NONDEGENERACY OF THE TRAVELING LUMP SOLUTION
TO THE 2+ 1 TODA LATTICE
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ABSTRACT. We consider the 2 4+ 1 Toda system
1

ZAqn = edn-179n _ gdn~dn+1 in R?2, n € Z.

It has a traveling wave type solution {Qn} satisfying Qn+1(z,y) = Qn(z +

2—\1/5,34), and is explicitly given by

2
( ) %+<n71+2\/§:p) +4y2
Qn (,y) =In

1y (n+2\/§x>2 + 4y?

In this paper we prove that {Qn} is nondegenerate.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Toda lattice equation is a classical integrable system appearing in various differ-
ent areas of mathematics, mechanics and physics. In this paper, we are interested
in the lump solution to the following 2 + 1 Toda lattice equation:

1
4
Equation (1.1) has been studied in [18-21], using the inverse scattering trans-

form(IST). A family of lump solution to (1.1) has been found in [18] (see equation
(3.6) there). Let us consider one of these lumps:

Ag, = et=17 0 ein=dnt1 in R% n € 7. (1.1)

L (n—1+222)" + 442
L4 (n+2v22)" +4y2

Then Q,, decays at the rate O (7"_1), as r?2 = 22 + y? — 400. We also point out
that in [14], families of rational and N-breather solutions to (1.1), including @,
have been found using Hirota’s direct method. It turns out that @), is actually an
analogy of the classical lump solution to the KP-I equation. As a matter of fact,
the KP-I equation can be regarded as a continuum limit of a family of generalized
Toda lattice, with (1.1) being in this family. We refer to [15] for more details on
this correspondence.
It is worth noting that the hyperbolic version of (1.1) :

Qn (z,y) =In (1.2)

1
1 (02 = 07) g = et 7In — eI (z,y) € R? n € Z, (1.3)

has also been investigated in [18-21]. From the IST point of view, (1.3) is quite
different from (1.1). More precisely, the associated Cauchy problem in the IST
formulation is well posed in (1.3), but ill-posed in (1.1).

1
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The system (1.1) is a generalization of following 1 + 1 Toda lattice
1
Zq;{ — e(In—l_(In _ eQn,_(In+1, n e Z. (1.4)

This is a classical integrable system. Compared to the 24 1 Toda lattice (1.1), the
system (1.4) has been extensively studied in the literature. We refer to [4,17] and
the reference therein for more discussion on this equation and related topics.

It is worth mentioning that there is another class of Toda equation, which we
call finite Toda system (It is also called Toda molecule equation in [5]):

(85 - 8;) Qn = 4eT =170 feln—dnt1 () e R®2 nel,.., N, (1.5)
with go = —00, gv4+1 = +00. This is also an integrable system. The elliptic version
of (1.5):

(92 + 8;) qn = deIn—170n _ 4etnIn+1 (g 0) € REnel,..., N, (1.6)
has been studied in [9], where classification and nondegeneracy of solutions have
been proved, by analyzing various explicit conserved quantities of this system.

One of the motivations of studying Toda system comes from the following unex-
pected connection: the solutions of (1.1), (1.4), (1.6) , actually describe the interface
motion of the solutions of the Allen-Cahn equation

—Au =u—u’.

The general principle is the following: For each “regular” enough solution of the
Toda system in R! or R?, one should be able to construct an entire solution to the
Allen-Cahn equation in R? or R?® whose nodal sets resemble the solutions to the
Toda system. This type of results has been obtained in [1,3,8], using the method
of infinite dimensional Lyapunov-Schmidt reduction. The bounded domain case is
considered in [2]. A key element in these constructions is the nondegeneracy of
solutions to the Toda system. See [3,8].

In this paper, we prove that {Q,} is nondegenerate. Our main result is
Theorem 1. Let {U,} be a solution of the linearized equation

AUn — eQn—l_Qn (Uni1 _ Un) _ eQn_Qn+1 (UTL _ U’I’L+1) . (1.7)
Suppose Up 1 (z,y) = Uy, (x + ﬁ,y) and

Un (z,y) = 0 as 2 +y* — +oo.

Then
Un = Claa:Qn + CZayQ'ru
for some constants cq, cs.

Theorem 1, combined with gluing arguments similar to those in [1,8], yields the
following result for Allen-Cahn equation
Corollary 2. The Allen-Cahn equation
—Au=u—u? in R? (1.8)

has a family of singly periodic solutions whose zero level set {u = 0} is approxi-
mately given by U,{z = Qn(z,y)}.
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The main idea of the proofs of Theorem 1 is to consider the Backlund trans-
formation at the linearized level. More precisely we use the linearized Backlund
transformation to transform a kernel U,, of (1.7) to a kernel of the linearized equa-
tion with respect to the trivial solution, which is an operator of constant coefficient.
This type of arguments has been used in [11,13] for the analysis of spectral property
of some soliton solutions to 1 + 1 Toda lattice and KdV equation. In this respect,
we also refer to [12], where the stability of line solitons of the KP-II equation has
been proved using Miura transformation. In [10] similar idea is used to prove the
nondegeneracy of the lump solution to the KP-I equation.

Acknowledgement 3. The research of J. Wei is partially supported by NSERC
of Canada. Y. Liu is partially supported by the Fundamental Research Funds for
the Central Universities 13MS59.

2. PRELIMINARIES ON THE BACKLUND TRANSFORMATION OF THE 2+1 ToDA

LATTICE

Béacklund transformation has been used to study soliton solutions for many in-
tegrable systems. We refer to [5,16] for a general introduction this topic.
In this paper, we use D to denote the bilinear derivative operator. That is,

DD f g =1[(0s = 0s)" (0 = 0u)"] (f (5,1) g (') |sr=s.0r=t-
We already know that the lump @, can be obtained via the inverse scattering
transform. It turns out that we can also find @,, by Backlund transformation. Let
us explain this in the sequel.

