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ABSTRACT. We study the quantitative stability for the classical Brezis-Nirenberg problem as-
sociated with the critical Sobolev embedding Hg(Q) — Lns (©) in a smooth bounded domain
Q C R"™ (n > 3). To the best of our knowledge, this work presents the first quantitative stability
result for the Sobolev inequality on bounded domains. A key discovery is the emergence of un-
expected stability exponents in our estimates, which arise from the intricate interaction among
the nonnegative solution up and the linear term Au of the Brezis—Nirenberg equation, bubble for-
mation, and the boundary effect of the domain 2. One of the main challenges is to capture the
boundary effect quantitatively, a feature that fundamentally distinguishes our setting from the
Euclidean case treated in [21, 31, 23] and the smooth closed manifold case studied in [15]. Our
proof refines and streamlines several arguments from the existing literature while also resolving
new analytical difficulties specific to our setting.

1. INTRODUCTION

1.1. Backgrounds. The Brezis-Nirenberg problem is one of the most celebrated problems in
nonlinear analysis. It is formulated as

—Au— A u=uP in Q,
u>0 in €, (1.1)
u=20 on 012,

where A € R, p:=2* — 1 = 22 and Q ¢ R” (n > 3) is a smooth bounded domain.! Equation

n—2"7
(1.1) was first introduced by Brezis and Nirenberg in their groundbreaking work [11], which is
closely linked to the critical Sobolev embedding via the Rayleigh quotient

_ Jo(IVul? = M?)da

Qa(u) = . w€ Hy(2)\ {0},

HUH%PJrI(Q)
with associated energy threshold

S)\ = inf Q)\(u)
u€Hg (2)\{0}

When A = 0, the constant Sy coincides with the best constant of the Sobolev inequality in R"
2
+1
So </ |u|P+1dx) < / |Vu|?dz for all u € DM?(R™), (1.2)
R™ Rn
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1The Brezis-Nirenberg problem may also refer to finding (sign-changing) solutions to —Au — Au = |u[?~'u in Q
and uw = 0 on 9. This paper is primarily concerned with its non-negative solutions, that is, solutions to (1.1).
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where D%2(R™) is the closure of the space C°(R™) with respect to the norm |Vul p2gny. Tt is
well-known that Sy is achieved if and only if u is a constant multiple of the Aubin-Talenti bubbles
[3, 55] defined as

1) 7 n n—2
U§’£(ﬂ7) = Qp (W) s g eR y ) > 0, QAp = (n(n - 2)) 4 . (13)

The constant a,, > 0 is chosen so that U := U o solves the associated Euler-Lagrange equation
—Au = |[ufP'u in R" (1.4)

In view of the Sobolev inequality, all solutions to (1.4) are critical points of the energy functional

1

1
J(u) = 5 /Rn |Vul?de — Pl /Rn |ulPTldz  for u € DV2(R™),

and all Aubin-Talenti bubbles share the same energy level: J(Us¢) = %SOE .
A key role is played by the critical parameter

Ae :=Inf{A>0: 5, < Sp}. (1.5)

In their seminal work [11], Brezis and Nirenberg demonstrated that if n > 4, then A\, = 0 and
positive least energy solutions exist for all A € (0, A1), where A; is the first Dirichlet eigenvalue of
—A on (). The situation is drastically different when n = 3: They showed that A, > 0, computed
A« = A1/4 for the unit ball @ = B(0, 1), and established the existence of positive least energy
solutions for A € (A, A1). Later, Druet [27] proved that

Ax =sup{A >0: m&ncpA > 0}, (1.6)

where ) is the Robin function of the operator —A — A in £ with Dirichlet boundary condition
(defined by (2.8) below).

Nonexistence results emerge from various mechanisms: Testing the equation against the first
eigenfunction eliminates the possibility of positive solutions when A > A1, and Pohozaev’s identity
[51] prohibits nontrivial solutions for A < 0 in star-shaped domains. Conversely, Bahri and Coron
[4] illustrated that certain topological features can allow for existence even at A = 0.

Apart from these existence results, the Brezis-Nirenberg problem (1.1) serves as a fundamental
model for understanding bubbling phenomena in nonlinear PDEs.

For n > 4 and A\ — 0", Han [35] and Rey [52] characterized single-bubble blow-up profiles.
The existence of single- or multi-bubble solutions concentrating at distinct isolated points was
studied by Rey [52] and Musso and Pistoia [45] for n > 5, and by Pistoia, Rago, and Vaira [50]
for n = 4. Furthermore, Cao, Luo, and Peng [12] investigated the number of bubbling solutions
for n > 6, and Konig and Laurain [40] carried out a refined analysis of bubbling phenomena for
n > 4.

In the case n = 3, Druet [28] described single-bubble blow-up profiles as A — A, del Pino,
Dolbeault, and Musso [25] constructed single bubble solution, and Musso and Salazar [46] con-
structed multi-bubble solutions concentrating at distinct isolated points as A tends to a certain
value A\g € (0,A1). Moreover, Druet and Laurain [29] examined the Pohozaev obstruction, and
Ko6nig and Laurain [41] conducted a fine analysis in this setting.

It is worth noting that the existence or nonexistence of positive cluster or tower solutions for
the Brezis-Nirenberg problem remains not fully understood, although Cerqueti [14] established
the nonexistence of such solutions in symmetric domains for n > 5 as A — 0. For the results
concerning sign-changing solutions, we refer interested readers to the recent papers [43, 54] and
the references therein.
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In this paper, we aim to investigate the quantitative stability of the Brezis-Nirenberg problem,
a topic that has attracted considerable attention of researchers, with numerous generalizations
and refinements in various directions.

One prominent line of research concerns the stability of functional inequalities. The study
of sharp functional inequalities naturally proceeds through three stages: Identifying optimal
constants, characterizing extremal functions, and understanding quantitative stability. Once
extremal functions are established, a fundamental question arises: How does the deficit—the
difference between the two sides of the inequality at the sharp constant—influence the distance
to the set of extremals? This stability question was initially posed by Brezis and Lieb [10] and
subsequently resolved for the critical Sobolev inequality (1.2) by Bianchi and Egnell [7], who
provided a quantitative estimate regarding the distance to Aubin-Talenti bubbles in D2(R™).
Extending the Bianchi-Egnell stability result to general LP-Sobolev inequalities has required the
development of novel techniques, with major contributions from Cianchi, Figalli, Fusco, Maggi,
Neumayer, Pratell and Zhang [20, 32, 47, 33]. Related advances have been developed for a variety
of Sobolev-type inequalities [26, 56, 58], and so on. Furthermore, a recent progress has also been
achieved in geometric contexts, including product spaces [34] and general Riemannian manifolds
[30, 49, 48, 1, 8]. Notably, Konig’s recent breakthroughs [37, 39, 38] on the attainability of the
sharp Bianchi-Egnell constant represent a significant milestone in the pursuit of optimal stability
constants.

Another significant direction focuses on stability through the viewpoint of the Euler-Lagrange
equation induced by a sharp inequality. This perspective refines the classical concentration—
compactness principle (refer to Theorem A) by providing explicit convergence rates. In a seminal
work [21], Ciraolo, Figalli, and Maggi established the sharp stability result near a single-bubble
for the Sobolev inequality in dimensions n > 3, with extensions to multiple-bubble configurations
by Figalli and Glaudo [31] and Deng, Sun, and Wei [23]. Specifically, suppose that v € N and w is
a nonnegative element in DY2(R"™) with (v — %)53/2 < Hu||%172(Rn) <(v+ %)SS/Q and sufficiently
small I'(u) = ||Au + U%H(DLQ(RW,))*, where (DV2(R"))* is the dual space of DV2(R™). Then
there is a constant C' > 0 depending only on n and v such that

I'(u) if n > 3, v =1 (by Ciraolo, Figalli and Maggi [21]),
i I'u if 3<n <5, v>2 (by Figalli and Glaudo [31]),
ufZUi <C W) P (by Fig . 31]) (1.7)
sl | '(w)] lgf}‘(u)\ 2 if n =06, v > 2 (by Deng, Sun, and Wei [23]),
[(u)2¢-2) if n > 7, v > 2 (by Deng, Sun, and Wei [23])
for some bubbles Uy, ..., U, and this estimate is optimal. These results have been further gener-

alized to a broad range of inequalities, including the fractional Sobolev inequality [2, 24, 16], the
Caffarelli-Kohn-Nirenberg inequality [56, 59], the logarithmic Sobolev inequality [57], Sobolev
inequalities involving p-Laplacian [22, 44], the subcritical case [18], as well as settings on the
hyperbolic spaces [5, 6], general Riemannian manifolds [15, 17], the Heisenberg group [19], and
so forth.

Beyond their intrinsic interest, quantitative stability estimates have powerful applications in
nonlinear PDE dynamics, such as the asymptotic behavior of solutions to the Keller-Segel system
[13] and the fast diffusion equation [21, 31, 24, 42].

Our present work is interested in the latter direction, devoted to the quantitative stability of
almost solutions to the Euler-Lagrange equation associated with the inequality H}(Q) < L?(Q)
in bounded domains 2. We begin with a well-known global compactness result associated with
the functional corresponding to (1.1), commonly referred to as Struwe’s decomposition. This
result was established in [53, Proposition 2.1], [9, Theorem 2] and [4, Proposition 4], which we
restate below.
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Theorem A. Let Q be a smooth open bounded domain in R™ with n > 3 and Ay > 0 be the first
eigenvalue of —A with Dirichlet boundary condition in Q. For A € (0, A1), we endow the Sobolev
space HE(Q) with the norm

%
lollngey = | [ (V= ) aa]

and denote by (H}(Q))* its dual space.
Let {um }men be a sequence of nonnegative functions in Hg(Q) such that

Hum|’H5(Q) <Co and || Aty + Ay, + U%H(Hé(ﬂ))* —0 asm — oo

for some constant Cy > 0. Then, up to a subsequence, there exist a nonnegative function
ug € C*(Q), an integer v € NU {0} satisfying v < CgS&n/z, and a sequence of parameters

{(61,ms -3 0umy E1ms - - Evm) bmen C (0,00)Y X Q¥ such that the followings hold:
- ug is a smooth solution to (1.1). By the strong mazimum principle, we have either ug > 0
or ug = 0 in €.
- For all1 <1 # j < v, we have that 6;,, — 0 and
d(g’i,ma 89) 5i,m 5j,m "sz,m - fj,m|2

— — 00, + + — 00  asm — 00.
5i,m 5j,m 5i,m 6i,m5j,m

- It holds that

—0 asm — oo.
Hy ()

1.2. Main results. Our objective is to derive a quantitative version of above decomposition. To
this end, we consider the following two auxiliary equations:

v
Um — <u0 + Z U6i,m7£i,m> )

i=1

_ /P
—Au = U&E in €, (1.8)
u=20 on 0,
and
—Au—)\u:Ugjg in Q, (1.9)
u=20 on 0f).

Before presenting our main results, we introduce the following assumption:

Assumption B. Given any open bounded set 2 C R with n > 3 and any A € (0, A\1). Suppose
that a nonnegative function u in Hg () satisfies

U — <UO + Z ngyéi)

=1

< o (1.10)
Hy ()

for some small g9 > 0 and v € N. Here, g is a solution of (1.1) and (;,&;) € (0, 00) x Q satisfies

‘max Si-i- max —=——— < ¢
i=1,...,v i=1,...v d(gl)ag)

i

and
n—2

58 FpAPANEEN

max ;+Ti+E;§if cii=1,...,v, i £ 5 » < ep.
0; 6 0i6;

If up > 0 in 2, we further assume that ug is non-degenerate in the sense that the only H}(Q2)-

solution to A¢ + A¢p + pugflqﬁ = 0 in Q is identically zero in Q. For later use, we define I'(u) :=
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We note that the condition max; ﬁ

00 or close to 0. Accordingly, we divide our main results into two theorems.

< g0 admits two possibilities: Either & is away from

Our first theorem addresses the case where &; is away from the boundary of 2, covering both
single and multi-bubble cases.

Theorem 1.1. Let A\, > 0 be the number in (1.5) and @3 (x) = H}(z,z) be the function defined
by (2.4) below. Under the Assumption B, we further assume the followings:
- Each & lies on a compact set of Q fori=1,...,v.

- Ifn=23 and ug > 0, then X\ € (A, A1), which ensures the existence of such uyg.
-Ifn=3,u=0, and v > 2, then X\ € (A, A1) and 4,0?/{(5@) <0 foreachi=1,...,v.2
Then, by possibly reducing €9 > 0, one can find a large constant C' = C(n,v, A\, up,) > 0 and
functions PUy := PUs, ¢,,...,PU, := PUs, ¢, satisfying (1.8) if either [n = 3,4 and ug > 0] or

n > 5, and satisfying (1.9) if n = 3,4 and ug = 0, such that

o (s Sor0)

=1

< C¢(I(u)), (1.11)

Hg(Q)
where ¢ € C°([0,00)) satisfies

t ifln=3,4, v>1orn=5v>1 u >0 orn>7 v=1],

NS

t zf[n—5 v>1, up=0],
t) = 1.12
¢(t) tllogt|2 if[n =6, v > 1], (1.12)
$2nD) if[n>7, v>2]
fort > 0.

