|y]e?)

2T
= O(lyle?).
Therefore
. Y11|E1] + 12| B2l
€ 1 V12| E1| 4 Yoz | 2| 4
5:(0,n) = >~ (1og = )11 o
{0, R 2r B (711 — m2)| Er| + (12 — Ye2) | B2l +O(7le")
0
4 1 0 0 1 1 \
- 27(log*) yul Bl [ | el BT | vl AT | e BT +O(]]eY)
v €
et 1\ = - = o A .
= 2= (108 =) (0+0+0+0) + O(17le") = O(ly]e*). (4.33)

The lemma follows from (4.32) and (4.33).

5 Second variation

The Fréchet derivative of the operator S at any (¢,n) € D(S) is denoted S’(¢,n). It is a linear operator
from X to Z. For every (¢, () € X, it yields the second variation of J:

2T (¢.n) +e(¥,Q))
o = S ,0,,0). 6-1)
Similar formulas hold if J is replaced by J; and S replaced by S’, or 7 by J; and S by S;.
In this section we show that the operator S’(0, k), the Fréchet derivative of S at the exact double bubble
is positive definite and derives a upper bound for the inverse operator (S’(0,h))~*
Define the € independent part of J; by P so that J, = €P:

Z / (S dum)dt, (om) €Y (5.2)
Calculations show that
9°Li(0,0,9) 1 8Li(0,0,5) 1 PLi(0,0,n)  d*(cupi) 53)
o) (cuipi)®’ 0¢? o wpd on? S dp? .
27 27 . 27 .
9°Li(0,0,m) _ 0. 9°Li(0,0,m) _ 0. 9°Li(0,0,n) _ i(i) (5.4)
0¢00; 0¢;0m 0¢;i0n dn \ p;

The second variation of P at (¢,n) = (0, h) is

PPO+e,h+e0) — 7 1 1 d*(a;p;
(d627€£—?:0 & :Z/ [ airi)?’(wi(t))z_ﬁqﬁ(t)_'_ Ein2p)




However the constraints (3.14) that the v;’s satisfy and the condition (3.4) on the p;’s imply that the integral

of the last term vanishes. Hence
PP0+ e, h+e() 22: /1
de2, e=0 N P

This is a quadratic form on ). A simple lemma is needed at this point.

Lemma 5.1 Let g € (0,7) and v € R. The inequality

| wr - ¢panarz 5 o0

L 2(tanq — q)

holds for all y € Hi(—1,1) that satisfies the constraint f Ly(t)dt =v.
The proof of this lemma is given in Appendix A.
Lemma 5.2 There exists d > 0 such that

d*P(0 + ey, h + C) ‘
de? €

for all (,¢) € X. In other words for (¢,() € X,
(8200, 1)(%,0), (¥,)) = 2del| (¥, Q)3+

22,13

Proof. Let us set

WO - 0+

dQ(O‘ipi)

dn?

/wodt—u /¢1dt —v, /z/)2dt_z/

because of the constraints (3.14). By Lemma 5.1, one deduces

de?

d>P(0 + e, h + £C) 2 )
LZO -2y ol

1

Z/ azrl Qd) (Wi(6)* - <a'7‘3

vy

Z ((am)3 B 2d)y @ 422 22: d?(ip)

2(tangq; — q;)

=0

where

If d — 0, then

> (G —24)
;m Z 3tana—al h3z

By Lemma B.1 in Appendix B, (5.11) is positive. Hence for d > 0 sufficiently small,

Ll

2(tang; —q;)

20

+ 2d) z/;?(t)] dt+2¢2Y°

=0

sin® a;

n=h

2. (i)
dn?

tana; — a;

gﬂ dt.

n=h

(5.5)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)



By (B.26) in Appendix B,

2
dz(alpl)
E . 1
2" e (5.13)
Hence )
d*(aip;)
2 2§ e > 2d¢? 14
‘ i=0 dn?  lp=n — ¢ (5:14)

if d is sufficiently small. The lemma now follows from (5.12), and (5.14).
From the quadratic form (5.5), one finds the explicit formula for S(0, h):

1 " 1
(a1r1)® 71 aqry U1
D WY/ Lw
(azsr2)3 72 ar3 2

S S 7/ A N
((107“0)3 wo GOT‘S 1/Jo

2 d*(aip;
27y St mn)C

S4(0,h) (¥, ¢) = Ile (5.15)

Next study

’yllz{lgoa h; Ewh 1/107 Cg + 7121&1?)7 hg nga wOa Cg

/ 2 | 72Z12(0,R) (W1, Yo, ) + v22T55(0, k) (2, o, €

SO =T ) T0(0, 1) (1 Y0, €) + (112 — 122)Tho (0, h) (1, Yo, €) (5.16)
Q'(0,h) (¢, Q)

Lemma 5.3 There exists C > 0 depending on D and m only such that
1570, ) (@, )|z < Clyle (¥, C)llz
for all (,¢) € X.

Proof. Recall that ri, ro and ry parametrize the boundaries of the perturbed double bubble £ as in
(3.10), and (¢,n) € X is the internal variable of Q. The terms I, and I, in the first, second, and third
components of (4.27) are the outcomes of the operators Z;; given in (4.28).

To compute the Fréchet derivatives of Z;;, deform (¢,7) to (¢,n) + (¢, ¢) and denote the corresponding
deformation of ry, ry and rg by r§, r§ and rg respectively. Then for i = 1,2 and j =1, 2,0,

G(r5,y) dy. (5.17)
e=0Jgq,

, ) )
Iij(¢ia¢0an) : (Uh‘ﬂ%a@ - a =0 as G(r](t)vy) dy+ %

Apply Lemma 2.3 to the first term on the left side of (5.17) with Q = T, ¢ 9(F) whose boundaries are
parametrized by

rl(t) = Tevgﬁg(rlei(ﬂ—ialt) + b1), I‘Q(t) = T€7§79(T26ia2t + bg), ro(t) = T€7§79(T0€ia0t + bo) (518)

to obtain

0
Beleco Jo G(r;(1),y) dy

—/ G(I‘j(t),rl(T))Nl 'X1 dS(T) —/ G(I‘j(t),ro(T))No‘XodS(’T) ifi=1
_ T(0E1\0E>) T(OE1NOE>) (5 19)

—/ G(I‘j(f),I‘Q(T))NQ XQdS(T)+/ G(I‘j(t),ro(T))N()'Xods(T) ifi=2
T(0E>\OE1) T(OE1NOE>)
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With the help of (4.8), one finds that
- [ G Om )N X ds(r)
T(OE1\OE2)

52[1G(rj(t),r1(7))(¢1 + &1(0, h)¢) dr
1

b2 1
= /71 %logi(% + &1(0, h)C) dTJrEQ/ R(r;(t),r1(7))(¢1 + £1(0, h)C) dr

v (t) = ra(7)]| 1

2 1 1 ) 1 1 1
= %(log E)/ (Y1 4+ &1(0,R)C) dT + € /_1 %log rjelait 4 by — ryei(r—air) — b1|(¢1 +&1(0,h)C) dr

-1

62/_1R(rj(t),1“1(7))(¢1 +&1(0,h)¢) dT

= 57 (e2) [ o+ 00 dr 4 0w, Ol

The above estimate holds uniformly with respect to t. Also the term r;e'%? above is valid if j = 0,2; if
j = 1, it should be replaced by r1e!(™=®1Y)  Similar estimates hold for the other three terms in (5.19). By
the constraints (3.14) on v; and (4.13) of Lemma 4.2 one deduces that

9
Oe

G(r;(t),y) dy

e=0 Qs
2

g ) [ @it aiomoar+ 3 (ost) [ o+ @@m0dr +0EI0.0lz

N|
S

2

(
~(1os?) [ @r v e0.m0 i 5 (105 [ o &o0.0)0) a7 + 06001
(. Qllz (5.20)

holds uniformly with respect to ¢.
The second part on the right side of (5.17), for (¢,n) = (0, k), is written as