To use the form of the Bécklund transformation as studied in [5], we introduce
the complex variables s = x+iy,t = x—iy. Then A = 40,0;. Setting r,, = ¢pn—1—Gn,
we transform (1.1) into

05Oy, = €™t et — 2e" n € 7. (2.1)
Let us define V,, by
14V, =¢em.
Equation (2.1) then becomes
856't In (1 + Vn) = Vn+1 + Vn—l — QVn

Introducing the so-called 7-function 7, by V,, = 9:0;In7,, we get the following
bilinear form for the Toda lattice (2.1):

DDyt - 7y = 2 (Tn-',-17'n—1 - 7'»3) ,neN. (22)
For n € N, we define

Kn =1,

V2 -1

wWn=V2(s+t)+n+(s—t)+ 5

and
Hn:<\f2(s+t)+n)27(sft)2+%. (2.3)

Then {x,},{wn}, {0} are solutions of (2.2). The lump solution @Q,, is correspond-
ing to 6,,.
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We are interested in the transformation from {¢,} to {7} at the linearized level.
Let us define the linearized operator Ty of (2.2):

(Tﬂn)n = asatnnon - 8snnat0n - atnnason
+ nnasaten - (nn+16n71 + 9n+177n71 - 20717771) .
Similarly, we have T, and T,. Note that

1
(TH )n = ZA% + 277n —Mn+1 — Tn—-1-
Lemma 4. Suppose {U,} satisfies the linearized equation
1
14U = e@r1mCn (U, = Uy) — €@t (U, = Upy1) ,n € Z. (2.4)

Assume
1
Un 5 = Un + =
+1(2,9) (:v e y>

U, (z,y) = 0, as 2% +y* — +oo.

and

Then the equation
1
187 = Q1= (U, _y — U,), (2.5)

has a solution {7, } with 41 (x,y) = 7n (a: + ﬁ,y) and

. C
70| £ ———=.
V1+ a2 +y?

Moreover, n, = 0,7, solves the linearized equation Tyn = 0.

Proof. Let us denote the function U,,—; — U,, by v,. We deduce from (2.4) that

1
ZA,U” _ eQ”’27Q"’11)n,1 + eQniQ"Jrlanrl _ 2€Q7L71*ann’ (2‘6)
Setting f, = (e@»~17%» — 1) v,,, we can write (2.6) as
1
ZAUTL — Un+41l — Up-1*+ 2v, = fn+1 + fnfl - 2fn (27)

We use F (f) to denote the Fourier transform(in R?) of the function f. Taking
Fourier transform in (2.7), we obtain

—(2-2cos 7)) F (£,
o - (2- 20052 ) F (1) | .
—772(5%4-5%)—!-2—2(:03%

Observe that

—? (§f+§§) —|—2—2005L§1 <0,

V2
and it equals zero if and only if & = & = 0. Then using (2.8) and the estimate
Qn—Qui1=0 ((1 + 2 +y2)_1) ;
we can show that
v, =0 ((1 + 2%+ y2)71> .
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This implies
fa=0 (1422449 77).
The equation (2.5) has a solution 7, with
1
T+

In view of (2.8), we get

-F(fn +Un)

) = P =~ ey

_ F (fn
F () = 2(¢2 4 (2 ( 2) 9 cos T’ (2.9)
-7 (51 +£2)+ - COSW
On the other hand, using equation (2.4), we obtain
o (2,y) dedy = / vn (2, y) dedy = 0.
R2 R2
Hence by (2.9),
. C
70| < ———. (2.10)
V1422 +y?
The derivatives of 7y can also be estimated.
Under the transformation
Tn = qn-1—Gn, Vo =€ —1,0,0;In7, = V,,
the original Toda lattice (1.1) becomes
050;TnTn — OsTnOsTn + T2 n+1Tn—
8.0, In ( T T, 27' T, —i—Tn) = 0,0, lnLgl. (2.11)
TTl n
Linearizing these relations at 6,,, we find that the function 7, = 7,0, satisfies
T
0,0, M _ g
9n+10n—1
This together with the estimate (2.10) tells us Tyn = 0. O

Let
P = [DiDy7y, - Ty — 2Tn41Tn—1 + 27| Ti2 — [DeDyhy - ) — 270 1Ty + 2707] 71
Then we have the identity(Page 179, [5])
%’P =D, [DSTn T = ATpa1 Ty + )\TnT:l] (Tl Th)
+ A [DiTns1 - Th + A T = A Tl Th 1T
- A [DtTn . 77’1_1 + Afl'rn_lﬂl — )\717'”77’1_1} TT/LTn+1.

Here ) is a free parameter. From this, we get the following Backlund transformation
between {7,} and {7)}:

{ Dty - 1) — A1 - Th 1 + A7), =0,

Ditpir - Th + A mh i — A g, = 0. (2.12)

If {7} is a solution of (2.2) and {7,},{7,} satisfy (2.12), then {7} is also a
solution of (2.2).
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In the rest of the paper, we choose A = v/2 + 1. The Bécklund transformation
from k,, to w, is given by

Dby - wn = A (Kn+1wn71 - ’inwn) ;
{ DthnJrl cWp = _)\_1 (annJrl - "{nJern) . (213)
The Backlund transformation from w,, to 6, is
D,wy, - 9n =x! (Wn-‘rlen—l - wnen) ; (2 14)
Diwny1-0n = —A (wn0n+1 - Wn+19n) . .

We refer to [16] for related results on the Bécklund transformation of 1+ 1 Toda
lattice and other integrable systems.

3. THE LINEARIZED BACKLUND TRANSFORMATION BETWEEN w AND 6

In this section, we study the linearized Backlund transformation between w and
6. The linearization of the system (2.14) is

85¢n9n - (bnasen - )‘_1 (¢n+19n—1 - ¢n9n)

= —0swnMn + wWnOsnn + At (wn+1nn—1 - wnnn) s (3 1)
8tgbnon—l - ¢nat0n—1 + >\ ((ybn—len - d)ngn—l) '
- _8twn77n71 + wnatnnfl - A (anlnn - Wnnnfl) .

