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DEGREE COUNTING AND SHADOW SYSTEM FOR SU(3)
TODA SYSTEM: ONE BUBBLING

CHANG-SHOU LIN, JUNCHENG WEI, AND WEN YANG

ABSTRACT. Here we initiate the program for computing the Leray-Schauder
topological degree for SU(3) Toda system. This program still contains a lot of
challenging problems for analysts. The first step of our approach is to answer
whether concentration phenomena holds or not. In this paper, we prove the
concentration phenomena holds while p; crosses 47, and p2 ¢ 47N. However,
for p1 > 8, the question whether concentration holds or not still remains open
up to now. The second step is to study the corresponding shadow system and
its degree counting formula. The last step is to construct bubbling solution of
SU(3) Toda system via a non-degenerate solution of the shadow system. Using
this construction, we succeed to calculate the degree for p1 € (0,4m)U (4, 8m)
and p2 ¢ 47N.

1. INTRODUCTION

Let (M,g) be a compact Riemann surface with volume 1, hi and h% be a C*
positive function on M and p1,p2 € RT. We consider the following SU(3) Toda
system on the compact surface M.

hieus
f hIeu’l‘ - 1) - p2(f 2}7,;:“3 - 1) = 47‘- qusl O‘Q((Sq - ]‘)5 (1 1)
m M 2€ .
* hie" hhe™
Auj — Pl(w -1+ 20?(% —1) =473 s, B(8q — 1),

«
* U
hie"1

Z&UT +'2p1(

where A is the Beltrami-Laplace operator, a; > 0 for every ¢ € Si, 54 > 0 for
every g € Sp and §, is the Dirac measure at g € M.

When the two equations in (LI]) are identical, i.e., S1 = Sa, ag = B¢, uf = uj =
u*, hi = hi = h* and p; = p2 = p, system (L)) is reduced to the following mean
field equation

N h*et”
Au —i—p(w —1) =47 > 0y(5, - 1). (1.2)
M qeST

Equation ([LT]) and equation (I2)) arise in many physical and geometric problems.
In physics, (I2) or (L)) are one of the limiting equations of the abelian gauge field
theory or non-abelian Chern-Simons gauge field theory, one can see [106] 17, [34, [44]
[45, [52] and references therein. In conformal geometry, a solution u* of

Agu* 4 e* — 2K = 4r Z aqbq in M, (1.3)
qeST
where K (z) is the Gaussian curvature of the given metric g at € M, is equivalent
to saying that the new metric e??g (where 2v = u* — log2) has constant Gaussian
curvature K = 1. By integrating ([3]), it is easy to see that ([3]) is a special
case of (L2) with p=4n}_ 5 aq. Since u* has a logarithmic singularity at each
1
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q € S, the new metric e?Vg has a conic singularity at each q. Equation (3] has
been extensively studied in the last three decades, see [9] [13] 29] [33] 37, 48] and
references therein. However, when the number of the singularities is greater than
three, there are very few existence results for equation (I3). Studies on the case
of four singularities are referred to [I3] and [29]. For the recent development of the
mean field equation (L2), we refer the readers to [3, 4, [} 10, 1T}, 12} 13} 15 27, [39]
43| [44] [52].
For equation ([I.2), we let the set ¥ of the critical parameters be defined by

Y:={8Nm+ Sgea8m(l+aq) | AC S, NeNU{0}}\ {0}
={8may | k=1,2,3,--- .},

where aj, will be defined in ([4]). It was proved that if p ¢ 3, then the a-priori
estimate for any solution of (L2) holds in C2 (M \ Si). This a-priori bound was
obtained by Li and Shafrir [26] for the case without singular sources, and by Bar-
tolucci and Tarantello [3] for the general case with singular sources. After estab-
lishing the a-priori bound for a non-critical parameter p, it is natural to count the
Leray-Schauder topological degree for the equation (L2)). It was proved by Li [25]
that this degree counting should depend only on the topology of M for the case
without singularities. In a series of papers [10]-[13], Chen and Lin has derived the
topological degree counting formulas as described below.

We denote the topological degree of (I2)) for p ¢ ¥ by d,. By the homotopic
invariant of the topological degree, d, is a constant for 8ma, < p < 8mapy1, k =
0,1,2,---, where ag = 0. Set d,,, = d,, for 8ma,, < p < 87ma,,11. To state the result,
we introduce the following generating function = :

Eo(x) =1 +x+ a2+ 2%+ ) XIS g (1 — 2 Fo9)
:1+C1{Eal +C2Iu2 +"'+CkiEuk + ...

The degree d,, can be written in terms of ¢;, as shown in the following theorem.

Theorem A. ([13]) Let d, be the Leray-Schauder degree for (I.2). Suppose 8arm <
p < 8agqim. Then

k
dp=>
=0
where dg = 1.

For the application, it often requires that ay € N for all ¢ € S;. In this case,
Y = {8mm | m € N} and let d,,, = d, for p € (8mm, 8(m~+1)w). Then the generating
function

() = dexk =(1+az+a?+. ) XODHHSI o (1 — goatl)
k=0

=(I4az4z?4 ) XODFL o (142 +22 + -+ 2%) (1.4)

Clearly, we have d,, > 1, ¥m provided x(M) < 0. Hence we can obtain the
existence of the solution to (LZ) when the genus of M is nonzero. When M is a
torus and qusl oy is an odd integer, by applying the Theorem A, we can get the
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degree formula for (3]
Hges, (1 + O‘q)

d= 5

Similarly, we could consider the following Toda system

Auj +2¢% — ¢ — 2K =41 Y s Babos (1.5)

{ Auj +2e%1 — %2 — 2K = 47 > ges, Qadqs
on M, which is a natural generalization of (I3]), but is a special case of (II]). In
geometry, it is closely related to the classical Plicker formula for a holomorphic
curve from M to CP?, the vortex points and o are exactly the branch points
and its ramification index of this holomorphic curve. See [33] for more precise
formulation and also [5l [6] [8, M4] 18] 23] for connection with different aspects of
geometry. For the past decades, there are many studies for the SU(3) Toda system,
or more generally, system of equations with exponential nonlinearity. We refer the
readers to [2] [19] 201 24, 28] [30] 31, [32] 35, [36, 37, B8, 40} [41], [42] [45] 50, 51] and
references therein.

In this paper, we want to initiate the program for computing the Leray-Schauder
degree formula for the system (I.I]). However, it seems still a very challenging prob-
lem even now. Hence in this article we shall consider the simplest (but nontrivial)
case, described below. We assume

(i) S1,8 =0,
(ii) p1 € (0,47m) U (47, 87) and p2 ¢ 31 = {4N7w | N € N}.

To eliminate the singularities on the right hand side of (IT]), we introduce the
Green function G(x,p):

—AG(z,p) =6, —1in M, with / G(z,p) =0.
M

and let
ur(z) = ui(x) — 47 Y 0yGlx,q), ua(z) = uj(x) — 47 Y B,G(,q).

q€Sy qES?

Then (L.TJ) is equivalent to the following system
Ay + 2p1(f;1,f:;u1 -1) - Pz(fﬁzfsjw ~1)=0,
AUQ—pl(%—l)+2p2( hae™ —1):0,

Jas hae2

(1.6)

where hi,hy > 0 in M and hy(z) = 0 iff x € S1, ho = 0 iff x € Sy. Near each
q € S1, h1 has the form in local coordinate:

hi(z) = hyq(z)|z — q|20‘q, for |x — q| < 1, Vq € 51,

where hy 4(x) > 0 for any ¢ € S;. Near each ¢ € Sz, he has the form in local
coordinate:

ho(z) = ho q(x)|x — q|26q, for |z — q| < 1, Vg € So,

where hg ¢(x) > 0 for any ¢ € Ss.
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We notice that equation (6] is invariant by adding constant to the solutions.
Hence we can always normalize u1, us to satisfy [,,u1 = [, u2 = 0. Let H' be the
space:

ﬁlz{ueﬂl(M);/ u = 0}.
M
From now on, we will restrict our discussion in H' x H'. In order to compute
the Leray-Schauder degree of the system, we need to get well understand of the
blow-up phenomena for ([6)). The first main issue for system is to determine the
set of critical parameters, i.e., those p = (p1, p2) such that the a-priori bounds for
solutions of (1)) fail. In [20], the authors claimed that if p; ¢ 47N, i = 1,2, then
the a-priori bound for all solution exists. See Theorem 1.2 in [20]. However they
did not give a proof of this fact, but just said that it follows immediately from
Proposition 2.4 in [20], where the local masses of solutions (uj,us) at a blow up
point is calculated. In addition to Proposition 2.4 in [20], for their claim of Theorem
1.2, it requires that the concentration phenomena holds, i.e., f;,‘fi;fm tends to a
sum of Dirac measures. However, as far as the authors know, the concentration
has not been proved yet. Under the assumption (i) and (i), we can show that
concentration holds, i.e., if uy; blows up at some points, then j;lff% tends to a
sum of Dirac measures.

Our first main theorem is the following a-priori estimate.

Theorem 1.1. Suppose h; are positive smooth functions and the assumption (i) —
(ii). Then there ezists a positive constant ¢ such that for any solution of equation
(I4), there holds:

lur ()], Juz ()| < e, Ve e M, i =1,2.

For the general case, we shall study the concentration phenomena for p; > 87w

in a future work. By Theorem [[LT| the Leray-Schauder degree d5,21),p2 for (D), or
equivalently (L), is well-defined for p; € (0,4m) U (47, 87) and pa ¢ 47N. Clearly,

dg%m = dg) if 0 < p1 < 4w, and pa ¢ 47N. Hence, the main contribution of
our paper is to compute the degree d§,21),p2 for 4w < p; < 8w. By the homotopic
invariant, for any fixed po ¢ 47N, d§,21),p2 is a constant for p; € (0,47), and the
same holds true for p; € (47,87). For the simplicity, we might let d? and df)

denotes dg),m for p; € (0,47) and p; € (4, 87). Since d? is known by Theorem
A, computing df) is equivalent to computing the difference of df) — d(f), which
might be not zero due to the bubbling phenomena of (1)) at (4, p2).

To calculate df) —d(_Q), we need to compute the topological degree of the bubbling
solution of (6] when p; crosses 4w, pa ¢ 47N. For convenience, we rewrite (L)
as

By @2V v2
Aoty e D=0 )
e2v2—v1 .

A’UQ + pg(f;fhﬁm — 1) = 0,
where v, = %(Qul + ug), vy = %(ul + 2ug). It is known that the Leray-Schauder
degree for (L6) and (7)) are the same. So, our aim is to compute the degree
contribution of the bubbling solution of (7)) when p; crosses 4w, pa ¢ 47N. We
consider (v1g,var) to be a sequence of solutions of (7)) with (p1x, p2r) — (47, p2),
and assume maxys (v1x, V2x) — 00. Then we have the following theorem
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Theorem 1.2. Let (v1k,vor) be described as above. Then, the followings hold:
(i)
hle%w*i}zk

plkm — 4mé, for some p € M, (1.8)
M

(ii) vor — $w in C**(M) where (p,w) satisfies

V (log(hie™2")(x) + 4mR(z,2)) |o=p= 0, (1.9)

and

hoe¥™ 47G(z,p)

Aw + 2[)2 f hoew— 47 G(z,p)

—1)=0. (1.10)

Here R(x,p) refers to the reqular part of the Green function G(x,p).

We write (L9) and (LI0) as
6w—4rrG(x,p)
{ Aw + 2/)2(% —-1)=0,

(1.11)
V(log(hie™2")(z) + 47 R(z,2)) |z=p= 0.

The system of equation (LTI is called the shadow system of (7). This kind
of systems also appear while studying the self-dual system [22] for the Jackiw-
Weinberg electroweak theory. After Theorem [[.2] it is natural to ask the following
question: Given any pair of solution (p, w), can we find a bubbling solution (v1g, vax)
of (L7) with (p1x, pax) — (47, p2) such that (LII) holds and vy converges to fw
in C%%(M). One of main results in this article is to give an answer of this question.

For the application in other problems, we want to consider a more general class
of equation than (LII]). Let

Q=P,US={p},p%,---,p°YUS, where P,NS; =0, SC S,
and (P, w) be a solution of

w—dr ST G(2,p))—4m Tges(1+aq)G(w,q)

hae —
Aw+2p2( 2 Jw—dn i G(ap))—4n S ges (1tag)Glaa) 1) =0, (1.12)

M

where

folx1, e, &m :Z log(hie™ 2“’)( ) +AnR(x;, ;)] + 4x Z G(x;, z5)
J=1 i,j=1,i#j
—|—87TZZ 1+ og)G(zj,q).

qeS j=1

It is clear to see (ILI2) is a shadow system of (IIT)) corresponding some more
complicate bubbling phenomena. Note that in (I.12), there might allow (P, US)N
Sa # 0. We say (P, w) is called a non-degenerate solution of (IL12)) if the linearized
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equation. i.e., for (¢, 7), ¥ = (v1,v2, - ,Vm), where v; € R2

= w—4r X" . G(x,pY)
hoe j=1 J
A+ 2py — w—dr 2T G(x.p0) ¢
M h2e ’ ’
+ w—4r XM G(e.p9) — AT Gn?
-2 hae ]m J hoe¥™ w3, Glz.py)
P2 (for e zjzlc(x,pg?))2 Jar (R %)

— — m 0
87Tp2 h28w 47 Z]:l G(mypj) Z;n:l(vc(myp?)l’g)
- - warym z,p0
f}u Tioe 4 Z]:1 G(z,p3)

Rpe" 1T G [ (et 4TSI D) s (96w p0)0,))

— w—dx M z,p9)) 2
(.]M Tiae 4 21:1 G(z,p3)

VifQ(P(lJapga 7]9971)%'4‘]:1‘ - %V(b(pzo) = 07 1= 1727"' ,m, fM(b: 07

+87TP2 = 07

(1.13)
admits only trivial solution, i.e., (¢, 7/) = (0,0). Here
hy = hge 4™ 2aes (1) Glz.q) (1.14)
and
Fimsr 30 V2G000) leoye (115)

J=1,j#i

For the shadow system ([LI2]), the set of non-critical parameters Xz is defined as

Sy ={4Nw+4r > (1+a,), N €N}, (1.16)
qeS2US

Our third main result is the following.

Theorem 1.3. Suppose P, = (p3,p3,---,p%) and (P,,w) is a non-degenerate
solution of (I.12) and the quantity 1(Q) # 0 U. Suppose aqg ¢ N for ¢ € S and
p2 & Lo. Then there exists a sequence of solutions (vik,vax) of (I7) with (p1k, p2)
such that limg_ 1 o p1x = 4mMm7 + qus 47(1 + o). Furthermore we have:

. £2v1k Y m

(i) plk% — 4m Ej:l 6;0‘]? + 47 qus(l + ag)dg,

M
(ii) vor — sw in CL(M).

The proof of Theorem will be given in section 4-5. The main difficulty for
constructing such solutions would be the one for vy; component. Here we follow
the arguments in [I1], [I3] which procedures simultaneously have the advantage
in computing the Morse index contributed by the bubbling solutions (v, vak).
The calculation of the Morse index is the key step towards computing the Leray-
Schauder degree for system (7)), once the degree for the shadow system is known.
For a given solution (P,,w) of (LI2), we say u is a eigenvalue of the linearized
system of equation (ILI2)) if there exists a nontrivial pair (¢, 7) = (d;v1,v2,* ,VUm)

IThe definition of I(Q) is given in section 4.
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such that

7 w—dr T G(z,pY)
A(b—!-?pz ‘hge J J

— 0D 0 (25
» Trpe" am T G(z.p))
— m )
Tioe® 4m L G(z,p0)

-2 o
P (fM Tige T ST, G

= w—dx M z,p0 m
hoe" ~*T RS SR S | (VG2 ,p)ry)
f E26w74ﬂ22n:1 G(m,p?)
M
—  w—drsm 2,p0 —  w—dx 2.09) <
e 4T 7L G ’p])fM (hze am TP G( ‘pf)ijl(VG(w,p?)Vj)) 0
([ Bae 4 B Gy +no =0,
2 0 0 1 0 _ ;o _
vmlfQ(plv apm)yz+f1 - §V¢(p1) +,UJVZ — Ovl - 1725"' , T, fMgb_ 0.

The Morse index of the solution (P,,w) to (II2) is the total number (counting
multiplicity) of the negative eigenvalue of the linearized system, and the Leray-
Schauder topological degree contributed by (P,,,w) is given by (—1)¥, where N is
the Morse index.

ey (o BP0

+8mpa

From Theorem[[3 it is known when p1x — dmm+47 3 o(1+qy), there exists
a sequence of solutions (v1x, vey) to (L) such that v1; blow up at @ and v, — %w
Our aim is to compute the topological degree of (7)) contributed by those bubbling
solutions satisfying the conclusion of Theorem[I.3] that is, all the bubbling solutions
contained in S, (Q,w) X S,,(Q,w). For the precise definition of S,, (Q, w), i = 1,2,
see section 4 in this paper. Let dp(Q,w) denotes the degree contributed by the
solutions (vig,vor) € Sy, (Q,w) X Sy, (Q,w) and dg(Q,w) denotes the degree of
the shadow system ([LI2)) contributed by the Morse index of (P, w). We have the
following theorem

Theorem 1.4. Suppose ag ¢ N for g € S, (pw,w) is a non-degenerate solution of
(L12) and I(Q) # 0. Let dp(Q,w) and ds(Q,w) are defined above. Then

dr(Q,w) = (=1)"ds(Q, w),
where n = |Q).