‘ ™

[\

™

= Ol

0
sl [ ewomar= [ Ve .- X 0d (:21)
Oele=0 J1(E,) T(E,)
where VG stands for the gradient of G with respect to its first argument, and X;(t) = %LE . Clearly
[ w6 0.mld =0 (5.22)
T(E:)

holds uniformly with respect to t. Calculations from (4.3) and (4.5) show that

o1 . -
ee'’ [a1?”1 (¥1 + a1r1p1Q)e T4 4y af Gt T (i) + Bid it g=1
X;(t) = (5.23)
el [ —(9; + agrgp Q) + et + Gic] if j=2,0
7%

where p’;, o/;, and B} refer to the derivatives of p;, a;, and 5; with respect to n at n equal to h, respectively.
Then (5.22) and (5.23) imply

G195 i0
Y ACICE RN

O(e) (Il 22 + €D (5.24)

Hae
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By (5.20) and (5.24) we find that

I1Z35 (0, B) (1, %00, Oll 22 = O(€*) (4, Q) z- (5.25)

This allows us to handle the first three components of S; in (4.27).
Finally consider Q(¢,7) in the last component of S;(¢,n). Note that

1
Q(0,h)(¥,¢) = /(%11{1(07}1)(71/1,@/10,0+712151(0,h)(¢2,wo74))51(0,h)dt

-1

1
+/ (112Z12(0, h) (Y1, %0, €) + 7122Z55(0, h) (b2, %o, €))€2(0, h) dt

—1

1
+/ ((v11 = 7112)Z16(0, h) (Y1, %0, €) + (12 — Y22) L0 (0, h) (2, 10, €))E0 (0, h) di

-1

1
4 / (Y1 Z21 (0, 1) + v15Tan (0, B))EL(0, B)(apn, €) it
—1

1
+/ (112Z12(0, h) 4+ 722T52(0, h))E5(0, h) (12, ¢) dt

-1

+/ (711 = 12)Z10(0, h) 4 (712 — 722)T20(0, 1)) E (0, h) (100, €) dt. (5.26)

-1

Denote the six terms on the right side of (5.26) by I, IT, III, IV, V, and VI respectively. Then (5.25)
implies that

I, II, 11T = O(|€*) [|(¥, )l = (5.27)
Regarding IV, V, and VI, note that
IO = [ G dy
T(E1)
= / ilogédzﬂr/ R(r.(t),y) dy
T(E) 2m lr1(t) -y T(E1) B
| E|

1 1 1
= log = ) €2 2/—1 T 2/3 t),T(4)) di
27 (Oge)6 e B, 2T o8 ‘7”161(“*“1’5)—2” e Eq <r1( ) (y)) Y

holds uniformly with respect to t. Let

A1 (t) = /El (% log m + R(I‘l(t), T(g))) d:l) (528)

Then

| m0.mE ;.0 d - Bl ye [ O+ [ ADE 0.0 dr. (529

Calculations from (3.13) and (4.9) show that, for j = 2,0,

d “(h '(h d
£1(0, ) (1, C) = 4 [( _ag(h)t i % Sinait)% + d—n‘n:h(aipip’it + piBisina;t)C|. (5.30)

a; T
Denote the right side of (5.30) by e/ (t) with
aj(h)t  Bi(h) . d

t
— it)i—‘ ipipst + pi 3 sin ayt)C. 5.31
” + ar, Sa p +dn n:h(appl + pifB;sina;t)¢ (5.31)

e;(t) = (—
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One then estimates the second term on the right side of (5.29) via integration by parts:

1 1 1
62/ A1 ()E5(0,h) (15, €) dtzeZAl(t)ej(t)‘ 1*62/ Al (t)e;(t) dt. (5.32)
—1 - -1
Then
1 d 1
Embe )] = Ea [%\n:h(amipzwpiﬂ;smam}c(_l = 0(A)¢] (5.33)
1
& / Ar@esdr] < @A el = O e + 1<) (5.34)

since A} (¢) is bounded with respect to ¢t. By (5.29), (5.32), (5.33), and (5.34), together with similar argument
for other cases of Z;; and &;, one concludes that

|Ei]
2m

| zsonEo.m . 0d =51 (los ) [ E00)w5 0 dt+ 0@l + 1D (.39

By (4.13) of Lemma 4.2,
1 1 1 1
/ £1(0, 1) (11, C) dt + / £5(0, 1) (b, ¢) dt = / £5(0, 1) (tby, €) dt — / €50, 1) (0. O)dt =0 (5.36)
-1 —1 -1 1

Following (5.35) and (5.36) one arrives at

IV +V +VI=0(1e)l(%. Q)] 2 (5.37)
By (5.27) and (5.37), (5.26) becomes
Q'(0,h)(¢,¢) = O(IVe?) (%, Ol =- (5.38)
By (5.25) and (5.38) we deduce that there exists C' > 0 such that
1500, h) (1, )|z < Clrle!(l(w, )] 2 (5.39)

for all (1,¢) € X. o

Combining Lemmas 5.2 and 5.3 we obtain

Lemma 5.4 There ezist d > 0 and o > 0 such that when |y|e3 < o,

(S"(0,h) (1, ), (1, Q) > del| (v, O)|3
for all (,¢) € X.

Proof. Let d be the positive number given in Lemma 5.2 and o = % where C' comes from Lemma 5.3.
Then Lemma 5.3 shows that for |y|e3 < o,

1570, h) (1, Q) ||z < Clyle* |, B)|| z < Coel|(, B)|| z = del| (v, ) z (5.40)
for all (¢,¢) € X. By Lemma 5.2 and (5.40)

(S(0,h)(¥,€),(1,0)) = (SL0,h)(¥,C), (1, 0)) + (S/(0, ) (1, ¢), (¥, C))
2de]| (¥, Q)13 — del| (¥, ONI% > dell(, QI3

Y

for all (v, 8) € X.

A consequence of the positivity of S’'(0, h) is its invertibility.
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Lemma 5.5 Let o be the number given in Lemma 5.4.
1. There exists d > 0 such that if |y|e* < o, ||S'(0,h) (1, )|z > de||(¥, ¢)||x holds for all (1,¢) € X.

2. The linear map S'(0,h) is one-to-one and onto from X to Z; moreover ||(S'(0,h))7| < i where
[1(S7(0, k)~ is the operator norm of (S'(0,h)) 1.

Proof. By Lemma 5.4 it is easy to see that if |y|e3 < o, then for all (¢,() € X

1. Q)llz < 150, B)(w, Ol (5.41)

The first part of Lemma 5.5 asserts that the Z-norm of (¢, () on the left side of (5.41) can be strengthened
to the stronger X-norm, if d is replaced by a possibly smaller d.

If part 1 is false, then there exist v,, €,, and (¥n,(,) € X such that |y,|e2 < o, ||(¥n,)||lx = 1 and
with e = €, and v =, in &,

len ' 8"(0,0)(¢0n; Ca) 2z = 0, as n — oo (5.42)
By (5.41),

Moreover, due to the compactness of the embedding H?(—1,1) — C*[—1,1] and ||(¢n, ¢o)|lx = 1, [|[¥nillcr —
0 and in particular
w;Lﬂ(:l:]-) — 07 i= ]-, 2707 as n — o0. (544)

Since §’(0,h) = S.(0,h) + S/(0,h), and (5.40) and (5.43) imply that

len ' S1(0, 1) (¥n, Ca)ll 2 — 0, (5.45)
one derives from (5.42) and (5.45) that
€7 ' S50, 1) (¥n; Ca)ll 2 — 0. (5.46)
By (5.15) write
1
ey 'Z,l al{.:liwn,l
- L 31/}//2 _ﬁwn,Q
€ S0, ) (n, Cu) =TL | Leag2” 02 | 411 B (5.47)
" (apro)?® d}n,O CLDQT‘S 7,0
2 d Qi Pq
0 27 T, )¢
By (5.43) one finds that
*al%d)n,l
1 1
_wwnﬂ
I S — 0. (5.48)
) B
Q(Zi:o dnépl |n:h)c z