The estimate above is optimal in the sense that the function { cannot be improved.
Before we proceed further, we leave some remarks.
Remark 1.2.

(1) Compared to the Euclidean case summarized in (1.7), the new exponents appear when [n =
5 up=0,v>1]or [n=6, v=1].

(2) Solutions to certain specific perturbation of the equation Au+Au+uP = 0 in © cannot exhibit
boundary blow-up, thereby fulfilling the first additional assumption in Theorem 1.1. Moreover,
in some cases, only one of the conditions ug = 0 or ¥ = 0 is permitted; refer to e.g. [41, 28].

(3) When ug > 0, the non-degeneracy assumption on wug is generic; see [36, Lemma 4.9]. In the
case ug = 0 and n = 3 or 4, defining PU; via solutions to (1.9) rather than (1.8) turns out to
be more natural; see Subsection 1.3(2). Similar observation was made in constructing positive
solutions to the Brezis-Nirenberg-type problem in low dimensions; see e.g. [25].

(4) For n = 3, ug = 0, and v > 2, we use the condition ¢3(&;) < 0 so that no sign competition
occurs between the terms [, ZgPZ]Q in Lemma 2.8 and [, I3PZ]Q in Lemma 2.7.

(5) If n = 5, ug = 0, and v > 1, the linear term Au is the dominant factor determining ¢(t) = 3/
n (1.12). In this case, one may instead choose the projected bubble PUs¢ as in (1.9) rather
than (1.8). Since (1.9) already incorporates the effect of the linear term, it leads to the stability
function ((t) = t, as opposed to t3/4 and this improved rate can again be shown to be sharp.
Such a sensitive dependence on the choice of the test function is a distinctive characteristic of the

2Using (2.8)—(2.9), Druet’s characterization (1.6) of the number . in (1.5) can be rewritten as A, = sup{\ >
0 : ming ¢35 > 0}.
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Brezis-Nirenberg problem in €2, and does not appear in the Euclidean setting or in the Yamabe
problem.

Our second main result concerns the boundary effect when §~Z may approach 9Q2. We fully
characterize the single-bubble case in this setting.

Theorem 1.3. Under the Assumption B, we further assume thatv =1 and & € Q. If n =3
and ug > 0, we also need A € (A, A\1). Then, by possibly reducing €9 > 0, one can find a large
constant C' = C(n, A\, up, Q) > 0 and a function PU := PUs, ¢, satisfying (1.8) if either [n = 4,5
and up > 0] orn > 6, and satisfying (1.9) if either n = 3 and [n = 4,5 and up = 0], such that

[ = (uo + PUL) | 3 ) < CC(T(w)), (1.13)
where ¢ € C°([0,00)) satisfies
t ifn=3orn=4, up =0],
n—2
tn-1 ; =4 0 =35
=" Tln=tw=0ern=5 (1.14)
t|logt|z if n =6,

n+2
-0 fn>7

fort > 0. The above estimate is also optimal.
Remark 1.4.

(1) Even in single-bubble case, the surprising new exponents in (1.14) emerge due to the possibility
that d(&1,09) is small. This phenomenon occurs exclusively in domains with nonempty boundary.
The multi-bubble case remains an open problem due to a serious technical issue. See Subsection
1.3(6).

(2) Unlike in Theorem 1.1, we choose PU; to satisfy (1.9) for the cases [n = 3, up > 0] or

[n =5, up = 0] to avoid difficulties arising from the boundary effects. We believe that this choice
is nearly unavoidable.

(3) Similar to Remark 1.2(4), when [n = 4, ug > 0] or [n = 5, up > 0], choosing PUs; as
in (1.9) again yields the optimal stability function ((t) = ¢. In both cases, the sharp stability
function depends explicitly on the choice of the projected bubble PUs¢ within the framework of
this theorem.

As an application of Theorem 1.3 and Struwe’s profile decomposition Theorem A, we obtain
the following corollary.

Corollary 1.5. Let Sy > 0 be the sharp Sobolev constant in (1.2). We assume that every positive
solution to (1.1) is non-degenerate.

If u is a nonnegative function in H}(Q) with
Ss (1.15)
n, A, Q such that

HUH}%[(}(Q)

S

then there exists a constant C > 0 depending only o
inf { U — <u0 + ZPU@@) ‘
i=1 Hg ()
where ((t) satisfies (1.14) for t € [0,00) and
B := {PUsg : PUsg satisfies (1.8) forn >6 or [n=4,5, ug > 0]
and satisfies (1.9) forn =3 or [n = 4,5, ug = 0], (§,€) € (0,00) x Q}.

:ug solves (1.1), PUs, ¢, € B, v =0, 1} < C¢(I(u)),
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Here 0_ PUs, ¢, = 0.

Remark 1.6. In this corollary, we modify the class of admissible functions u in (1.10) to those
with uniformly bounded energy as in (1.15). This necessitates assuming the non-degeneracy for
all positive solutions to (1.1), since uy cannot be determined a priori. The proof proceeds by
contradiction, following an argument similar to that in [15, Section 6], and is therefore omitted.

1.3. Comments on the proof. Our proof is primarily inspired by the approaches developed
in [21, 31, 23, 15, 16]. To clarify the new technical challenges involved in our setting, we begin by
outlining a general strategy for proving quantitative stability of sharp inequalities in the critical
point setting:

(i) The starting point is that the infimum inf ||u — (up + > 5, Vs, )l can be achieved by
Vs,.&, where Vs ¢ is an appropriate bubble-like function, then p = u — (uo + >_7_1 Vs,.¢,)
satisfies an auxiliary equation (e.g. (2.1)) along with certain orthogonality conditions, at
least in a Hilbert space framework.

(ii) By testing the equation of p with p itself, one can derive a estimate ||p||gr < || fll(z1)- +
IZNl 1y« == | fll(zry= + J1 where f:= —Au — Au—uP, T is an error term (in our setting,
T :=1T1 + Iy + I3 given by (2.2)), and J; is a small quantity.

(iii) By choosing suitable test functions originated from bubbles (see Subsection 1.3(7) below),
one can find another small quantity J2 such that Jo < ||f|l(z1)+. If one can determine

a function ¢ such that J1 < ((J), the final stability function will be determined as
¢(t) == max{t,((t)} for small ¢t > 0.
(iv) Once one finds special parameters (0;,&;) and functions p and f satisfying ||p|lg1 2

CUIf Nl ¢z1y+), then the nonnegative function u. = (uo 4+ >_7_; Vs, ¢, + p)+ usually provides
an optimal example.

Although our proof could follow the procedures outlined above, several non-trivial and novel
challenges arise in our specific setting. We now present the new strategies devised to overcome
or mitigate these difficulties.

(1) Due to the presence of uy and the linear term Au, more precise computations are needed for
the interactions among bubbles with various powers, as well as those between a bubble and uy,
for all dimensions n > 3.

(2) The selection of bubble-like functions is subtle. For our problem, depending on the dimension
n and the solution ug of (1.1), we make appropriate use of two different projected bubbles given
by (1.8) and (1.9).

Let us explain why we must define PU; via solutions of (1.9) in deducing Theorem 1.1 for
n =3 or 4 and ug = 0:

If n =3 and up = 0, then the function PU; defined via (1.8) fails to produce any quantitative
estimates even in the single-bubble case due to the excessive size of ||Us¢]| L6/5(Q)-

If n =4, up =0, and v = 1, then such a definition yields a valid but a non-sharp estimate.

If n =4, ug =0, and v > 2, then the use of the above-defined PU; fails completely, because
the interaction terms [ U;U; are not negligible compared to the presumably dominant term
max; [ UZ.

In Lemmas 2.1 and B.1, we rigorously analyze the behavior of the function PUs¢ defined via
(1.9), which may be independent of interests.

As previously noted, there seems be no results on positive cluster or tower solutions for the low-
dimensional Brezis-Nirenberg problem. Our calculations take into account all possible bubbles
and may be helpful for constructing such solutions, should they exist.

(3) In [23, 16], the authors derive a pointwise estimate for the main part pg of p across all bubble
configurations in all dimensions n > 6. Instead, our proofs of stability estimates (1.11) and its
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optimality make full use of the definition of || - ||, H(9)~-norm, which can simplify the argument
of [23, 16]. Part of the idea is influenced by [19, Lemma 5.4]. See Subsections 2.3, 3.1 and 3.2.

(4) In Step (ii), many seminal works in the critical regime (see [21, 31, 23] and their generaliza-
tions, e.g., [6, 15, 16]) devote substantial effort to deriving appropriate coercivity inequalities. In
[23, Section 6], such inequalities play a crucial role in deducing a Sobolev norm estimate for the
term p; := p — po. In contrast, our approach provides a direct derivation of the Sobolev norm
estimate for p; based solely on blow-up analysis (refer to Subsection 3.1). As a result, the proof
avoids coercivity inequalities entirely, greatly shortening the argument again.

(5) Regarding the sharpness of our results, we conduct a comprehensive analysis of all admissible
forms of the function (, dealing with the linear ({(t) = t¢) and sublinear ({(t) > t) regimes
through two distinct strategies. In the linear case, sharpness is verified by constructing a smooth
perturbation of ug + »_,_; PU;. For the sublinear case, a more delicate analysis is required for
the multiple bubble scenario whose idea differs from that in R™, and it is important to identify
which of the dominant factors—interactions among ug, the boundary effect, the bubbles, and the
linear term Au—govern the exponent of (.

(6) In the proof of Theorem 1.3, the scenario in which d(§,012) is small introduces a crucial
challenge: The projection of Z; + Z5 + Z3 in the direction of the dilation derivative §;05,V; of the
bubble-like function V; has a negative leading term of the form —3"2/d(&, 09)"2; see (4.4). In
the single-bubble case, we address this projection by carefully analyzing all possible scenarios,
as detailed in Section 4. The reason that one primarily uses 6;05,V; as a test function in both
Euclidean and manifold settings—instead of using a spatial derivative 6;0.xV;—is that the latter
generally lead to weaker estimates. However, in our setting, it is sometimesznecessary to consider
the projections of 7y + Zo + Z3 in the direction (51-85@ V;, since the dilation projection may suffer
from sign cancellations among its leading-order terfns, weakening their overall effect. As such,
precise term-by-term estimates like (4.4) and (4.5) are indispensable.

In the multi-bubble case v > 2, these challenges become significantly more difficult. We
currently lack a clear strategy to effectively handle the competition between the negative term
involving d(&;,09) and the interaction between different bubbles. Additionally, integrals such
as [o[(PU;)P — UP|U; for i # j and [o[(327; PU:)P — >0 (PU)PIPZY (when n > 3) pose
formidable analytical obstacles.

Our structure of this paper is described as follows: In Section 2, we present some necessary
estimates for proving our main theorems. In Sections 3 and 4, we provide the detailed proofs
of Theorem 1.1 and Theorem 1.3, respectively. In Appendix A, we include several elementary
estimates that are frequently used throughout the main text. In Appendix B, we give a proof for
an important lemma used in Section 4.

Notations. Here, we list some notations that will be frequently used later.

- N denotes the set of positive integers.

- Let (A) be a condition. We set 1(5y = 1 if (A) holds and 0 otherwise.

-Forz € Q and r > 0, we write B(z,r) ={w € Q: lw—z| <r}and B(z,r)* ={w € Q: jw—x| >
r}.

- We use the Japanese bracket notation (z) = /1 + [z[2 for z € R™.