We shall apply Theorem [3.3] a stronger version of Theorem [[.2] and Theorem [T.4]
to calculate the degree of (L), or equivalently (LT). Here we assume S; = Sy = 0,
i.e., h1, hy are C> positive functions on M. It is still very difficult for us to com-
pute the topological degree for SU(3) Toda system while S;,S2 # (0. In general,
the main difficulties are to prove the concentration and to get the topological de-
gree for system (I.I2). Until now, we are only able to over those difficulties under
the assumption (i) and (i¢). Our approach to obtain the degree of (ILII]) is to use
a homotopic deformation to decouple the system. However, this method can not
work for (LI2)) in general. The main difficulty is due to the collapse of the vortices.

In order to state our degree formulas for SU(3) Toda system and the correspond-
ing shadow system ([LTTI), we first introduce the following generating function

Eir) =0 +a+a?4+23 ) XODF — bt ot fboa? 4 bt -
which is (L4) provided oy =0, Vg € S7. It is easy to see that

by = ( k_kX(M) ) , (1.17)
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where

k— x(M) _ (k_X(M))'k'!'(l—X(]V-’))7 if k>1
k 1, if k=0.

Theorem 1.5. Assume S1 = Sz =0 and p ¢ ANm, N € N. The set of solutions
(p,w) for ({LI1) is pre-compact in the space M x Hi(M). Let ds denotes the
topological degree for (LTI)) when pa € (4km,4(k + 1)7). Then

ds = x(M) - (bk + be-1), (1.18)
where b_1 = 0.

Under the assumption (i) — (#¢) and the previous discussion, we can obtain
the partial results on computing the Leray-Schauder degree for system (LGl), or

equivalently (7).

Theorem 1.6. Suppose S1 = So = 0 and d§,21)7p2 denotes the topological degree for
(I7) when po € (4km,4(k + 1)7), then

(2) _ bku P1 S (0747T)7
P1,P2 b — x(M) (b, + bx—1), p1 € (47T,87T).

Set d,(f) = d§,21),p2 for p; € (4w, 87) and py € (4km,4(k+1)7). Then the generating

function for df)?k, p1 € (47, 87) is

Ea(x) = Y dPa* = [1— x(M)(1 +2)]E1(2).
k=0

As a consequence of Theorem [[L6] we have the following corollaries.

Corollary 1.7. Suppose S; = Sy = 0, M is the sphere S?, p1 € (47,87) and
p2 € (4km,4(k 4+ 1)w). Then

1, ifk=0,
g ) L itk=1,
PPz 2, ifk=2,
0, ifk>3.

Corollary 1.8. Suppose S1 = So = 0, p1,p2 € (4m,87), and d§2% denotes the
topological degree for (I.6l). We have

d) = (x(M))? = 3x(M) +1. (1.19)

A consequence of the degree counting formula is the existence of (L0). Suppose
So = 0 and x(M) < 0, then for any (p1,p2) € (4w, 87) x (4km,4(k + 1)7), the
system (LG has a solution.

This paper is organized as follows. In section 2, we prove Theorem [[LT] Theorem
and use the transversality theorem to show that there exists smooth function
hi and h} such that any solution of shadow system ([LI2)) is non-degenerate. In
section 3, we get the a-priori estimate for solutions of (7)) when p; — 47 and
p2 ¢ 4wN. In section 4 and section 5, we use the solution of shadow system (T12))
to get a good approximation of some bubbling solutions of (L) and thereby prove
Theorem [[.3] and Theorem [[.4] except some important estimates which are shown
in section 8. In section 6, we prove Theorem and derive the degree counting
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formula for the Shadow system (LII]). In section 7, we give a brief account for the
Dirichlet problem on a bounded smooth domain of R2.

2. SHADOW SYSTEM

We shall prove Theorem [ Tland Theorem[L.2l As mentioned in the Introduction,
this result is not an immediate consequence of Proposition 2.4 in Jost-Lin-Wang
[20], due to the fact of concentration has not yet been proved. Therefore, we want to
provide a correct proof of this a-priori estimate. For the concentration phenomena
in the general case, we shall discuss it in another paper.

For a sequence of bubbling solution (uyy,uay) of (L6). We set

Uik = Uik —/ hie“*, i=1,2.
M

Then u;;, satisfy

Aty + 2p1(h1?711k - 1) — pg(hge?% — 1) =0, (2 1)
Aoy, — p1 (hle“““ — 1) + 2p2(h2€u2k - 1) =0. )
We define the blow up set for
G, ={pe M| Hx}, zr = p, limay(zr) = +o0} (2.2)

and define & = &1 U &5. We note that
Ui = Uk, + / hie" > gy, + Celar e > iy, + C,
M

where we used the Jensen’s inequality and h; (here h; = h}) is a positive function
in M. So, if p is a blow up point of @;;, then p is also a blow up point of u;;. For
any p € 6, we define the local mass by

1 _
oip = lim lim —/ pih;e* . (2.3)
Bs(p)

5—0 k——+o0 27

27

Lemma 2.1. If 01y, 09, < 5, we have p ¢ &.

Proof. The proof is a standard by using the argument in [7]. We provide a detail
proof for the sake of completeness. Since oy, < %”, then we can choose small rg,
such that in B,,(p), the following holds

/ pihieﬁ“‘ <m, (24)
By (p)

which implies [’ Bro () 11:; < C, where C is some constant independent of k. In

ro
the following, C always denotes some generic constant independent of k, and may
depend on the domain B, (p). For the first equation in (21I), we decompose @1} =
3 . - A . .
>_j=1 Uik,j, where 11y, ; satisfy the following equation

—AﬁlkJ = 2[)1h1671”C — thgeﬁ% iIl B’I"() (p), ’Ele’l = O on 8BT0 (p 5

—Alg2 = —2p1 + p2 in B, (p), Uig,2 =0 on 9B, (p),

—A’ﬁlk’g =0 n BTO (p), ﬂlk)g, = ﬂlk on BBTO (p)
(2.5)
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For the first equation in (Z.1]), since

/Bm (p)

By [7, Theorem 1], we have

2p1h16ﬁ1k — thQEa% < 371',

/ exp((1 + 6)|iinga|)dz < C, (2.6)
Bv‘o (p)

where § € (0, §). Therefore, we have

/ |t1k,1| < C. (2.7)
Br, (p)

For the second equation in (Z3]), we can easily get
/ |’EL1]€12| S C, and |’EL1]€12| S C (28)
Bv‘o (p)

For the third equation in (2X). By the mean value theorem for harmonic function
we have

~ ~ 4
||u1k,3||L°°(Bm/2(P)) < C”ulk,SHLl(Bm(P))

< C\llafiller (s, ) + Nkl s, @) + ||ﬁ1k72||L1<Bm<p>>}

<cC. (2.9)
From (Z8)-([2Z3), we have
2p1hie™s2tiRs < O in B, /o (p). (2.10)

By (Z.0), (2I0) and Hélder inequality, we obtain
et € L' (By, (p))

with §; > 0 independent of k. Similarly, we have
e € L' (By, (p))

with do > 0 independent of k. By using the standard elliptic estimate for the first
equation in (), we get [|@1x,1] L~ (B, 2(p)) is uniformly bounded. Combined
with (2.8) and 2.9), we have 11y, is uniformly bounded above in B (p). Following
a same process, we can also obtain iy is uniformly bounded above in B (p).
Hence, we finish the proof of the lemma. O

From Lemma 2] we get if p € &, either o1, > 2F or 03, > 2F. Thus [S] < oo.
Therefore G is discrete in M. In fact, in next lemma, we shall prove that if p € G;,

o;p must be positive.
Lemma 2.2. Ifp e &;, 0y > 0.

Proof. We prove it by contradiction. Without loss of generality, we assume o2, = 0.
First, we claim that there is a constant Cx > 0 that depends on the compact set
K such that

luir(z)| < Cx, Vo € K CC M\ &, i =1,2. (2.11)
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We only prove for ¢ = 1, the other one can be obtained similarly
urk () :/ G(z,z2) (2;)1(hlea“c — 1) — po(hoe™ — 1))
M
:/ G(,2) (201(mae™ — 1) — pa(hac™ — 1))
My
—|—/ G(z,z2) (2p1(h16711k — 1) — pa(hoe®r — 1)),
M\M,

where M7 = Upee B, (p) and rg is small enough to make K CC M \ M;. It is easy
to see that

/ G(z,z2) (Zpl(hleﬁ”“ — 1) — po(hoe®r — 1)) =0(1),
My
because G(z, z) is bounded due to the distance d(z,z) > do > 0 for z € My, and

x € K. In M\ My, we can see that @;; are bounded above by some constant depends
on g, then it is not difficult to obtain that

/ G(z,z) (2/)1(hleﬂ“c — 1) — pa(hoe™r — 1)) =0(1).
M\ M,
Therefore, we prove the claim. Since oo, = 0, we can find some ry, such that

/ pahge® < (2.12)
By (p)

for all k (passing to a subsequence if necessary) and ro < d(p,& \ {p}). On

9By (p), by @.II)

luik], |uek| < C on OB, (p). (2.13)
Let wy, satisfy the following equation
_ hie"lk H
Awy, = pl(fM hye1k 1) in B, (p)7 (214)
WE = U1k on 0By, (p).

We set wyp = wg1 + wga where wgi, wio satisfy

{ Awir = 755 i Bry(p),  wi =uw on 0By, (p),

2.15
Awgs = —p1 in By, (p), wrgr =0 on 0By, (p). ( )

By maximum principle, we have wg; < maxgpp, (p) Uik < C by 213) for z € B,,(p).
By elliptic estimate, we can easily get |wga| < C. Therefore,

wy < C, Ya € By (p). (2.16)
We set uor = fr1 + fre + wi, where fr1 and fio satisfy
Af}’cl = _2p2% in BTO (p)u fk:l =0 on aBTo (p)7
Afr2 = 2p2 in By (p),  fr2 =u2r —wir  on 0By, (p).
(2.17)

For the second equation in (2.1I7), we have

|fr2| < [uak| + |wi| = |ugk| + [uik| < C on 0B, (p),
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Thus | fr2| < C in B,,(p). We denote gi = e/+2+% then the first equation in (Z.16))

can be written as
h2egk 7 .
Afr1 4+ 2pa—————€'*1 =01in B,,(p), fr1 =0 on 0B,,(p). (2.18)
s hae2
By using the Jensen’s inequality, we have fM hoet2k > Celuuze > O > 0. We set

Vi = 2p2ﬂ and have V}, < O, this C' depends on r¢. Using [2.12)), we get

Jag hae2k?

I ®) Viefr <21 By [7, Corollary 3], we have |fx1| < C and
0

ok < fr1 + fro +wp < C.

This leads to oy, = uop — fM hoe"2t < (', which contradicts to the assumption oy
blows up at p. Thus we finish the proof of this lemma. O

By these two lemmas, we now begin to prove Theorem [[1]

Proof of Theorem [I1l We note that it is enough for us to prove 4;; is uniformly
bounded above. We shall prove it by contradiction.

First, we claim &; # 0. If not, 1y is uniformly bounded above and o) blows
up. We decompose ugy = Ugg,1 + U2k,2, Where ugy 1 and ugy o satisfies the following

Augg,1 — p1(hrtng — 1) =0, Joy w2k =0,
Augy, o + 2pa (2222 1) =0, Joy t2k2 =0,

7 u
Jap hare™2k:2

where ﬁgk = hge"?+1. By the LP estimate, usg,1 is bounded in W?2P for any p > 1.
Thus uyy, is bounded in C*® for any a € (0,1), after passing to a subsequence if
necessary, we gain usy,1 converges to ug in Che. As a consequence, ﬁgk — hoe in
Che, Since 1o, blows up, ugi and uok,2 both blow up. Then applying the result
of Li and Shafrir in [26], we have ps € 47N, which contradicts to our assumption.
Thus &1 # (. Similarly, we can prove that Gy # (0.

We note that our argument above can be applied to the local case, which yields
G1N Gy # (). Suppose &1 NS, = ). For any point p € G4, we consider the behavior
of uqy and ugy in By, (p), where rg is small enough such that B,,(p)N(&\ {p}) = 0.
We decompose tigy, = uak,3 + Uzk,4, Where ugy 3 and uoy 4 satisfy

{ Augg 3 — pl(h}eﬁlk -1)=0 in By, (p), Ugk3 =0 on 0B,,(p),
Augp 4 + 2p2(he re"*** —1) =0 in B, (p), Uok,a = U2, on 0By, (p),
(2.19)

where }ngyk = hge"2r:3. By using 4 uniformly bounded from above in By, (p), we
have hsg ) converges in C1®(B,,(p)). Since uzy 4 blows up simply at p, we have

eu2k,4(p(k) )

Juaia — log ( — ) =e (2.20)

(1+ P2}~12,k(20(k)zle |z — p(k)]2)2

where ugg 4(p™) = maxp,_ () ugk4. @20) is proved in [] and [25]. From Z.20),

we have

Ugk,g — —00 in By ) \ {p} and pahoet2k — 47d, in By, (p), (2.21)
which implies

p2 = lim pghgeﬁ% = 47T|62|, (222)
k—oo Jar
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a contradiction to our assumption py ¢ 47N, so &1 N Sy # (.

Let p € &1 NGy, and 04p,% = 1,2 be the local masses of them at p. Applying
the result of Jost-Lin-Wang (Proposition 2.4 in [20]), we have (01,,092p) is one of
(2,4), (4,2) and (4,4). By the assumption (i¢), 01, = 2. Thus o9, = 4.

In the following, we claim w9 concentrate, i.e., g — —oo uniformly in any
compact set of M \ &3. Then,

pahoe™® — Ar Z 0q + 870, and py € 47N, (2.23)
9€62\{p}

which again yields a contradiction. This completes the proof of Theorem [[.TIl The
proof of this claim is given in Lemma 23] below. [

Lemma 2.3. Suppose u;i,i = 1,2 both blow up at p, and let 2 and 4 be the local
masses of Gy and Uy, respectively. Then @, — —o0 in By, (p) \ {p}.

Proof. If the claim is not true, we have tgx is bounded by some constant C' in
L*(0B,,(p)). Let fix = —p1(hie®* — 1) + 2py(hoe®* — 1) and 2 be the solution
of

—Az = fix in By, (p),
{ zp = —C on 0B, (P). (2.24)

Note that f1; — f1 uniformly in any compact set of B, (p)\{p} and the integration
of the RHS over By, (p) is 12w + o(1) as rg — 0. By maximum principle, Gz > 2

in B,,(p). In particular
/ et < / ek < oo,
Brg (p) Bry (p)

On the other hand, using Green representation formula for zj, we have

1 . _
zi(x) = —/ — In|z — y|(— p1(h1e™* — 1) + 2pa(hee™ — 1)) + O(1),
Bro(p) 27
(2.25)

0

where we used the regular part of the Green function is bounded. For any x €
B, (p) \ {p}, we denote the distance between z and p by 2r. From (2.25]), we have

1 . _
zp(x) = — / —In|z — y|(— p1(h1e™* — 1) + 2pa(hoe™ — 1)) + O(1)
By (p) 2

1 . _
= — / — In |$ — yl( — pP1 (hleulk — 1) + 2p2(h,26u2’c - 1))
By (p)B,(x) 2T

1 _ _
- / — Iz —y|( = pi(hie™* — 1) + 2p2(hoe™* — 1)) + O(1).
Bro (M)\Br(x) 2T

It is easy to see
‘ / In|z—y|(— p1(h1e®* — 1) 4 2py(hgel2r — 1))‘ <C,
Br (p)NB: ()

due to @, are uniformly bounded above in B,.(z), i = 1,2. Here C' depends only
on z. For y € B, (p) \ B-(z), we have |z —y| > r and

/ In [z—y|(—p1(h1e™* —1)+2ps(hoe™* —1)) = (127+0(1)) In|z—p|+O(1).
BTD(;D)\B"'(I)
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Therefore, we get zx () is uniformly bounded below by some constant that depends
on z only. Thus, we have z;, — z in C? (B, (p) \ {p}), where z satisfies

{ —Az=f1 in By(p)\{p}
z=-C on aBm(P)'

For ¢ € C§°(By, (p)),

lim " PAzy = /B ’ (p)(w(w) —(p))Azi + o(p)( /B fi+127)

k=400 By, 0 ()
:/ o(z) f1 + 12mp(p).
Br, (p)

Thus —Az = f1 + 127§,. Therefore, we have z(x) > GIOgLP‘ +O(1) as  — p,

lz—

which implies || Bro () e® = o0, a contradiction. Hence
0

Qg — —oo in By (p) \ {p}- (2.26)
O

Next, we prove Theorem and derive the shadow system ([IT).