Then (5.46), (5.47) and (5.48) show that

_ 1 "

(a1r1)3 n,l

_ 1 '@[}H

| (e — 0. (5.49)
(apro)? n,0

0 Z
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By the definition of II, (4.24),

1 1 1 1
_(ali‘l)s w’ll’i,l _(ali‘l):j w’;’i,l (3((117"1)3 w;%l + 6(&2T2)3w;7/72 + 6((1.01"0)3 1/}4170)}1—1
_ " _ " 1 I 1 ! 1 ’
1 (”2I2)3w73’2 = (@{2)31/12,2 + | @ + s@rrsYhe ~ saomr Vo) };1 . (5.50)
- (a(]T’(()))‘?' w’ﬂ,o - (aOT(E))S wn’o (6(&117“1)3 w;l,l - 6((121’1“2)3 Qp;—,”z + 3((1017‘0)3 Q/J:qqo) }—1

Moreover, (5.44) implies that

1 1 1 1
(3 ¥nt + s@mm Yz + s ¥n.o) |1_1 0

1 1 1
(@t + 5@ ¥he ~ s o)l | | 0 | e g, (5.51)
(1¢/—1¢/+1¢/)|1 0
6(arri)3 7 n,l 6(azr2)3 7n,2 3(agro)3 7m0/ -1 0

0
Therefore, by (5.49), (5.50) and (5.51),
[¥nllz =0, i=1,2,0, asn — oco. (5.52)

From (5.43) and (5.52) we deduce that ||(¢n, ) |lx — 0, a contradiction to our assumption at the beginning

that, (G Gl = 1.

For part 2, it suffices to show that S’(0, h) is onto. First note that by the standard theory of second order
linear differential equations, S’(0,h) is an unbounded self-adjoint operator on Z with the domain X C Z.
Second if (¢, {) € Z is perpendicular to the range of S’(0, ), i.e. (S'(0,h) (¥, (), (1,¢)) = 0 for all (1,¢) € X,
then the self-adjointness of S'(0, h) implies that (¥,¢) € X and 8'(0,h)(1,¢) = 0. By (5.41), (1,¢) is zero.
Hence, the range of §’(0, k) is dense in Z. Finally (5.41) implies that the range of S’(0, k) is a closed subset
of Z. Therefore S’'(0, h) is onto.

Finally in this section we state two properties regarding S, the second Fréchet derivative of S or the
third variation of J.

Lemma 5.6 There exists C > 0 such that for all (¢,n) € D(S),
18" (6, m) (8, Q) (#, O))l|z < Cle+ eI, Ollll (@, Ollx
holds for all (v,¢) and (¥,() € X.

The proof, which is skipped, is straight forward estimation, similar to the proofs of [28, Lemma 3.2] and
[27, Lemma 6.1].

Lemma 5.7 There exists C > 0 such that for all (¢,n) € D(S),
(8" (6, ) (%, €), (¥, Q)), (W, O < Cle+ e, Ol (@, 13
holds for (1,¢) and (1,() € X

See [28, Lemma 4.1] or [27, Lemma 7.2] for the proofs of similar formulas.

6 Minimization in a restricted class

For each (¢,0) € Dy x S! that specifies the transformation T, ¢ g, we find a locally J minimizing perturbed
double bubble in the restricted class. One starts by solving

S(¢,m) = 0. (6.1)
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Lemma 6.1 There exists o > 0 such that (6.1) admits a solution (¢*,n*) € D(S) C X satisfying ||(¢*, n* —
h|x < %, provided |y|e* < o.

Proof. For (¢,n) € D(S) write
S(¢,n) = S(0,h) +S'(0,h)(d,n — h) + R(¢,n) (6.2)
where R(¢,7) is a higher order term defined by (6.2). Define an operator T from D(S) C X into X by
T(¢,n) = (0,h) = (8'(0,))~(S(0, h) + R(¢,n)), (6.3)

and re-write the equation S(¢,n) = 0 as a fixed point problem 7 (¢,n) = (¢, n).
Let ¢ € (0,¢), where € is given in (4.31), and define a closed ball W = {(¢,n) € X : ||[(¢,n—h)||lx < c} C
D(S). For (¢,n) € W,

[R@mlz < 3 sup 18" (=700 +r(om) (=), b=l < SHND gy, (6.0

7€(0,1) 2
by Lemma 5.6. Then by Lemmas 4.3 and 5.5

[T(em) = (0,h)[[x < (S0, ) IS0, )|z + [I1R(6,m)|2)
~ 9 € et
S eiJ(Ch/‘él_’_ C( +2h/| )02>
Co C+Co 9
— + co.

< =
d 2d

(6.5)

Let (¢,7) € W. Consider

IT@m) - T@Mlx < 180.0)7 [R6.7) - R D)=z
~118(0.1) ~ S(@,7) = S'O.0)((6.) ~ (3,7)|z

N

IN

IN

fcznsw, 0) — 8(&.77) — 8B (b ) — ()2
(86, 1) = S O1) (&) ~ (3,72

21 = sup (1= )@ ) + 7. (@.m) = (B,
€a 7€(0,1)

+L sup [[8"((1 = 7)(0,h) +7(&, M) (6,7 — h)llxll(¢,m) = (&, 7)|x
ed re(0,1)
Cle+ |yleh)
ed
20(1 + o)c
I

IN

IN

(e )l — @)l

IN

Take

c:min{ffa, g} (6.7)

Let o be small enough so that Lemma 5.5 holds, and moreover

ogmin{l, Qd—é} (6.8)
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It follows from (6.5) and (6.6) that

IT(6.m) ~ O.1)lx < e and |T(6m) ~ TW.Ollx < 2(6m) — W Ollx (69)

for all (¢,7n), (¥,¢) € W. The Contraction Mapping Principle says that 7 has a fixed point in W. This
fixed point is denoted by (¢*,n*). It solves (6.1).
To prove the estimate of (¢*,n*), revisit the equation (¢,n) = T (¢,n), satisfied by (¢*,n*), and derive
from (6.3) and (6.4) that
1(@",n" = h)|lx 1(S"(0, ) (IS0, B)| 2 + 1R(¢*, ") 2)

L (@let + S B g ).

IA

IN

Rewrite the above as

1 Clyle3
(1 S e o - e < 2 (6.10)
In (6.10) estimate
C(1+ |yl CA+ye)  Ce(l+o) 1
— g I@hnT = hlx < 7 ST S (6.11)

by (6.7) and (6.8). The estimate of (¢*,n*) follows from (6.10).

The first part of the next lemma shows that the perturbed double (¢*,n*) is locally energy minimizing,
hence stable, within the restricted class of perturbed double bubbles. The second part gives a measurement
on the non-degeneracy of (¢*,n*) within the restricted class.

Lemma 6.2 1. There exist d > 0 and o > 0 such that if |y|e> < o, then the solution (¢*,n*) found in
Lemma 6.1 satisfies (S'(¢*,0")(1,€), (1, €)) = de|| (¥, Q)I|3, for all (1,¢) € X.

2. There exist d >0 and o > 0 such that if |y|e* < o, the solution (¢*,n*) satisfies | S’ (¢*,n*) (1, )|z >
del| (1, Q)llx for all (¥,¢) € X.

Proof. There exists 7 € (0,1) such that

(8" ), 0), (¥, Q) = (S"(0,h) (¥, ), (¥, Q) + (S"((L = 7)(0, 1) + 7(¢", ") ((¢", 0" = h), (¥, ), (¥, C)).