- Unless otherwise stated, C' > 0 is a universal constant that may vary from line to line and even
in the same line. We write a1 < ag if a1 < Cag, a1 2 a9 if a1 > Cag, and a1 =~ a9 if a1 < ag and
aq 2 ag.
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2. SETTING AND ANALYSIS OF BUBBLES

2.1. Problem setting. By (1.10), there exist parameters (61,...,6,,&1,...,&) C (0,00)” x Q¥

and &1 > 0 small such that ¢y — 0 as g — 0,

- (uﬁzpm) e :inf{ u- (u0+zpugi,5i)‘

=1 i=1
where PU; = PUs, ¢,, and

HG ()

max d; + max
7

6L
(g, 00) =

as well as

n—2
& 0 & —&PY T
— —= _— : = < eq.
max{((sj—i—éi—i— 5.5, ,j=1,...,vp < ¢

Throughout the paper, we write x; := %'

Setting o :=>"7_ | PU;, p:=u— (up + 0), and f := —Au — Au — uP, we have

—Ap—=Ap—plug+ o) tp=f+Tolp]l + L1+ T+ I3 inQ,

(51,&) € (0,00) x Q, i:l,...,y} <ei,

p=0 on 99, (2.1)
k ,_ k k _ s _
<p,PZi >H3(Q) = /QVP'VPZi —MPZ7 =0 fori=1,...,vand k=0,...,n,
where
Pz = 5i8 UZ, PZF .= 51»M fork=1,...,n,
00; ock
Tolp] := uo + o + pP~* (ug + o + p) — (uo + 0)" = p(ug + )"~ p,
Ty == (ug + o)P — ul) — o?, (2.2)
v 12
Tp:=0" =) (PU), and I3:=» [APU;+ APU;+ (PU,)].
i=1 i=1
We recall a well-known non-degeneracy result: Given any § > 0 and & = (¢1,...,£") € R™, the
solution space of the linear problem
~Av=pU¥v inR", veDY(R")
is spanned by the functions
oU;, oU;,
Zg’g =4 856 and ZZ{£ =4 8§k§ fork=1,...,n.
We rewrite U; := Us, ¢,, Zk = Z{“’O, and Zl-k = Zzli,& fori=1,...,vand k=0,...,n.
Let us define four quantities
n—2
5 5. e 2172 .
Gij = [(; + 5—3 + |&5';j‘ ] , Q:=max{gj:i,j=1,...,v} <ey,
J ! — (2.3)

o 5, & -&l - 1
K;; = max Y & — &l ~q,""?, A= -minZ.
6]’ ) (SZ(SJ J 2
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2.2. Expansions of PUs¢. Given the projected bubbles PUs¢ via either (1.8) or (1.9), we
expand them.

Lemma 2.1. Suppose that x, £ € Q and § > 0 is small. Then, 0 < PUs¢ < Use in 2, and for
any T € (0,1), the following holds:
PUse(w) = Use(x) — and "2 H(w, &) + 0 (6 5 d(¢, 02) ™)

provided n > 3 and PUs¢ is given by equation (1.8), and

P ifn=73
A n-2 ) n-2 n g_n=2 x—¢
PUs¢(z)= U575($)+§an6 2 —log |z — & ifn=45—072 a HY(2,§)+6 2 D, | ——

5
ﬁ—4)\|az—£| ifn=>5

063 ") ifn=3,5 ny2 I
+{0(53T) Fn— 1 }+0(5 {d(g,ag)

d(&, 0) ‘

log + d(g,aQ)-"D

n—2

provided n = 3,4,5 and PUs¢ is given by equation (1.9). Here, ap, = (n(n —2)) % (see (1.3)),
the function H(z,y) satisfies

—AH(z,y) =0 inQ,
H(z,y) = —2m=s on 0%,

o eyl

the function H3(x,y) satisfies

AxHi\i(:C,y)—F)\Hi(x,y) = —%Q\x—y] in Q, (2.4)

Hi(x,y) = |miy| — %\x — 9| on 09, ’
the function Hi(z,y) satisfies

A H(z,y) + AHi(z,y) = Mog |z —y| in Q, (2.5)

Hﬁ(x,y):ﬁ—%log!w—yl on O, '
and the function H}(x,y) satisfies

Axﬂi(m,y)—f—)\Hi(x,y) = —)‘2—2\$—y\ in €, (2.6)

2 .
Hi(:c,y)zﬁ—k%lriy' —%\az—y[ on 092,

for each fixred y € Q. Besides, the function D, = D,(z) satisfies

—AD,, = \ay, { L M,{_Q in R™,

1+ "7
D, ~ |2|~ 2| log |2 as |z] = 0.
Proof. The inequality 0 < PUs¢ < Us¢ in  holds by the maximum principle.

The proof for the case where PUs,¢ satisfies (1.8), or it satisfies (1.9) with n = 3, can be
found in [52, Proposition 1] or [25, Lemma 2.2], respectively. Here, we provide a proof for PUj¢
satisfying (1.9) that applies to n = 3,4, 5 simultaneously.

Let G)(z,y) be the Green’s function of —A — X in  C R™ with Dirichlet boundary condition,
which solves

Ga(z,y) =0 on 0f) '
in the sense of distributions. The function G (z,y) is symmetric with respect to the two variables
x and y. Also, one can write

1 1
G)\(ilf, y) =

CEP PR

- H,\(x,y) ;
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where [S"71| is the surface area of the unit sphere S"~! in R” and H) solves

AyHy(z,y) + AHy(z,y) = A\m—1— in Q,
Az, y) Az, y) [a—y["2 (2.8)
Hy(z,y) = lo—y["—2 on 0.
We decompose Hy(z,y) as
3z -yl ifn=3
Hy(z,y) = 4 % 3 log |z — y| ifn =4+ H(z,y) (2.9)

2|x y‘+2)\2|1‘—y| ifn=>5

and apply elliptic regularity theory to ensure that HY(z,y) € C1*(Q x Q) for any « € (0, 1).
Next, we define

Sse(x) = PUs¢ — Use + and "= Hy(2,€) — Dy ().
Here, Dy (z) 1= 527" D (—5) so that

n—2 n—2
g o 5 2 0 2 .
—ADH = )\an [(W) — W:| 1m Q,
~ n—2
D, ~ |5x2j£|3_2 log |xg§|) on 0f).

By observing that
n—2 n=2

1) T2 0 2 ~
8576(1') = —Qap (M-&P) — |$_§|n_2] — Dn(l') for x € 69,

we obtain
ASs¢ + ASsc = AD,, in Q,
Sse=0 (52+”52 [ (€,00)~(1=2) | 1og WEID | | (¢ 90 D on 9.

We notice that
|z ifn=3,
|Dp(2)| >~ ¢ |log|z|| ifn=4, as]|z|—0.
El ifn=>5

Thus, elliptic estimates yield that |Ds]| ¢ < 5247 for any t > 3, || Dyl < 57 for any t > 2,
and || Ds e < 5247 for any t € (3,5). Thus, we conclude for any 7 € (0,1),

5377 ifn=35 no2 . d(€,090 .
ISsellzoeio = O ({ R } #5247 [a(e, 0070 10y M7V 1 g, om) D ,
which completes the proof. O

Remark 2.2.

(1) To construct solutions to the Brezis-Nirenberg problem via a perturbative approach, addi-
tional information about H{(x,y) might be necessary. However, since the coefficient A is fixed
in this paper, the O regularity suffices for our purpose.

(2) Define @Y (z) := HY(x,z) for n = 3,4,5 and ¢(x) := H(x,z) for n > 3. Indeed, it is not
difficult to realize that ¢} € C*°(Q) for n = 3,4,5 and ¢ € C*°(Q) for n > 3. When d(z, 0Q) is
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small enough, the following estimates hold:

oh(z) ifn=3,45| 1
{(p?x) o> 3 }W[1+O(d(a¢,am)},

Vei(z)| ifn=3,45|  2n-2)
{\VSDE\J?)I ifn>3 }W[l-l-@(d(x,a(l))],

(2.10)

We postpone their proofs to Appendix B.
Corollary 2.3. Suppose that x, £ € Q and § > 0 is small. For any T € (0,1), it holds that

n—2 -
PZ3e(2) = Z8e(@) = “ s ™ H(w,€) +0 (6" (g, 00)™")
provided n > 3 and PUsg is given by equation (1.8), and
9 , |z — €| ifn=3 ) ,
PZ(?,,;:(CC): Zg,g(a:)+n%Aan5% log|x—§| fn=4p — n; amg%Hf(a:,f)
‘I g — 4Nz —¢& ifn=5
pnzz oz — (% T) ifn =35
605 {5 Da(*5= )] + { ol A }
( )

log

+0 (5 { (€,00)" ("2

’ +d(&, (‘99)7"})
provided n = 3,4,5 and PUsg¢ is given by equation (1.9).
Proof. We can argue as in the proof of Lemma 2.1. We omit the details. U

Corollary 2.4. Suppose that x, £ € Q, 6 > 0 is small, and k = 1,...,n. For any 7 € (0,1), it
holds that

PZE(x) = ZEe(w) — an6% 0 H(,€) + O (5"7%(5, asz)—n)
provided n > 3 and PUs¢ is given by equation (1.8), and
Az —¢)F

¢ o) 7 s 2m—a TR el o sonzt (€
PZs¢(x)= Zse(x) + and? A o~ ) 0% ande H (2, €) + 60k 6" 77 Do | —
PR
003 ) +0 (6% (e, 00)~ logw’ +d(¢,00)" ) ifn=3
’ 5 26:09)

0(53‘7)+0(5"T“ d(e,00)~ "=

+d(¢,00)7" ) ifn=4

provided n = 3,4 and PUs¢ is given by equation (1.9). Furthermore, if n =5 and PUsg¢ is given
by equation (1.9), then

MNa—OF (o)
— 2\
2o—ep N g

_n=2 T —
+ 00¢k [(52 22Dn <(5§>] +5a§k5(5,§($),
where the function Ss¢ satisfies

100k Saell ey S 9547 +0 (6°3° |d(g, 00) =2 + dd(g, 00) V)] )

PZSe(x) = Z(x) + and? [ ] — 8% 4D HY (2, €)

for any t € (3, 2).3

3We have not deduced a pointwise estimate of |60¢x Ss.¢| for this case. Its L'-estimate is sufficient for later use.
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Proof. We notice that
|log|z|| ifn=3,
VD, (2)] =~ < |27t ifn=4, as|z] =0, and |VD,(2) ~ |z~ as|z| = .

| 2|2 ifn=>5

Thus, elliptic estimates yield that Hdagkﬁg”u < 5277 for any ¢ > 3, H(585k154HLt < 6171 for any

t € (2,4), and ]\68§kﬁ5||y S 52+% for any ¢t € (3,2). Using these results, we employ the same
strategy in the proof of Lemma 2.1. O

2.3. (H}(Q))*-norm estimates for the terms 7;, T, and Z3. We recall the quantities Z, T,
and T3 from (2.2). We estimate their (H3(€2))*-norms.

Lemma 2.5. For each i € {1,...,v}, we assume that PU; = PUs, ¢, satisfies (1.8) if n > 5 or
[n = 3,4 and ug > 0], and satisfies (1.9) if n = 3,4 and up = 0. Then it holds that

0 ifn=3,u0=0
max 87| logd;|  if n=4,uo =0
n—2
123l (g )y + 1220l mrg )y + 123l mra )y S 80 i In=3,4 anduo >0 orn =5

max 62| log ;| ifn =6

mlaxéf, ifn>"7
mlaxli?72 ifn=3,4,5 Q ifn=3,4,5
+ mlaxnﬂlogmﬁ ifn=206 + Q|logQ\% ifn==6 11,59}
maxm:# ifn>7 ng'ité) ifn>7

(3

provided €1 > 0 is small.

Proof. We begin by introducing an elementary inequality: For fixed m € N, s > 1, and any
ai, ..., Gy > 0, it holds that

. s Z ai ta; if s > 2,
0< a| =) a S a;i +a;) —al —a3] <
(Sn) S s Tl ror ==l S ) 2o
i#]
From this, we derive that
0ST+L Y (UPF 4+ U) + > UPT'U; for n=3,4,5. (2.11)
i=1 i#j
We next consider when n > 6. Fixing any i € {1,...,r}, we decompose Z; into three parts:

Ty =TIn + Tig + Tis,
where
Ty = (ug + PU)P —ul — (PU,)P,
Typ = (ug + 0)” — (ug + PU;)P = > _(PU;)P,
J#i
Tig = (PU)" + ) _(PU)” = o.
J#i
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Considering the relationship between ug and U; in different regions, i.e., ug < U; when |z — ;| <
V6; and ug > U; when |z — &| > /§;, we obtain that

[Z11] < minf{uo(PU)P~, ub ™ PU} S min{UP ™ Uiy ~ UP 7', oo+ Uil s -
Similarly, we have

|Z12| S min {(ug + PU;)P~' PU;, (ug + PU;)(PU;)P~' }

JF#i

. —1 —1 . —1
S 3 [min{02 7 U5 U U s+ mind U5 U7 M s |
JFi

In addition,
. -1 —1
Tys| + 2o £ min{UP~'U;, UP'U;).
J#
By introducing the rescaled variable x; := §; Yz — &) and using [23, Proposition 3.4], we deduce
a pointwise estimate for Z7 + Zs:

I+ 1o

5 Z min{Ui, Uf_l}]-{u0>0} + Z min{Uip_lUj, U;)_lUl}].{l,ZQ}

J#i
_n=2
< 6@ 2
~ 4 {\:m|<§ 1/2}+W1{|%‘25i_1/2} 1{Uo>0} 2.12)
s W .
Z |:5Z4<x> 1{|$1\<j2}( )+(5l | |5 1{‘x1|>j2}( ):| ifn==6
+ =l _nt2 gg2-n _ni2 gpd 1{V22}.
; |: 7 <x2>4 {‘ 1‘<Q}( ) ‘xi’n_2 {| l|2]}( )