Proof of Theorem [L2. As pi, — 4w, pax — p2 and pa ¢ 47N, we consider a
sequence of solutions (v1y, ver) to (ILT) such that maxps (v1g, ver) — +0o. We claim
max s (U1, tok) — +0o. Otherwise, @1y, tior are uniformly bounded above. From
Green representation theorem and LP estimate, we can get uig, ugr are uniformly
bounded. This implies vy, vo are uniformly bounded, which contradicts to our
assumption. Let &; denotes the blow up point of w;, i = 1,2 as before.

We claim G2 = () and &1 consists of one point only. Suppose first Sy # (.
From the proof of Theorem [[L1] if &; N &y = (), then @9, would concentrate,
ie., tgp — —00, Vo € M \ G2, which implies ps = limp— 40 fM hoe™* € 47N, a
contradiction. Thus &1 NGy # (. Suppose ¢ € §1NGS,, from Proposition 2.4 in [20]
and the condition p1x < 8w, we conclude 014 = 2, 024 = 4. By Lemma 2.3 we have
igx, concentrate, which implies pa € 47N, a contradiction again. Hence G5 = (). By
Lemma [Z2] gy is uniformly bounded from above in M. Since max s (U1, Uag) —
+o0, we get &1 # (). By the fact p1p — 47, we have &, contains only one point.

We write the equation for v;,, i = 1,2 as

Avyy + plk(% -1)=0,

AU% +p2k( hoe?V2k "Y1k . 1) —0.

" 2vgp —v
JMth 2k ~V1k

(2.27)

Since g, is uniformly bounded above, the second equation of (2227)) implies that
vy, is uniformly bounded in M and converges to some function 1w in C*(M).
From the first equation of (227)) and p1x — 47, v1x blows up at only one point, say
p e M.

We write the first equation in (2.27]) as

77,;@621)1"

(f hye2vik ~b=0 229
M

Avig + pik

where hy = hie=2c. We define 915 = vip — slog [y, hre?is. Due to the 'L

convergence of hy, ¥1y simply blows up at p by a result of Li [25] (one can also see
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[]), i.e., the following inequality holds:

ek

(1 + Plkﬁk(i(k))ekk |z _p(k)|2)

‘2171k — log 2‘ < ¢ for |z — p®| < 1o, (2.29)
where A\, = 201(p*)) = maXyep,, (p) 2V1k- By using this sharp estimate, we get

hle2'U1k_U2k

b1 — —oo in M\ {p}, plkW

— 4x6,, (2.30)

and
V(log(hle_%w) + 47 R(z, ) |z=p= 0, (2.31)
which proves (L&) and (L9).

In the following, we claim vg, — 3w in C**(M). From this claim and 228), it
is easy to get
vig — 87G(x, p) in CH(M \ {p}).
Combined with va, — $w in C**(M), we have w satisfies the following equation
h26w74ﬂ'G(z,p)
( w—4rG(x - 1)
fM h2€ ( 7]7)

Aw + 2py = 0. (2.32)

This proves (LI0). Therefore, we finish the proof of Theorem[[2l The proof of the
claim is given in the following Lemma[2.4] O

Lemma 2.4. Let vij,var be a sequence of blow up solutions of ([2-27), which vy
blows at p and v, — sw in CH*(M). Then vy, — 3w in C>*(M).

Proof. By ([229]), we have

[ Ak — log/ he?Uie| < c. (2.33)
M

To prove vop, — %w in C%%, we need the following estimate
e
h(p)erk
(1 + 2o (f)e |z —
where ([2.34)) comes from the error estimate of [10, Lemma 4.1]. We write
h2e2v2k—vlk _ hze—vlke2v2k_
By [229) and (234, it is not difficult to show

V(hye %) € L®(M).

‘2Vf}1;C —V(log |2)2)‘ < ¢ for |z — p| < ro, (2.34)

Therefore, by classical elliptic regularity and Sobolev inequality, we can show that
1
U2k = SW in G for any a € (0,1). (2.35)

Then we finished the proof of this lemma. (|

After deriving the shadow system ([LTT]), we show the non-degeneracy of (LI2)
by applying the well-known transversality theorem.
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For convenience, we write (IL12) as

T o G(z.p)—Fo(x)
Aw 2’)2(1‘ hge? ST OG- Ro@) 1) =o. (2.36)
V(log(hje™ ") + 4nR(z, ) + F;(x)) |y—po= 0, i = 1,2,--- ;m,
where
Fo(z) =4m ) ByGlz,q) +4m Y (1 +ay)G(z,q),
q€eS2 qeS
and

Fi(z) =8 Z G(a:,p?) + 871 Z(l +aq)G(x,q) —4m Z a,G(z, q).
J=Lj#i qes qES:
In order to show (230 has a non-degenerate solution, we need the following theo-
rem, which can be found in [I], [46] and references therein. First, we recall that

Theorem 2.5. Let F : H x B — £ be a C* map. H, B and & Banach manifolds
with H and & separable. If 0 is a reqular value of F and F, = F(-,b) is a Fredholm

map of index < k, then the set {b € B : 0 is a regular value of Fy} is residual in
B.

We say y € & is a regular value if every point * € F~!(y) is a regular point,
where x € H x B is a regular point of I if D, F : Ty,(H x B) = Tp(4)€ is onto. We
say a set A is a residual set if A is a countable intersection of open dense sets, see
[1], which implies A is dense in B (B is a Banach space), see [21].

Following the notations in Theorem 2.5 we denote
H=(M"\T™) x WP (M), B=C>*(M) x C>*(M), &= (R})™ x WOP(M),
where

M,=M\S1, T ={(z1,22, - ,Tm) | ;i € My, x; = x; for some i = j},

W= {few | [ f-o woran = {rerr| [ r-o}

and
C**(M) = {f € C**(M)}.

Remark 1. Clearly, Theorem is local in nature. Even though M™\ T, is not
a complete manifold, we can follow the proof of the Transversality Theorem in [46]
with minor modification to get Theorem 25| see [46] [47].

We consider the map
hew—4m Tiy G(x,p9)—Fo ()

Lar hyew 4T =M G(@p))-Fo(z) 1)

T(w, Py, b, ) = | V1o (hie™2" +4aR(z ) ) + VAW | (2.37)

Aw + 2po(

Vlog (hie " + 4nR(x,2)) (p),) + VFu (p5,)
Clearly, T is C'. Next, we claim
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i) T(-,-,hi,h3) is a Fredholm map of index 0,
1,12
(ii) 0 is a regular value of T.

For the first claim, after computation, we get

To(waP’w,hfvh’;)[gba Viy«-
Tl(w7PW7hT7h§)[¢u Uiy«

T&,Pw(vawahfvh;)[gb; Uiy 7Vm] =

Tm(vawahfvh’;)[gba Viy«-

where

17
s V]
s V]
s Vi)
(2.38)

i h
To(w,Pu”hT, h2)[¢7 Vi, 7Vm] :A¢ + 2p2?¢ - 2p2A7w
M

+ 8mp2 / B2ewVG($7P?) Vi,
Z fM hgew M

Ti(w, Po, b, h3) b, 1, -+ o] =V2(log hie 2% + AnR(z, x) + F}) |, 0 Vi

+.7:i—%v¢(p?) fori=1,2,---,m

where
iLQ = h;e_élﬂ'zll G(I,p?)—Fg(m)

and

F; =8 Z V2G(pY, x) |- =0 V)

Jj=1,5#1
We decompose
T01 T02
, T T12
wa[¢aV15"'7Vm]: : [¢5V15"'7Vm]+ : [(bvylv"'
Tml Tm2
where
. 1 hoe hoe®
Tor(w, Py, b5 1) 6,01, Vi) = A+ 200 ——¢ — 2p3—————
fM hoew (IM hoe®
* * < th 0
TO?(w7Pw7h17h2)[¢7 Viy,t 0y = _SWpQZ xupi)yi
fM h2

)

 Uml, (2.39)

+ 8mp2 /}AlzewVG(fF,pZQ)Vi,
Z thQew M

Tilzou E2:E7 fori=1,2,---,m



18 CHANG-SHOU LIN, JUNCHENG WEI, AND WEN YANG

To1 To2
111 T12

We define ¥ = . and T, = . . We can easily see that T; is sym-
Tml Tm2

metric, it follows from the basic theory of elliptic operators that ¥; is a Fredholm
operator of index 0. Combining the Sobolev inequality and (R?)™ is a finite Eu-
clidean space, we can show that Ty is a compact operator. Therefore, by the
standard linear operator theory [21], we get T; 4+ T2 is also a Fredholm linear oper-
ator with index 0. Hence, we prove the first claim that T is a Fredholm map with
index 0.

It remains to show that 0 is a regular value. We derive the differentiation of the
operator T with respect to hj and A3,

0
Vhi
S (00) — gz Hi(p9)

/ x px G
Th’{(valmhlth)[Hl] = .

Vh
V;gl () — w2 (pn)

and
e S e
T}, (w, Py, b, h3) [ Ha) = !
0
By choosing 11 = v = -+ = v, = 0, and H; such that Vh{{{l — %Hl = %V(b at

p?,i:1,2,-~- ,m. We get
T;,Pw(vaw;h?jvh;)[gba Vi, 7V’m] +T};,1(wapw7hj{ah§)[Hl]
A+ 2pp 25— — 2p, M2 [ hoetp

fM hoew (fM ;Lgew)z
B 0
0
Next, we claim that the vector space spanned by Ty, p (w, Py, hi, h3)[¢,v1,- -+, vm],
f
0 .
Ty, (w, Py, b, h3)[H1] and Ty, (w, Py, b, h3)[Ho] contains | .| forall f € wop,
0

It is enough for us to prove that only ¢ = 0 can satisfy

}Algew iLQGw / ~
€ Kerq A - +2 - - =2 = hae® -
¢ I'{ p2 fM h,28w p2 (IM h2€w>2 M 2€ }

and

hoe® H hoe . L H
<¢a 2p272ﬁ *2 - 2p27%e / hoe® *2> =0,
fM hoe® hz (fM hgew)2 M h2
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for all Hy € C%*(M). We set

hoev hoe® .
L:A-+2p2L-—2p2?7e/ hoe® -
Tty hae? I

Using ¢ € Ker(L), we obtain that for any Hy € WOP(M),

19

/ (A¢+2p2%¢—2 L/ ﬁze%)-ﬁzzo, (2.40)
M M

P2 =
Jar hae (fa hoev)?
ince C* is dense in ’ an
Si C%(M) is d in WO (M d

wo_ }AL w . .
(62002, — 20y "2 / hac T ) =0,
fM hae® (fM haew)? Jur
we deduce
/ A¢p-Hy =0, Y Hyec WOP(M). (2.41)
M
Thus
A¢=0in M, / é=0. (2.42)
M

So ¢ = 0. Therefore the claim is proved.

On the other hand, we choose two functions, H; ; and H; 2 such that
Hyi(p)) =0,VHy(p}) =0, 2<j<m, i=1,2
Based on this choice, we can further make such Hy ;,¢ = 1,2 that

VH171 0 Vhi
* py)— *
FRCANTHE

Hl,l(p?) = (17 0),

and VH Vhi
1,2, 0 1 0
— H =(0,1).
h»{ (pl) (h»{)g 1,2(]91) ( ) )
Then it is not difficult to see that (By setting ¢ = 0,11 =vo =--- =1, =0)
0
c

0| ¢ DT(w, Py, 1, h3) (6,11, v, Hi, Ho)
0

for all ¢ € R2. Similarly, we can show

¢
2 CDT(w7Pw7hT5h§)[¢7V17"'7Vm;H17H2]

Cm

for all ¢; € R?, i = 1,2,--- ,m. Therefore, we proved that the differential map is

onto. As a consequence, 0 is a regular point of T. By Theorem 2.5, we have

{( 1,h3) € B:0is a regular value of T'(-, -, hJ, h;)}
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is residual in B. Since T'(w, Py, h¥, h%) is a Fredholm map of index 0 for fixed h7, h3,
we have

{(h’{, h3) € B : the solution (w, Py) of T'(-,-,hi,h3) =0is nondegenerate}

is residual in B. Thus, we can choose hj, h5 > 0 such that the solution of (TI2) is
non-degenerate.

3. APRIORI ESTIMATE

In this section, we shall prove that all the blow up solutions of (7)) must be
contained in the set S, (p,w) x Sy, (p,w) when p1 — 4w, ps ¢ 47N, where the
definition of S,, (p,w),7 = 1,2 is given in (I14)) and BI5)) of this section.

To simplify our description, we may assume M has a flat metric near a neigh-
borhood of each blow up point. Of course we can modify our arguments without
any difficulty for the general case, as in [I1].

We start to define the set S, (p, w). For any given non-degenerate solution (p, w)

of (LII)), we set
h=hie 2%, (3.1)
Note that
Va(logh + 4T R(,2)) |o=p= Va(logh(z) + 87T R(,p)) |s=p= 0, (3.2)

whenever (p,w) is a solution of shadow system ([LII]). For ¢ such that |¢ — p| < 1
and large A > 0, we set

h
U(z) =X —2log (1+ plT(q)eAh:—qP), (3.3)
and U (x) satisfies the following equation

AU (z) +2p1h(q)eV =0in R?, U(q) = max Ux) = A (3.4)

Let
H(z) =exp { log Mz) + 87R(x,q) — 87R(q q)} -1 (3.5)

h(q) ) ) )
and

p1h(q)
s=A+2log| ——=) +87R(q,q) +
e (257) (@a)+ 7

Let o¢(t) be a cut-off function:

B 1, if |t| <To,
oo(t) = { 0, if |t| > 2r.

Set o(x) = o¢(Jz — ¢|) and

{ (H(x) - VHG) - (2 —p)o. € Ban(a),
J("”)‘{t(x Prioope o ¢ ol
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Let n(x) satisfy
An+2p1h(q)e? (n+ J(x)) =0 on R2
(3.7)
n(q) =0,Vn(q) = 0.

The existence of 1 was proved in [IT]. Furthermore, we have the following lemma

Lemma 3.1. Let R = \/%(q)e)‘. For h € C**(M) and large \. there exists a
solution n satisfying (3-7) and the following

(i) n(w) = — 222 Alog(Rlz — | + 2)]> + O(\e ™) on Bar,(q),

(ii) 1, Van, Ogn, 01, V0gn, Vo0an = O(A\2e™*) on Bay, (q).

The proof of Lemma [B.] was given in [I1].

We set
vg(@) = (U) + (@) + 87(R(z.q) = Rlg, ) +5)o(x)
X +87G(x,q)(1 — o(x)), (3.8)
Vg = 1ar7 Jr Vo>
Vg xa = a(vg — Vg).

Note that vy(z) depends on ¢ and A. Next, we define O((;))\ and O((Z?))\:

O ={s e | / w)-wq:/ v¢-vaqvq:/ V- Vo, =0},
’ M M M

(3.9)
and
o) = {w € W2P (M) ‘ /w = o}, p>2. (3.10)
For each (g, \), we define
pih(q)  AH(q) 5 5 _
t=X+87R(q,q)+ 2lo + Ne "t —1,. 3.11
For p1 # 4m, we define A\(p1) such that
oy — = Alogh(p) 4+ 8t — 2K (p) Apr)e o), (3.12)

h(p)

where (p, w) is the non-degenerate solution of (I.I]) and K (p) denotes the Gaussian
curvature of p. By using the equation (LI0), we have e~ 4"¢@P) | _ = 0 and
Aw(p) = 2ps. Thus

Alog h(p) + 87 — 2K (p) =Alog hy(p) — pa + 87 — 2K (p). (3.13)
Obviously, A(p1) can be well-defined only if
Aloghy(p) — p2 + 81 — 2K (p) # 0.

Let ¢ be a positive constant, which will be chosen later. By using p;, we set

1 B -
Sp, (p,w) = {vl = Sgra +¢ | la—pl < eMpr)e ™ A= A(p1)] < eXp1) ™,
_1

la — 1] < eX(p1) " 2e 2P ¢ e 01(1,1))\ and ||| 1 (ar) < c)\(pl)e—,\(pl)}
(3.14)
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and

1
Spa(pw) = {v2 = w9 | ¥ € O and ¥l < eA(p)e V], (3.15)

where (|9« = [[¥[lwz.p (ar) -

Now suppose (v1k, vax) is a sequence of bubbling solutions of (7)) such that vy
blows up at p and weakly converges to 47G(x,p), while vop, — 2w in C**(M).

2
Then we want to prove that

(Ulkvv?k) € S/h (pvw) X sz (p7 w)

First of all, we prove the following lemma.

Lemma 3.2. Let (vig,var) be a sequence of blow up solutions of (1.7), which vig
blows up at p, weakly converges to 4wG(x,p) and vep — %w in C%%(M). Suppose
(p,w) is a non-degenerate solution of (LI1l) and

Alog hi(p) — p2 + 8w — 2K (p) # 0. (3.16)
Then there exist ¢ > 0, qx, Ak, ak, Pk, Vi such that

1 1
Ulk} - §’qu,)\k,ak + ¢k77 U2]€ = Ew + wkH (3'17)

and (vik; Vak) € Sp, (P, w) X Sp, (P, w).