By Lemma 5.7,

(S"((1 = F)(0,h) + 7(%, 1)) (6", m" = h), (,0)), (%, )] < Cle + y|eNl(@*,n* = Wllall (. O3 (6.12)

Consequently by Lemmas 5.4 and 6.1

V

('@ ) (,0), (@, Q) = de| (¥, Q3 — Cle + Iyle") =5

(- ZCE D0 > Lol

2Cy|e?
yi (0, O3

v

if o is sufficiently small. The first part follows if d= %.
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By Lemmas 5.5, 5.6 and 6.1,

IS (@™, ") (W, Ollz = 1870, ) (¥, )|z = sup [IS”((1 = 7)(0,h) + 7(67,0"))((¢", 0" = h), (¥, )] 2

7€(0,1)
> del|(¥,0)llx = Cle+ el (6, m" = W)l (: )l
s A 2C~'|7|e3
> (de=Clet ple)=2=) 1.0z

~ oC o 02 ~6
(4= 22 TN 01 > Fiew,clz

€

if o is sufficiently small. Part 2 follows if d = g .

|
One interprets the equation S(¢*,n*) = 0 and proves the following.

Lemma 6.3 The perturbed double bubble described by (¢*,n*) satisfies the equations (1.2)-(1.4). Moreover
at the triple points,

2 o

yoT,-X ’ —0 (6.13)
i=0 -t

where the T;’s are unit tangent vectors of the boundaries and X° is given in Lemma 4.1.

Proof. By the virtue of the projection operator II, the first three components of S in (4.30) imply that
there exist A1, A2 € R such that

eK1(o1,n") + E(vnlar + m2la;) = M
Ko(d5,n") + € (mzla; +722l0;) = Ao (6.14)
Ko(d5,n*) + € (1 — m2)lar + € (12 — 22)la; = A1 — do

Here Q* = (Q3%,€3) is the perturbed double bubble represented by (¢*,n*). Hence Q* satisfies the first
three equations (1.2)-(1.4) for critical points of J. The constants A\; and As here are equal to A\; and Ay in
(1.2)-(1.4) multiplied by €* respectively.

From the fourth component of S in (4.30) one sees that

eK(¢",1") + € Q(6",11") = 0
By the expression of K in (4.18) and the definition (4.20) of Q, the last equation asserts
2 1 1
ZTz' -XS‘ ) +/ (K1 (5, m") + € (vl + mzlag))Er(er,n") dt
i=0 - 1

1
+/ (elCa(95,m") + € (2ag + y22lag))Ea(ds, ") di

—1
1

—|—/ (eICO((;SS,n*) + (11 — y2)lor + €2 (y12 — ’722)152;))50((258,77*) dt=0

1

By (6.14) the last equation is simplified to

2 1 1
ZTi.XS’ 1+/ A1€1(¢T,n*)dt+/
i=0 B -1

1 1
NoEa(65, 1) dt + / (Mt — Mo)Eol(6%, 1) dt = 0.
1 1
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Lemma 4.2 further simplifies the above to
2
1
> x|
i=0 a

By the constraints (4.11) on p;, pf + py = 5 — pg = 0. One deduces

2 Sl
;Ti.x ’71:0

LT AL ) + e (ki — ) = 0.

completing the proof.

The equation (6.13) does not imply the fourth equation (1.5) for critical points of 7. For most values of
§€ Dyand 0 € S' that define the transformation T ¢ ¢ in our setting, the perturbed double bubble given
by (¢*,n*) does not satisfy (1.5), so it is not a critical point of J. In the next section we will find suitable £
and 6 in the transformation T, ¢ 9. They will yield two more equations which together with (6.13) will imply
(1.5).

7 Minimization beyond restricted classes

In this section one minimizes 7 (¢*(-, &, 8),n*(&,6)) with respect to (£,0) € Dz x S' to obtain a minimum
(&*,0*). With the particular £* and 6%, (¢*(-,£*,6%),n*(&*,0*)) will yield the final solution.

The first lemma gives an estimate on the difference between the energy of (¢*,n*) and the energy of the
exact double bubble T ¢ ¢(E).

10CC3 .,  10CC3
= + =
s (1e) 2

12
Lemma 7.1 If o is small, then |J(¢*,n") — J(0,h)] < \’y|e4(%|’y|63 +
holds uniformly for all (€,0) € D5 x S'.

(hle")?)

Proof. Expanding J(¢*,n*) yields

J(@5n7) = J0,h) +(S(0,h), (6", 0" = h)) + %(3’(07h)(¢*,77* —h),(¢",n" = h))
+%<3”((1 —7)(0,h) +7(&%,n"))((¢", 0" = h), (&%, 0" = h)), (¢, n" —h))  (7.1)

for some 7 € (0,1). Also expanding S(¢*,n*) gives

156", n") = S(0,h) = S'(0,h) (6", 0" = )| =

< s SIS = OR) 476" NS0 ), (@ =)z (72)

Since S(¢*,n*) =0, (7.2) shows that

150, 1) +8"(0,h) (6", " = h)l|lz < S %IIS”((1 = 7)(0,h) +7(@% 0" = h) (6% 1n"), (¢",n" — h))l|2,

which implies that
(S0, R), (67, m" = h)) +(S"(0,h)(¢", 0" = h), (¢", 0" — )]
< (5 s 18”00 =)0 + (6" )@ 0 — B, (& — W)z ) 00— W)lae (73)

7€(0,1)
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By (7.3), (7.1) yields that

[T6707) = 70, 0) = (S, ), (&%, " = )

< (2 sup 8" —7)0.8) + (0" (" " — b, (60" — W)z (&0~ ). (7.4)
12 10,1

Lemmas 4.3, 5.6 and 6.1 show that
T (¢",n") — T (0,0)|

—_

(2 sup 8" ((1= 70, )+ 76" ) (& " — ), (6% "~ W)= ) (", " — B
7€(0,1)

Lo =4 QCMG 4 25|’Y|€3 3
3 (Ch1e) =TS & S8+ hjet) (F22)

<
c? 10CC* 10CC?
_ a(CYT 34 3 3
= [l (e + S5 + 2= (hle)?) (75)

which proves the lemma.

The solution (¢*,n*) of (6.1) found in Lemma 6.1 depends on £ and 6. To emphasize this dependence,
write ¢* = ¢*(+,§,0) and n* = n*(&,0). The exact double bubble T¢ ¢ y(E£) whose internal representation is
(0, h) also depends on ¢ and 6. Now let ¢ vary in D, 6 vary in S!, and set

J(gae) = j(¢*(7£a 0)77’*(53 0)) and j(ga 0) = j(T€7§79(E)) (76)

Both J and J are treated as functions of (¢,0) € Dy x S*. Note that J(T.¢,¢(E)) here is the same as [7(0, h)
in Lemma 7.1. Before now we did not emphasize the dependence of the exact double bubble on ¢ and 6.

Lemma 7.2 When ¢ and o are sufficiently small, the function J defined on D73 x St attains a minimum in
D5 x S', the interior of Dy x S*. Fvery minimum of J on D x S' must be in D5 x S'.

Proof. Let (£,0) € 0D5 x S' and (£,0) € D5 x S, with ¢ being a minimum of R(z,2) in D, i.e.
R(£,€) = min.ep R(z, 2). Here 6 may be arbltrary Recall that by (2.13) every minimum of R(z,z) in D
must be in D5. By Lemma 7.1,

~2 1 A3 2 1 A3 3
Céo n 0CC°0 0CC°c ) (7.7)

TE0) = J(E0) 2 J(€,0) = JE.0) ~2hle (F57 + =7+ ==

Lemma 2.1 shows that

j(§7 0) - j(gv é)

2
(Zi,j:l Yigmim; )e' 2

> 5 (R(&:€) = R(E &) = 4( X vogmim;) e max{ry,ra} max [VR(z,y)| (7.8)
i,5=1 TYSES
The condition (1.8) implies that
2
cy
(> vigmimy) = |T| (7.9)
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holds for some ¢ that depends on ¢ only. Then (7.7), (7.8) and (7.9) show that
J(&,0) = J(&,0)

> D re ) - riED) -
C% 10CC3¢2 100C303
[2|7|64( ~0 T 3&30 + 3&30 )

2
( Z ’yijmimj)e5 max{ry,r2} ma%|VR(x,y)|}

ij=1 z,yeDs

Y%

e { S (R(E.€) = REE) -

2C%  20CC32  20CC30*
— 4+ - 4 ——— +46(m? + (1 — m)?) max{r, ax |VR(z, . 7.10
(% 5 5 (m? + (1= m)") max{ry,ro}, max [VR(@ )} (710

Because of (2.13), if o and ¢ are sufficiently small, then

J(£,60) — J(£,0) >0 (7.11)

for all (§,0) € 0D5 x S' and (€,0) € D5 x S*, with Qeing a minimum of R(z, z). Therefore any minimum
of J on D5 x S' must be in Dy x S', the interior of D5 x S'.