Dividing the first equation by 6,, and the second one by 6,,_1, (3.1) can be rewritten

as
(Fl(vb) = (Glﬁ) y
& " 3.2
U hon Z Gy (32
where
o asen a15077.71 —1 97171 en
(F10),, = Oxtn — < 0. + o0, + 2> G — A Wénﬂ + )‘ﬂ(bn—la
_ 1 88971 aton—l —1 an—l 971,
(M1¢)n - Zay¢n - ( en - 9n71 - 2\[2> ¢7L - A ¢n+1 9n - /\an—l 9n71’

and

Wn, Wn Oston, 4 Wp Wn—1
G = — 0Ny + —— 0Ny — — S S e "
(Gin),, 5, Ostin + 5O + ( o N on_l)n

Wna1  Owwn  Awn )
+ )\ - + n—1,
< 0n en— 1 9n—1 g !

Wn w.

n a‘;wn _1Wn Wn—
(Nln)n = 7(98”” - 713157777,—1 + <_ - 1= + A 1) Tin

Wnt1 | Oiwn B Awy,
* (A gn * 077.71 0711) =1

In this section, we would like to prove the following

Proposition 5. Let {n,} be given by Lemma 4. Then (3.2) has a solution {¢n}
with 641 (2,5) = 0 (¢ + 525.9) and

b0 (,9)] < C (1+ 2% +12)% . (3.3)
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We remark that the exponent % is not optimal, but it is suffice for our use in the
proof of Theorem 1.

To prove Proposition 5, we will use the Fourier transform. Let us use ¢ to
denote the Fourier transform of a generalized function ¢ = ¢ (z,y) with respect to
the = variable. In particular, if ¢ is a regular function, then

o (& y) = /Re_%”%(x,y) da.

The Heaviside step function will be denoted by u. That is,
w(z) = 0,z <0,
1 1L,z>0.
We will frequently use the following formulas for the Fourier transform(See Appen-
dix 2 of the book [7]).

Lemma 6. Let a; € R,ay > 0. Then
1 ’ . .
— 97 2mi(a1—asi)€ _
(o) —2me u(=g),

and

( 1 ) — (—2mi) eXilortaaiy (¢

x+ a; + ast

Lemma 7. Let a; € R. Then

< ! ):—71'@'62”"‘“55'9%.

xr + ay

Remark 8. From Lemma 6 and Lemma 7, we see that formally,

<1>A . 1( 1 1 )
— ] =lim - -+ - ).
T e=02 \x+ei x—e¢i

Here the distribution L is defined to be the derivative of In |z|.

Lemma 9. Suppose a1 € R,a3 > 0, and ag € C. Then

wha)tas ) (1 a5 ) o comitartaritey (g)
(z+a1)” + a3 2 2y
1 as N 27mi(a; —asi
1 _as - 2 mi(a1—azi)§,, (_ .
+(2+2a2i)( mi)e s
Proof. We have

(x+a)+az 1 1 1 1
(r+a)’+a2 2x+ar+azi  2x+a; — agi

as ( 1 1 )
+ - - — ;
2090t \ x4+ a1 —ast x+ay+as

o 1 as 1
T \2  2a9i) x+aq+agi

+ 1+ as 1
2 2a9i) x+ a1 —asi

The result then follows from Lemma 6. O
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We define
n y? Y
— B =ZL 7(,__,
« 2\/§7B +32 2;
and
1
c=——,01 =Qa—cC.
2v2
Set

A=t b AL V2
2 23 2 \2 7 168

1 b A1 V2
Az=—|z4+—= ), Au="—F%|+—].
’ (2+25>’4 \/§<2+165z’>
Lemma 10. Let 6, be defined by (2.3). Then

|:899:| = —27T2'A1€2m(a+ﬁi)€u (5) - 27TiA3627ri(a_6i)£u (_6) ’

[a; n 1] _ 27riA362wi(a1+Bi)§u (5) + 27T,L~A1627ri(a17,8i)§u (_5) ,
n—1

and

an—l -5 Toomiid A4 sz(a+ﬁi)§ (5) +omil2 A2 27rz(o¢7ﬁi)§u (_g) ,
0, A A
and

0 A A
[enj = 6+ 2mit 2Oy (¢) 4 ot t eIy ().
Proof. We compute

950, 2V2(2V2x +n) — 4yi

O (2v22+n)" +4y% + 4
n_ _ yi
___"Taa e

2 1.
(x+2\/§> +24 L

Similarly,
0, 2V2(2v2x + n) + dyi
On (2\/530—!-71)2 +4y? + 1
T+ f + 4
(= + Qﬁ) + 22+ L
Moreover,

On1 _ On— [2(2v22 +n) —1] _

2(2v2z+n)—1
O Or, (2\/§x+n)2—|—4y2+i
n 2
LA (l”+m> 5
N 2 n 2 2 1
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We also have

On 2(2v2z+n) -1
=1+
br—1 Tho1

n—1 \/§
1 (J) + m) + ry
=1+ E 3 5 .
n—1 1

(IE + Tﬁ) + % + 39
The desired results then follow from direct application of Lemma 9. O

To proceed, we need to introduce some notations. We define
Az Ay

vo= m = E;’
and
Ay Az

v= A \2 =

=4
Then vy* = A~2. Note that |y| < 1, and |y| — 1 as y — +oo.
We introduce the functions

mig i

2miP (€) = 2mié —2 — \"le vz £ Ae” VZ,

Q(f) = (1 - 76%) (Al +A26_L\;§) — (1 —'y*ev:/ig)

s

S

Az + A46_L\/i§> ,

/N

and .

mif
1—v%evz _,.
J(€) = ( e 4 55) ,

1—~vev2

R (&) = (1 — fye%s) <A3 + A467L~/i§> emhe,
We then define

§ is . . .
h(§) = / (1 - 767:/5) eQm(aJFBZ)(*S)d)n (s)ds. (3.4)
Let
+oo
91O = [ he) s (3.5)
3
Proposition 11.
. 2mi(a+B1)€ /
(Fi9),] = - <Pg“ - (Q - P‘ﬁ) g+ RJg) . B9)

Proof. Using Lemma 10, we find that the Fourier transform of (F1¢),, is equal to
2By, — 2, — A i1 + Ay
— ¢, * [—QﬁiAlezﬁi(aJrﬁi)gu (&) — 2miAge?™i(a=PIEy, (—f)}

— ¢, * [277@'14362“(("”"3")514 (€) + 2mi Ay 21 =BDEy, (—f)}

- A . . A . .
— /\71¢n+1 * [2772')\4627”(0‘+ﬁ1)5u &)+ 2772'72627”(0‘7&)5u (—f)}

. Ay o . Ay o ,
+ A\, * {277@')\262”@(@1+’3’)5u (&) + 2m74e2m<al—5@>fu (—g)] .
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We calculate
b {e%i(al—s-ﬁi)iu (5)}

§
— / e27r1'(a1+6i)(§—s)e—27r1'cs¢;l (S) ds.
— 00
Using the fact that oy = a — ¢, we obtain

13
b |:627ri(a1+ﬁi)§u(§)} _ 62m(m+6i)5/ ezm(a+ﬁi)(75)¢; (s) ds.