Remark 2. Because the proof of this lemma is very long, we describe the process
briefly. First of all, we have to obtain a good approximation of vig. Since wvog
converges to %w in C%%(M), this fine estimate can be obtained by the same proof
in Lemma [I0]. Next, we substitute v1; into the second equation of vag. Then we
use the non-degeneracy of (LI)) to get the sharp estimates of ¢y, and |gx —p|, where
P = Vo — %w and g is the point where vy, obtains its maximal value. After that,
we get the lemma. In the following proof, we use the same notation as the proof of
Theorem

Proof. Let v1 and ve, be a sequence of blow up solutions of (L7).

6211 —v
Aowe + pun(7, oamr—r — 1) =0 (3.18)

AU% +p2k( hoe?V2k Y1k . 1) —0.

" 2vgp —v
JM hoe?V2k ~V1k

For convenience, we write the first equation in (3I8)) as,

ﬁ 201k
Aviy, + pri(e—— 1) =0, (3.19)
fQ hk€2vlk
where )
hi = hie "** = he ¥* and P = Vo — §w (3.20)

Since hy — h in C?*(M), all the estimates in [I0] can be applied to our case
here, although in [I0] the coefficient hy is independent of k. In the followings (up
to ([B28)) below), we sketch the estimates in [10, [IT] which will be used here. We
denote g to be the maximal point of U1 near p, where U1 = v — % log fM Bke%lk.
Let

>‘k = 261]@(‘?]@) — 10g/ iLk62U1k.
M
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In the local coordinate near g, we set

~ eAk

Uk(z) = log

(1+ Plkh:(qk)ekkh: _ qk|2)2'

where ¢ is chosen such that
VU(Gr) = Vlog h(d),
clearly |gx — Gx| = O(e~**). Then the error term inside B,,(gx) is set by

fie(z) = 201, — Ur(y) — (87R(z, qi) — 8TR(qk, qr.)), (3.21)
and the error term outside By, (gx) is set by
&k(x) = 2u1k(z) — 87G(x, gx)- (3.22)
By Green’s representation for vy, it is not difficult to obtain
Ee(x) = O(Mge ) for x € M\ By (qx). (3.23)
By a straightforward computation, the error term 7j; satisfies
Afig + 2p1ihue (qr ) e Hi(x, i) = 0, (3.24)
where
2 _ h ()
Hy(z,t) = exp{log = + 87 (R(z, qr) — R(qr, qr)) +t} — 1
hi (qr)
=Hy(x) +t+ O(|t*),
and
h
Hyi(z) = exp { log = k(@) + 87 R(x, q) — 87 R(qx, qk)} —1.
hu(qr)

We see that except for the higher-order term O(|7jx|?), equation (3.24)) is exactly
like 3.7). By Lemma Bl we can prove

- 4 _
’I]k(I) = —7A10g Hk(Qk) k[lOg(RkL’E — qk| + 2)]2 + O()\ke Ak) (325)
p1rhi(qr)
for x € Bay,(qi), where Ry, = Me
From [I0, Theorem 1.1, Theorem 1 4 and Lemma 5.4], we have

Alog hk(Qk) + 81 — 2K(qk)

p1x — 4m = 2 e M 4 O(e™ ), (3.26)
hi(qr)
= h AH,
201 + Mg + 210g plka(qk) -+ 87r]{(ql€7 qk) + M)\ie—)\k _ O()\ke_)"“),
piihi(qr)
(3.27)
and

|V Hy(gi)| = O(Are ™). (3.28)

Now we let 7, be defined as in (87), v, and vg, x,.q, be defined as in ([B.8)) with
q=qi, A=\, and a = a = 1. By Lemma 3] 23] and 328), we have

ne(z) = ik + O(Ape ™) for = € Bay, (qi). (3.29)
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Note that for « € B, (qx),

Plkﬁk(%)

Vg Amoan :Uk(:t) + ni(z) + (87rR(x, qr) — 87 R(qx, qk)) + M\ +2log 1

A‘E{k(qk) Aie—kk —

+ 87TR(qka Qk) + — Vg
p1ehi(qr)

where T, denotes the average of vy, . From [I1l Lemma 2.2 and Lemma 2.3], we
have

Vg, — 4A7G(z, q) = O()\ke_’\’“) in M\ Bay,(qx), and 7y, = O()\ke_’\"). (3.30)
By @20), @20, B29) and @30), we have

~ 7 2v
201, — Vap, Ak,ak =201 +/ hpe”™* — Uqr, Ak, an

M
=201y, — Uy, — (87R(z,z) — 87 R(z, qi)) — ni(z) + O(Ape *)
=i (z) — mp(z) + OApe %) = O(A\pe™*) (3.31)

for x € By, (qx). For x € M \ Bay,(qr), by (8:22) and [B.30), we get
201k — Vg A0 = 201k — 8TG (2, qi) — (vg, — 87G(z, qi)) + Tg, = O(/\kef)‘k).

For the intermediate domain Ba,,(qx) \ Br,(qx), following a similar way, we can
obtain that 2vi — vg Ap.ar = O(Age ?*). Thus, we find a good approximation
%qu,/\k,ak for v1g. For convenience, we write

1 N
Uik = 5 Va0, Ak ax + ¢k, where [¢x||Lo(ar) < EAxe *, (332)

where ¢ is independent of .
Next, we substitute (332) and var = 3w+ 1 into the second equation of [BIR),
after computation, we obtain

Ly, =11 + 15 + I3, / P =0, (333)
M

where
h2ew747rG(m,p)

Loy, =Avy, + 2p2 T, hae—Clp)

(o

hoew—4mG(z.p) w—47G(z,p)
— 2p2 (fM h2ew_4wG(m,p))2 /M(h2€ wk:)

h]2ew747rG(m,p)
fM h26w74ﬂ'G(z,p) (VG({E,p)(qk - p))

ha ew—4ﬂ'G(m,p)

(fM h2ew—4ﬂ'G(m,p))

— 41 pa

+ 4w po B / (h2ew_4ﬂc(myp)(VG(xvp)(qk - p)))?
M

h26w+2wk—v1k h26w+2'¢k_4ﬂ'G(lﬂ7Qk)

I =—p2 fM hoewt2dr—vuk t fM hoewt2vk—4nG(w,qx)’
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h2ew—47rG(;E,p) h2ew+2wk—47rG(;E,p)

Iy =p2 fM h2ew_4ﬂ.c(m)p) — P2 fM h2ew+21/;k—47rG(w,p)

h26w74ﬂ'G(z,p)
fM h2ew747rG(m,p) U)k

+ 2p2

hzew_MG(w,p) w—47G (z,p)
— 2p2 (fM h2ew,4ﬂ-G(m7p))2 /M(th wk)u

and

h2ew+2wk—4ﬂ'G(m,qk) h2ew+2wk—47rG(;E,p)
= +
P2 fM hoewT2¢k—4rG(z,qx) P2 fM hoew+2¢s—4nG(z,p)

I3

h26w74ﬂ'G(z,p)
— 4mps [ hyen D (VG(z,p)(qr — p))

h2ew—47rG(;E,p)

(fM h2ew74ﬂ'G(z,p))

+ 47 2 / (hoe =P (VG (2, p)(ak —p)))-
M

We shall analyze the right hand side of (833 term by term in the following. For
I;, we set

1
¢ = exp (w + 2¢, — 4w G(x, qk)) — exp (w + 29y, — quk}hak - ¢k)

For x € M\ By, (qr). We see that the difference between 47G(z, ¢i) and vg, A,,ax
is of order A\e~**. As a consequence, & = O(A\ze™*).
For z € By, (qk),

ArG(z, qr) — %vqk,,\k,ak =47G(z, qi) — 47 R(z, qi) — 1og(p1~hk€+’“)6/\k)
+log(1 + MVC = axl?) = A
— %(nk + %2\% )+ O(Age ™)
4
zlog(plﬁk(qk)e;\k ol 1)
- %(”k * %%) +O(Ae ™).

Since ¢1, = O(A\re™M*),

1 1 _
€Xp (w + 2y — 5”‘1kv)\k;ak - ¢/€) = exp (w + 2 — 5’0%7)%7%) + O()‘ke )\k)'
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Then, we have
exp (w + 2¢ — 4G (z, q)) — exp (w + 205 — %Uq,c,,\,wa,c — ¢)
= exp (w+ 2¢x — 47G(z, qi)) — exp (w + 20, — %qu,/\k,ak) + O(\ge )

1
= exp (w+ 2¢p — 47G(z, q)) (1 — exp (47G(z, q1) — §UQk,>\k;ak)) + O(Are ™)
4
- + 24y, — 4nG(x, 1— log(l4 ————
exp (w Vg, 7Gx qk)) ( exp [ og( PRI

AHi(qr) A7 Y
+m%+;i@559+maekﬂ)

Ak
2 ), we have

When |z — qi| = O(e™

exp (w + 2¢y, — 47G(z, q1)) = O(e™ ™),

and
4 AH(qr) A, A —2
log(l+ —————) + O(nx + ———~—7) = O(log(e” [z — qx| 7)),
prhrers|z — qil? pihi(gr) € ( )
hence

Ak

€ = O(\ge ) for |z — qp| = O(e™ 2).

Ak

When |z — x| > e~ 2, then

4 AHy(qr) A, N
1—exp(log(l+ ———————)+0(m + ———252)) + O(Mge™ )
( prhrers |z — qil? p1h(qi) € )
- 0(—4 + e M),

Plﬁke’\"|$ — qx|?
as a result, we have
A 2k
¢ =0\e ™) forrg > |z —qr| >e 2.

Thus, ||€1]|Le(ar) = O(Are™**). This implies I; = O(Ae™**).
For the second term, it is easy to see that Iy = O(]|1x||«). It remains to estimate
I3. We divide it into three parts.

I3 = I31 + I35 + I35,

where
h2ew+21/)k—47rG(m,qk) h2ew+2wk—4ﬂ'G(m,p)
I31 =~ p2 fM hoewt+2¢k—47G(,qx) P2 fM hyew+2¢y—4nG(z,p)

h2ew+2¢k*4ﬂ'G(sz)
e T, haewt20—irGlap) (VG(.p)ax = p)),

h2€w+2wk_4ﬂ-G(m’p) w+2v¢—47G(z,p)
I M (s (VG(wp)ar — 1)),
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h2ew_47"c(w»?) w—4nG(z
([, haev—3mCp))2 /M (h26 PN (VG (@, p)(ar — p)))

h2€w+2wk74ﬂ'c(m’p) w2 —4nG(z,p)
e (fM h26w+2¢k*4ﬂ'G(11p))2 /M (hgﬁ ' (VG (z,p)lar = p))),

32 =4mpo

and
h2€w+2wk —4nG(x,p)

fM h26w+21/)k —47G(z,p)

I35 =47ps (VG(LL‘, p) (Qk - p))

h2ew747rG(m,p)
e fM hopew—4nG(z,p) (VG(x,p)(qk - p))

It is not difficult to see

Is1 = O(lar — pI*), Is2 = O(D)|[¥]llax — pl, Lss = OQ)|[¥]l«lax — pl.
Then [B33]) can be written as

L) = o()[|voxll« + O(lvnllZ + Aee™ ™) + O(Ip — qi|?). (3.34)
By the definition of Hj and B28), we have
VHy(qr) = Vg h(qr) — V(qr) + 87V R(qr, qr) = O(Ape ). (3.35)

By 32) and [B3%]), we have

V?(log h(p) + 87 R(p, p)) (ar — p) — Vor(p) =V1og h(gr) — Ve (gx) + 87V R(gx, gr)
— (Vlog h(p) + 87V R(p,p))
+ Vo (ar) — Vibr(p)

+0(p—dl*)
=VHy(qx) — VH(p) + O(|lp — q|"[|¢k]]+)
+O0(lp — q*), (3.36)

where v depends on p. We note that VH(p) = 0. From (B34)-3.36) and the
non-degeneracy of p, w, we obtain

[rcll + 12 = ax| < COke™ + oDl + ¥l + [p — arl), (3.37)
where C' is a generic constant, independent of k and . Therefore, we have
Yk = O(Ake ™), [p—qr] = O(Awe ). (3.38)

As a conclusion of (B12), (328) and (338]), we have

Ae = Ap1) = O(M(p1)™h), i = h+ O(MNp1)e ), |gx — p| = O(A(p1)e V)
(3.39)
and

1
Uk — W = O(A(p1)e M), (3.40)

We replace hy, by h in the definition of vy, we denote the new terms by v,. By

B3]), we have
Vo = vg = O(A(pr)e00),
We set

Vg, \,a = Vg — Ug. (3.41)
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By (332) and (34I]), we gain
1 _
Uik = 50xa = O(A(p1)e Aen), (3.42)

By [11, Lemma 3.2], if we choose ¢ in S,, (p, w) big enough, there exists triplet
(¢*, A*,a*) and ¢* € Oé?v such that
1
Uik = 50 A" a* + o5, (3.43)
where ¢*, A*, a* satisfy the condition in S,, (p, w). Therefore, we proved

(Ulkvv?k) € S/h (pvw) X sz (p7 w)

In conclusion, we have the following Theorem,

Theorem 3.3. Suppose hi, ho are two positive C> function on M such that any
solution (p, w) of (L)) is non-degenerate and Aloghy(p)—p2+8m # 0. Then there
exists eg > 0 and C > 0 such that for any solution of (I.7) with p1 € (4w — g, 47 +
€0), p2 ¢ AN, either |vi], jva| < C,Vx € M or (vi,v2) € Sy, (p,w) X Sp, (p,w) for
some solution (p,w) of (I11).

4. APPROXIMATE BLOW UP SOLUTION

In the following two sections. We shall construct the blow up solutions of ()
in general case when

p1— ps = 4dmm 4+ 47TZaq and ps ¢ Xs. (4.1)
qes

The construction of such bubbling solution is based on a non-degenerate solution of
(CI2). For a given non-degenerate solution (P, w) of (I2). We define the space
S, (Q,w), Sy, (Q,w) for v1 and va respectively, where the definition of S,, (Q, w)
is given in (£23)-@24). These two sets are generalization of the one defined in
the previous section. Our aim is to compute the degree of the following nonlinear
operator

h 821;171;2
Vi) Ay 2p1(fM1h1e2vw2 -1
v (_ ) hoe?v2— V1
2 ZPQ(IM hoe2v2 =71 - 1)
in the space S,, (Q,w) X S,,(Q,w).
For a give non-degenerate solution (p,,w) of (L12). We define
Q=P,US={pl,p3,- .pp}US, PuNSi =0, 5CS.
In order to simplify our notation, we relabel the index in @ and set

Q = {p(l)vpgv"' 7p?1}7 n=m-+ |S|
and

a; =0for 1 <i<m, Qi = Qo 1<i<n-—m.
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For each point p} in @, we set
G () =87T((1+aj)R(x,p?)+ 3 (1+ai)G($,p?)>, j=1,2,--,n. (4.2)
1<i<n,itj

We only consider the case S # 0, because the construction for the case S = 0 is
similar. we may assume (relabeling the index if necessary)

Om+41 = = Om4] > Op+1+4+1 Z e Z Am+n

We use G associate with @ to define I(Q) as follows.

by, ()ps | r GOD . 0 . 0
Q= > (g e (Aloghie ™)) +2p. = N* 2K (r1)),
j=m+1

(4.3)

where K (p) is the Gaussian curvature at p, p, = 4w 2?21 (Ihaj), N* =473 es, O
and
2= ol he), m 1< g <n

Let P = (p1,p2,- - ,pn) with |p; —p?| < 1 for 1 < i < m and p; = p? for

m < ¢ < n. For large \; >0, j=1,2,---,n, we set
p1hy, (p;) A 2(1+a;
Uj(;v)z)\j—210g(1+74(1+]aj)26 |z — p;[PHe)). (4.4)

These Uj(z) satisfy the following equation
AU;(z) + 2p1hy, (pj)e =0in R?,  Uj(p;) = max Uj(z) = Aj, (4.5)
By using hy, (x), we define Hj;(x,1t),

hpj (‘T + pj)

Hj(z,t) = exp { log )
p; \Pj

+ (G5 (@ +p;) = Gi(py)) +t} — 1, (4.6)

For convenience, we set
J:{1,2,"',TL}, J1:{1527"'7m}7 J2:{m+15m+275m+l}

Next, we construct the error terms near each point p; for j € J>. With out loss
of generality, we may assume VH,(0,0) = (e;,0). Let Q(z) = 4 (V?log[H,(0,0) +
1z, :E) Then the Taylor expansion gives

hp; (z + pj
log % + G (x +pj) — Gi(p;) = ejz1 + Q(z) + higher order,  (4.7)
p; \Pj
and
1
Hy(a,t) = e5o1 + 4+ Q@) + w(ejor + 02 + O(af +15).  (48)

2
For j € Jo, we let (1 ;(y) and (2 ;(y) be the solutions of

{ AG () + 2p1hy, (9)ly 7€ W (G5 () + ejy1) = 0 in R, (4.9)
¢i(0) =0, [¢1;(®)] = O(ly|~>*7) at oo,



30 CHANG-SHOU LIN, JUNCHENG WEI, AND WEN YANG

and

{ G (9) + 2p1hp, ()220 (G (4) + Q) + ey + Gry(y)?) = 0 in B2,
(2,;(0) =0, [¢,;(y)| = O(logy|) at oo,
(4.10)
where b (p)
P1itp; \Dj 2(1+ay
Ul(y) = —21 (1 Pl Pi) 120+ J>).
i) ¢\t fitay) [yl
Aj

The existence of ¢; ; and (2 ; has been proved in section 3 of [12]. Set €; = e 27,
For j € J\ J1, we define

ni(z) = ejclyj(ej_la:) + e?(zyj(ej_lx) for |z| < 2. (4.11)
By @), @) and @I, 1 satisfes,
An; + 2p1hy, (p))|a — p| > €% @ H; (2, m;) = 0, (4.12)

where

] 1 2 1 2 —1 2

Hj(z, 1) =ejar +nj + Q) + (€21 +1;)" = 5(€jC24(e; 7))
— €5Ga,5(€; "x) (51 + €5C14(€; ).