Note that this is the first time after (2.14) that 0 is required to be small. It is also the first time that the
condition (1.8) is used. Only from this moment on, § and o become dependent on ¢.

The dependence of (¢*,n*) = (¢*(t,£,0),n*(£,0)) on & = (£1,£2), and 6 is investigated in the next lemma.

Lemma 7.3 When o is sufficiently small, ||8((25 2|y = O(Jyle®), | = 1,2, and |2 ’" )|y = O(||eb)
uniformly with respect to all (§,0) € Dy x S*.

Proof. The equation (6.1) is now written as

S(¢.n,€,0) =0, (7.12)
with the operator S acting as
S (¢,m) x (£,0) = S(d,n,&,0) (7.13)

from D(S) x Dz x S' to Z. Estimate DS(%?Z’E’G) and DS(%’;’E’G), the Fréchet derivatives of S with respect

to &' and 6 respectively. Let F' be the perturbed double bubble so that Tee,0(F) = Q where 2 is represented
by (¢,7), and ;(t) correspond to r;, the boundaries of , via r; = T ¢ 4(f). Here F and ; are independent
of £ and 6. The operator S acts on ¢ and 6 via the transformation T¢ ¢ g, and only the parts involving Iq,
in § depend on £ and 6 as follows

o = [ Gy = | _;Wlogw)l_yd“ | R0 a

€2 1
= —log%dg—i—g/ R(ee%%;(t) + €, ee%g + &) d
5= = et )

Then clearly

Olg, 2 Olg, 3
7€l = 0(e*) an % O(e’) (7.14)
hold uniformly with respect to ¢, £, and 6. Consequently
DS(¢,n,¢, 0 DS(¢,n,€,0)
) Lo R a9
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Here the Fréchet derivatives are operators from R to Z and the above are estimates on the norms of these
operators. On the other hand Lemma 6.2 part 2 shows that at (¢*(-,&,60),n*(£,0)), the solution found in
Lemma 6.1,

<

=55 719

1
de
if o is small. Note that 25 °7£9) e is the same as S'(¢d*,n

D(é.m)
theorem asserts that when o is small enough,

*) in Lemma 6.2. The implicit function

|22 = 0thie) ana [P =~ ogjet. 717)
Since D(¢*,n*) a(6*, %)
[ = 252 wma [ 2552 = 255 (7.18)

the lemma follows.
Finally we complete the proof of the main theorem.

Proof of Theorem 1.1. Let the three curves of (¢*(-,£,0),n*(&,0)) found in Lemma 6.1 be parametrized
by rf(t,&,0). Without the loss of generality we assume that J(,0) given in (7.6) is minimized at (0,0), i.e
€ =0and 6* = 0. For (£,0) € D5 x S' one views r}(t,£,0) as a three parameter family of deformations of

ri(t,0,0). If (£,6) = (&,0,0), then it is approximately a horizontal deformation whose infinitesimal element
is
(t,€,0
Xt = SRSl
gL lEe)=(00)

Since _ .
ri(4,€,0) = ee (w4 i (0")) + €
and 2¢F = a;(n*)(uf)? — a;(n*)p2(n*), Lemma 7.3 implies that
or;(t,€,9) ’
gt le0=00)

uniformly with respect to t. If (£,0) = (0,¢,0), then it is nearly a vertical deformation whose infinitesimal
element is

X{(t) = = (1,0) + O(le") (7.19)

o} (t,&,0) ‘

¢ l(,0)=(0.0)
and if (£,0) = (0,0,¢), then it is almost a rotational deformation whose infinitesimal element is
or;(t,€,0) ’
90 le.0)=(0,0

XY (1) = =(0,1) + O(]le"); (7.20)

XEt) = =1ir(t,0,0) 4+ O(]y]€®) (7.21)

uniformly with respect to t. Note that these three deformations are no longer in the restricted class.
By Lemma 7.3, since (0,0) is an interior minimum of .J,

9J (&, )‘ :0J(£,0)‘ :0J(£,0)‘
o8t l(e.0)=(0,0 082 l(¢,0)=(0,0) 90 1(£,0)=(6,0)

=0. (7.22)

On the other hand Lemma 2.4, which holds for both restricted deformations and non-restricted deformations,
shows that 24&9) 9J(£,0) and 279

) S : . are equal to
o ‘(s,m:(&m %€ 1(¢,0)=(0,0) 99 (¢,0)=(3,0) 4

1
(Z T;) - X‘ - / (k1 + 71110, +712l0,)N1 - Xds — / (k2 + 71210, +y2210,) N2 - Xds
i—02 1 801\ 09 802\
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—/ (ko + (711 — m2) 1o, + (M2 — Y22)Ia,)No - X ds (7.23)
801NI0

with X being X#, XV and X% respectively. In (7.23) T; and N; are the tangent and normal vectors of
the curves r}(¢,0,0). But these curves satisfy the first three equations (1.2)-(1.4). Hence, the three integral
terms in (7.23) are simplified to

—/ /\1N1 'Xl dS—/ /\QNQ 'X2 ds—/ (/\1 _>\2)N0 'XO ds
an\BQQ 692\801 0Q21NONs

By (2.29) and (2.30) of Lemma 2.4, the above is equal to

d|Qs]| d|5|
A
de le=0 t A2 de

by the constraints (1.7). Since the three intergrals in (7.23) vanish, (7.22) and (7.23) imply

A1 =0

e=0

(T1+ T+ Tp)-X

1
‘ =0, (7.24)

-1
for X equal to X#, XV, XE,
By Lemma 6.3 the equation (7.24) also holds for X = X* where X¥ is the vector given in Lemma 4.1.
0),

Under the assumption (&,6) = (6,
X5 (£1) = +ei. (7.25)

Unlike X, XV and X, this X° is the infinitesimal element of a restricted deformation. The equations
(7.24) form a four by four linear homogeneous system for the two components of the vector (T1+T2+To)(1)

and the two components of the vector (T;+T2+To)(—1). The coefficients of the matrix are the components
of XH (£1), XV (1), XF(£1), and X¥(£1) given in (7.19), (7.20), (7.21), and (7.25). In the case of X#(£1),

X" (£1) =i €(0,27(0,0)) + O(|7]e®) = (Fen*(0,0),0) + O(|y[").

The system (7.24), including (6.13), can be written as

1 0 -1 0 0
—77*(()47 0) 1 —n*(()i 0) 701 +0lheh gi 1% 1 %;El—)l) - 8 (7:26)
0 1 0 1 0
Since the matrix on the left side is non-singular when ¢ and o are small,
(T1 + Ty + To)(1) = (T} + Ty + To)(—1) = 0. (7.27)
In (1.5) the v;’s are the unit inward tangential vectors at the triple points, so v; = —T; at the upper

triple point corresponding to ¢t = 1 and v; = T; at the lower triple corresponding to ¢ = —1. Hence (7.27)
implies (1.5).

According to Lemma 6.1 the solution (¢*(-,0,0),7*(0,0)) is found in the space X, so the functions
o (~,6, 0) are in H?(—1,1). The standard boot-strapping argument applied to the second order integro-
differential equations (1.2)-(1.4) shows that the ¢I(-,0,0)’s are all C*>°. Hence the two bubbles of the
solution are enclosed by continuous curves that are C*° except at the triple points.