— 00

Similarly,

13
¢;H1 “ [€2ﬂi(a+61).§u (f)} :/ e27ri(a+ﬁi)(£—s)627rics¢;l () ds

—00

1S
_ e27ri(a+,8i)£/ e2ﬂi(a1+6i)(—s)¢; (S) ds.

It follows that ﬁ [(F1¢)n] is equal to
P (¢ ¢;l + (Al + A2€72‘n’ic§) p2mi(atBi)ép,

—+oo
+ (Ag + A46727ric§) eQﬂ'i(afﬂi)E/ [1 _ 7*627rics] GQﬂi(afﬁi)(fs)d);L (S) ds

3
D . o
_ —2micE\ 2mi(a+Bi)E
=P (f) 1= ’7627”'65}1 + (A1 + Ase ) e h (37)
+ <A3 + A4e—2ﬂ-zc§) 6271'1(04—61)5/ [1 _ 7*e2mcs] esz(a—Bz)(—s)d)n (S) ds.
3

The last term is equal to

+oo
(Ag + A46727ric§) eQﬂ'i(af,Bi)g/ [1 o 7*627”'1:5] 627ri(a73i)(75)¢;b (5) ds

13
) ) ) +o0 ) ) ) 627ri(a+6i)s
_ (A3 + A46727mc£) 6271'2((1751).5/ [1 . ,_Y*GQTK"LCS] 6271'2(047[37,)(75) — hds
E 1 — ,ye mTics
+oo * 2mics
_ (A3 + A4e—27ric.f) ezm(a—m)g/ 1—v 62 _ ATi(BD)s /g
&_ 1 J— /ye mTics
1 — yre?mic —2mict\ 2mi(a+Bi
=TT (A5 + Age2me8) 2mHat0En (¢)
— (Ag + A4€72’”C§) g?mila=pig / h(s)J(s)ds,
13
Insert this identity into (3.7), we find that
1 " J—
omie2mi(a+Bi)é [(F19),] =
P (5) h' —2mic —2mic 1- 7*627”65
71 — ,yeQTricﬁ =+ (A1 + A26 ‘5) h — (Ag + A46 f) - 762771‘(;5

—+o0

— (g4 Age o) 75 [T () (€) s
€
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Inserting the relation ¢’ (§) = —h (§) J (§) into this equation, we get the identity
(3.6). O

Since % has a singularity around 0, it will be important to understand the
behavior of Q and RJ around 0.

Lemma 12. For all y € R, we have
Q(0) =0 and Q' (0) = mi.
Proof. Direct computation using the definition of v and v* shows that
Q(0) = (A1 + Az) (1 =) — (As + A4) (1 =77)
1 1

=A1+ Ay — A — A3 — A3 — Ay +

\2 2 Ar + Ay
=0.

On the othe hand, since A; does not depend on &, we calucate
Q' (€) = Ay (—2mic) e 2™ — Ay (2mic) e2™ic
+ Asy* (2mic) €2 — Ay (—2mic) e” 2T,

Therefore,
/
0
e ( ) _ —Ag — Ayy + Ay + Ay
2mic
:)\i 1 V2 _A—li 1_,_ V2
V2 \2 1680 2\2  16pi
— )\*li 1 _ ﬁ + )\i } + \/i
V2 \2 1680 2\2 1601
=/2.
The proof is completed. U
Lemma 13. For all y € R, we have
J(0)=0.
Proof. Since
1— ,Y*EZWics / v - ,_Y* ] )
— 271'20627”65
1— 7627\'%’03 (1 _ 7827”'03)2 ’
we have
Y- 'Y* . Tics  —4mfBs 1- 7*627”05 —4mfBs
J(8)2W2W2662 e 48 +W(—4’Nﬂ)€ amp

2776*4“55 *\ ;. 2mics 2mics *x _2mwics
= ey [/ 77086 4 (L) (L 7e27ie) (-2)]
Letting s = 0, it follows that
(1—9)* (y=9")i )
S j0)= O gy —q) 2.
G (0= T (1) (1= 7)28

Using software such as Mathematica, one can directly verify that J (0) = 0. (]



12 Y. LIU AND J. WEI

Consider the equation
J/
Pg’ + (Q — PJ> ¢ +RJg=0.
Let us write it as
Pig" + Qg + Rig = 0. (3.8)
Here P =P, Q1 = Q — PZ and Ry = RJ. Note that under the transformation

J?
on — h — g, the function ¢,, = w, corresponding to g = 0.

We are interested in the asymptotic behavior of the solutions to this equation.
At this point, it is worth pointing out that according to Lemma 13, the function
@1 has singularities at & = 2v/27j,j € N.

Lemma 14. The equation (3.8) has two solutions g1, g2, satisfying
91§ =1+0(), as§ =0,

and
g2 =672 +0(7), as¢—0.
Moreover, g1, g2 are smooth at £ # 0.

Proof. For £ close to 0,
P(§) =6 +0(&), Q) =it +0(¢).

Hence )
3mi

Q1 (&) = T£+ ) (52) .
The existence of g1, g2 then follows from a perturbation argument.
Near the points &; = 2v/27j, j € N\ {0}, the equation (3.8) can be written as

g+ (€-&) " +0M) g +0E-g)g=0.