If j € J1, we set n; = 0.

For j € J, we let

plh (p) d: B ,\j.
S5 = /\j + 2log (4(1_1;_#])2) + 87T(1 + Oéj)R(pjapj) + m)\je TFa; : (4'13)
/ J
where
i A1+ ay)?\ e L
dj = : 3 J 7% (Alog(hfe 2% p+2 *_N*_2Kp :

if jeJ\ Ji,and d; =0 for j € Jy.

Let o(z) be a cut-off function:
1, if x| < o,
o(z) = { 0, if |z| > 27,

and o;(x) = o(x — p;). We set

vp, (@) Z(Uj(fﬂ) +n5(x) +87(1 + a;)(R(z, pj) — R(pj, ps)) + Sj)Uj(fE)
+87m(1 + )G (z,p;)(1 — oj). (4.14)
A A
We note that n; (x)+ )\jefrz‘i = O(efr‘if) ifm+l<j<nandz|>d>0
for some 6 > 0.
Next, we state two lemmas that shall be used later. One can see [12] for a proof

d;
2(1-‘1—0[]')

Lemma 4.1. Let §;(x) = vy, (x) —8m(14+a;)G(x,pj). Then forro < |z —p;| < 21,
the followings hold,

&(x), Az&(x) are O(e_TZ"j)_
), V& (), Ar&j(z) are O(Nje=2).

(1) Form+1<j<n, &(x),05(2), Vs
(2) For 1< j <m, &(x),0p,&(x),00&(x
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and

Lemma 4.2. For v,,, we have

A

(1) Form+1<j<n, [, vp,, [o; 0 0p, = ()((frtjlj)7
(2) For 1<j<m, [y, vp,, [oy 00 0p,s [oy 0,0, (x) = O(Nje™).

Now we are going to construct a good approximation of the blow up solution to

([T™@). For each
P= (p17p27"' 7pn)7A: ()‘17)‘27"' 7)‘71) S ]Rn7A: (a17a27"' 7an) S ]Rna

we set
n
UP,A,A § 'Up] Up]

where vy, is constructed in ([.14) and T,; denotes the average of v,,. We define

t»:)\<+G’f(p»)+210g(p*hpj(pj>)—i— 4 A»e_%—iﬁ forl<j<n
J J g \&J 4(1 + aj)Q 2(1 4 Oéj) J — Pj =J =
(4.15)
We recall the term [(Q) :
hy (P0)ps 1 Si®D . .
UQ) =Y (TH-lg) i e T (Alog(hie™ 2)(p)) + 2p. — N* = 2K (1)),
jeg, A+ a)
(4.16)
In the proof, we assume
UQ) #0, (4.17)
and then define A(P) by
2 4(1 4 apy1)? 2 Ot Pmin) — )

1= = )T T (@) T

(1 + Ozm+1) sin ﬁ p*hpm+1 (p9n+1
(4.18)

Remark 3. We note that the main components in [(Q) are
Alog(he™>")(p))+2p.— N* —2K (p) = Alog hj — pa+2p.— N*—2K (p). (4.19)

For h}, h3, using Theorem 25, we can find a dense set in C%%(M) x C*%(M) to
make all the solutions (P,,w) of (I.I2) non-degenerate. Based on this choice, we
can choose such h] that

|Aloghy — p2 — 2K || o (ary < [2p« — N™|, if 2p. — N*™ #0,

|Aloghy — 2K || Ly < p2, if 2p, — N* =0, (4.20)

where p, and N* are given in (£3). In conclusion, we can always choose hi, h}
such that the solutions of (.12 are non-degenerate and the term [(Q) # 0.
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For each P, A, we define the following function space
oL, :{¢ e H' (M) ‘ / Vo - Vo, :/ Vo -V, v, :/ V-V, vy, =0
' M M M

for 1 <j <m, and/ V¢~va].:/ V¢ -Vorvp, =0
M

M
form+1<j< n} (4.21)
and
o), = {w e W2P(M) ‘ / b= o}. (4.22)
M

Let ¢y be a positive constant, which will be chosen later. By using ([@I14), (£I5),
HEIy), @E21) and [@22), we define

1 AP )
S (@, w) :{Ul = VPAA +¢ ‘ lpj — )| < coe” TFomit for 1 < j < m,
__ AP
Amt1 — AMP)| < coMP)7Y, |tj —t1] < cpe” Tomtt for 2 < j <,

ey
jaj — 1] < coA(P)"%e” Femit for 1 < j <n,

o) — A
¢ € Op)y and |[9]|gr(ary < coe TFom } (4.23)
and
1 (2) AP
S, (Q,w) = {m = Jw+y ] v e OP) and [[¢]], < coe” TFomit } (4.24)

where [|[¢][« = [¥llw2rany, p> 2.

Next, we want to reduce the computation of the topological degree contributed
from (S,, (Q,w) x S,,(Q,w)) to a easier problem.
Set

T (1} ) ) 2p1(fh1he2u21—v2 . 1)
T , — 1\V1, U2 _ A71 M 1?} “71;“2
(01, v2) ( Ty (v1,v2) 2p2(7h262 R 1)

fM h262u2—u1
Since each solution in v; in S,,(Q,w) can be represented by (P, A, A, ), each
solution in v2 in S,, (Q, w) can be represented by w and 1. Therefore the nonlinear
operator 2vy + 17 (v, v2) can be split according to this representation.
Let v1 = %vRA,A +¢ €8, (Q,w). Recall

t;=s; + 81 Z(l + @i)G(pj, pi) — Zﬁpi
oy =t
and for z € B,,(p;)
h;nj ()
hy, (p;)

vp A, a(T) + log =Uj +t; +log(H;(z — pj,n;) + 1) + (a; — 1)(U; + s5)

+87 Y (14 ai)(ai — D)G(pj,pi) + Olla; — 1 (Jy| + [n; ),
i#]
where y =  — p;. The above together with (£.7) implies
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prhy e TN —p pet P = pi by, (py)|y| 2T eI [1 + (a; = 1)(Uj + 55)

+ Z 8m(1 + a;)(a; — 1)G(pj,pi) +nj + VyH;(0,0) -y

i#j,i=1
+Q;(y) + (a5 = 1)(U; + 5;)(Vy H;(0,0) -y + ;)
+ 50+ VT )+ 0(5,)], (1.25)

where

Bj = Nongr D (lai = 12+ fai = 1(Ingl + y])) + Ing* + y .

i=1
Therefore we have on By (p;)
p1h162v17v2 :(1 + S0)p1h€v1a,A,A + (eap —1—= Sﬁ)plhevp’A’A
=p1hy, (p;)|y[**7 eVt [1 +(a; = 1)(Uj +s5) +mj + VyHj -y + Q;(y)

1
+ (a; — 1)(U; + ;) (VyH;(0,0) -y +m;) + = (nj + VyHj - y)?

2
+ Y0 Swle = D1+ a)Glpm) + 9] + B, (4.26)
i=1,i#j
where
Ej = (e? —1—@)p1he”™ 4 + pihy (pj)ly|**e"i 5 0(0* + B;), (4.27)
and p = 2¢ — . ~
Let €2 > 0 be small. F; can be written into two parts
s el
Ej=Ef +Ej,
where
B— E; if |pl>e o0 i felze
J 0 if |(/7| < €9, J j if |(/7| < €9.
Then
E} = O(el?1t22) if o] > e, (4.28)
and
By = prhePr Ny 25 0(% + B)). (4.29)

Using the expression for pyhq,e2?*~"2 above, we obtain the following estimate for
fM p1h162v17v2 .
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Lemma 4.3. Let p. = >\ 4n(1 + ), v1 = tvpaa+ ¢ €S, (Q,w) and vy =
%w + 1 € 5,,(Q,w). Then as p1 — ps, p2 ¢ Xa, we have

f pinetn D {1+ ag)et (1 —9(py)) + 3 mese T

JjE€J2
+ Z87T(1 +a)Ai(a; — 1) + 0 |a; — 1]e™)
i=1 =1
b O TR (4.30)

for some € > 0.

Proof. We note that Aj,41 = A; +O(1) and ¢; = A; + O(1). By (@20)

/ 1h1€2v1 vz _Z/ {Plhp] p])|y|2a]€UJ+t1[1 +oe ]+ Ej}dy
B

o (P5)

+ / prhie*t =,
M\U] Br, (rj)

By the explicit expression of U;, we have

/ pr1hie?1772 = O(1), (4.31)
M\U, Bro (p)

/ P, (p) g7Vt o dy = dn(1+ a)e +O(1),  (4.32)
B

0 (pj

/ prhp, (i)Y €% (a; = 1)(U; + 55)dy =87 (1 + o) (a; — 1)Aze"
B

o (P5)

+O(laj —1]e*),  (4.33)
where U; + s; = 2\; — 2log (1 + % i |y[2(+2)) + O(1) is used. By equation
[@I2) of n; for j € J\ Ji, and the fact (2 ;(y)y1 and 2 ;(y)(1,5(y) are odd functions,

we have

1
[ maloplul e (4 Dy y Qs+ s+ Vs 0y
BTO pj

22

1 2N
:__etj/ An;dy + O(eie ™)
o (P5)

27,

:—letj/ 877] —|—O( t]e 1+a )
aBTo(pJ v

22

A,
= wdjetjeir‘if +O(efe ). (4.34)

It is not difficult to see

/ ly|?* it (a; — 1)G(p;, pi)dy = Z la; — 1]eM). (4.35)
Bro(pj)
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/ W g DI + )+ 14 11 (00
B (pj

 Am4a
= O(Ja; — 1] TFemin), (4.36)

where the cancelation occurs due to the oddness of V,H;(0,0) -y

To estimate the terms involving ¢ and v, we use [I4) to obtain
Avy, = AU; + Anj + 87(1 + o) for x € By, (p;)),
and
Avy, = Ay, —8m(1 + a;)G(x,py)) + 87(1 + o) for = ¢ B,y (py).
This together with Lemma [Tl implies

/ 2prhg, ()l Vi 6 = — / bAv,, + / AR, +87(1 + o) / p
By (p5) M Brq (pj)

M

w0y, - s+ a)G)
M\Bro (ps)

/VQSVUP +87(1 + o) / ¢+/B PAn;

0 pj

/ A (v, — 8(1+ 0,)G(x, p;)).
M\Bro(pj)

(4.37)
To estimate fB () ¢A17J, we choose 7 € (%2, 7o) such that
2
[¢ldo < — |p|dzz.
9B, (p5) 70 J B,y (p)
Hence
anj 6’17*  Amtl
_d < C _J — O 1+D‘—m+1
| om o) O ol <O pax 1%, ldllm = O bl
where by (£I12)),
M ~  Am4a
_/ Fa = / 2p1hy, (pj)|y[**7 e H(z,n;)dz = O(e” TFomit).
9B, (p;) OV B, (p;)
Thus

_ _Am41
[ emn= [ emnrore ) [
By (pj) B, (p;) M

 Amga
T / VoVn; +0(e "Fomit)| ¢
B,/ (pj)

<(fwerr([ im0t [ el
B,y (p5) B,y (p5) M

__ Amtr
=0(e *Utemt)) || g
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By [B2), we have for some € > 0

[, o Gl o] = 0 gl (4.35)

B, (ps)

While, for the terms involving v, we have

[ mmslPoes = [ ot ol e )
B

0 (pj) BT() (pj)

-|-/ plhpg(pj)|y|2aje (¥ —(ps))
By (pj

—dn(1+ a;)0(p;) + O(e TFm ™). (4.30)

For E]?L, we have

J

|EF] :0(1)/ elel+2X;
(Ps) Bro (p3)0{lo—|>e2}

:0(1)/ o742y
Bro ()~ Bl e2}

_ ’\7n+1
O(|lellgr) = O(e ™om+1) if Appyq is large. Write

0

fB'ro (pj) ®

where B = gty =

— —2
L _Bl(1=4rle—2ly Armle—9]
elr—?l — e‘“’ 2l w—w2)e le—2I2 |

Since || — @[ 72 = |l — P57 > 2);, we have

4r|p—2]| €21 _ _2me
To—w12) <e - =e) < e 2N for le — 7| > %2

—Bl(1—
e\w 2I(

Hence, by Moser-Trudinger inequality
drlp — ¢|2)

/ e\‘%’*w < 672)\j/ exp (7_2
Bro (p)N{lo—B1> 2} Bry (1)) e -l

which implies [, |Ef| < 0(1).
~ "0
For £, [A.29) gives

J

By (B3) in section 8, we can estimate the first term on the right hand side of (£41])
by

[ sl rolop <owes ([ [wop il [ ppee)
B M

o (P5)

<O(1)e™M, (4.40)

0

B1<00) [ (ol + Aoy, (o)l ™el s, (way)
) Brg (p5)

70

Bv‘() (pj

_ Am+1 _ Am41l
=0(1)e'e 2 THami1 :O(l)e)\m+1 Thap 7 Am+t
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Since v1 € S, (Q, w), the term related to 3; can be estimated as follows

/B prhy, (pj)y|** et 3;

o (Pj)

= 0e (o= 1%+ [ [l 1ol + o = 1l + Dle )
i=1

o (P5)
o Ama1 oy
= O(etje TFoamy1 ¢ m“)
for some € > 0 and large A, +1. Therefore, we have

. _ Am4a e
/. BT = 0@ T (4.42)
ro (P

By [#26) and (£31)-(£42), we obtain (£30). Hence we finish the proof of Lemma
4.0l O

Now we want to express 2v1 +77 (v1, v2) in a formula similar to (£26). By Lemma
[43] we expect that V — 1 is small. Indeed, by definition of S,, (Q,w),

e’J
T 7. o2v1i—v2
thle 1—v2

_ Am41
tj = 1] = O)e TFomi

By Lemma [4.3] and the Taylor expansion of the exponential function,

o—ti /M p1h162v17v2 =p, + Z47‘r(1 + Ozi)(ti —t; — 1/)(1)1))

i=1

n A n
+ dele_ﬁai + ZSw(l +ai)Ni(a; — 1)
i=1 i=1

_dmAl oy
+ O(la; — 1) + O(e *Fem+r 77T, (4.43)
Hence
e —1= ! (p1 — Jag prhae® v
fM h162v17v2 e~ ti fM p1h162v17v2 eti
_ Amdr
=0; + O(la; — 1|) + O™ TFoms1 ity (4.44)

where 0; is defined by

1

0, =—
I,

[(pl — px) — dei(f% - 2471'(1 + ;) (ts —t; —¥(pi))
i=1 i=1

- Zn: 8(1 + )i (a; — 1)] (4.45)
=1

Let
eti

5 -
5j:|W—1| + B;, (4.46)

and
2’01 —vV2

2p1hie o Us
Ej=(ef —1- )2 s+ 2p1hy, (p))|y[**7€" (O(¢%) + O(85)).  (4.47)
fM hye2vi—v2
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Then in By, (p;), we have by ({20,

p1h162’ul—1}2
fM h162U1 —v2

pl he'UP,A,A

fM hl 621)1—1)2

=pah, () g2 ¥ [ 1+ (

pl he'UP,A,A

Pl
+ (e %) T e

=(1+¢)
eli

2v1—v
Jog T2

+ Z 8m(1 + ai)(ai — 1)G(pj,pi) +n; +VyHj -y
i=1,i#j

1
+ (a; = 1)(Uj + 8;)(VyHj -y +n5) + 5(?7;‘ +VyHj-y)?