A systematic study of stability of solutions to (1.2)-(1.5) is beyond the scope of this paper. Our assertion
that the solution (¢*(-,0,0),7*(0,0)) is stable is interpreted by its local minimization property. Recall
that the solution (¢*(-,0,0),7*(0,0)) is found in two steps. First for each (¢,0) € D5 x S', a fixed point
(0*(+,£,0),n"(£,0)) is constructed in a restricted class of perturbed double bubbles. This fixed point is
shown to be locally minimizing J in the restricted class in Lemma 6.2 part 1. In the second step J
is minimized among the (¢*(-,€,6),7*(€,0))’s where (€,0) ranges over D5 x S, and (¢*(-,0,0),7*(0,0))
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(0,m)

P2
-

(52, 0)

Figure 6: Left plot: the first step of perturbation. Right plot: the second step of perturbation without the
exact double bubble showing.

emerges as a minimum. As a minimum of locally minimizing perturbed double bubbles from restricted
classes, (¢*(-,0,0),7*(0,0)) is a local minimizer of 7 with respect to both restricted deformations and non-
restricted deformations; hence, we claim that (¢*(-,0,0),7*(0,0)) is stable.

The amount of deviation of our solution from an exact double bubble is given by ||(¢*(0,0),7*(0,0)) —
(0,R)||x and this quantity is of the order |y|e3 by Lemma 6.1. Therefore, the smaller |y|e? is, the closer the
solution is to an exact double bubble.

8 The symmetric case

In this section we prove Theorem 1.1 in the symmetric case where m = % In this case the middle arc of the
exact double bubble E becomes a straight line. Consequently a1 = as = %’r, ag =0, ry =719, 79 = 00, and
b1 = —by as in Figure 3. The proof proceeds along the same lines, so we will only present the differences, all
of which are related to the middle line.

In the first step of perturbation within the restricted class, the two triple points (0,+h) again move
vertically in opposite directions to (0,+mn). The centers (b1,0) and (bs,0) move to (51,0) and (52,0) with
B1 = —f2, and the radii r; = ro become p; = po; see the left plot of Figure 6. The constraints on the areas

of the two parts now read

p2(a; —cosaysinay) = =, i =1,2. (8.1)

The p;’s in this case are constants: p; = pe = % and po = 0.
In the second step of perturbation again introduce functions w;(t), i = 1,2,0, for ¢ € (—1,1) to form
curves T;(t); see the right plot of Figure 6. The left and right curves are given by the same formula

£1(t) = ur ()T 4 B1, £o(t) = ua(t)e 2t + fo. (8.2)
However, this time the middle curve is parametrized differently:
f'O(t) = (’U,Q(t),’l]t), te (_17 1) (83)

with the boundary condition
uo(£1) = 0. (8.4)
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While the internal variables ¢; and ¢o are defined in the same way as in (3.13) with the same boundary
condition ¢;(£1) =0 (i = 1,2), ¢y is given by

do(t) = nuo(t) (8.5)
with the boundary condition ¢o(£1) = 0. The area constraints on ¢1, ¢, and ¢¢ remain to be (3.14).

Moreover ,
¢o + ¢t
n

/_ 11 1/(%77(;))2 + o2 dt. (8.7)

Once Lemma 5.2 is established, the rest of the proof is similar to the one in the asymmetric case.

To this end, let
1 1 1
/ ¢o dt = v, / ¢1 dt = -V, / wz dt =v (88)
~1 —1 -1

and by Lemma 5.1 one derives

—No - Xods = € (1ho + Eo(¢0,n)C) dt,  Eo(o,n) = —

The length of the middle curve is

(8.6)

BP0 + e, h + &C 2
QLR 20y ol
_ L

2

_ i/_ll {(a;i)s (¥i(t))* — ar ?w (t )} dt + /_11 %(1/}6@))2 dt + QCQ;ZT;? n:h(alpl + aops + 1)
Qdi Il
= Z/ @ —24) ($i(1))* - (alrg +2d)p3(0)| dt+/_1 [(% —24) (64(1))* - 243 ()] dt

+2C2 (a1p1 + azp2 +1)
n=
2 (7 — 2d)1/2q-3 (L _ 2d) 2.3 2
(a;Ti)3 i 73 V=qp o d
> 20° — 8.9
> ; 2ftang — q7) 2(tango — g0) +2¢ e n:h(alpl + azp2 +1) (8.9)
where
1
—5 +2d 2d
qi = 11 * ) i = 17 27 qo = 1 a7 (810)
@rE 2d 73 —2d
Asd—0,

2

5 (s — 2d)d? . (% —2d)q3

2(tang; —q;)  2(tango — qo)

1 3 sin® 2 3 1.3303...
2 573 — i3 %3 T o3 T T3 0. 8.11
2 ; r¥(tana; — a;) tanaz —a) " T - w2 ER (8.11)
Hence for d > 0 sufficiently small,
2 1
) (G 20060 (3 —20)% (8.12)
dtang —q) | 2tango— o)

i=1
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Regarding the remaining term in (8.9), let

2
P=2 Z a;p; (813)
i=1
since
1 = p;sin q;. (8.14)
Implicit differentiation from (8.1) and (8.14) shows that
@ _ (o f'cos o sin ;) sin ai' (8.15)
dn n(sin a; — a; cos a;)
It follows that
dP
— =2cosag + 2cosag + 2. (8.16)
dn
Note that at the exact double bubble where «; is %”,
dP
— = (8.17)
dT] n=h
Moreover
dQS _ 2 i (o —.cos v sin ;) sin? i (8.18)
dn ni= sin a; — a; cos @;;
At the exact double bubble
d?P 2 l — cos & 2” sin 28)sin? 28 3.9631...
e (819
dn? ln=h h P sm? — ZFcos h

The proof of the counterpart of (8.19) in the asymmetric case is more complex; see Appendix B. By (8.19)

d2
202 — > 2d¢? 2
¢ 0 n:h(alpl + a2p2 1) > 2d¢ (8:20)

if d is sufficiently small.
It follows from (8.9), (8.12), and (8.20) that

d*P(0 + ey, h + &C
OF 2R > ga s, )13 (8.21)
de e=0
Hence Lemma 5.2 holds in the symmetric case.
Appendix A
We prove Lemma 5.1. Let F be the functional
1
Fw = [ (W©F - (A1)
-1

for y € H}(—1,1) andfly t) dt = v, where q € (0, 7).
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Step 1: F is bounded below.

Let e; = ()2, e2 = 72, and e3 = (2)? be the first three eigenvalues of the problem

—f"=ef, feH(-1,1),

and fi(t) = cos &t and fy(t) = sin 7t be eigenfunctions corresponding to A\; and . Note that

1 ) B 1 ) B 1 _4 1 B
/_1f1<t>dt—/_1f2<t>dt—1, and [ pwa=2 [ pa-

For every y E HO( , 1), decompose y = c1f1 + cafa + 2 where 2 € H}(—1,1) is perpendicular to f; and fa:
fil filt)z f f2 t)dt = 0. By the variational characterization of the eigenvalues

1
Fly) = ciler — ¢*) + c3(e2 — ¢°) + F(2) > ci(ex — ¢°) + c3(e2 — ¢°) + (e3 — qQ)/ At)dt.  (A2)

—1
1 1
y:/ y(t)dt:‘lﬂ+/ 2(t) dt.
—1 ™ 1

Note

Then L )
4 2
(v ) :(/ z(t)dt)2§2/ 2(t) dt
™ -1 -1
and
4c
Fly) = dler—a)+dler—a?) +5(es =) (v——)
8 4v 2
= (el—q +(€3—Q)7)01 (GS—Q)(W)Ci‘F(@z&—Q) + (€2 — ¢°)
Since
_ 2 o8 37 C2a 2 2
er1 — 7 + (es 77)7T2— 1 +10>0, andez —¢° >7° —7° =0,

F(y) is bounded below for all y € Hg(—1,1) with f Lyt dt =v.
Step 2: A minimizing sequence is bounded in H}(—1,1).