We then can deduce the existence of two smooth linearly independent solutions us-
ing perturbation arguments again. Indeed, we can also find the asymptotic behavior
of these solutions. O

Taking Fourier transform for the equation (Fy¢), = (G1n),, , using Proposition
11, we obtain
J .
T orieZria T BOE [(Gin),] =B (& y). (3.9)
Variation of parameter formula tells us that equation (3.9) has a solution of the
form

Pig" + Q¢ + Rig =

. B ¢ g1(s,y) B(s,y) ¢ g2(s,y) B(s,y)
g (&y) = 92(&9) W (5,9) P (5,9) (S)y)dsfgl &) W (s y) P (s.y) (S“y)d&

Here W (s,y) is the Wronskian of g; and g¢5. Let

h* (gﬂy) = ‘tg]/((g’zy/))7

and we define ¢}, by
. N h*/
(¢n) - (1 _ ,Y€27'ric§) e2mi(a+pi) (=€) "
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With these preparation, now we seek a solution ¢ = {¢,} for the system

{ (F19),, = (Gin),,,
(Mi19),, = (N1n),, -

in the form
Pn = b+ C(y) wn. (3.10)
Lemma 15. There exists a solution { to the equation
(M19),, (0,y) = (N1n),, (0,9)
with initial condition ¢ (0) = 0.
Proof. We need to solve
[M; (Cw)],, = (Nin),, — (M1¢"),,, for z = 0. (3.11)

Since w,, satisfies (Flw), = (Mjw), = 0, we find that the equation (3.11) has the
form

1 *
¢ W wn = (Nin),, = (M1¢"),,, @ = 0.
This is a first order ODE for ¢ and has a unique solution with the initial condition
¢(0)=0.
We remark that due to the condition 1,41 (x,y) = 7, (x + ﬁ, y) , the above

argument gives us same ( for different n € N.

Lemma 16. Let {¢,,} be given by (3.10). Define ®, = (M1¢),, — (N1n),, . Suppose
Ton =0 and (F1¢), = (G1n),,. Then

911— sen on— — 07L
0p®p = A1 2L, + Ka + afl) A+ A 1} By = A

0 n en en —1 n—1
Proof. We compute

. 050, 00, _
8z (Ml(b)n = _Zayawd)n - aac |:< 0 - ;11) ¢n:|

9, 0,
A0 (1= — b0 ) = A (D1 — O
977, 977,—1

. 0s0n, O — _ 0p—
= 7@8@, |:< en + ;nll) d)n + )\ 1 (an—&-lenl - ¢n>:|
3 Hn aﬁn aten—l
- Zay |:_/\ (¢n—10n1 - ¢n) + (Gln)n:| - am |:( en - 9n71 ) ¢n:|

On— _16n- _
_)\_1893( 0 1>¢n+1_/\ ! 0 lam¢n+1+)\ la:v¢n

0 () b = A6+ AT
Hn_l en—l

Plugging the identity
050, 00— _ 0,,_ 0,
Oupr = + ) b A AT (G = b ) = A (Gno1 o — b ) + (G,
Gn 071—1 Tn en—l

, 0500 010 _ 0, 9,
*Zaygbn = ( 9 - ; 11> ¢n, + )‘ ! (¢n+191 - ¢n> + A <¢n—19 - ¢n) + (M1¢)n
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into 9, (M1¢),, , we find that the coefficient before ¢,, 1 is

ey — an_l _ 971—1
v, (52) a2
O 056 0.0
o\ —1Yn 1. sUn+1 . tUn o _1
A 0 [z( O 0 ) z()\—i—)\ )]
o asen o 8t9n71 )\_1 6»,171
Hn en—l 9n
. ason aitan—l -1 . 71071—1
- 2nl A=A A1t
' |:( en * 6)nfl > * ( )] ! 9n
Or— 0,0 0,0
_ y—1Yn-1 sUn+1 tUn _y—1
A o K%H +9n)+(A A )}

+(A+27h xloz—l.

One could verify directly that this is equal to 0. Similarly the coefficient before
o¢n—1 and ¢, is equal to 0. Hence we get

0

— 050,
28 o)+ [ (%

8tn1)+)\+)\ :| 1¢)n

7 : (M1¢),,_y — 0y (G1n),, — A~" 2 (G11) 41

(G1n)y_y + (A+ 271 (Gin),, -

n—1

After some tedious computations(alternatively, we can use the software Mathemat-
ica to verify this), we find that

an— sen enf — 971
0P, :>\_1 0 1(I)n+1+ |:<89 +a;1) +A+A 1:| S, —A—, .
n n n—1

For y € R, we define

where B is defined in (3.9).

Lemma 17. Asy — 400, k(y) — 0.
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Proof. Recall that under the notation of Lemma 4, n,, = 6,7,,. We compute

Wn Wn, aswn _1Wn W —
(Gin),, = =" 0snn + ———0in—1 + (— B A 1) T

O On—1 O (N On—1
n Opwn | Awy,
" (Awezl g 0::) =1
=5 (;af (Buie) + 520 (f)nﬁn)) o <;az (B 1)~ 520 (Gn_lﬁn_1)>
e s (5 e
= SO + %wnaz—f"ﬁn ¥ grondyin + 2%,“’"230" 7in
_ (/\ A, + A“g;lla'L) iin + (A“g:lon_l Aty Awn> Fint.
On the other hand, since 7, satisfies (2.9) and F (f,,) (0,0) = 0, we infer that
()| <c.

From this estimate and the fact that W (s,y) = O (s%), we get

M s2, for s
W (s,y) A (&y)’ < Cs%, fors € (0,1), (3.12)

and

92 (5,y) B (s,y) ‘ —27f8
= = < Ce ™ for all s > 0. 3.13
‘ W (s,y) P1(s,y) (3.13)

It follows that
i -
&k (y)] < C/ sds + C’/ e 2™ ds — 0, as y — +oo.

O

Proof of Proposition 5. For each fixed y, using Lemma 16, ®,, (0,y) = 0, and the
Gronwall inequality, we deduce ®,, (z,y) = 0 for all z. Hence {¢,,} solves the system
(3.2) . It remains to prove the growth estimate for ¢q.