—1) + (a; = )(U; + s5)

+Qi(y) + w} + Ej. (4.48)

Thus, we have in By, (p;),

2'[}1 —V2

2p1h16

A(2U1 + Tl(Ul,UQ)) :2AU1 + W

—2p

2’[}1 —v2

2p1h16

=a; (AUJ + A??j) + 2A¢ + Z 87T(1 + ozi)ai + W

j=1

= = 2a;p1hy, (9l 14 + W H -y + Q4(y)

_ _ 6 _
— €0C2,5(eq 'y (eorj(eg ) + VyHj - y) — 50422,3‘(60 'y)

0+ VyH; )] + 280+ (30 87(1+ ) — 201

2 -
7j=1

2’01 — V2

2p1h16

+Z87T(1+aj)(aj—1)+W

j=1

=206 + (20 — 2p1) + »_ 87(1 + o;)(a; — 1)
j=1

+ 21y, (0 |y €% [ (U + 85) (0 = 1)(Vy Hy -y + 1)

+(a; —1)(U;+s;— 1)+ 2871'(1 + a;)(a; — 1)G(pj,pi)
oy

eli

+ (IM h162U1—U2

__Amir
where eg = ¢ 20Fem+1) and

—2p

1)+ so} + By, (4.49)

o 64 —
E = E; +2aJP1hp](pJ)|y|2 ieV 50@;(60 y)(m+V Hj-y)+ §O<22,j(50 ly)}
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On By, (pj)\ Bro(pj), since vy, =0, —8m(1+0;)G(x, p;) is small, we write A(2v; +
Tl(vl,vg)) as

A(Q’Ul + T (’Ul, ’1}2))
:2A¢ + ajA(U;Dj - 87T(1 + O‘j)G(xvpj))

+2p. = 2p1+ Y 8(1+aj)(a; — 1)

j=1

2p1h a5 (vp; ~Tp; —87(1+0;)G(2.p))+ I, r(ltanaGlep) e (450)

+ fM h162’01 —vV2

On M\ U, Bar,(ps), we have

A(2v1 + T1(v1,02)) =2A¢ + 2p. — 2p1 + Y _87(1 + a;)(a; — 1)

Jj=1

N fh?pilzizlwezyl 8m(1+ai)aiG(z,pi)+e (4.51)
M M€

From ({.49)-(.51)), we have the following

Lemma 4.4. Let vy = %’URA)A +0€85,(Q,w), va= %w—i—(b. Then as p1 — px =
i1 Am(l+ o),

(1)

(V201 + Ty (v1,02)), Vor) = 2B(6,61) + Ole” Fome ) nllmyarys  (4.52)

where

B(o.00) = [ VoV - > / 2p1hp, (0|12 Vi 65,

7”0 PJ
(2) for 1 <j<m,

<V(21}1 + Tl (1)1, ’UQ)), V[)pj Upj>

eti

= — 87V, H;(0,0) + 87Vi(p;) + O(IW -

—¥(pj)l
_ Amitl
+la; — 1A +e “amﬂ), (4.53)
(3) for1<j<n,

(V(2u1+T1(v1,v2)), VOx,vp;)
=—167(1 + a;)(a; — 1)A; — 87 (1 + ;) (8; — ¥(p;))

S AmEl
+ O(max |a; — 1| + e TFomer 77 (4.54)
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(4) for1<j<mn,
<V(2’L)1+T1 (’Ul, 1)2)), V’Up].>

prhp, (p)) )
4(1 + aj)2
X <V(21)1 + Tl(’Ul,’UQ)), V@Ajvpj> + 167T(1 + ozj)(aj — 1)>\J

+87(L+ ;) Y Gpipj)(V (201 + T (v1,02)), VO, vp,)
i£]

:(2)\j —1487(1+ «;)R(pj, p;) + 2log

A

_ m+1
+O)|[@l 1 (ary + Ole TFomin), (4.55)

We will prove Lemma [£4] in the section 8 because the proof contains a lot of
computations.

In order to know the Morse index for the solutions in S,, (Q,w), we have to
compute the Morse index of the bilinear form B(¢, ¢1) in Lemma 4l For such
bilinear form B(¢, ¢1), we have the following lemma, due to Chen-Lin [13] Lemma
3.3].

Lemma 4.5. Assume that all a; > 0, are not inters for j € J\ Ji. Let P =

(P1,D2, -+, pn) and A = (M1, Az, -+, Ap), where dist(p;,pj) > 2r¢ for i # j. If
A(P) is large, then the symmetric bilinear form

B(¢, ¢1) := /M V-V _Z;/B (p.)Qplhpj(pjmzajeijl
J= o \Fj

is non-degenerate and has Morse index 77_, ) 2(1 + [ay]) in OS)A, where [a;]
denotes the greatest integer less than or equal to «;.

5. DEFORMATION AND DEGREE COUNTING FORMULA

In this section, we want to deform 2v; + T;(v1,v2) into a simple form which

can be solvable. Obviously, v; = %URA,A + @, vo = %w + 7 is a solution of

2v1 + T1(v1,v2) = 0, iff the left hand sides of (L52)-(55) vanish. To solve the
system (E52)-55) and 2vs 4+ To(v1,v2) = 0, we recall

H' = OS,)A @ the linear subspace spanned by vy, 0\, vp, and 0y, vy,
and deform 2v; + T;(v1,v2) to a simpler operator 2v; + Tio(vl, vg) by defining the
operator 2] + T}, 0 <t <1, i = 1,2 through the following relations.

(V(2v1 + T (v1,v2)), V1) =t(V(2v1 + T1(v1,v2)), V1)
+2(1-1)B(9,¢1) for g1 € OB);  (5.1)

(V(2v1 + T{(v1,v2)), VOp,vp, ) = t{V (201 + Ty (v1,02)), VOp, vp,)
+ (1 —t)(— 87V, H;(0,0) + 87V (p;)) for 1 < j < my (5.2)
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(V(2v1 + Tt (v1,v2)), VO, vp,) = t{V (201 + T (v1,v2)), VO, vp,)
— (1 -t)8n(1l+a;) [2(% — 1)+ (0 — w(pj))}, for1<j<mn; (53)

(V(201 + Tt (v1,v)), Voop,) = t[(nj +0(1))(V(201 + Th(v1, 1)), VOu, vp,)
+ Y O(1)(V (201 + T{(v1,v2)), VO, vp,) + O(1)[| 6]l 110
i£]
Am+1
+O0(e ot )] +167(1 + o) (a; — 1)Aj, for 1 < j <m; (5.4)

203 + T4 (v1,v2) = t(202 + Ta(v1,v2))
et t2¢ =21 4m(1+a5)G(2.p;)
fM hoe®t2¥ 2oy 4m(1+0a;5)G(w.p;) -1 )’
(5.5)

+(1-1) (w + 20 — 2p5(—A) Y

where those coefficients O(1) are those terms appeared in (5.4) so that T3} (v, vs) =
T1(v1,v2). From the construction above, we have

21)i + Ti(’Ul, 1)2) = 21)i + Til(’Ul,’UQ), 1= 1, 2.
When t = 0, the operator T is simpler than T;, i = 1,2. During the deformation
from T} to T, i = 1,2 we have
Lemma 5.1. Let p. = Y7 4(1 + aj)m. Assume (p1 — ps) # 0, and py ¢ So.

Then there is €1 > 0 such that (2v1 + T} (v1,vs), 2ve + T4 (v1,v2)) # 0 for (vi,v2) €
985, (Q,w) x S, (Q,w)) and 0 < t <1 if |p1 — pu| < 1 and py is fized.

Proof. Assume (v1,v2) € S,, (Q,w) x S,,(Q,w), where S, (Q,w) denotes the clo-
sure of S,,(Q,w), and 2v; + Tf(v1,v2) = 0, i = 1,2 for some 0 < ¢ < 1. We will
show that (vy,v2) & 9(S,, (Q,w) X Sy, (Q,w)).

From (V(2v; + T (v1,v2)), V@) = 0, we have by Lemma L]

2 — il
18]Iz < O(e m+1)]| @]l e
This implies
_Ama1 _ Amy1
[0l = O(e Tomit) <cre Fomer, (5.6)

for some constant c; E independent of cg.

Using (V(2v1 + T} (v1,v2)), VOx,vp,) = 0 and (V(201 + T} (v1,v2)), Vup,) = 0,
(E4) and (B6) implies

Am+1

167\ (14 aj)(a; —1) =O(e om+t) for j=1,--- ,n, (5.7)

that is, when p; is close to p.,

__Am+1 _1 _ AP
laj — 1] = O\l e TFomit) < e, 2 (P)e” Femit for 1 < j < n. (5.8)
By (V(2v1 4+ T} (v1,v2)), Vi, vp,) = 0, we conclude from (54) and (E.8) that
o Aml oy o —me1
0; —(pj) +2Xj(a; —1) = O(max|a; — 1|+ e Fomsr ") = O(A e TFomen),
(5.9)

2Here ¢ is independent of %, it can be shown in the proof of Lemma 4]
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t; 201 — —1 _ Am41 —eX 1 _ Am4a
e (/ h1e®"17") " —1—-0; = O(max|a; — 1|+e Fomit ") = O(e TFomit),
M
(5.10)
Together with (V(2vy + T}(v1,v2)), VOp,vp,) = 0 for j < m and (E.8), (EI0)
and part (2) of Lemma (4] we have

ts A

e _ J
T s Ll e e )

’\7n+1

< O(1)e Femin,

|V, H;(0,0) — Vi (p;)| = O()\j|aj

which implies

m

V2H; - (pj — 1))+ 87 Y V2G(x,p)) lampo (i — PY) — VYY)
i=1,i4j
< 0()e o 1 o1 O 0()S pr— 02 5.11
< O(1)e +O0)|[¢]l«lp; — P +0(1) > Ipi — PP, (5.11)
1=1

where we used Vij(p? —p;,0)=0andp > 2.
For the second component, by (5.35]), we have

BoetT2¢ =20 4m(1+;) G (z.p;)

2
0 =(1—t)(Aw+ 249 + 20, (IM R e T 1))

h2€w+2w7%vp,A’A7¢
+t(Aw + 280 + 29, (fM T T 1)) (5.12)
We set
h2€w+2w_%UP’A‘A_¢ h]2ew+2'¢'72?:1 477(1+0‘j)G(zvpj)
© = 2p fM h26w+2¢*%vP,A,A*¢ = 2p2 fM h2ew+2¢*2?:1 4r(14+a;)G(z,p;)’
and claim
_ AP
1Ol e (ary < c2e TFomit, (5.13)

where ¢y is a constant that independent of ¢y and p is defined in Og)A. By (E90), it
is not difficult to get

1 1
exp (w+ 2 — SUPAA — ¢) = exp(w + 2 — §UP,A,A) + 061,

_ @)
where [|©1]], < cze Fem+i. By noting (B8], it is enough for us to prove the
following one.

1 n __A®)
H eXp(’UJ—F21/)—§’UP7A1A)—€Xp (w+21/)—z dn(1+ay)a;G(z, p))) HLOO(M) < cqe TRomAT
j=1
(5.14)

Since the proof is long, we leave it in section 8. By (E13), (5I12) can be written as
hoeW T2 =2 oy 4m(14a;)G(@,p;)

[l PR (),

Aw + 209 + 2p2( - 1) Y10 =0. (5.15)
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We expand the above equation,

_ m 0
h2ew_47" Zj—l G(%Pj)

R =A¢ + 2py IM e~ 4m 350 G(@,pY )"/J

n ew—47rZ;":1 G(%Pj) _

— 2p2 . 47T, Gla,p?) 2/ (Rae® =47 X3 Gl )
(hrar )

Tipe 4T i lG(mp] m 0

e (5 VG )0 =)
E u)747TZ i (z,p,-) — m =
+ 4mpy = — : / (h26w74ﬂzj:1 G(mypj Z (2, p7)(
M

(IM Tipe® 47 Sy G(w,pgn)Q et
(5.16)

where R = 10 + o(1)||¢|. + |p; — p}|*. By the non-degeneracy of (P, w) to (LI2),
GII) and (BIG), we can get
m+l

_ Amgl
* ! 6 . .
[9]l < ese” FomiT and [p; — pj| < cge” oL (5.17)

Recall that

0; = ((or ~ p2) me S (1 + o)t — 15— (1))
i=1

P

- Z 8 (1 + i) Nia; — 1))
i=1
From (&.9), we obtain

O(AY e T = " 8r(1+a;)[0; — ¢(p;) + 2Xj(a; — 1)]
i

n A
:2(p1 —pe— deje’rij), (5.18)
=1

where all ¢; cancel out with each other. Here p, = 47w Zj(l + ;) is used. By the
definition of d; in section 4, and the assumption

_ P
|tj — t1| < cpe PTemsr

we have
n A 2 2 Gt (g1
Zﬂd'eif‘ij = T . o ( 4(1*+ aerl) )l+0jn+1 6_ 77i+ocm7j:1
(1 + am-i—l) S 71+am+1 p*hperl (pm-‘,—l)
_1i;n+1 _71i$+1 —€Am41

X 1(Q)e” TFomiT 4+ Ofe TFomii ). (5.19)
Also, we have

2 41+ am+1)2 2 _ G100 e

(

P1—Px =
1+0‘ﬂm+1 p*h;;7n+1 (p9n+1)

(1 + aypmy1)sin

) Hamil e T+amy1 Z(Q)e Ttamyl |

pi =)
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Therefore, (B.I8) and (&19) imply
A(P) Amt1

A
O} efﬁ =cle Tomi1 —¢ TFami1)
m—+1

for some ¢ # 0. This in turn gives
Mgt — MP)| < erA(P)~ L (5.20)

for some c¢7 independent of ¢g.

Using (B.I7) and (520), we have
AP)

_ AP AP
[ < cse” TemiT and |p; — pY| < coe” T (5.21)

~ Am4a
To obtain estimates for ¢;—t1,j > 2, we note §; = O(e **m+1) by (5.9). Combined
with (E4H]), we have

Am41

1 _ mar
}ta‘ ——> An(l+ oej)ta'} =0(e "omin)
pe &
J
and
1 1
It; — t1] g‘tj—p—Z4w(1+aj)tj’+‘p—Z4w(1+aj)tj—t1
* J * J

’\7n+1

__Amdl _
:O(e 1+o¢m+1) S c1p€ I+amy1 (522)

for 7 > 2, where c¢19 depends on cg, cg and is independent of ¢y. By choosing
Co > €1, C7, C8, C9, C105

we can get va ¢ 05,,(Q,w). From (&0), (58), (220), (¢2I), and (22), we obtain
v1 € 05,,(Q,w). Therefore,

(v1,02) ¢ 0(8,,(Q ), 5,,(Q w) ).
The proof is completed. O

Then, we want to apply Lemma and Lemma [5.]] to get the degree of the
linear operator in S,, (Q,w) x S,,(Q,w) when p; crosses p,.
To compute the term

deg((%l + T (v1,v2), 202 4 T (v1,02)); Sp, (Q, w) X S, (Q, w), 0)-
We set

S1(Quw) = {(P.AA): Lopaa+ 0 € Sy, (Quu).6 € Ohy}
and define the map
o = (90,1, P02, P03, Pa) :
)s Vp,vp,) + (V202 + T3 (v1,02), 0), for 1 < j <m,
), VO, vp,) + (V(2v2 + T9 (v1,12)),0), for 1 <j < n,
), Vup,) + (V(2v2 + T3 (v1,v2)),0), for 1 < j <n,
),0) + (202 + T (v1, v2)).

K
Q
=
I
<
[N}
S
+
M
A
=
(V)
uO
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Clearly, by Lemma and Lemma 5.1l we have
deg((2v1+Tl(U1,v2) 209 +T2(’U1,’U2)) 0 (Q,w) X S’pz(Q,w),O)

= deg (@43 ST(Q.w) % $,,(Q,w),0). (5.23)
Next, we study the right hand side of (5.23]) and prove Theorem [[.4l

Proof of Theorem To compute the degree, we can simplify the problem by
replacmg &5 by a new map <I>Q defined as follows: <I>Q 1= P91, <I>Q 3 = @3,

(I)Q4—(I)Q47

871+ ) <= . ;
&), , =0l , - LN 0G5+ L

8m(1 j
:_M{p p*_47TZ 1+ )t —t —WZde 1+a¢]

P
(5.24)

Clearly, we have

00g1  0bg1  0Pge  0Dg.  0bgs  0Pga  0Pga

oA 9A  9A  ov oy 9A  9A =0 (525

(P, A, A, ) =0 if and only in ®o(P, A, A, ) =0, (5.26)

and
deg(@q3 57 (Qsw) X S, (Qw),0) = deg(Bq3 57 (@, w) X 5, (Qw),0).  (5.27)

Moreover if ®o; =0, &g 5 = 0 and g 4 = 0 if and only if

(p15p25' o 7pm) = (p?7p37 ' 7p9n)a A= (1517" : 51)7 1/} = 07 (528)
and ®¢ 2 = 0 if and only if
ty =ty = =ty
e (5.29)
pL—ps=m) dje .

It is not difficult to see that if | p1 — p.| is sufficiently small, equation (5:29]) possesses
a unique solution

A(P) = (A15A27 e aAn)
up to permutation. Hence (P, A(P), A, 0) is the solution of é@, where A = (1,1,---,1).

By (5.25), the degree of ¢ at (P, A(P), A,0) depends on the number of negative
eigenvalue for the following matrix

9091 9Pg1  9Pga  9Pg.

op [ oA oy

8(PQY2 8(PQY2 6<1>ng 8(PQY2

M= oP > [ oA [
o 02g.3  9%q.3 9Dg,3 adg 3
9P 7 TOA 0 9A 0 o0

8% 4 9% 4 0% 4 8% 4
P > oA 0A oY
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Here we say pa is an eigenvalue of M, if there exists (v1,va, -+ ,vpm) € (R%)™,
(A, A2, , \n) €R™, (a1,a2,-++ ,a,) € R, and ¥ such that

%1 11

VUm, Vm,

aq aq
M = UM )

An an

A1 A1

An An
na [ (—28) 7w |

b
where 62@1 (0] = 87V¥(p}), and

0q.4 Trpe =47 i Ge)

o

W AN—1
V] =V —(-A) (202 I Tpe =47 27y Gl )
526107477 )y G(x,p?)