Let y, be a minimizing sequence. Decompose as above y, = ¢} f1 + c& fa + z,. Then
2

Flyn) > (o1 = ¢ + (5~ 07) 5 ) (D) = (o3 = ) (2 )l + (e — a2) 5

(e = ) (B)*

Since F(yy) is bounded below and above (for y, is minimizing), |c}| and |c%| are bounded with respect to
n. By (A.2) f | #2(t) dt is also bounded. Consequently f L Y2 (t) dt is bounded. From (A.1) we deduce that

fil( '(t))2 dt is bounded. Hence y,, is bounded in Hg(—1,1).
Step 3: A minimizer w exists.

From the minimizing sequence y,, there is a subsequence again denoted by y, that converges weakly
in H}(—1,1) and strongly in L?(—1,1) to a limit w € H}(—1,1) with fily(t) = v. By the weak lower
semi-continuity of the H! norm,

F(w) < liminf F(y,).

n—oo

38



Hence w is a minimizer.

243
2iang — )’

As a minimizer, w satisfies the equation —w” — ¢?>w = X, w(£1) = 0, for some A € R. Solving the
equation, we find w(t) = C cos(qt) — q%, A = Cq? cosq. Hence w(t) = C(cos(qt)—cosq) and v = f_ll w(t)dt =

C(Q%% — 2cos q). It follows that C = wsm*~—— and

Step 4: F(w) =

—2cosq

_ v(cos(qt) —cosq)

()_ 2s(i]nq_2cosq :

If we multiply the equation for w by w and integrate, then

1 ) 1/2(13
f(w):Allw(t)dt:AV:CVq COSq:m.

This proves Lemma 5.1.

Appendix B

We start with a somewhat different way to perturb an exact double bubble and later return to the
perturbation setting described in Section 3.

From the exact double bubble E, move the triple points (0, +h) vertically by the same distance in the
opposite directions to (0,17). Connect the new triple points by three arcs with the radii p;, the angles «y,

and the centers (8;,0) for i = 1,2,0. However at this point we do not impose the condition - — L = L.

P1 P2 Po
Define

pi = p2(e — cosagsina;), i=1,2,0 (B.1)

as before. Since p; sin a; = 1, one can re-write u; as

n?(c; — cos a; sin o)

i = ) : (B.2)
S G
The p;’s must still satisfy the area constraints
p1+po =m, p2 —po=1-—m. (B.3)

If a; is treated as a function of p; and 7, implicit differentiation shows that

Oa; sin® oy (BA)
O 2n2(sin oy; — v cos ;) '
da; o (a; — cos oy sin ;) sin @ (B.5)
on n(sino; — ajcosay) '

The total length of the three arcs is

2 2
Q;
P=2 ipi = 2 - . B.
LD 7 9

Since «; depends on p; and 7, and the u;’s are subject to the constraints (B.3), we take po and 7 as the
independent variables and treat a;, and P all as functions of g and 7.
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Compute a—P Since

070 _Q"Z aal( )

B.7
sina; / O, O (B-7)
and

0 ( o ) sin a;; — o Cos @
Bai

B.8
sin o; sin? o ’ (B.8)
one deduces by (B.4) and (B.3) that
aP 2 —1 i g i
OF _ 5~ (Elsinag (B.9)
Ao =0 n
Note that the right side of (B.9) is —- 4+ L 4+ L
Next compute %—f]’. Note that
2
or Z( o + 0 (.ozi )8047;).
317 = sin «; 8oz2 sinay/ On
By (B.5) and (B.8) one finds
opP 2
87’[7 = 2;(}050&1 (BIO)
Note that at a critical point where 885 = %—5 =0,
—sin oy + sin ag + sin ag (B.11)
cos a1 + €os arp + €os ag 0 12)
which imply that o = %’“ —ag and ag = %" + «p, i.e. an exact double bubble.
Now proceed to calculate the second derivatives of P. First
9*P (i 'sinal> B i (—1) cos av; Da; O B i cos a; Oay;
3 Omo = — n Opi o = n Opi
By (B.4)
821‘; _ L Z 'cos a; sin® a; . (B.13)
ous  2n3 = sina; — o cosq;
Next ) )
0P i sin oy . sina;  cosq; Doy
= gy (2 ) = (- T ),
Ougdn = = n n on
Using (B.5) one finds
0P 1 2 sln4 «;
— B.14
3/10377 72 Z sina; — o cosay ( )
Finally
82 d (o 2. da
i = 87’(2;0%8041’) = —Q;b‘maia—
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(B.15)

By (B.5) one derives
o?pP 2 i (a; — cos ay; sin o) sin®
o2 = sin o; — o cos '

In summary the Hessian matrix of P is
1 cos o sin® 1< sm4 a;
173 Z sin ay; — oy cos o 72 Z sin ay; — o cos
(B.16)
2 cos «; sin ;) sin” «;

2 2
ZX @ fole: 2y (o
2 0 sina; — o cosa; 1M 4 i sin o; — «; COS @4
1= 1=
: 2m
3 o

D?*P =
This matrix is evaluated at the exact double bubble where o; = a; and = h. The a;’s satisfy a1 =

and ag
> 0. Hence the (1,1) entry of D?P at the exact double bubble

= 2% + agp.
Regarding the (1,1) entry, one has the following

L B.1 Forage (0,%), Y sin’ ay
emma B.1 Fora
0 137 “ tana; —a;
18 positive.
Proof. Set f(a) = t:;“jfa First note that f'(a) < 0if a € (0, %), since
1 3
[3sin“ acosa(tana — a) — sin” a(sec” a — 1)]

! e —
fla) = (tana — a)
.2
Sl acond [3(tana — a) — tan® al.

- (tana — a)?
= —3tan?a < 0,

Let f(a) = 3(tana — a) — tan® a. Then
f'(a) = 3(sec? a — 1) — 3tan® asec® a = 3tan? a(1 — sec? a)
and consequently R ~
fla) < f(0)=0.
Therefore
f(a) <0 (B.17)
To prove the lemma consider three cases.
Case (1). 0 <ag < %. Then ay € (3, %) and ap € (3, 37). By (B.17)
.3
sin” aq 1
a = <
|f( 1)| |tana1|+a1 \/§+g
sin® a (?)3
2
a =
|f(a2)] | tan as| + a9 %-ﬁ-%
3
(3)
T 2
flag) > f(g): T
V3 6

3 3

1 3
B (%)

— 445> = L779%.. > 0

Therefore

flao) + fla1) + fla2) > —
V3



<ag<%. Then a; € (%,%) and az € (3%, 7). By (B.17)

Case (2). &
f(al) > 0
3
1
Fa)l < O(j)sg
3

Therefore
() ()
2 2
ap) + flar) + fla2) > — = 0.9006... > 0.
Flao) + flan) 4 floa) > 22 =
Case (3). One can first take ag € (0, §) and then pass the limit ag —  in the first case to conclude that
the lemma holds for ag = §.
Next show that the matrix has the positive determinant at the exact double bubble. Define
i3 2 i oind 2 . .92
cos a; sin® a; (=1)*sin” a; (a; — cosa;sina;) sin” a;
t11 = t1g = tog = . B.18
H ; sina; — a;cosa;’ ZZ:: sina; — a;cosa;’ 2 ; sina; — a; cos a; ( )
Lemma B.2 t17 > |t12]| and tae > |t12|. Hence the determinant of D2P at the exact double bubble is positive.
Proof. To prove t11 > [t12] consider three cases: (1) ag € (0, %), (2) ao € (%,%), and (3) ap = %. For
the first two cases write
P i sin® a; - i (—1)*tan a; sin® a; - 22: (a; — cosa; sina;) tan a; sin a; (B.19)
U tana; —a; T tana; — a; T T tana; — a; ' '
=0 i=0 i=0
Then
b g (1+tanag)sin®ap (1 Ftanai)sin®a; (1 =+ tanay)sin® ay
L tan ag — ag tana; — aq tanas — a9 ’
For case (1), note from the proof of Lemma B.1 that f(a) = t:;";fa is decreasing on a € (0,%) and
f(§) =2.3255... Then
1—t in®
(1—tanao)sin"ao (1 ~ tan z)f(ﬁ) — 0.9829...
tanag — ag 6 6
In case (1), a; € (3,%F) and tana; < 0. Then
.3
5 1
| < ——— = 0.3026...
tana; — a1 —tan?’r—}—g

tanar__ jg hositive and decreasing,

Also since oo —
tan a; sin® a, S tan -

2 2

tana; — aq tan? -5
In this case ag € (%”, %’T) Then
(1 — tanay) sin® ay (1 — tan 2%)sing%7T _

< =———— = 0.8856...