Let us define

_ 1 g\
x(&y) =— (1 — ye2micE) e2mi(atpi)(—€) \ J | -
Note that by the asymptotic behavior of g1,
X(&y)=0(¢7). (3.14)

Near £ = 0, we can write

b, (Ey) =k (y)x (& 1)+ 0 (€7%) + ¢ () w,.
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Inserting this into the equation [(M1¢),] = [(Nln)n]A , using the asymptotic be-
havior (3.14) of x, we find that &’ (y) = 0. Applying Lemma 17, we then deduce
k (y) = 0. This in turn implies that

g*:—g /EngdS—g ‘ gQBdS
>y wh A 70
This together with (3.12) and (3.13) in particular tells us that
|00 (€.9) — ¢ (y) wo| < Ce>™PIEN (1 +¢72). (3.15)

After some manipulation on the Fourier integral representation of ¢y, we obtain
the desired estimate (3.3) for ¢g. Indeed, the exponent g can be replaced by any
number larger than %(But in general can not be %) ]

4. THE LINEARIZED BACKLUND TRANSFORMATION BETWEEN K AND w
Linearizing the Backlund transformation (2.13) at {k,}, {wn}, we get

aso-nwn - Unaswn - )\ (Un-i-lwn—l - Unwn)

= _6sﬁn¢n + "fnasqbn +A (Hn+1¢n—1 - anbn) ’ (4 1)
at0n+1w7z - 0'7z+18twn + >\71 (O'nwn—i-l - O'n—i-lwn) '
= —Opfint10n + Fnt10ibn — A" (Fndni1 — Kns1¢n) -

We write this system as

(Foo),, = (God),,
{ (Moo, = (Nog), - (4.2)
Here
Wn— 1 Wn
(Foo),, = 0zon — A wnl (Opt1 —on) — A lﬂ (0n —0n-1),
(Myo),, = —i0yop — P (Ont1 —on) + AL (on —0On-1),
Wn, Wn—1
and
(GO¢)n _ _63"4%(?71 + "fnas(bn "(:)\ (Hn+1¢n—1 - Kzngbn)
n — 0t b1+ FnOin_1 — A" (Kn—10n — Kndp_1)
Wn—1 ’
(NO¢)n _ —Oskin®n + knOsdpn + A (’{n+1¢n71 - /ﬁ?n¢n)
Wn,
_ *8t’fn¢n—1 + Hnat¢n—1 -t ("{n—lﬁbn - ’in(bn—l)
Wn—1

The main result of this section is the following

Proposition 18. Let {¢,} be given by Proposition 5. Then the system (4.2) has

a solution {op} with 0,1 (z,y) =0n [z + ﬁw) and

5
8

loo (z,y)| < C (1+2” +y7)
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Let us define
Py (€) = 2mi€ — A (6%5 - 1) ! (1 - e‘%f) , (4.3)

Qo () = —A% (¥ —1) 4 )\% (1-e%9).

We see from Lemma 6 that the Fourier transform of (% will depend on the sign of
y. Define

g =
and introduce a new function
13 ] ) i .
hl (5) = / 627”(‘10"1‘/801)(_3) (e \/53 — 1) o'n (S) ds
— 00

Lemma 19. Suppose y > 0. Then

e2mi(ao+B0%)¢
[(Foo),] " = —=g—— (B0 (§) R} (€) + Qo (&) ha (£)) (4.4)
evz® —1

Proof. Using Lemma 6, we get

<wn_1) ~ 1
=1 -
Wn 22 +mn+ ‘/52_1 + 2yi

=4 (—2mi) e2mi(aotBot)Ey, €).

1
_2\/5

Then we compute

2 o] = ()0 Sy [ o] ()
. ¢ ‘
- (6%5 _ 1) o+ 2mi(ao+Boi)(6—s) (6%3 - 1) o, (s)ds

Similarly, we have

[ “n (Jn—anl)]h - (1_6—% )a;

Wn—1

1 . . i i .
== (=2mi) |20 RNt By ()]« [ (1- %) o,
2v2
= (1 — 6_%§> o,

. 13 i d 8
i 2mi(aotBoi)(E—s) ,— T5 (€=9) (1 - e_ﬁs) o, (s)ds.

V2w
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Consequently,
(Foo), ]~ = 2migo, — A (e3¢ — 1) o,
Iy
2
V2 )
-\t (1 - B_L\/%E) a,;

1 i

(s)ds

n

(2o +Boi) (E—5) (eﬁ _ 1) o

A 6271'71(0404-/307;)(5_3)@_%(5_5) (1 — 6_%5) UA (5) ds
Vz ). :
27mi(a % ;
ot R (&) e (ao+Poi)€ () o2mi(eo+Boi)é _ Aﬂ€2ﬂ'i(0zo+50i)§h1
2

(e%g — 1)
B A‘le_%gh/l (f) egﬂ—i(ao-t,-@oi)g + A—lﬂe—j}—gsezm(aﬁﬁoi)&hl_
This is (4.4). -

Now let us define
+oo . . i ~
ho (€) = / e2milao—Foi)(=s) (eﬁs - 1) o, (s)ds.
3

Lemma 20. Suppose y < 0. Then
o e2mi(ao—foi)s )
[(Fo0),] " = == (P (O ha (O + Q(E) 12 (€)) -
evz> —1

Proof. The proof is similar to that in the previous lemma. By Lemma 7,

(wn_l)‘ . 1
n=l ) =1 —
W, 2\/§w+n+@*‘y|i

—5- 72\1/5 (2mi) e2mileo—BoiEy (_¢)

Then we compute

R I G L R R G

Wn V2
i C_ T[T ariao—poi)e—s) (, T -
_ (6\/5 _1)071_7 e2mi(ao—Poi s (e\/i —1)0n(3)d8.
V2 Je

We also have

o] = (1),

Wn—1

= (1 — 67%§> o,
m

+o0 ) '
L e2mi(an—Poi)(€=s) = TH(E—9) (1 —~ e*%s) 7, () ds.
V2 Je
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It follows that
[(Foo),]” = 2miéa, — A (e\%& — 1) o,
AT [ itk (67 - 1) o, (s)ds — A~ (1 - e*%f) 7.
\/§ oo n n
g . .
AL [ e HED (1 Y o () ds

\/i—oo

h’2 e2mi(ao—Poi)

G

+ /\ﬂe%fi(oéo—[iﬂ)&h2 + A—le—%fhée?ﬂ(ao—ﬂoi)i — 2! ﬂe_%geQWi(ao—ﬁoi)ﬁhz.