Consequently, direct computations using (2.11)—(2.12) and Lemmas A.2-A.3 give the (H}(2))*-
norm estimates for Z; and Zy provided n = 3,4,50orn > 7:

T T < ||Z Z
Il g + 122l S 1B e ) + 1Tl e
n—2
maxo, > ifn=3,4,5

S Y2 lrug>o0y +
maxo, * ifn>7
(2

Q ifn=3,4,5

. Tryoor. (2.13
Q2<nt22> ifn>7 } ez (213)

Furthermore, by applying Lemma 2.1, we see that
[(PUs = UUP ™| s

P
SNPU; = U)UPY| o ol 20 [pPest
L P (B(&,d(&,00))) L P (B(&,d(&,00))°)
max k]~ if n =3 or [n =4, each PU, satisfies (1.8)] or n =5, (2.14)
< ) max (5i |log d;| + /@?) if n =4 and each PU; satisfies (1.9),
Yo
max s, ifn>7

i

= Jl.
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Using estimate (A.1) and Lemma A.2, we derive the (H{(Q))*-norm estimate for Z3 provided
n=3,4,50rn>T:

1 Zsl (zr2 )y < HI?’HLPTTI(Q)

S ma | (PUs — UDUP ™| s o max | (PU; = U U)o

@)
+ A m?X HUiHLPP#(Q)]-{eaCh PU; satisfies (1.8)} (2.15)
n-2
maxo, > ifn=3,4,5
5 J1 + mlax 52 ifn>7 1{each PU; satisfies (1.8)}-

For the case n = 6, we fully exploit the definition of the dual norm || Z;| 1 (o)~ rather than
relying on estimates of ||Z;|| L+1)/p(q) as above. Recall the dual norm is defined as

Z;

HIiH(Hl(Q))* = sup M fori=1,2,3.
’ vemi@n oy IXIm )

Consider the boundary value problem

(A —=XNv=Zy inQ, (2.16)
v=20 on 0€).

By observing that

/ Irx
Q

1Z2l z12 ()= < vl -
Testing (2.16) with v itself and using (2.7) and (2.12), we obtain

”v||121[é(ﬂ) :/Q(IQU)(I)CZI':/QZQ(I)/S;G)\(.’E,W)IQ(W)CZWCZJI
1
g/{)lg(x)/gzlg(w)dwdx

|z — w|*

S ol lIxlla ) for any x € Hy(€),

:’/VU‘VX—AUX
Q

we deduce

-2

- R P
SJ 5;471 i< T _‘_61—471 oy $:|
/QZZ.ZI [ el <2y () L [z ()

|2 Y
<2 1% a2 s <@ ) 05 g Ly oy ()| d
j=1 J J
< ~[ 2" 2
S | T <y (2) + 6 T Ly sy (2)

15
i—1 (i) il L2(Q)

N P R
<122 |5 (o? Himsl <y (@) 05 g i 22y (2)
j=1 J J

< % °|log Z| =~ Q*|1og Q|

L3()

which yields
1
1 Z2l (13 ) < Qllog Q2. (2.17)
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Similarly, we derive

v

v 1
1 2
Tl S S 10l S 3 [ [ 0ta) [ U deds
i1 Q olr—wl
1

=1

5 3 )
NZ [/ 52+|x—§| E d:z:] ,szaxéf\log&iﬁ.

By Lemma 2.1, we further estimate

(2.18)

1 Zsl (1 ) < Z [H(PUi = Ud)Uill (a3 )+ + HUZ'H(H&(Q))*}
=1

v 1 % ) N
> / (PU, — U)Ui] () / = l(PU U0V dda| 62 10g 5
i=1 [V Q=
< max £} log m]% + max 67| logdi]% =:Jp. (2.19)

To derive the third inequality in (2.19), we considered that for d(&;, 92) < ¢ with ¢ > 0 small,

Q

[z —wlt

1 _
S / T wh (67 (Je(&0)] + [ H (w, &) — (&) + 67d(&i, 09) ™) Uilp(e, ae, 09)) (@) + U Lo\ B¢, a(e;.00)) ] dw
Q

1 —
: /Q o — w[* [51'2 (1H (@, &) = (&) +67d(&: 09) ™) Uil pie; ates.om) ()

574 kd 0; 43
+{ z 411{\%-\9@ + ol wiznil}}]dw

(wi) s [®
1 —
5,2 ;* 572
+W {lzsl<r; }+ |2 |3 {|CEz|>/~€ e

where w; 1= 0; Y(w — &), and subsequently,

e~ v [ : 1w‘4 B2 (1H (w,€) — (6] + 67d(65, 99~ UL, e, o) ()des
Q Q

5; 2 6 2k3
! <$1> Hisise ) * 1{|”i|>“il}}daﬁ
SI®U: = U)Uill 3 < |67 (|H (-, &) — p(&)] + 67d(&, 00) ™) UilB(Ei,d(&,ag))HL%(Q)
ok 5,

|

—_ ) -1 _|_7il ] -1
<xl>4 {‘xz|§’§z } ’xz‘5 {|xz|2"€1 } L%(Q)

+ |67 (JH (-, &) — @(&)| + 67d(&:, 09) ™) Uil pe, aes.00)) |

8; 2k} 5723
it RPN e M | .
() " Uml e} T g3 Tlmlze)

Lg(Q):|

< 5| log ril.
L3(Q)
Also, we applied the Hardy-Littlewood-Sobolev inequality to treat when d(&;, 0€2) > ¢ as follows:

X
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/ (PU; — U) Ui (2) / L {(PU, — U)U (w)dwda
Q

Q |3«"—W|4

< _UNU|2s <68 15 < g4 :
S I(PU; Uz)UzHL%(Q)N(Sz“Og(Sz’S S 6; | log 6.
Collecting estimates (2.13), (2.15), and (2.17)—(2.19), we conclude the proof. O

2.4. Projections of 71, 7>, and Z3 onto the PZJQ-direction. Given j = 1,...,v, we evaluate
the integrals [, IlPZ]Q, Jo IQPZ]Q, and [, IgPZ]Q, which correspond to the projections of 7, Zo,
and Z3 onto the directions of PZ]Q, respectively.

Lemma 2.6. Assume that ug > 0. Moreover, when n = 3, each PU; satisfies (1.8) or (1.9), and
when n > 4, each PU; satisfies (1.8). For any j € {1,...,v}, it holds that

O(max d;) ifn=3
n=2 i .
/ IlPZ]Q = au0(§5)8; 2 +0(Q) + O(mzax 62| logd|) ifn=4 112y
. O(max 67) ifn=>5 (2:20)

+0 (miax 5; + max n?) ,
where a, := prn ur1z9 > 0.
Proof. By (A.3), there exists a constant n > 0 such that
Iy = [puge? ' + O(U%Up72)1{p>2} + O (ug)] Loy BEnve)
+ [pug_la + O(ug_ZUZ)l{p>2} + O(op)} 1ﬁ’;:13(§¢,n\/57)c‘ (2:21)
The remainder of the proof is split into two steps.

It follows from |PZ;»)\ < Uj, Lemma 2.1, Corollary 2.3, and Young’s inequality that

‘ / [(PUj)p—lpz;? - Ug"lzﬂ
B(&; d(&;,00)

5/ (|PUJ'UJ'|+|PZJQZJQ|)UJ]‘“+/ |PU; = U;P~'U;
(fjv 5]’ )) B(Ej,d(ﬁj,aﬂ))

(
2 2 5 n
$0;% Kj S 67 4Ky

Therefore,

p/ uo(PUj)pflPZ]Q
UY_, B(&,mv;)

:p/ UO(PUj)P_ljDZJQ +O</ Ujp>
B(&;,d(&;,09)) B(¢;,d(&;,09))°

(2.22)
—ps,7 [uo(gj) /n P10 4 0(/8(%1) \5jy\2Up(y)dy> +0 (5].% + /i?)
= apd; T (§J)+O(52 + K )
We claim that
/Quo (07! — (PU;P"] P20| < Z/ Ur- 1Ul—o(Q)+O(maX53) (2.23)

1#£l
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The inequality immediately follows from (A.2). To analyze the equality, we set z;; := 0, 1(§j —&)
and d;; :=|&§ — &;]. We distinguish three cases based on the value of %;;.

:| Suppose that %;; = . Then, it holds that d;; > 6; and (1/6;0;/dij)"~* ~ qi; < Q.
0i6;

In view of Lemma A.4, we confirm that

1
6;07d;! ifn=3
/ UPT'U; S S 6265d;  log (24 dijo; ) ifn=4p =0 <max52> +0(Q).
Q n—2
076, d;}? if n>5

:| Suppose that %Z;; = ,/6—1. Then, it holds that d;; < d;, i.e., |z;| < 1, and (6—1) SR
qij < Q. Therefore,

n—2

_ 5; 2 5; N

Ur 1U~</< : > J d
/Q P o\ Flr = &l2) \ 07+ o — )2 )

<5n;2/ 1 dy
0 Jseosy LEIWEZ ()2 + |y — 252

n=2 co; ! n=2
NN 1+/ t3dt ~4;% =o(Q).
2

Suppose that %2;; = \/3. Then, it holds that d;; < ; and (2)F° ~ g < Q. We
divide the domain € into B(&;,v/d;) and (B(&;,1/;))¢, and compute

o2 1
/ Up lU N n72 / 2\2 dy n—2
BlEE) 5,7 JBoart (UH W[+ (§ly — 250)2)°T

5n72 6.71/2
< 2 1+/ t"2dt | = o(Q)
5T 1

J

and

1 1 n—2 n
UP'U; < 6267 / — dy <6:6.2 =0 (max52>
/B(am) ’ T Iy lyltly — (& — &)In? j i

These estimates justify (2.23).

Applying |[PZ)| < Y7, Ui, we observe

max §; it n =3,
/Quoap 2 ‘PZOI 1oy S Z/ 1{p>2} < m?x5i2| logd;| if n =4, (2.24)
max 07 if n=25.

Furthermore, since ug(z) < U;(x) for x € B(&,mV/9;), we infer from (2.23) that

P 0 p— 1
ug|PZ5| S / Uj + / Ui "Uj
/U;I_1B(§i777\/$) ’ B(Ejvn\/; Z (51777\/7)

#i (2.25)
-0 ( max 5’5) +o(Q).
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We also estimate the integrals over the exterior region:

14
-2
Ug 0'2|PZJQ|1{p>2} N Z/B Uz'31{p>2}
i=1

/r;;{—lB(givn\/E)c (5’“77\/&)6

3
max 7 |logd;| if n =3,
(2
max §2 ifn=4,5
(2

and

n
2

(U2 +UP) < maxd?.

(]

v
(uh o +0oP)|PZY| < Z/
i—1 7 B(

Combining estimates (2.22)—(2.27), we conclude the proof of (2.20).

/ﬁé’:lB(EM\/(Ti)C & mV/5:)e

Lemma 2.7. For any j € {1,...,v}, it holds that

[—51'%90(5;’) +O0(x3) + O(55) ifn=3

/zgwf: (&) + O(r}) + (62 log 65) ifn =4

“ Amﬁ—ﬁﬂ%wgwiwg@4)+om@ ifn>5
O(max (51) zfn =3

o(max 67) ifn>5

provided n > 3 and each PU; satisfies (1.8), and

ST Y 6ane2| log 85| — cadt(€5) — 96]S3NG% + O(6%) + O(kY) ifn =4
Q 405 | 108 ]‘ C4 j@)\(é-]) ’ | ]+ (y)+ (K]) if n =
O(max8?) ifn=3
+ 1

19

(2.26)

(2.27)

(2.28)

2 .
+ O(mzax 51 | 1Og 6Z|) Zf n=4 + O(Q) 1{1/22, each ¢; is in a compact set of Q}

(2.29)

O(max 5§,| lOg 52’) Zf n =4 + O(Q) 1{1/22, each ¢; is in a compact set of Q}
i

providedn = 3,4 and each PU; satisfies (1.9). Here, by := 3/2 Jpa Ur=1729>0, b, := Jzn Uz° >

0 forn > 5, and ¢, := anpp fRn ur—1z0 > 0.

Proof. We present the proof by dividing it into two steps.

Assuming that each PU; satisfies (1.8), we assert that
O(mlax 0i) +0o(Q)1(,>2) if n =3,
/ ZV: APU;PZY = { O(max 57| log i) + 0(Q)1(,>2) if n =4,
st Aond2 + 0 (926571) +0(Q + max 62) 1,5z i 0> 5.

To verify (2.30), we first estimate

0(65) if n =3,
: 0,02 +0 (2511) ifn>5.

(2.30)
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Indeed, for the case n > 5, we have

‘ / PU;PZ)| <
B(&;,d(,09))°

and

(5 2 n+2
PU-PZQ:/ U; 29 + 0 7'5.2/ U
/B(aj,d@j,am) U Iegag o) T d(&, 092 7 Jpou (2.31)
2 2 n—4
= 0,07 + 0 (83K774).