B —4m 7ty G (.5)
(IMﬁgew_4”Z;ﬂ:1 G(m,p?))2 /M (hze j=1 P; \I/))

We set N(T) as the number of the negative eigenvalue of matrix T,

O&Q,l O&Q,l 8&()12 8&()12
9

oF oy and My = 8333’ 3233

oA © T OA

—2p2

My =

9%g4  9%g.a
or o

By using (5.25),
N(M):N(M1)+N(M2)=N(Ml)+zv[ ’ ]+N[ ’ }

Therefore,
deg (@5 S1(Q,w) xS, (Q,w),0) = (~)VM = ()N s (—1)N M)

0% 0o
_ (_1\N(M) Q.2 Q.3
(-1) X sgn(det( A )) X sgn(det( A ))

We first consider the last two terms on the right hand side of above equality. For

det(ag <2 ), it is easy to see that the sign of this value is positive, since it is a

diagonal matrix with every term positive on diagonal. Therefore

sgn det(a?;j’B) =1.
To compute det(aii‘2 ), we recall that
d; S
ty =X+ m/\je reg — vaj + constant.
j=1
thus ot; d d; — Iy,
v [H (2(143%) - 2(14fa])me o }5” ~ o
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By (&24)), we have
Bl ot R d. Y
@2 — N l4a) =L +0 Fu) ==Y (1+a)[l — ——L—Nje ]
6)\]‘ ; 8)\J ; 2(1 +Oéj)2 J
Aj
+ O(e 95)
and
0P at; d; Ag d; A
Q,2 ? 1 —ITa 1 —T1¥a:
= (1 i) — T+o; —(] i 1— 7)\1 14ay
A, ( +a)8)\l_ oy (14 a5)[ STt o e ]

A

+O(e )

for i # j, here we replace ®¢ » by W;r%)i)@,g (still denoted by ®¢ o). Denote

- A 0P’
B= Zi:(l + i), Bi=1- mxie‘wi, o = : 3)%2' (5.30)
Thus, we have
P!
det[ (2]
[ (1+ a1 —B)E1 + () (14 a2)FE2 + (x) o (T4 apn)Bn + (%)
et (14 a1)Er + (%) (I1+as—B)Es+ (%) -+ (14 an)E,+ (%)
| Q4a)BE+ () (ta)Bat(x) - (1+an—B)E, +(+)
[ 01 (14 a2)Ea+ (x) o (T4 an)En + (%)
| 60 (1t an)Bst (+) oo (14 an— B)En+ (%)
& (I+ag)Es+ (%) (I1+a3)Es+(x) -+ (14 ap)En+ (%)
0o — 01 —BEy + (*) (*) s (*)
—det | 93— 01 (%) —BEs+(x) - ()
| 60— b ) () o —BE,+(x)
[ >0, 5, (%) () (%)
62 — 61 —BE2 + (*) (*) s (*)
=det | 03— 01 (%) —BEs+(x) - (%)
) (+) () o —BE,t (%)
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Am41

where all the terms (%) is bounded by O(e  *#*m+1). Next, we consider 3 (1+a;)d;

Z(l + @;)d;

J

— . _ . _ dj R dj _1iij _ %
_;(1 +°‘J)[ ;(1 +O‘Z)(1 (2(1 TPV T a0 +aj))e B}y )
dj d; d; N 6@;01.)

Aj
_ _@ . — P -1 [ R
+ay” 1 (;“”‘”(1 Gata™ 30700 " T N

d. Y
)
414 )
’\7n+1

d] 7/\—'; “iFfa —€Am+41
=23 e T Ol T

J

B N _ Amar
e — die T 4+ O(e Trems1 M
4(1 + am+l) ; ! ( )
B _ Ama1 oy
R — D) + O(e ™om+1 m+1
47(1+ amyr) (o =p0) ( )

for some € > 0. Thus

6(i)j Bn—1 _ Amar oy
d t[ a2 } = ()" —————(p—ps) + O(e Fomsi T (531
et OA ) ) 47T(1+Oém+l)(p pa) + Ofe " ) (531
It remains to compute N(Mj). According to the definition, we have
141 —Il =+ V\If(p(l))
. . 1% I + V¥ (p))
(P01, P04)7 | . _ :
e |- : ’ (5.32)
’ Vin ~T + VE(pY,)
w A
where
1 = Vin(OaO) ‘v + 8T Z ViG(xvpg) |x:p? Vi, 1=1,2,---,m,
J=1,5#i
and

— 0
gt =T i, Glar)

_ _ —1
To=—-U+ ( A) (2/72 f]w E2ew74ﬂ' Dy G(Iyp?) v

— 0
g =47 i, )

( fM Trge? =4 Xk G(z,prj?))z

/ (Trae =7 S Ol )
M

Frpe? =T S, Glea) .
f 528w747r22”:1 G(z,p?) (ZVG((E,]?]) ) Vj)
M j=1

/M [52671}74,, >, Ga,p) ( i VG(CC,]??) ) VJ)} )

Jj=1

— m 0
hzew_‘lﬂ' Zj:l G(%Pj)

(fM 528“1*471' Z;n:l G(z,p‘]?))Q
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According to the definition of the topological degree for the solution to the shadow
system ([12)), we can get (—1)NVM1) is exactly the Leray-Schauder topological de-

gree contributed by (P,,w). Therefore, we proved Theorem [[.4l a
Proof of Theorem[.3. Theorem is a consequence of Theorem [[.4] O

6. PROOF OoF THEOREM AND THEOREM

This section is devoted to prove Theorem [[L5l We first introduce a deformation
to decouple the system (LII]).

h26w747rG(z,p)

(S0 v T 20y, ey — 1) =0,
V(log(hie™ 2% (=) + 47 R(z, 7)) |4=p= 0.
We can easily see that the system (6.1)) is exactly (III]) when ¢ = 0, and will be
a decoupled system when ¢ = 1. During the deformation from (S7) to (Sp), we have

(6.1)

Lemma 6.1. Let po ¢ 47N. Then there is uniform constant C,, such that for all
solutions to (6.1]), we have |w|pe(ar) < Cp,.

Proof. Since ps ¢ 47N, then we can see any solution for the following equation
h2ew—47rG(;E,p)

Aw + 2p2 1)=0 (6.2)

(fM h2ew747rG(m,p) o )
is uniformly bounded above. By using the classical elliptic estimate, we have
|w|c1(ary < C. This constant C' depends on ps. O

Proof of Theorem[L.A It is known that the topological degree is independent of hq
and hy as long as they are positive C! functions. By Remark 3 in section 4, we
always can choose hy and hs such that the hypothesis of Theorem B3] holds.

Let dg denote the Leray-Schauder degree for (LI)). By Lemma [6.1 computing
the topological degree for (ILTTI) is reduced to compute the topological degree for
system (G.I]) when ¢t =1,

hye =47 G (@,p)

Aw + 2027 5oty — 1) =0, (63)
V(loghi + 47 R(x, x)] |s=p= 0.

Since this is a decoupled system, the topological degree of (6.3) equals the product
of the degree of first equation and degree contributed by the second equation. By
Poincare-Hopf Theorem, the degree of the second equation is x(M). On the other
hand, by Theorem A, the topological degree for the first equation is by + bg_1,
where by, is given (LIT)). Therefore,

ds = X(M) . (bk + bkfl). (6.4)
Combined with Lemma [6.1], we get Theorem O

Proof of Theorem[1.6. Theorem [[.6lis a consequence of Theorem [[.4], Theorem [L5]
and Theorem A. O
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7. THE DIRICHLET PROBLEM

In this section we consider the Dirichlet problem of SU(3) Toda system. Let
be a bounded smooth domain in R? and ki, he are two positive C>® function in
Q. We consider

Auq + 2p1 J ’“helelul — pgfh?};;2 =0, uy =0 on 09,
Aug — PL7 hlelm + 2P2fh26 5 =0, uy =0 on 9.

(7.1)

hoeY2

By [31, Theorem 1.1 ], we know that the blow up never occurs on the boundary.
Therefore, we can use all the arguments for (L) with minor modification to get
the corresponding result for Dirichlet boundary problem (T.I]).

Theorem 7.1. Suppose hi,ho are two positive C** function in Q) and the assump-
tion (i), (i1). Then there exists a positive constant ¢ such that for any solution of
equation (7)), there holds:

lug ()], Jua(z)| < e, Ve e M, i=1,2.

In order to state our degree formula for (Z.1]), we introduce the following gener-
ating function

Za@) =Q+z+a®+23 )X —pg L pat £ b2+ bt +

where x(2) denotes the Euler characteristic number for €2, then we have the fol-
lowing theorem

Theorem 7.2. Suppose dg),pz denotes the topological degree for (7.1]) when ps €
(4km,4(k + 1)7), then

d(2) _ { bku p1 € (0747T)7
propz b — x(Q2)(b + br—1), p1 € (4m,8m),

where b_1 = 0.

Corollary 7.3. If Q is not simply connected, then (7)) has a solution for p1 €
(0,47) U (47, 87) and po ¢ 4wN.

8. PrRoOOF oF LEMMA [£4] AND (5.14)
This section is devoted to prove Lemma 4 and (5.14]). Let

‘201 A
b0 TEEEE WY 14a / DRI,
@ - [20eX - T L oM 24 22 .
Jer tr ity dy T I, (0) (L4 eAy[r2e)?

Then we have the following Poincare-type inequality:

|y|2a A ,
/B ) W¢2(y)dy < e8Il (5., (0)) T+ Pa) (8.1)
0

for some constant ¢ independent of A\ (see [12, Lemma 6.2] for example). Using
(BI) we can prove the following result.



DEGREE COUNTING AND SHADOW SYSTEM 51

Lemma 8.1. Let P = (p1,p2, -+ ,pn) and A = (A1, , \p). Assume ¢ € 05313\
Then there is a constant ¢ and € > 0 such that for large \;

/ [y[2% eV gdy < e[, (8.2)
Bv‘o(pj)

and

/B ]2 eV g2y = O(1) 1% (8.3)

ro (P5)
For a proof, see [12].

Proof of Lemma [{.4} We start with part (1). Let ¢ € O ) A and ¢ € O . Recall
QUl—vaA—i—Q(b,(bEO Aandvg —w—i—z/J ¢€O Wecompute

<V(21}1 + T1 (’Ul, 'UQ)), V¢1> = —<A(2’Ul =+ Tl (1)1, 1}2)), ¢1>

Here we will use the decomposition of A(2v1 + T4 (v1,v2)) in ([@49)-E5T).

(V(2v1 + T (v1,v2)), Vi) =/2V¢ Vo1 — Z/B 4prhy, (pj)el oo

0 p]
+ remainders
:=2%B(¢, ¢1) + remainder terms.

Clearly, B is a symmetric bilinear form in 05313\. For the remainder terms, by (8.2)
and ¢ € OPA, we have for large A\;,41,

t:

< N2 Vs — — (et Amr
\(W—1)/Bm<o>¢lplhm<pj>|y| Vidy| = O TFemi Mallz,

(8.4)
Ajla; — 1)/ ( VH; - ypihp, (p;)|y[** e ¢rdy
o (D)
gl o420, U; 1,17
<Ol — 1l ™[ [ e cay] o) m
Bro(pj)
__Ami1 _ dmgr
<O(M)Ajla; — e *TFomtt ||| = o(1)e Fomtt ||y g (8.5)
Similarly, we have
2a; U -l
Aj(a; — 1)/ ly[**e”iniprdy = O(1)e TFom+1 ||| g1 (8.6)
BTo(pj)
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By Lemma [B1] we have for large A, 41
/ prhp, (pj)|y**7 e (a; = 1)(U; + 55 — 1) dy
BTo(pj

o), /B prha, (07)y <% (a; — 1)1y

0 (pj

4 /B P, (0) 929V (a; — 1)(U; — Ay + O(1))rdy

0 (pj

=2X;(a; — 1)O(e” )1l s

+0(aj—1)(/

Bro (p5)

1

et (U; = oy + 0 Pay) ([

1
[y g?)”
Br (ps)
_ Am4a
=0)la; =11l = OL)e *Fomit gy g (8.7)
As for F;, we define Et and E~ as before:

gt B iflelze o[ B iflpl<e
0 if || < &2, 0 if || > €2,

where €2 is a small number. Then we use (£40) and similar argument there to

obtain
1 1
[ oprela<([mtpa)’([ &)
By (Pj) By (j) By (j)

=0(e™")l¢1lsr (8.8)
for any fixed b > 0. For E~, we use (£29) and Lemma [81] to obtain

/ B~ é1]dy <O(1) / i, (9 9129V (O(67) + O(8;)) 1y
Bv‘o(pj)

Bro (pj

=0(e2) ( /Bmm) lyfese® ¢2) % (/B (

70

1
[yf2s e gay)”
0)

2Xm 41

1
voe ([ jypeeiaty)”
By (0)

4 / ]2 eV [y
B

2x

_fAim+1
=0(e2)l ¢l [|o1]lr + O(e Foms1) | g

1 1
+ (/ |y|2baj ebUi |y|6) 2 (/ (2= |y|2(27b)aj (Jﬁdy) 2
By (0) By (0)

b

- 1i:;1+1 —(2- 2) 1i:;1+1
=0(g2e "Fom41 )| n [l + O(e )61l

4
f0r2>b>m

_ Am4a
/ |E”¢1|dy = O(e "omst)lda |, (8.9)
Bro(pj)
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provided that e2¢; < 1. By Lemma AT
_ Ami1
/ A(vp; —4dn(14 a;)G(z,p;))dr = O(e T7omi1)||gn g (8.10)
Bz (pj)\Bro (Pj)
For the nonlinear term in ATy (vy,v2) on M\ U?Zl B,y (p;), we first note that

/ ol =0 ( [ o+ [ leal)
M\U3_, Bro (ps) lp|>e2 lpl<ez

=0 ¢l m
by @A0). Using [, h1e?* %2 = O(e*n+1), we have
h 62111—1)2 3
/ %I%I =0(e ””“)/ e?|o1]
M\U?_, Bry (p;) fM 1€ M\U"_, By (p;)

= 0(e )|l arr- (8.11)
In the end, we need to consider the term fB vy 2p1hy, (pj)eYig;. We have
0

J

2p1hy, (pj)erl/)(bl :/ 2p1hy, (pj)erw(pj)d)l

ro(pj) Bm(pj)

+ / 2p1hy, (p))e% (1 — ¥(p;)) 1
B

ro(pj)
 Am4a
=o(e i1 )||d1 | ar, (8.12)
where we used (82). Combining (84)-(®I2), we obtain

(V(2v1 + T (v1,v2)), V1) = B(¢, ¢1) + 0(6_1i;n’:il Ml g

This proves part (1).
Next, we prove part (3). On Bay,(p;), we have
h J'( ) 1 g
pzl(liaf)]2 el — py[Pres) S
Oz, Vp; :(2 — ‘
1 Plhpj (ps) A
T IaFanz €

o = pyf0+en)

:[(1 +0h,Uj) + O()\je_%)} o; (8.13)

by the setting of vp,. On M \ U; Bar,(pj), Ox;vp; = 0. We compute (V(2v1 +
T1(v1,v2)), VOx,;vp,) = —(A(2v1 4+ T1(v1, v2)), Ox,;vp,) by using (£.49)-(@.51).
Since ¢ € OS)A, we have

/ V¢ : VaA].’Up]. =0.
M

Direct computation yields,
A A

/ aA].vpj e / (1 + 8A]. Uj) + O()\je_fi‘j) e O(/\je_Tz"j). (8.14)
BTO (pj) BT()(pj)

_dmil
Uil +hae =10 [ oay=0( TR (1s)

By (pj
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for some € > 0. By (813),

/ pihy, (pj)|z — p;[**9 V105, vy, dy
Bro (ps)

A

_ 3
— [ byl =Pt (14 03,05+ O0e )y
BT() (pj)

A
N /Rz prhy, ()| — pj**7 e (1 + 95, Uj)dz + O(Aje ¥7)
A

= 4r(1+ a;) + O(\je T77), (8.16)

and

s Us Plh i \Dj et aj
/B ( )2p1hpj(pj)|$_pj|2 JeUJ|:_210g (1+Lj)2|x_pj|2(l+ J)):|a>\jvpj
ro \Pj

4(1+Oéj)
_/ 8(1+o<j)2r2°‘i
= -

2 X
21+« ‘ oy
(U sty 21oa(L + 7 )y + 00y Jas
+ 0(e™N)

A

=-8r(1+a;) + O(e’rij).