—tan B + 3

‘ tanas — as
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Hence

t11 — t12 > 0.9829 — 0.3026 + 0.2940 — 0.8856 = 0.08876 > 0.
For t11 + t12, note
(1 + tanao) sin” ao (1+tan0)—— 5 —2.3255..
tanag — ag tan ¢ — %
in3 sin %
mA o 2 0.3028..,
tana; — a1 —tan?’r—i—g
‘ _ tan a; sin® a < 1sin? T_ 1
tana; — aq 2
1+t in3 1+ tan 2&|sin® 2=
‘( *tanag)sin‘az | 51 F () 17so..
tanag — az —tan 2% + 2%
Then
t11 + t12 > 2.3255... — 0.3028... — 1 — 0.1780... = 0.8447... > 0.

In case (2), ag € (6, 3) a; € (%,%) and as € (%’r 77). Then

(1 —tanag)sin®ag (1 + tanap)sin®a;

(1 — tanay) sin® ay

it —tie = + +
tanag — ag tana; — aq tanas — as
37 3w 5T w3 BT
= sin® % (1 — tan 2)sin” 28
> —ll—tan ‘76—1— 1+ tan 3 _ 6 6
3ltanZ — ( 3)t -z — tan 2% 4 2
= —1.7024... + 2.5911... — 0.0617... = 0.8270... > 0.
And since tanas — as is increasing,
tana; — 1 ap —1 -1
tana; — aq tana; — aq tan 33
Then
s (1+tanag)sin®ag (1 —tanaj)sin®a; (1 + tanay)sin® ay
1 2 tanag — ag tana; — ay tanas — as
3T T 5w -3 57
m\ sin® % z— T (1 + tan ) sin® 2%
> (1 tanf) 3 (1 27) sin® = 6 6
( + 6/tan § — % thang—% 3 —tanﬂ—i—%"
= 1.4960... — 1.1909... — 0.0202... = 0.2849... > 0

can first take ap € (0, %) and then pass the limit

For case (3) one 5

t11 £ t12 > 0 in case (3).
Next show that too £ t15 > 0. First rewrite too as

a; sin* a;

tao

aO%%in

— E cos a; sin® a; + E _
sm a; — a; COS a;

a; sin* a;

2 2
cos3a; cosa;
=) - Y
4 4 g sina; — a; cosa;
7=

=0

2r _ g and ag =

By (B.12) and the relations a; = =

%ﬂ + ag, one has
3 in*
cos 3ag a;sin” a;

4 Z sina; — a; cos a;

=0
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(B.18) to deduce that

(B.20)



Again consider three cases: (1) ag € (0,%), (2) ag € (%,%), and (3) ag = . In cases (1) and (2) write

log £t12 =
4 tanag — ag tana; — ag tanas — as

In case (1), where ag € (0, %), a1 € (3,2F) and a3 € (2F, 2F), one has

(a1 + 1) tanay sin® a; S (7T ) ( tan %’“ ) i 2m p——

T4
tana; — ax 2 tan 2 — 2X

tan aq

since T
ana;—ay

is positive and decreasing.

(a2 = ) tanay sinay (21 - 1) <7tan i3 — ) sin® %ﬂ — 0.0247...

tanas — as 3 tan %” — =2z

For the first two terms that involve ag consider two subcases ag < % and ag > % When q¢ < %,

3

3cos3ag _ 3cosy 0.0531

4 4

— 1t in3 1 1
(a0 — 1) tan ag sin GO‘ < (_ (, _ 1) tan 7>f(0) = 0.8195...
tanag — ag 2 2

3cos3ag  (ag £ 1)tan agsin® ag n (a1 F 1) tana; sin® a; n (ap %+ 1) tan ay sin® ay

(B.21)

where f is given in Lemma B.1 and f(0) = lim,_,¢ f(a) = 3. Here one also used the fact that |(ag—1) tan ag| =

—(ap — 1) tanag is increasing. If ag > %, then

3cos3ag _ 3cos g
4 4

and

‘(ag - 1)tanaosin3a0’ _ ( (7r

tan ag — ag 5 1) tan E)f(%) = 0.6546...

again by —(ag — 1) tan ag being increasing. Hence

P 0.0531... — 0.8195... + 0.7558... +0.0247... = 0.0141... > 0 if ap < %
22 0 — 0.6546... + 0.7558... + 0.0247... = 0.1259... > 0 if ap>1
Also
3cos3ag . (ag+ 1)tanag sin®ag (a1 — 1) tana, sin® ay (ag + 1) tanas sin® as
tag +t12 = +

4 tanag — ag tana; — a1 tanas — as

=4 .
2w tan % sin® 5%
3 1) tan 2& — o7

— 0.0513 > 0.
3 3 6

> 0+0+0+(

In case (2) where ag € (F,%), a1 € (3,%), and az € (37,7), one has

3cos3ag  (ag — 1) tanagsin® ag n (a1 + 1) tana; sin® a; n (az — 1) tan ay sin® ay

too —t1a =

4 tanag — ap tana; — a tanas — as

. in3 T

s Beosm (f — 1) tanz(ism 6 ) + (E+1)1+0
4 6 6 \tan g — & 3

= —0.75—-0.6396... +2.0472... = 0.6576... > 0.
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Here for the second term one used the fact that (ag—1) tan(ag) is increasing for ag from % where (ap—1) tan ag

is —0.275 to § where (ag — 1)tanag is 0.0817; for the third term note that % is decreasing and

approaches 1 as a; — 3. Also

3cos3ag . (ag + 1)tanagsin® ag n (ay — 1) tana; sin® a; n (az + 1) tan ay sin® ay

t t =
22+ 12 4 tanag — ag tana; — a tanas — as
3 in® T
SA L (f+1)tanf(7w; 3 ,T) +0+0
4 6 6 tan§ -3
= —0.75+0.8343... = 0.0843... > 0.

For case (3) where ag = %, again first take ag € (0, §) and then pass the limit ap — § to deduce that
too 119 > 0. H
Combining Lemmas B.1 and B.2 one sees that D?P is positive definite at the exact double bubble.

Lastly we connect the setting here with the setting in the rest of the paper regarding P versus pg and 7.
After P is treated as a function of uo and 7 here, one sets up the equation

P (p10,1m)

=0, B.22
D (B-22)

and uses it to define g as a function of 7 implicitly. This can be done near the exact double bubble because

o?pP

B,U/% pozrg(ag—cos ap sinag), n=

A0 (B.23)

by Lemma B.1. As seen after (B.9), equation (B.22) is just the condition

1 1 1
o1 (B.24)

p1 - P2 Po

precisely the one requirement, (3.4), in the setting of restrictedly perturbed double bubbles that is not yet
implemented here.
Once g = po(n) becomes a dependent variable, P = P(uo(n),n) is a function of 7 only, and

dP _ oPdw 0P _ 0P
dn Opo dn — On on
02
PP PP duy PP PP (- 6Z0§n> o°P
dn?  Ouedn dn - On®  Ouedn 22 a2
0
2P 9’p _ ( o°P )2
_ Oug on? Opodn
B d?p
du?
Consequently by (B.10),
dp oP 2
— = — =2 cosa; =0, B.25
d’l] n=h 877 po=r2(ag—cos ap sinag), n=h ; ( )
and by Lemmas B.1 and B.2,
dz—P‘ >0 (B.26)
dn? In=n = " '
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