It remains to estimate the interaction terms fQ U;Uj for 1 <i # j < v provided v > 2. As in
(2.23), we separate the analysis into three cases.

:| Suppose that Z%;; = \/t We verify that

n—2 n—2 1 1fn:3’
/U'U'J,\J(SZZ(S2 X 1+|10gd1]‘ 1fn:4,
d; Y ifn>5

O(max 0;) if n =3,

~ { O(max 62| log §;|) if n =4,

max 524262% = o(max 6?) ifn > 5.

:| Suppose that %;; = \/5—’ We evaluate

U;U; < di = % an

5n+2 (n 2)5 / 1 dy
J i B,cs; ") (14 MQ)% [( ) Ty - &i— §J’ "2 (2.32)

5 ot
satiy (14 [ 0] —o@.
6,7 2
J
Here, we used |§; — &;| < 9.
:| Suppose that %;; = , /5—1 We can similarly estimate as above to deduce

N

/ UZ’Uj = O(Q) (2.33)
Q
This concludes the proof of (2.30).

We claim that

/Z [(PU;)P — UPIPZ) = =07 2enp(;) + O(K])

+ O(mlax 5?_1) + O(Q) 1{1/22, each &; is in a compact set of Q}
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provided n > 3 and PU; satisfies (1.8) for each ¢ =1,...,v, and
/ Z [(PU;)P — UP\PZ)

_ el (€)0; + 0(65) + O(x3) ifn=3
b4AG7|log 65| — cadi o) (&5) — 96IS*|ASF + O(63) + O(kj) ifn=4

O(max 67) ifn=3
+ : +
O(max 62| logail) ifn—d( @
provided n = 3,4 and PUj satisfies (1.9) for each i =1,...,v

To prove this, we decompose the domain by Q = B(&;,d(&;,00)) U [\ B(&;,d(&;,00))].
First, we observe that

]-{1/227 each ¢; is in a compact set of Q}

[(PU,)P — UY|PZ]

/ < / Urtt < gl (2.34)
Q\B(&;,d(£;,09)) B(0,; )

Suppose that PU; satisfies (1.8) for each i = 1,...,r. By Lemma 2.1, Corollary 2.3, and (A.3),
we obtain

/ (PU;) — U?) P2

B(gj 7d(€j 789))

— p/ (PU; — Uj)Uf_lPZJQ +0 (/ (PU; — Uj)QUf‘z\PZ;?\> 1
B(&;,d(£;,09)) B(&),d(¢;,09))

+0 (/ |\PU; — Uj\p|PZ§?|> (2.35)
B(&;,d(¢;,00))

—87 2 enp(&5) + O(x3).
Suppose next that n = 3,4 and PU; satisfies (1.9) for each ¢ = 1,...,v. Noticing that

p/ 55* D, ( —& ) ur- 120_52/ (—AD,)2°
B(&;,d(;,09) 0; BOs7)

D, ZO
+ 6870 / 0 dS + / 0
aB(Ox; ") OV OB, ")

v
_ 5]2./ (FAD)Z 4 0(5) + ).
B(0,x ")

dS) (2.36)

Where denotes the outward normal derivative and dS is the surface measure, we deduce

/ (PUy? — U7) P2

1 _ A 1 _
SR CRN BN e T ) BN T T
B(&J 7d(£J 78Q)) (6] ’ (é] 789))
1 1| |2)2-1 5
+)\a2p52/ - | E 40T+ O 2.37
35 B(O,Iﬁ;l) /1+|z’2 ’2‘ (1+|Z|2)% (] ) ( ]) ( )

= —c30;05 (&) + 0(5?) + O(Ii?) for n = 3,
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and

/ (PU;)P — UY|PZ]
B(&,d(¢;,090))

A
= 5aadj|log 5j!p/
B(S]ad(gjzaﬂ))

+ Aajpd? Lo LY P, Hy(&.€)) urtz)
P Jsow 2] ( 2T PN s
o

Uurtz9 - 5a4p52 log || (U2 2°)(x)dx (2.38)
o2 / B(0,x;Y)

1+ |22 1+ 12[%) B(&;,d(€;.09)
+0(5%) + O(k))
= 64)\6]2~| log ;| — C45]2-g031\(fj) — 96|S3|/\5J2 + 0(5?) + O(H?) for n = 4.

Here, we used

-1 3 1 1 -1
/ log|z|L24dz = 7] and / [ 5 — 2] L“dz =0.
R4 (1+]z?) 8 re L1422 [22] (14 1]2%)

Finally, we assume that v > 2 and each &1, ..., &, is in a compact set of 2. Given 1 <i # j <,
we infer from (2.23) that

/Q (PUYP — UP\PZO| < 6% / e U0 = Ol 0(@) (2.39)

provided n > 3 and each PU; satisfies (1 8), and

[ ey —unpzs) < 490 oo atn-al, / ury,
Q O(i|log 6;[) if n =4 B(&,d(,09))
2.40
(max 62) iftn=3 (2.40)
= -
(max53| logd;|) ifn=4 @
provided n = 3,4 and each PU; satisfies (1.9). Here, we used
/Q log 5 —¢i (Uf_lUj)(x)dx =o0(Q + mZaX(SZ-Q) for n =4,
which can be argued as (2.23), and
_n=2 L& _n=2 L&
IRt QDn( @)\Uf‘lvjs WP U s | QDn( 5’) < 62Q
0 5i L7 (2 0 /)l prr(a)
for n = 3,4.

This completes the proof of the claim. O
Lemma 2.8. Assume that v > 2 and each of the &1,...,&, lies on a compact set of Q). For any
je{l,...,v}, it holds that

0 = 0;
LPZ) = en(q;" 7 —22 5 ql] 24+ 0(Q)
@ 7]
O(max 67 ~?) if n > 3, each PU; satisfies (1.8),
Z [_%3)45]. &l — C3HA(§“§J)} l% ].%1 lemgyl +O(mzaX6i) if n =3, each PU; satisfies (1.9),
e ot}
Z [f%)\log €5 — &l — C4H§(§i,§j)] 52'5]-1{% ety } + o(max5 |log di|) if n =4, each PU; satisfies (1.9),
i 1T e,
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provided g;; in (2.3) is small.

Proof. Adapting the proof of [23, Lemma 2.1], and employing Lemma 2.1, Corollary 2.3, (2.39)—
(2.40), and [23, Lemma A.2], we discover

/ I,PZ)
Q

—Zp/ (PU;P PU;PZ01 50y + 0(Q)
i#j

U, 1 0 1 0 0
— g/ U?s; 85? Tp Z/ (PU;)P~(PU; — U))PZ2 + O (Z/ (PU;)P~'PU|PZY — 2 |> +0(Q)
i£]

i#] i#£]
__2_ s _n_
= Z Cn (qij 2 25]> qi’;f2 +0(Q) (2.41)
i ’

(O(max 52 if n > 3, each PU; satisfies (1.8),

pZ/ (PU; — U;)US™ 1Z0 + o(maX(S ) if n = 3, each PU; satisfies (1.9),
+ i#]

pZ/ (PU; — U)U™ 1Z0 - o(max6 |logd;|) if n =4, each PU; satisfies (1.9).

i#]

Next, we only need to estimate p [, (PU; — Ui)Ujp_lZ]Q if i # j when n = 3,4 and each PU;
satisfies (

If %Z] = ,/ or 5—] then integrating by part and (2.32)—(2.33) imply
p/Q(PUi —U)UP 29 = /Q(Pm — U;)(—APZ) — A\PZ})

:/)\UZPZ](%LO((S 7, _2> o(Q).
Q

It #;; = %, then Taylor’s expansion yields

. A77P—1 0
p [ (PUi- vz,

_ {[—;wsj &l — s H3(61,€;)] 620
[~ log € — & — el (€, &)]

Here, we used

(Q + max; 0;) if n =3,
o(Q + max; 62| log §;|) if n = 4.

Qqhto\r—‘

1
5 [l 6l 16 &l = 0(Q + max) for =3
B(&j,0) g
5/ \log|x—§i|—log\gj—&HU;’(:U)d:z::0(Q+max<5i2\log5i|) for n =4,

=& =&
/széiD4( d; )‘Ujpg 6iD4< d; )

to achieve the last equality, where ¢ > 0 is a small constant independent of §; for j = 1,...
This finishes the proof.

<62 forn=4
L4(Q)

O =
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3. PROOF OF THEOREM 1.1

The proof of Theorem 1.1 is divided into two parts: In Subsection 3.1, we prove that (1.11)
holds. In Subsection 3.2, we show that this estimate is optimal.

3.1. Proof of estimate (1.11). Firstly, we establish the HJ()-norm estimate of p.

Proposition 3.1. Assume that €1 > 0 is small enough. There exists a constant C > 0 depending
only on n, v, \, ug, and ) that

1ol 3 ) < C[|f|(gg(§z))* + (HIlﬂ(Hg(Q))* + 122l (a1 ) + ||I3||(H§(Q))*>:|' (3.1)

To deduce analogous H{(2)-norm estimates for p, the authors of [23, 15, 16] decomposed p
into the main-order term pg and the remainder p;, and further split p; into smaller pieces by
introducing auxiliary parameters®. Besides, their analyses rely on coercivity inequalities. Refer
to Subsection 1.3(4) for a prior discussion. Our argument in this paper is direct. We first derive
an H&(Q)—norm estimate for the solution to the associated linear problem, whose proof is based
on a blow-up argument.

Lemma 3.2. Let A € (0,\;) and I+ : HY(Q) — span{PZF :i=1,...,v and k =0,...,n}+ C
H}(Q) be the projection operator. For any functions o € HE(Q) and h € (HY(Q))* satisfying

o= [(=A = X\)"Hpluo + o)1) = ITH(=A = N)7H(R)] in Q,
0=0 on 051,
<g,PZik>:0 fori=1,...,vandk=0,...,n,

it holds that
el @) S NPl ) (3.2)

Proof. We proceed by contradiction. Suppose that there exist sequences of parameters {(6; m, &.m) }men,
and functions {0m }men and {h, }men such that

mlax&m +Max £ + [l (g1 () =0 asm — oo, (3.3)
||Qm||H&(Q) =1 for all m € N,
and
14 n
Om — (_A - A)_l[p(u() + Jm)p_lgm] = HL[(_A - )‘)_lhm] + Z Zuﬁmpzzk,m in (),
i=1 k=0
om =0 on 89,
k .
<gm,PZi7m>Hé(Q) =0 fori=1,...,vand k=0,1,...,n.
(3.4)
Here, PUsm i= PUs, 600 P2 = Oim g5, and PZL,, i= 0, % Besides, uf, € R

i,m

denote Lagrange multipliers.

4Similar auxiliary parameters were used also in [31].
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First, we observe that

h rzt,
(=A = X)"thy, +§ - PZf,,
ol HHl

/ hin PZ},

I [(=A =Nl ll o) S

S Il (a2 )+ +ZZ

=1 k=0

S NPl a1 )y

Second, we verify that
v n
Do il = om(1) (3.6)
i=1 k=0

where 0,,(1) = 0 as m — oo.
For this aim, we test (3.4) with PZJ'-{m for each j € {1,...,v} and ¢ € {0,1,...,n}. We only
need to focus on

[ 1= =N~ plua + 0 0] P21,

S

| [ =NP2y s P2 00 (37)

+/Q [oh = (PUj )] lomlIPZY,, 1 (52 +/Q [(wo + 0n)P ™" = B |om|Ujm

We now estimate each of the integrals on the right-hand side of (3.7).
It holds that

/ [(—A —~\PZ!, - p(PUj,m)f’*lPZf,m} Qm' S llomll g
Q

(lsmrpzs, vz,

%1(9) + HUj,mHLPpil(Q)l{each PUj ,, satisfies (1.8)} | -
Arguing as in (2.14) and (2.15), we deduce

|[Pso™ = U] P2 s+ |0 P2 = i)

ptl S Jl,m7
L P ()

where Ji ,, is the quantity J; in (2.14) for n ;é 6 and (2.19) for n = 6 with (d;, 65, &, &;) replaced

by (5i,mu 6j,m7 é‘i,ma gj,m)~
Also, by applying the inequality |PZJ(»1\ < PU; (which directly comes from the maximum
principle), (A.1), (A.2), and Hoélder’s inequality, we obtain

/Q (071 = (PUj )" 1] |oml P22,
1%

[ P POl % [ [ 3000y
Q Q

|om|
i=1
1 .
>t Ujamll  e21 )HQmHHg(Q) if n = 3,4,5,
< i#]j
ZHmm{Up U, UPIU o om0 =6

i#]
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On the other hand, using (A.2), we have

| o+ 0™ = ot lealUin 5 [ [0t uosopoar + 6 Luusor] lenl Ui

5 HUj,mHLWfl 1{uo>0} + Z H H P+1 1{uo>0 p>2}+
Therefore,

5 HQmHHl ”UJ m” P+1 @) 1{u0>0}u{each PUj y, satisfies (1.8)} + ; H i,m L%#(Q)l{uo>0,p>2}
ZHUP 'U Ujml| p+1(Q) ifn=23,4,5
7]
+ <5 L0y +J
Z Hmll’l{Up 1 ]m7 UJp,T—nIU ifn>6 {v>2} 1,m
i#]
=on(1), (3.8)

where the last equality follows from Lemmas A.2 and A.3, (2.12), (2.13), and ||QmHHé(Q) =1.
Third, we assert that

{gm — 0 weakly in H&(Q),

as m — oo.
om — 0 strongly in L*(2) for s € (1,2%)

Since ||om| g1 () = 1, there exists oo € HE(Q) such that

{Qm — 000 Wweakly in H}(Q),

. as m — oo,
Om — 0oo strongly in L*(Q) for s € (1,2%)

along a subsequence. Given any y € C2°(Q), we test (3.4) with x and passing to the limit
m — oo. We can derive from (A.2) and Lemma A.5 that

[ o= =i o | 5 [ [ot o 2ot o

1 .
L R L e

This fact and (3.3)-(3.6) imply that

(—A = Moo = pulh ' ooe  in Q,
Ooo =0 on 0,

which together with the non-degeneracy of ug yields go, = 0 in €.