®I8) and ®IT) together give

(8.17)

/ (2p1hp]. (pj)|z = pj €% [(a; = 1)(U; + 55 — 1)
Bro (pj

+ Z 8m(1 + a;)(a; — 1)G(pj, pi) + (fhei;m—m - 1)])dy
M e

= 87‘1’(1 + aj)(2)\j(aj — 1) + W — 1) + O(l)(max|a1 — 1|) (818)
M 1€ [

To estimate the term with ¢0y;v,; and 0y, vp,, note that ¢ € OS)A implies

O:/ V¢Va>\j’l}pj :—/ ¢A(8,\jvpj)
M M
A

__ / S0, U;)dy + O(Ase” 775 || 1)
BT‘U (pj)

N
= [ 2o ke = P00, Usdy + OOy ™ o]1)
Bro (ps)
Together with Lemma [B.I] we conclude from the above

/ 2p1hy; (pj)|z — pj |2 el PO, Vp,
By (ps)

J

A
- / 2p1hy, (ps)le — pi[**7e% (1 + 05, U; + O(Aje” 799 ))dy
B(ro)(p;)

+1

~ Amtr e _ Am
=O0(e ™omi1) o)z = O(e Am41= Tra, 7 ). (8.19)
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While for 40y, v,,, we have

/ p1hp, (pj)|z — pj|2aj€Uj¢a>\jvpj
B

ro(pj)

:?L prhy, ()] — 3125 €% (p;)05, v,

ro(pj)

+ / p1hy, ()| — p;12*9 €% (1) — 1h(p;))On, vp,
Bry)

—4m(1+ a5)e(py) + O(e ™M T ), (8.20)

The other integrals of Oy, v, with other terms in (£49) would be smaller than

_ dmtt
O(max |a; — 1|+ Tromn i)
omit the details here.

. Since the computations are straightforward, we

Now we go to the integral over M \ By, (p;). Since Ox,v,; = 0 on M \ Ba,,(p;),
we only need to consider the integrals on Ba,,(p;). On Bayy(p;)\ By (pj), €21 702 =

hie _ A _ — e :
O(e®), Mm = O(e™"m+1)e? and Oy, vp, = O(e UT*m+1) ). By using Moser-

Trudinger’s inequality as in the proof in (Z40),

2v] —vg

4 _ =2
/ ef < e 2 / exp(L_@L)dy < cge PN, (8.21)
Barg (pj)n{p>ea} Bro (1)) Il — 7l
which implies
/ el =0(1) (8.22)
Barg (pj)
and
prhie?or v S W .S
T o ozei—us O\ Uy = O(e mEL). (8.23)
Barg (p))\Bro (ns) Jar 1€

By Lemma [£2] we have

2Am 41

A(vp, —Tp, = 87(1 + a;)G(x,p))) - Or,vp, = Ofe TFomi1).

/BQTO (Pj)\Bm (Pj) ( )
8.24

By (@&44), B819), (BI8)-(B24), we obtain,
<V(2’U1 + Tl(Ul,Uz)), V&,\jvpj> = — 167T(1 + Oéj)(aj - 1))\3’ — 87r(1 + aj)(ﬁj _ w(p]))
e L oml
+ O(max |ai — 1| +e Am+ THam+1 )

This proves part (3).

For the proof of part (4), we write

(V(2u1 + T1(v1,v2)), Vop,) = (V(2u1 + T1(v1,v2), V(vp, —Dp,))
= —<A(2’Ul + Tl(vl, 1)2)), ’Up]. — Epj>-
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First, we have (1,v,, —7,,) = 0 and (A¢,v,, —Tp,) = 0 on M because ¢ € OS)A.
To estimate the other terms, we note that

h,. (p;
— Dy, =2)\; — 2log (1 + M@Jle& |x _pj|2(l+o¢j))

U;Dj 4(14—043‘)
T 8m(1+ ) Blpy.py) + 2log 2P o1 i)+ 00 ),
SR A1+ )2 3 J
(8.25)

By scaling, we have
(a; = 1)A / pihy, (pj)|z — p;|**7 eV log (1 () |z — p-IQ(”“”)dy
J J R2 P \F) J 4(1 + aj)g J
= 271'(1 + ozj)(aj — 1)/\J (826)
Let 9 represent any constant term in

eti

(aj - 1)(Uj +55 = 1), Z(ai - 1)(1 + ai)G(pjupi)u T o —0s
i75 Ja et

For simplicity of notations, we set W;(z) = 2p1hy, (p;)|2 —p;|** €Y. By comparing

®I3) and B.2H), we have
/ o W;9(vp, —Tp, )dy :(2)\j —148n(1+ «a;)R(p;, pj)
Bv‘() pj

prhy, (p)) / e

+210g+> W;90x,vp; +O0(e 'F°9),
4(1 +Oéj)2 BT[)(pj) 7 P

(8.27)

where (8.I8) is used. It is also easy to see the integral of v,; —7),, with all remainder

N
terms except ¢ in ([{49) are smaller than O(e "5 + ||@||g:). For example, by
Lemma B.1]

/ 2p1hy, (pj)| — p; > €% p(vp, — )
BT() (pj

— [ 2ol e
Brg (p5)

prhy, (pj)eti o — p; [P0 Hes)
X |:>\j+$j—210g(1+ P 34(14_0(‘)2] )+O(|x—pj|)}dy
J

=00y ) lollm + ([ 2oy, (0)e% e = gy 62)°

Bv‘o(pj)
prhy, (py)edi o — py 2 Hes) )
11+ a))?

x (/ 2p1hy, ()€ [ — p;[**7 | log(1 +
B

ro (P5)
1

2 3
+0(fe — ;)] dy)
= 0()[¢ll:-



DEGREE COUNTING AND SHADOW SYSTEM 57
For 1, we have
2, (b — 3 2% Vi vy, — T,)
P11p; \Pj Dj D pj
B, (pj
:/’ 2, (0| — 03 2% V(s (v, — Ty,)
B?"o (Pj)
+A§ 2, (0] — 0329 €V (6 — (p;)) (v, — )

ro (Pj)

= / 2p1hy, (pj)|z — p;[** %4 (p;) % {)\j + 55
BT‘U (pj)

p1hy. (pj)eAj |x — pj|2(1+aj) } A1 mAL
—21 1 J [0) TFa,,
Og( + 4(1—|—04j)2 ) + (e +1)
o 8n (20 — 14 87(1 4 0 Rps. po) + 21og L2 P N e
= 8728 — 1+ 8m(1 + ;) R(p;, pj) + Ogm (14 ;)¢ (p;)
—€ _ ’\7n+1
+ O~ AT e, (8.28)

Since v, — T, = O(1) on M \ By, (p;), by Lemma BT}

/ Alvy, — 87(1+ ;)G (@ p))) vy, —Tp,) = Ofe TTont1). (8.29)
Bar (pj)\Brq (P5)

For the integration on By, (p;), # j, the dominant term can be estimated by

/’ 2, (pi)] — pif eV
Brq (pi

eli

2v1—v
fM hle 1—v2

= (14 ay)(1 + a0) [1287°G (pi, pj) (a5 — D
et

)( fM h162U1—U2

x [(@: = 1)(U; = 5= 1) + ( — 1= )] (v, ~ )y

+ 647%G(ps, p; -1- w(m))}

_ _ _Aml
+O(Ja; = 1)) + O™ 7T o)
eti

(W =1 —=4(p:)) +2(ai — 1A
M

= 64n%(1 + 00) (1 + ) Glpi )|

CeAy g — el
+Olfa; 1] + &)
= —871’(1 + aj)G(pi,pj)<V(21)1 + T (’Ul, ’Ug)), V@,\ivp)

1

SN _ Amg1
+O0(la; — 1|+ e 7 TFomaT), (8.30)

where we use the proof part (3) of Lemma [£.4] in the above, it is easy to see that

Am41
*5)‘“+17—1+am+1

the other terms on By, (p;) are bounded by e
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For the integration outside |J; By, (p;), we have ([, hie®17%2)~1 = O(e™)
and

p1h162v1—v2 B N N
/ m(% ~ ;) =/ O(e™M)e? = O(e™™).
Baro (0)\Bro (ps) Jar ™1 Barg (9)\Bro ()

Similarly

prhie?vi—vz B N
/M\U B (py) W(”m —Tp,) = O0(e™ ). (8.32)
j Pro\Pi) JM

Therefore, by ([8.26])-(832), we have
(V201 + T1(v1,02)), V(vp; —p;))

p1hy, (pj)
:(2)‘j — 1+87(1+ a;)R(pj,p;) + 2log m> (V(2v1 + T1(v1,v2)), Va;0p,)
+87(1+a;) Y Glps,pi)(V(2v1 + Ti(v1,v2)), Va,vp,) + 167(a; — 1)A;(1+ o)
i
_ Amitl
+O0@)[[¢llm +O(e TFrmr). (8.33)

The proof of part (4) is complete.

Finally, we prove part (2), we note that
<V(2’U1 + T (’Ul, ’Ug)), Vﬁpjvpj> = <V(2’U1 + T (’Ul, ’Ug)), V@Z,j (’Upj - Upj)>.
From ¢ € OS)A, we have
/ VoV, (vy;, —Tp,) = 0. (8.34)
M

Since [,,(vp, —Tp;) =0, we have [, 9y, (vp, —7Tp,) =0 and

/M {p* —p1+ iélw(l + aj)(a; — 1)} Op, (vp;, —Tp,;) = 0. (8.35)

j=1

On B,,(p;), by Lemma [£1]

o 6Pjh(pj)
Op; Vp; = —Vij+W(3Aj Uj—1)+20p, log h(p;) + 870y, R(x, pj) +O(|z—pjl)-

J
(8.36)
Since V,U; is an odd function, we have
/ ( )Plhpj (pj)le —p;[** e (U + 55 = 1)V, Ujdy = O(1). (8.37)
BTO Pj

Hence, by Lemma B2 and the fact that dy,U; is bounded,

/B plhpj (pj)er (Uj + 55 — 1)8:0;' (Upj - Epj) = O()‘j)a

ro (P5)
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where ([£33) was used. For the other terms in ([@49), we have the following esti-
mates.

/ o, (03)€% 8y, (0, — T, )y = O(1), (3.38)

Bro (ps)

/B ( )plh;Dj (pj)erO(|I _pj|)apj (vpj _Epj)dy = 0(1)7 (8'39)
ro (Pj

/B ( )2P1hpj ()€Y VH,;(p;) - (x — p;)VyUjdy = (87 + O(e™))VH;(p;),
ro (Dj
(8.40)

and
[ 20t (0)e T 03) - (5= )0y, (0, ~ )
Bv‘o (pj)
= 87V H;(p;) + O(\je M), (8.41)

where we used VH;(p;) = O(\je=%) for v1 € S,, (Q,w).
By Lemma [£2] and (836),

/B prhp, (p3)e 60y, (vp, —Tp,)dy = O(e™ X +) || g1 (ary (8.42)
ro \Dj

While for the term —<2— — 1 and 1, we have

PIEE=T
thle 1oz

eli

2p1hy, 'er(i—l— )8.1}.—5,
/Bm(P:‘) o1l (03) Sy hae?vi—v ¥ ) Op; (vp; — ;)
eli

_ NoUi _1— . _7
= /Bm(pj) 2p1hy, (pj)e”? (fM hye2v1—v2 1 w(pj)>8pj (Vp; — Vp;)

B / 2P1hpj (pj)er (Y — 1/’(1)3'))810]‘ (Upj - Epj)
By, (p5)
tj

€
= —81V(p;) + O(|W

S bG (5.43)
where we used
[ 20, )T ) Vldy = (67 + Ol ) V),
Bro pj

and [838). Since 0y, (vp, —Tp,) = O(ez%), as in the proof of part (3), we have

/ Eapj (U:Dj - Eﬂj)dy = O(eié)\mﬂi)\j)- (8-44)
Bv‘o (pj)
On M\ U, Bry(pj); Op; (vp, —Tp;) = O(1). Hence by Lemma [T}

/ A(vp, —8m(1 + a;)G(x,p5)) - Op,; (vp, —Tp,) = O()‘je_)\j)'
Barg (pj)\BT‘o (p;)
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Since ([, h1e?*7*2)71 = O(e™%7), the integral of the products of 8y, (vy, — Tp,)
and the nonlinear term in (£49)-(£50) are of order

O(e_’\f)/ e? = 0(e ).
M
The estimates above imply

(V(2v1 + T1(v1,v2)), VO, (vp; —Vp;)) = — 8TV H;(p;) + 87V (p;)

- %))

e

o(|——

+ (|fM hle2v1—v2
_ Amt1

+ |CLJ' — 1|>\J +e temti ) (845)

This proves part (2) and hence the proof of Lemma [£4] is complete. [J
Next, we give a proof of (G.14]).

Proof of [5-14)): For convenience, we denote

1 n
¢y = exp(w + 2¢ — §’UP7A)A) —exp (w+2¢ — Z47r(1 + a;)a;G(z,pj)).

j=1
For x € M\ Uj_, Br,(p;)- By Lemma 1] we have

n A(p)

1 p—
|§UP;A7A - 47;(1 + aj)ajG(;v,pj)| < ce TFom+1

__ @
for some ¢ independent of co. Thus [€;| < cse Tom+1 in M\ UUj_, B, (p;)-

For x € B,,(p;),j € J1, we note

- 1 pihy, (pj)es
47TZajG(x,pj) ~ 5UPAA =4ra;G(x,p;) — 4ma;R(x,p;) — a; 1og(M)
j=1

4
h ) . )‘j _ AP
+ajlog (1 — ipg)e—ﬁ - pj|2) +0(e TFomi)
1 ! +1)+0( _13&)
=a; og( : ) e “Tomtl )
T\ pihy, (py)ed o — pj 2

__AP)
where we have used T, = O(e ""*m+1). Then, we have

- 1
exp (w +2¢ — 4”2 a;(14 o;)G(z,p;)) —exp (w+ 29 — Zvp A a)

- 2
Jj=1
. " 1
=z — p],l? i (1 — exp (47TZajG(CC,pj) — §’UP,A7A))
j=1
= |z — p;|*¥ (1 — exp (a; log(1 + 4)\ 5) +O0(e T ))),
pihp; (pj)eri|z — pj|

(8.46)
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where we used

exp (w+ 2 — 47 Y (1 + a;)a;G(x,p;)) ~ |z — p; ™ for x € Bry(p;), j € Jr.
j=1
\

When |z — p;| = O(e_#j), we have

exp (w + 29 — 47TZajG(:1:,pj)) =0(|z —pj|2aj),
j=1
and
4 A(P)

1 —exp (a;log(1l + ‘ )+ O(e Tomt1)) = O(e” % |z — p,|72%),
T ) ’

which implies
__AP) 2
€y =0(e "om+1) for |z —p;| =0(e *4), j€ Ji.
A

When |z — ¢;| > e %7, then

4 1
1 —ex (a»lo 1+ ):O—'
p (a; log( plhpj(pj)e)‘j|$_pj|2) (eaf)‘j|117—pj|2aj)

__A®)
As a result, we have the right hand side of (848]) are of order O(e” ™ m+1). There-

fore
A(P)

&y = 0(67 1+°‘m+1) for x € Brg(pj)7 VRS J1.
For x € By, (p;),j € J\ J1, we have

. 1
4 Z(l + a;)a;G(z,pj) — SUPAA

j=1

1 p1hy; (D))
=4n(1 + a;)a;G(z,pj) — 47(1 + a;)a; R(z, p;) — zajA; — a;log (#>

2 4(1+Oéj)2
1 1 d; _ Ajv
~algm @ gt gy )
401 + a;)? 1 d; Y
=a; 1 ( J 1)__ (pi + ——T . TFay
@108\ enta = iy ) T a4t gy )

__AP)
+O(e Fom+1),
Therefore

- 1
exp (w + 2¢ — 4 Z(l + o;)a;G(z,p;)) — exp (w+ 24 — §'UP,A,A)

Jj=1

(1t n X
:O(l)|$ _pj|2ag(1+ i) (1 — exp (47T Z(l + Oéj)ajG(,T,pj) — §UP,A,A))
j=1
AL+ ay)?
pihy, (pj)etsi|z — p;[20+e)

=0(1)|z — pj|2“f(1+o‘f) (1 — exp [aj log (

+1)
A

+la,(n,+LA,e*Ti¥j)+o(e*%)D
2%\ ¥ 5T ay) Y ’
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where we used

exp (w420 —4m Y _(1+0;)a;G(x,p;)) ~ [w—p;|** "+ for z € By, (p;), j € J\J1.
j=1
N

If | — pj| = O(e *0+3)), we have

2V T 2(1 4 ) ’
and
, , 4(1+ a;)?
_ . [2a;(1+ay) ( . J )
|z — pj exp ( a; log (p1hpj (p;)ei |z — p;[P0+as) +1) +0(1)
__ e
=O0(e ™om+1),
AP
If |z — pj| > e *%07°) | we have
1 d; _ N _ae Y.
St g e ) = 0le T e -yl 2te)),
J
and
exp (a<10g( 4(1 + aj)? +1) +O(67%|$—p’|_2(1+0‘1))>
T pihy, (py)ed |z — pi|20Fes) !

1
(eaﬁ\j |z — pj|2aj(1+aj)

_aj# —2a;(14aj)
=140 +e mtl|p — py| T J).
Then
1 _ AP
+e Itamp |x — pj|72aj(1+aj))

—|p — p.|205(1+ay)
62 _|I pJ| “ “ (eaj)\j|x_pj|2aj(1+aj)

A(P)

~O(e” i),

where we used (B.8). As a conclusion, we have

__A®
€y = O(e ™ om+1) provided = € By (p;), j € J\ J1.
Therefore, we get (514).
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