= —2mi¢ + A e?mitan=Foi)e

‘We conclude that

e~ 2mi(c0—PBoi)¢ [(Foo),]” =

The proof is completed. O

Lemma 21. The functions Py and Qqy have the following asymptotic behavior as
£E—0:

2262
Ro(€) = "5 +0(€),
Qo (§) =+ 0(€%).
Moreover,
Py (§) # 0, for £ # 0.
Proof. This follows from direct computations. (]

Lemma 22. The equation

Py (§) W (§) +Qo(§h(§) =0
has a solution p such that
p(E) =240 (ffl) ,as & — 0.
Proof. This follows from the asymptotic behavior of Py and @ near 0. O
Having understood the Fourier transform of the (Fyo),, , we proceed to solve the

equation
(F()O')n = (GOU)n N

Taking Fourier transform, we get [(Foa)n]h = [(Goa)n]ﬁ. Using Lemma 19 and
Lemma 20, we arrive at a first order ODE. Let

eVt 1 -

A& y) = m [(Goo),,]
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For y > 0, we define

¢ -1
W @) =@ [ (pl) T A€ ds
and
- (5 ) 271'2 (ang )Eh*/ 62772 <o¢0+ )Eh*QO
o , =—
" Y evié _ 1 (eﬁf—l)Po
Similarly, if y < 0, we define
13
PEn = [ o) A ds

and
R 27”(040+ )Eh*/ 627T2<040+ )gh*Qo
eﬁ -1 (e Vit 1) Py
We would like to solve the equation (Myo),, = (No®),,

Lemma 23. The equation

(Moo),, (0,y) = (Nog),, (0,9) ,y > 0.
has a solution of the form o + v (y), with the initial condition v (0) = 0.

Proof. This is a first order ODE for the function ~, of the form

1 *
E’Y/ (y) = (NO¢)n (Oa y) - (MOU )n (07 y) .
Integrating this equation, we get the solution. ]

Similarly, we have
Lemma 24. The equation
(Moo),, (0,y) = (Nog),, (0,y),y <O0.

has a solution o, of the form o 4+~ (y), with the initial condition v (0) = 0.

To proceed, slightly abuse the notation with the previous section, we define
P, = (Moo),, — (No¢),,
Lemma 25. Assume y # 0. Suppose T, = 0 and (Fyo),, = (Go¢),, ,n € N. Then
n+1 + <)\_

Wn— 1 1 wn

0P, = A

—Aw”‘l) AT (45)
Wn, Wn—1 Wn, Wnp—1

Proof. We compute

Wn—1

Or (Mo0),, = —i0y0305, — A0y { (Ont+1 — O'n):| + 2719, [ “n

Wn—1

(0~ 30)]

n

= —id, [Aw:}_l (Ont1—on) + /\71(*}7” (On —0on-1) + (G0¢)n}

n Wn—1

n n

— )\83; (w:)_1> (Un-i-l - Un) - /\w:}_l 8:8 (O'n—&-l - O'n)

1 Wn

+ 2710, (wwn )(0‘ —Op-1) A~ " —0, (o — Opn—1) -
n—1 n—1
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Inserting the identity

00, = /\Wn—l (Un+1 . O'n) + A—lﬁ (Un _ Un—l) + (GO¢)H7
Wn, Wn—1
Oyon =1 _/\wn_1 (Op+1 —on) + )\71& (on — Un_l)] +i(Myo),,,

Wn, Wp—1

into 9, (Myo),, , we find that

0, (M10), = A2 (1), + (A2 22221 (o),
AT (Moo),,_, — 10, (God),,
Wn—1
AL ((Gog),yy — (God),)
A2 (God), — (God),_y) - (4.6)

Wn—1

On the other hand, we compute

—id, (God), — O (No¢), = —20, {agd)n + /\Sbn_l - ¢n)}

atgbn—l - >\71 (¢n - ¢77,—1):| )

Wn—1

+ 20, {

Using the fact that T,,¢ = 0, we get
— 10y (God),, — 9z (No9),,

Wn—1 —1 W, Wp—1 — Wn,
=-A - (No®)py1 — ()\ o1 A o ) (Nog),, + A 1@ (No9),,_1
Wy, — _1 Wn
+ A - ((GOQS)’fL"t‘l - (Goqﬁ)n) - )\ lw 1 ((GO¢)n - (GO¢)n—1) °
This identity together with (4.6) yield (4.5). O

Proof of Proposition 18. For each fixed y # 0, since ®,, satisfies (4.5) and the initial
condition ®,, (0,y) = 0, we deduce that @, (z,y) = 0, for all z € R. Observe that
o, may have a jump across the x axis.

We would like to show that actually o, is continuous at y = 0, that is,

li = 1 .
Jim o, (z,y) Jim o, (z,y)

To see this, according to the definition of ¢, it will be suffice to prove

0
| ri@aemds=oy >0, (@)
and
0
/+ p~t(s)A(s,y)ds =0,y < 0. (4.8)

Let k1 (y) = fi)oo p~t(s) A(s,y)ds,y > 0. Using the estimate of the Fourier trans-
form of ¢, (See (3.15)) and the asymptotic behavior of p, we can show that k; (y) —
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0, as y — 400. On the other hand, letting
e2wi(a0+%)§p,Q0
(6%5 — 1) PQ ’

we have o7 (£,y) = k1 (y)w (&,y) + O (5*2) , for £ close to 0. Inserting this into
the second equation of (4.2) we conclude kj = 0. Hence ki (y) = 0. Similarly,

ff:oo p 1 (s)A(s,y)ds =0 for y < 0.
Once (4.7) and (4.8) have been proved, we get

‘0'(; &) —~v(y) (5’ < 062”5‘3'5'5_2, for £ close to 0.

w(fay) = -

Analysis of the Fourier integral of oy then tells us that

5
loo (z,y)] < C (14 2% +¢°)" .
This finishes the proof. (]

5. PROOF OF THEOREM 1

We have analyzed the linear Backlund transformation in the previous sections.
Based on this, we will prove our main theorem in this section. Let us define

(F(Skg)n = asanwn - O'naswn - A (Un-i-lwn—l - Unwn)

and
-1
(Mga)n = 8t0n+1wn — Un+18twn + A (O'nwn+1 — Jn+1wn) .