Let us now fix an index j € {1,...,v}, and define the rescaled function
~ L L;Q Q- gj,m
0jm(y) =10, 7 om (6jmy + &jm) for any y € 5.

]7m

for all sufficiently large m € N. We extend 9;,(y) to R™ by setting it to zero outside its original
domain. We will show that
{@j,m — 0 weakly in DV2(R™),

N as m — oo. (3.9)
0jm — 0 strongly in Lj (R") for s € (1,2%)
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Because HQmHH(}(Q) = 1, the sequence {9 m }nen is uniformly bounded in D%?(R™), and so there
exists gj00 € DY2(RY) such that

{@mégmwwmewﬁm

N N as m — oo,
0jm — 0jco strongly in Lj (R™) for s € (1,2%)

up to a subsequence. Given a function y € C°(R"™), we set
i) = 0,2 x (500~ ) Forzeq,
After testing (3.4) with X;m, the only technical point we encounter is to derive

/(UO + O'm)p_lgmij,m = / Up_l@j,ooX + Om(l) (3'10)
Q R™

as m — 00.
Indeed, direct calculations give us that

n-2
/Q(PUj,m)p_lgmf(j,m = ﬂ]_sj’m Up—léj’mx +0 </<;j7?n )

9j,m

B / Up_léjvoox + om(1),
Rn

because
1 2 e
PUj)? ' = U HPUm—UmUW1 ;
AM 4 IPU; il Upm =] ot e e oo
+ 1PUjm = Ui P L (B o €5.m,09) (3.11)

—2

p+1 n—2

+/ UJ mo o~ Hj,fn ’
B(Sj,mvd(gj,maag))c

while we know

/ U om X jm = 03 / ul (Ejm + 05.my) (85.mX) (y)dy = 0m(1)
Q supp(x)

thanks to the boundedness of ug. Furthermore, for 1 <i # j <v,

1 :Om(1)7

n=2 p=1
[5]',731 Uim (&m + 5j,m‘)]
L 7 (supp(x))

/Q (PUi,m)P—lgmxj,m‘ <

since
_An_
4n
6i7m supp(x) (1 + ( et |y — Zij. m|) )n+2
5 _4An_
. n+2 _8n_ :
<c5m> |2ijm| 72 if [2i5.m| — o0,
7,m
5. Az 1
5 < j,m> / 7d2 if |Zij,m| is bounded, 5i7m < 5j,77’L7
6i,m |z\< %m (1+‘Z|)

§i\ nt2
< J,m> if |2ij.m| is bounded, &; m > 0;m
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_ 8n_
e if |zij,m| — o0,
4n 8n
5'm ntz " 5m 5m T2 . .
< <5Z’m) |:1{p>2} + |log (517‘ lipeoy + ((;m) 1{p<2}] if |zij,m| is bounded, d;,m < 0j,m,
8.\ wiz
- if |2ij,m| is bounded, 6;,m > 0;,m,
6i,m

where Z;; m is the quantity introduced in (2.3) with (&;,&;, s, 6;) replaced by (&im &jms 9im» 0jm)-
By (A.1), and Lemmas A.2 and A.3, we also have that

/Q (PU; )P 2 (uo +> PUi,m) |0mXj.m|Lip>2)

i#]
—2 -2
S [ S I0mU2 gy o+ 02570,y |15y = o)

i#j
Combining the above calculations, we derive (3.10).
Taking m — oo, we observe from (3.4) that

~Afjoe =pUP ' jee I R",  gj € DV(RY),
Vijoo VZFE =0 forallk=0,...,n.
R
The nondegeneracy of U implies that 9; . = 0, yielding (3.9).
Finally, we will prove
im0y 0 = 0. (3.12)

Since (3.12) contradicts (3.3), we will be able to conclude that (3.2) must hold.
To deduce (3.12), we test (3.4) with g,,. Then, we only have to consider

v
[o+onrtd s [y [ (v,
Q Q — Jo

n—2
< om(1) +/ Urlg2,, 4+ 0 <mzax K ) HQmeqé(m
= o (1).
Here, we employed (3.11) and the facts that g, — 0 strongly in L?(Q2) and @?m — 0 weakly in
Lﬁ(R”). We are done. O

Proof of Proposition 3.1. We set
h:=f+T11+To+ I3 + To[p).
From (2.1), we have
p—TH[(=A = X)) (pluo +0)P 1p)) = TTH[(=A = X)'h] inQ,
p=0 on 09,
<p,PZf>H3(Q) =0 fori=1,...,vand k=0,...,n.

By making use of (3.2), (A.2), (A.3) and Holder’s inequality
HPHH(%(Q) S ||f||(H3(Q))* + ||pH§[é(Q)1{p>2} + ||p||111[5(9)
+ 1 Zull 2 )= + 1 Z2ll ez )+ + 128l (a2 )+
Since p > 1 and HPHH(%(Q) = 0¢, (1), we immediately deduce (3.1). O
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Corollary 3.3. For each i =1,...,v, we assume that PU; satisfies (1.8) if n > 5 or [n = 3,4
and up > 0], and satisfies (1.9) if n = 3,4 and up = 0. We define

(maxéi if n =3 and up =0,
(2
max 62|log d;|  if n =4 and ug = 0,
(2
n—2
J11(01,...,0,) = < maxd; * if [n = 3,4 and up > 0] orn =5,

7

max 67| logéi]% if n =6,
(2

max 07 ifn>7,
\ )

max K, 2 ifn=3,4,5,
2
L
TJi2(K1y ... Ky 1= m?X’f? log ki[> if n =86,
n+2
max s, ifn>7,
7
Q ifn=23,4,5
F
J13(Q) = { Qllog Q|2 if n=6 1r>03.
n+2
Qz(n—2) z'fn >7
Then
1ol az) S 1y + T11(01, -, 00) + Tra(ka, - k) + T13(Q). (3.13)
Proof. The result is a consequence of Lemma 2.5 and Proposition 3.1. g

Proposition 3.4. For eachi=1,...,v, we assume that PU; satisfies (1.8) ifn >5 or [n = 3,4
and ug > 0], and satisfies (1.9) if n = 3,4 and up = 0. We set

max d; ifn=3 and up =0,
7
max 62|log &;| if n =4 and ug = 0,
Tn(01,..,0,) =9 ' a2 .
maxJ; * ifn=3,4,5 and ug > 0,
K]
max 02 if [n =5 and up = 0] orn > 6,

\ 2

and J23(Q) = Q1ly,>9y. If each &1,...,&, lies on a compact set of Q, then it holds that
T21(01, .- 00) + T23(Q) S |1 a2 )y (3.14)
Proof. Let j € {1,...,v} be fixed. By testing (2.1) with PZ , we obtain

/ I,PZ) + / I,PZ) + / I3PZ) = / Pz — / olp)PZ)
Q Q Q
+ [ (=8 N)p = pluo + )] P
Q

Asin (3.8), we apply Lemmas A.2-A.3 and (3.13), and the assumption that &; lies on a compact
set of Q) for i =1,...,v to deduce

‘ /Q [(=A = XN)p —p(uo +0)P~'p| PZ]

14
—1
HUjHLP#(Q)]-{uONJ}U{PUj satisfies (1.8)} T ; Uy HLP’#(Q)l{uO>O,p>2}

N HPHH&(Q)
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ZHUP 'U; I = if n=3,4,5

Li>oy

Z Hmm{Up 1U],Up 1 ifn>6

i£]
= 0o(Jo1(01,...,0,) + Jo3(Q)).

Using (A.5) and the fact that ]PZJQ| <37, Ui, we also know that

] | 0Pz <
Q

/ min{c?~2p?, \p]p}|PZJQ| ifl<p<2,
9]

/Q (o727 + o) IPZ|  ifp>2

(3.15)
< /) ZUP YoP? + ol o Lissar < lolley oy

Without loss of generality, one may assume that §; > d2 > --- > §,. By employing Lemmas
2.6-2.8 together with a,, b, > 0, d(&,09) = 1, —¢5(&) > 0 provided n = 3, up = 0, and v > 2,
and

1
2

S [-2Me - &l - bl 6] o6F =3

i#j

nqij + ¢ ) 1 N2 X Qi
Z [_54)\10g ‘5] - fz' - C4H§(£i7£j)i| 61(5] ifn=4 {n:3,4, up=0, and qi‘j:(ls"éi?.‘) } ’
i#] v

we adopt the same reasoning as in [23, Lemma 2.3] (which is based on mathematical induction)
to achieve

J23(Q) < |If]] (HL(Q))* + o(J21(d1,- - ,0,)). (3.16)

Then, one may take the test function PZY, where d; = max; d;, to prove

/ T,PZ}

I (01, --00) S 1 ez )y +

+ 0(Ja1 (61, -, 6,) + Ja3(Q))

(3.17)
Sl yys + o(J1 (61,5 00) + Fos(Q))-
Here, we used } Jo IQPZ](_)‘ < @, which comes from (2.41) and Lemma A.3.
Putting (3.16) and (3.17), we establish (3.14), concluding the proof. O

We are now in a position to establish estimate (1.11).
Proof of Estimate (1.11). Since d(&;,09) 2 1, we have
Tz, k) S J11(01, ..., 00).

From (3.13) and (3.14), one can identify two optimal functions ¢ (¢) and (3(¢) of the form t%| log ¢|°,
with @ > 0 and b > 0 (b = 0 unless n = 6), such that

Ti1(01,...,0) S G (T (1,-..,6,) and  Ji3(Q) < G3(Fs(Q)).
Recognizing that ¢ (t) and fg(t) are non-decreasing for ¢ > 0, we obtain
lellzzgcey S max LU Al ey e G Neapcany) b = CUL Ny

where ((t) is the function introduced in (1.12). O
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3.2. Sharpness of estimate (1.11). Let us divide it into two cases.

We prove the optimality of (1.11) when [n =3,4, v > 1], or [n =5, v > 1, ug > 0] or
[n > 7, v =1]. In this case, we have that ((t) = .

We select numbers § = §; € (0,1) for each i € {1,...,v} and points & € Q such that
d(&,09) 2 1 and \fz &l 2 1 for all distinct indices 1 < i # j < v. Under these conditions, it
holds that @ ~ 6"2 1,>9.

Taking
1) if n =3 and ugp =0,
N 52|logd| if n =4 and uy =0,
= 5" if n =3,4,5 and ug > 0,
52 ifn>7and v=1,

and using |PZF| < CPU; in , we construct a nonnegative function of the form

ZPU +ZZBkP :

i=1 k=0

where ¥ = 05(1), <¢5,PZ£“> =0foreachi=1,...,vand k=0,1,...,n, and Hgb(sHHé(Q) ~ 1.
Letting p := e¢s, we define u, :=ug + Y ;_; PU; + p so that u, = 0 on 99. Then we set

p—1
fi=—Auy — Auy —uP™ = —Ap—Xp— p(uo—l—ZPU) p+ I+ Iy + Is + Zy[p)
=1

where 71, Zy, I3, and Zy[p] are defined as in (2.2) with parameters (0;,&;) satisfying the above
conditions. By Lemmas 2.1 and 2.5, we have that ||pHH§(Q) ~ ¢ and

27
1 gy < Mol + ol + I

I L5 )1{u07é0} + HI2”LPTf1(Q)1{VZ2} - ”I?’HLthl(Q)
~ €~ ||pll g1 ()

Proceeding as in Step 2 of [15, Subsection 5.1], we deduce that

inf = (w0 + 30 PUz )| o 2 TPl
(51751)61(0,1) XQ, * ; (Szfz H& (Q) HO (Q)
i=1,...,v

thereby establishing the optimality of (1.11).

We prove the optimality of (1.11) when [n =5, v > 1, ug =0] or [n =6, v > 1] or
[n > 7, v > 2]. In this case, we have that ((¢) > ¢t. The proof is split into three steps.

We select § = §; € (0,1) and & € Q such that d(&,d9Q) =1 and |& — &;| ~ §° for each
i # j, where i,j € {1,. 1/} and b € [0,1). This choice ensures that Q ~ §(*=2("=2) We impose
a further restriction b € ( 2, 1) for n > 7, and set b = 0 in dimensions n = 5, 6.

We now consider the functlon p solving the boundary value problem

—Ap—Xp—plug+ )P p=T + Ty + Iz + Lop +ch ~A—NPZF inqQ,

i=1 k=0
3.18
p=0 on 09, cfeR fori=1,...,vand k=0,...,n ( )

<p,PZZ-k>H6(Q) =0 fori=1,...,vand k=0,...,n
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where PZF, T), Ty, T3, and Iy[p] are defined as in (2.2) with parameters (;,&;) satisfying the
above condltlons We set f:=>1_o>"  c¥(=A - N)PZF. Then

[RAlTAIGIEDS ZZ ekl

k=0 i=1

(3.19)
< a(d) = 52 if[n=>5 u=0,v>1orn=6,v>1],
~ 6l §A=0)(n=2) if n > 7 and v > 2.
By applying Lemmas 3.2, 2.5 and (3.19), we see that
1ol @) S Iy + 1Zull )y + 122l g @)y + 121 a2 o)~
5 if n=5u=0, and v > 1,
o (3.20)
< 6a(0) := 1 6% logdlz if n==6and v >1,
(1-b)(n+2) |
2 ifn>7and v > 2.
We now establish the lower bound
120l 2 0) R <2(0), (3:21)

which in turn implies

HIOHH&(Q) 2 C(”f”(Hg(Q))*)-

Testing equation (3.18) against any x € Hg () and applying Holder’s inequality yield

/Q (Il]-{n>6, uo>0y t Zolin>6 v>2) + Z )\PUil{n:5,6}> X‘

i=1

2?
sww%mﬁmml-ﬂm@ﬁfﬁwa+@n%/1M5MQ@H

Ln+2(Q)
’I;;—Z)\PUl{n 5.6} L, +ZZM@
i=1 n+2 i=1 k=0
and so
1ol 1) 2 |71 n>6, wo>0y + Lalin>6, v>2y + Z/\PU lin=s6}
i=1 (H§ ()
k
— C|: Ig - Z;)\PUil{n5’6} L%( + ||IZHLn 2(0 )1{n 5} +Zlkzo‘c |:|

=: Jy + 0(s2(9))

where we have invoked (2.13), (2.15), (3.19), and (3.20).
Let Gy be defined as in (2.7) for n > 3. We recall the lower bound estimate of G:

1
Gi(z,y) 2 ———-

Drawing on the idea in the proof of Lemma 2.5 for n = 6, together with the non-negativity of
the functions 77, Zo and APU;, we observe that

1
J2 2 J3, (3.22)



SHARP QUANTITATIVE STABILITY ESTIMATES FOR BREZIS-NIRENBERG PROBLEM 33

where the quantity J3 is defined as

/Z)\PUi(x)/ Ga(z,w) Y APUj(w)dedw if n =5,6,
Jy = %=1 Q j=1

/Ig(l‘)/ Gi(z,w)Is(w)drdw itn>7.
Q Q

As a result, we only need to estimate J3. Assume that n = 5,6. A direct computation shows

/Q;PU,'(QJ)/QGA(x,w)jZ;PUj(w)dxdw

>/Z”:< 5 >"22 55 s if n =5
~ Q5 02 + |z — &|? (52+|x_§j|2)"7’4_ 5*logd| if n = 6.

Assume that n > 7 and v > 2. If |21| < 26°71, then |za| < |z1] + @ < 6°~1. From this, we
derive

(3.23)

v

T, = 0" = Y (PU;)" 2 (PUL)P~' PU,

=1
and 2 (3-b)(n—2)
—9 _n=2 —9 5—b)(n—2)—2
lep—llj2 2 ) . 0 272 Z ) 457%726(171))(7172) z 52—4
(z1)" ()" (z1) (z1)
As a consequence, we have
ng/l'g(:v)/GA(x,w)Ig(w)dxdw
O Q
S 5(2—2b)(n—2)/ / 1 ; 1 1 daydun + o(§(1-D0H)
(o l$3v1} S{Jwr|<Laal} (1) 171 — @172 (wy)

> 5(22b)(n2)/ 1 sday + 0(§1-0)(n+2)y > 5(1-b)(n+2) (3.24)
{los|$ 50013 (1)

where wy 1= 671 (w — &).
Putting (3.22)-(3.24) together implies the validity of (3.21).

Let uy := uo + )i PU; + p, (up)+ := max{Fuy, 0}, and u, := (uy), .

Observe that

(=A = Nuy = |ug P luy + S0 SV F(—A - N)PZF inQ,
! (3.25)
ug =0 on 0.
Assuming that & satisfies the assumption of Theorem 1.1, we introduce
d*(u) := inf {Hu - (U() + ;PU&@) ’H&(Q) : <5u§z) S (0, OO) X Q, 1= 1, ces ,V} .
Arguing as in Case 1, we can verify
du(ug) 2 [lpll 20y = <2(6)- (3.26)

Testing (3.25) with (uy)_ gives
n 14

10 gy = 1)y + [ D230 b= = NP2 ug)-

k=0 i=1
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S )10 +ZZ!%IH (ug) -l Lr1(0

k=0 i=1

Using the estimate 0 < (ug)— < [p], we get

n 14
1
)~z S ol T0ta 0y + D D leklllpllorey = o(D),
k=0 =1
and so we obtain
n 14
() N2y S DD ekl S @) (3.27)
k=0 i=1

Therefore, by combining estimates (3.19), (3.26) and (3.27), we infer
du(ux) 2 di(ug) = [ (ug) N ) 2 10l 2 (0) = <2(9)-

Moreover,

T(u) < Tug) + [ (ug) -l z 0) < <1(6),
where T'(uy) = || Auy+Muy + \ut¢|p_1Uﬂ||(Hé(Q))* < 61(6). In conclusion, we obtain a function u, > 0
satisfying

d(us) 2 (I (us)),
thereby establishing the optimality of (1.11).

4. PROOF OF THEOREM 1.3

In this section, we investigate the single-bubble case (v = 1), allowing the distance between
& and 0f) to be arbitrarily small, and prove Theorem 1.3. We assume that the function PU;
satisfies (1.9) when n = 3 or [n = 4,5, ug = 0], and satisfies (1.8) when [n = 4,5, uy > 0] or
n > 6; see Remark 1.4(2).

We first examine the case when n = 5 and PU; satisfies (1.9). By Lemma 2.1, Corollary 2.3,
and (2.36), we have

I3 < |(PUL — UNUPY|
| 3HL#( S [(PUL = Up)UY ||L%1(Q)

3
§ Up 1 + 5 é— UP*1 1
i <H| L I T S N -
4 ‘ 5%/2,1)5 ( - 51) Uf_l "
gl L7 (@)
<6+ kS
and
(PUL)P — UP) PZY = Sa567p (U 20) (w)da
B(&1,d(£1,09)) 2 B(61,d(€1,00)) |z — &)
2 _
+ Aa2ps? / b L EREL g 4y
B (L4222 2P ] 1+ z2)2
3
~ SFaspH3(EL, 61) / U 20z + O(6%) + O ()
B(&1,d(£1,09))

= b5Ad7 — 56793 (&1) + O(67) + O(~k?).
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Here,
- 1 1 21
bs == — a5 (Up 179 (2)dz + a%p/ —— T Ldz >0
2 Jps |2 B | (1+22)2 23] (1+22)3
and ¢5 := asp fR5 Ur—1z0 > 0.
Combining (4.1) with (3.13), we obtain
0 ifn=3and up =0
§2|logdy| ifn=4and uy=0
”PHH&(Q) S HfH(Hg(Q))* +46;° ifn=23,4,5and up >0
82|log 1|2 ifn =6
52 if [n="5, up=0orn>7 (4.3)
/1?_2 ifn=3,4,5
+ /ﬁ%\logm]% ifn==6
n+t2
Ky? ifn>"7
Also, applying (2.20), (2.28)-(2.29), and (4.2), we deduce
/(11 +I3)PZ)
Q
2 0(51) ifn=3 "
= anuo(6)6, 2 + { O(2|logdr]) ifn=4p1geg +O0 (512 + ,-af) 1uos0) (4.4)
0(63) ifn=>5
—c305(€1)01 + O(0%) + O(K3) if n =3,
0402 |log 01| — c4075 (€1) — 96|S?|N62 + O(63) + O(k]) if n =4 and uy = 0,
+{ —62cy0(&1) + O(63|log 01|) + O(kT) if n =4 and ug > 0,
b5A\6F — c50503(&1) + O(63) + O(K}) if n="5and up =0,
Ab, 07 — 67 2enip(€1) + O (676771) + O(kT) if [n =5, up > 0] or n > 6.

As mentioned earlier, certain cancellations between terms with opposite signs may occur in
(4.4). To handle this issue, we establish an estimate for the projection of the term Z; + Z3 onto
the direction of spatial derivatives of PUj, as stated in the following lemma.

Lemma 4.1. For any k € {1,...,n}, there exists a constant ¢, > 0 such that

ooy

. 1 i (&1)| ifn=3 or[n=4,5, ug=0]
/(z1 FT)PZE| = (1+o(1))endy ™ x 4| O
¢ ’ (fl) if [n=4,5, ug >0] orn>6
3
3 _ —
0(51; ifn=3,4,5 and ug = 0, (4.5)
O(67 |log 01]) if n =3 and ug > 0,
+ < O(82|log 81)) if n =4 and ug > 0,
O(63d(&1,00) +62) if n=>5 and uy > 0,
O(6%) if n > 6.
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Proof. By using Corollary 2.4, we obtain

ou _ n
/ w(PUYPZE= 20(6) [ (o — € OT 2 @)z + O (57 + 7)
(61,d(61,00)) O¢} (61,d(61,00))

) (512 + /4;)

for n > 3 (cf. (2.22)).
Let us refine estimate (2.24) for the cases n = 3,5 and up > 0. If n = 5 and ug > 0, then we

have
[ wenypzis o [ or
B(&1,mV/41) B(£1,d(£1,09)) B(&1,d(€1,09))¢

< 81d(&, 09) + K7
Suppose that n = 3 and uy > 0. Applying (A.4), we expand Z; by

p(p—1)
2

+ [pub ™ PUL+ O (PUDY) Ly + OUPUD)| 1, e

T, = [puo(PUl)p_l + ug(PUL)P ™2 4+ O(ug(PUL)P ™) + O (Ug)} 1, mvan)

Also, we have

B
/ ug(PULP2PZE = 2(1 + o(1))ug (&) omn
B(&1,1V/31) oy

1
67 2 1
+0 | —~L / ur + / Urt
(d(gl,asz) B(e1d(,00) Blerd(61.00)°

< 62|1og 81| + 61k1|log k1| + KT

0(6) / (x — €)M (UP22F) (@) da
(&1,d(€1,09))

and

3
/ (PO P2 5 [ UP2 < 67 |log ).
B(glzn\/a) B(élvﬁ\/ﬁ)

By combining the above estimates with (2.21) and (2.25)—(2.27), we conclude

3
O(67|logdy]) ifn=3 N
/QLPZ{C = [40(?|logd|) ifn=4¢Llpsy+0 (512 + H?) L{ue>0}- (4.6)
O(82d(£,,09)) ifn=>5

On the other hand, arguing as in (2.34)—(2.38) and (4.2), we can find a constant ¢, > 0 such
that

B [ (@ - U7 2)(w)do + 062 + O
B(£&1,d(£1,0))
ifn=3or [n=4,5, up=0],
657 a, — &M UPT ZE) (@) da + O
Towga@) [ @) 0 2w+ 0

if [n =4,5, ug > 0] or n > 6
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—(14o0(1))end7™ 1?;;’\ (&) +O(83) +O(x}) ifn=3or [n=4,5, up=0],
_ 1 (4.7)
—(1+4o0(1))end7™ lgg (&1) + O(KY) if [n = 4,5, up > 0] or n > 6.
1
Here, we also used Corollary 2.4.
Moreover, we see from (2.30) and (2.31) that

\PU,PZF1 O(6?|logd1]) if n=4 and ug >0, i
/Q 1 1 +{PU; satisfies (1.8)} — (52 + Kl) lf ’I’L — 5, up > O] orn > 6. ( . )
Consequently, (4.5) follows immediately from (4.6)—(4.8). 0

Now we are in a position to prove Theorem 1.3.