Lemma 26. Suppose {o,},{¢n} satisfy the system (4.1). Then
0zfn = 200 + A1 — A\ 116 = (Fyo), + (Mgo), (5.1)
and
% ybn — 2V 20, + Abn_1 + M\t 6 = (Fy o), — (Mgo),, . (5.2)

In particular, if Ffo = Mgo =0, and

¢n+1 (x,y) = ¢n (Z‘+ 2\1/§ay> ’

5
lgo| < C (1+2°+¢%)", (5.3)
then ¢, = c1 + cow, for some constants cq,co.

Proof. The equations (5.1) and (5.2) are obtained from adding and subtracting the
two equations in (4.1). If Ffo = Mjo = 0, then by (5.1), we have

8x¢n - 2¢n + )\d)nfl - /\71¢n+1 =0.
Fourier transform tells us that ¢,, = a1 +a2x+b (y) . Inserting this into the equation
1 _
gayqsn - 2\/§¢n + )\d)n—l + >\n.|1_1¢n—1 = 07

using the estimate (5.3), we find that ¢, = ¢1 + cow,, for some constants ¢, ca.
This finishes the proof. O
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Lemma 27.
Fy (2v2z +n) = (2\fx+n +2yi(2\/§x+n)+(1f\/§)yi),
Mo(2\[$+n = (2\fx+n +2yz’(2\/§x+n)+(1—\/§)yi)~

Fo (y) = Go ((2\/§x+n)y+@y),
Mo (y) = No ((2\/537 +n)y+ %y) .

Proof. We compute

7 (2 +n)| = —2var -2ty —n+ Y252,

1 1
[M{)" (2\[2:1:+n)} =n+ 2iy + 2V2x — 5\/§+ 3

Solving the equations

{ 8m¢n - 2¢n + >\¢n—1 - )\;Jlrld)n-&-l = [F'S< (2\&% + n)]n
%aydjn - Qﬁdjn =+ /\¢n—1 + A_l(bn—i-l = [PB'c (2\/573 +n ]

we get a solution

+ [Ms (2v22 +n)],
— [Mg (2v2z +n)]

i

n n’

(2\@:1: + n)2 + 2yi (2\/5:17 + n) + (1 — \@) yi.

Similarly,

1 2—1
Fg‘(y):%<2ﬁ$+n+2yi+\f2 )

1 2-1
Mg (y) = —5; <2\f2x+n+2yi+\[2 )

Solving the system
3T¢n - 2¢n + )‘an—l - A;Jlrlgbn-&-l = Oa
10,60 = 2v20n + A1 + A bnia = —i (222 + n+ 2yi + VL)
we get a solution (2\/59: + n) y+ @y The proof is completed. O

We now define

(Ff¢)n = 8s‘;snon - (ybnasen - )\71 (¢n+10n—1 - ¢n9n) 5
(Ml*(b)n = at¢n+19n - ¢n+18t9n +A (¢n9n+1 - ¢n+19n) .
Lemma 28. Suppose {¢n},{n.} satisfy (3.1). Then

)\ )\_1 n )\_1 n)\ F* M*
83577“—1—(2—— )nn+”“nn1— wh (Fo), (o),

)

Wn, Wn+1 Wn, Wn+1 Wn, Wn41
and
1 A AL Wnp1 AL Wp A FY M{
1 Wn, Wn+1 Wn, Wn+1 Wn, Wn+1

In particular, if (Fy¢), = (Mi¢), =0,

1
n Z, =M |+ —F, 5
Nt (2,y) =7 ( 2\/511)
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and

1| < CV1 422+ 92,

Nn = C1 (2\@:£+n+2yi) .

then

Proof. If (FY¢), = (Mi¢), =0, then

A AL 1AL nA
awnn+<2__ )nn+w+1 n ~

Wn, Wn+1

n n+1

Taking Fourier transform, we get

_mig mig
<2m§+2+xle Vi )\6\/5) i

v , £
3 T . .
+ (1 - eﬂ5> 7627”(Q+B1)5/
V2

— 00

o~ 2mi(atBi)s (,\ _ xle’%s) fin () ds

=0, ify >0,

and

(me Y24l VE - Aefx%s) i
) . £ )
Zig\ T 27ri(a7,8i)§/ —2ri(a—pi)s ( —1 —ZLs) o
+(176\/§)76 e A=A""e V27 ) iy, (s)ds
\/§ “+o00
=0, ify < 0.
Then using the growth estimate of 7,,, we find that 1, = ¢; (2\/530 +n+ 2yi) . g

We are in a position to prove our main theorem.

Proof of Theorem 1. Let {n,} be the solution given by Lemma 4. If Gin = Nin =
0, then by Lemma 28, 1,, = ¢1 (2\/590 +n+ 2yi) . This implies that n, = 010,60, +
a20,0,,, for some constants ai, as.
Now suppose G11 # 0 or N1n # 0. By Propositon 5, there exists {¢, } such that
5
Fi¢ = Gin, Mi¢ = Nin, and |¢,| < C (1 +z* + y?)* . Moreover, T,,¢ = 0.

Case 1. Go¢p = Noo = 0.

In this case, by Lemma 26, ¢,, = ¢1 + cowy,. From this, we deduce 0, = a10,6,, +
(lgaytgn.
Case 2. Gy¢ # 0, or Nyo # 0.

In this case, by Proposition 18, we can find {c,}, such that

Foo = Gog, Moo = N1¢.

Moreover, |og| < C (14 22 +y?)® , and T,o = 0. Taking Fourier transform in the
equation T,,0 = 0, we conclude that

Op =C1 + Co (2\[23; + n) + c3y,

for some constants ¢y, ca, c3. However, in view of Lemma 27, after some computa-
tions, we find that n can not satisfy the growth control

1

V1t +y2

Hence this case is also excluded. This finishes the proof.

|0zm0] + |9ymo| < C
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