Proof of Theorem 1.3. Throughout the proof, we keep in mind (2.10).

Let us prove estimate (1.13).

By testing (2.1) with PZ} for k € {0,1,...,n}, arguing as in (3.8), and using (3.15), we obtain

/(Il +I3)PZ}
Q

- / fPZi - / LolplPZT + / [(=A = X)p — p(ug + PU)P ' p| PZY
Q Q Q

S ey + Il @) + lellge [H[(PUl)p—l —UPIPZl e (4.9)

-1 k k -1
0T P = 2Dl o+ 10U e 0T g T, o

Having (4.3)-(4.5) in mind, we proceed by distinguishing several cases according to the dimension
n and the function ug.
Assume that n > 7.
We consider the following subcases:
o If b, A07 > cap(€1)67 2, we have that 67 < [|f]| 2 (a

- When 62 z i ? it follows that ol () < ||f|| iy + 0% Henee, [lpllm o) S
.
- When 5t £ ;% it follows that [l S Iy + 17 - Hence, lpllyo <
1A%
o If b7 < Cn90(§1)5"72a we hiwg that £77% S 1/l and ol S 1o +
prd - Thus, gy S 11202
o If b,\67 = c,0(&1)07 2, we have that 1ol @) S Il @)y + /1:#. It follows from

n+2 n-+2

n— nf+2 n—
(4.5) and (4.9) that &7~ < |l ey + 05 Consequently, [|ol o) S /117

(Hg (@)
Assume that n = 6.
o If a,up(£1)6% + beA6? # cop(£1)07, we have that

1
| 2

1ol 2 ) S 11 gy
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o If agug(£1)0? + bgAd? = coip(€1)67, a cancellation happens in (4.4), which leads to
Ty + I3 = 2(up(x) — uo(&1))PUL 4+ 2(PUy — Uy)U; + 2&6(p(§1)51PU1.
Therefore,
1ol ) S 1 - + 171 +I3||Lz%1( Sl gyye + 85 + K5

5
Applying (4.5) and (4.9), we find that s} ~ 67 < 1171l Hi(Q)* T §¢|log 1], and so
Iola @) S 11z~

Assume that n = 3,4,5 and ug = 0.

o If n =3 and up = 0, we have that HPHH(}(Q) S HfH(H(}(Q))*-

e Assume that n = 4 and ug = 0.
— If by 07| log d1] # cap} (€1)0F, we have that [pll 1) < I1Fll a3 ()
— If bsA6F| log 81| = cap’(£1)67, we have that

Iy = (PUL)P — UP — pAdy|log 61U~ + pagdy o (€1)UP .
Therefore,

2
1ol ) S I gy + 121 +13|\Lpr1(Q) S 1Ny + 01

Applying (4.4) and (4.9), we find that | [, Z3PZ}| ~ 6] < 1 Wl a2 )+ + 83, and so

ol @) S 1SNy~
e Assume that n =5 and up =0
— If b5A0? # 53 (£1)83, we have the same estimate as above.

— If b5A0% = c505(£1)0%, we have that HpHHé(Q) S ||f|](Hé(Q))* + 2. By Corollary 2.4,
the inequality

||Uffl513515551,§1|\ LB ) S HUfil||L5(Q)||5la§llv351,§1||L2(Q) <61

(4. 5) and (4.9), one derives that x] ~ (513 S ez )+ —1—(5 which gives ||pl| g1(q) S
HfH(Ii’é(Q))
Assume that n = 3,4,5 and ug > 0.

n=2 o | p3(&) ifn=3 .
o I aup(6)3, 7 # ot} {@él)) 2073 we obtain that o] e < 1/ g

n=2 3 if n =
o If a,up(&1)8,2 = ¢, 072 PA(&) 1 n=3 , the expansion
e(&) ifn=4,5
Ty + I3 = (ug + PUL)P — uf) — (PUL)P — puo(&1)(PUL)P~! + (PUL)P — U

== ) P\ & ifn=3 _
+ payd; ? {@((1)) e d 5} (PULP™ + APUL -y 5

gives

(51 1fn:3,

1ol @) S 1l m ) + 1T +I3HL”%1(Q) S ez )y + {51"g2 fn— 45
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Besides, making use of (4.5) and (4.9), we know that
3
n—1 n-l 52 ifn=3
K ~ 5 2 SJ f 1 * + 1 ’
0T S Wl e s
We conclude

Hf||(H1 ) if n =3 and ug > 0,
HP”H&(Q) S .
HfH(H1 ) if n =4,5 and ug > 0.

This completes the derivation of (1.13).

We prove the optimality of (1.13).
Assume that ((t) =
One can treat this case as in Case 1 of Subsection 3.2, by choosing a point & € 2 and setting
~ 51 ifn=3 + /ﬁ}n_Q
82|logdy| ifn=4and ug=0 !

Assume that ((t) > t.

Let us choose 41 > 0 and & € Q satisfying the following conditions

n—2

apug(€1)6, 2 = cngo(&)é{‘_Q if n=4,5and ug > 0,

b5 A% = 503 (£1)03 if n=>5and uy =0, (4.10)
aguo(&)cﬁ + 56)\5% > Cn(p(gl)&il if n =6,

b, AT = cnip(&1)07 2 if n>7.

We now consider a function p solving the following linearized problem
—Ap—Xp—plug+ PUP " 'p =T, + T3 + Ty[p Z —~A—NPZF inQ,
p=0 ondQ, &FeR fork=0,...,n

k _ —
<p,PZ1>H3(Q) =0 fork=0,...,n

where 71, T3, and Zy[p ] are defined as in (2.2) with (d1,&;) satisfying (4.10).
Denote f:=3"}_, & (—=A — X\)PZ¥. Using (4.4) and (4.5), we obtain

1AWl ez oy S 1T+ nax ||

)

+ max

| [@+mpz [ @ +zpz
Q ked{l,...,n}

< ﬁ?l ifn=4, up>0], orn=5 orn>7,
~ 62 if n = 6.

It follows that

n—2

e if n =4,5 and ug > 0,
52 ifn=>5and ug =0
< ¢3(0) = ! ’
1ol 2 0) < <3(0) 52|log 61|z ifn =6,
n+2

Ky? ifn>7.
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On the other hand, similarly to (2.19), we can deduce a lower bound estimate

||p||H1(Q
/ / (APU)( |n T (APU1)(w)dzdw if [n =4,5, up > 0] or n = 6,
/ [(PU)P Up]( )|x o 5[(PULP — Ul](w)dedw if [n =5, ug = 0] or n > 7
QJQ

> (s3(6)).

We set uy := (ug + PU; + p)+. Then, by proceeding as in Case 2 of Subsection 3.2, we finish the
proof. O

Remark 4.2. Assume that v > 2. Arguing as above, one can find a nonnegative function
ue € HY() with §; = §; and |§ — &j| 2 1 for 1 <i # j < v such that

nt {\ = (10 3 P05) | (56 € 0.0 x5 1} )

where ( is given by (1.14), except for the cases [n = 3, up > 0] and [n = 4, up = 0]. In these
exceptional cases, additional technical difficulties arise.

APPENDIX A. SOME USEFUL ESTIMATES

Lemma A.1. Let a,b > 0. Then the following estimates hold:

in{a*"1b,ab*"1} if1<s<2
(at by —ar b g QO Al S0 =2 (A1)
a®*" b+ ab® if s > 2.
Moreover, we have the following asymptotic expansions:
(a+0)* —a® = O(a* 'b)1s51 + O(b*)  for s >0, (A.2)
(a+b)* =a®+sa* b+ O(a*2b*)1s2 + O(b*)  for s > 1, (A.3)
—1

(a+0b)* = a®+ sa* "1+ p(p2 )a37262 +0(a* 0¥ 1453 + O(b%)  for s > 2. (A.4)

For anya >0,b€eR such thata+b>0 and 1 < s < 2, it holds that
[(a+b)* —a® — sa®'b| < min {a*?|b]?, |b|*} . (A.5)

Lemma A.2. Let s > 0 and Us¢ be the bubble defined in (1.3). Then

n—2

6 27° if 0 <s < 25,
[ Use s qotosal irs = 2,
¢ ST if s> o

Lemma A.3. Let Us, ¢, and Us, ¢; be the bubbles for 1 <i# j <wv. If s,t > 0 satisfy s +t = 27,
then for any fixed T > 0, we have

p'lin{s,t} . 4>
/ U3, UL e, < {QUHQ Z.f|s t| >,
" q;; " [logqij| if s=t,
provided g;; in (2.3) is sufficiently small.
Proof. See [15, Lemma A.3]. O
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Lemma A.4. Suppose a > 0. Then

5% f0<a<?2,
/ 1 5 g o1+ [loglu —¢[)) ifa=2,
dz <1652+ |z —€>) "7 if2<a<n,
— n—2 ( 2 _ 2> ~). o2
o lv =2 0%+l =g §Z(8° + ]z —¢°) 77 log(2+ |z — €57 ifa=n,
" *5(52+|x—§|2)’"_ if a > n.
Proof. Tt follows from direct computations. 0

APPENDIX B. PROOF OF (2.10)

Lemma B.1. Let ¥ () := HY(x,x) for n = 3,4,5, where HY(x,y) satisfies equations (2.4)-
(2.6). If d(z,08) is small, then we have

AR() = i gayyz 1+ Old(r.09).
VA = e g (1 Old(z.00)).

Proof. Since 2 is a smooth domain, there exists dy > 0 such that for every x € Q with d(z,00Q) <
do, there exists a unique 2’ € 9 such that d(x,09Q) = |z — 2/|. By an appropriate translation
and rotation, we may assume without loss of generality that = = (0,d), ' = 0, and the boundary
near the origin is locally given by a C? function ¢ with ¢(0) = 0, V¢(0) = 0. Specifically,

0N B(0,7) ={y=(,y") eR":y" =¢(y")} N B(0, 7),
QN B(0,7)={y eR":y" > ¢(y)} N B(0,7)

for some small 7 > 0. Let 2" = (0, d) be the reflection of z across the boundary. For sufficiently
small d, 2" € 2, and the function w is harmonic in €. Define
A ; —
\y—x”\” T — 5y — 2" if n =3,
A :
FX(y) = HY(y, //‘n Ty — Al [n—2 710g 2" —y if n =4,
)\ 1

—2\%y —2"| ifn=>5.

//‘n 2 2 |33// _ y|
Then FY' satisfies
{AF’+Mm_fAinQ

Fy =gy on 02,
where
2 .
—x Iy =2l =ly ") itn=3,
A
(W) == q =Xlog |z — y| — ?log |z —y| if n=4,
—2X2|y — x| + 2X\3|2" — y| if n=>5,
and



42 HAIXIA CHEN, SEUNGHYEOK KIM, AND JUNCHENG WEI

1 1 A ‘

ly— a2 |y— a2 _5(‘3/_95’— ly — ") if n=3,
)\ " .

‘y_x’n—Q - ‘y_x//’n_g —5(10g’1)—y’ —10g‘1‘ _y’) 1fn:4,
A1 1 ) '

ly — "2 |y — a2 t3 <|xy| - |$”y|> =2\ (ly — x| — [y = 2"]) ifn=5.

For y € 02N B(0,7), we have the Taylor expansions
2. 2 2. 2 dy"
ly— 2| = VIyP? + & —2dy" = V/]y]P + &> (140 wErdE))

d n
’y—ﬂ?//‘ = \/\y|2+d2—|—2dy” = vV |y|2+d2 (1+O <|y|22f|—d2>>7

where we used the smoothness of ¢. Since |y"| = |¢(y')] = O(|]y'|?), we observe
1 1 2 2\ — =2 dyn )
— = + d 2 O _
e e~ 0 (R

= (jyP +d*) "7 0(d) = O(d"*?).

Similarly,
ly — x| — |y —2"| = O(1) for n = 3,5,
log |y — x| —log|y — 2"| = O(1) for n =4,
ﬁ*ﬁz()(l) for n = 5.
For y € 902N (R™\B(0, 7)), the above differences are also uniformly bounded. In other words,

g5l e (a0 = O(d™"T).

In particular, |[f{||z¢(q) < 1 for any t > n. By standard elliptic estimates, we obtain
IFY | poc o) = O(d"F).

Hence, evaluating at =, we get

ez — aly — 2’ ifn=3
Px(x) = HY(z,2) = W —%IOglx”—y\ ifn=434+0(d ")
‘y_x/l/‘nfg + %Ixnl_yl - 2A2’y — a:”| ifn=>5

1
————— (1 + O(d(z, 092))).
e a2 L+ Oz, 02)
The estimate for VY (z)| follows analogously by applying interior gradient estimates under the
same reflections. O

Remark B.2. The estimate for ¢ in (2.10) follows with slight modifications to the above proof.
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