
A LIOUVILLE THEOREM FOR SUPERLINEAR PARABOLIC

EQUATIONS ON THE HEISENBERG GROUP

JUNCHENG WEI AND KE WU

Abstract. We consider a parabolic nonlinear equation on the Heisenberg

group. Applying the Gidas-Spruck type estimates, we prove that under suit-
able conditions, the equation does not have positive solutions. As an appli-

cation of the nonexistence result, we provide optimal universal estimates for

positive solutions.

Dedicated to Joel Spruck with admirations

1. Introduction

In this paper, we consider the eternal solutions to the superlinear parabolic
equation

∂su = ∆Hu+ up, u > 0 in Hn × (−∞,+∞), (1.1)

where H = Hn is the Heisenberg group. We recall that Hn is the Lie group (Cn ×
R, ◦) equipped with the group action

(z, t) ◦ (ξ, t′) = (z + ξ, t+ t′ + 2Im

n∑
i=1

ziξ̄i).

Let Q = 2n+ 2 be the homogeneous dimension of Hn and |(z, t)|H be the intrinsic
metric, where

|(z, t)|H = (|z|4 + t2)
1
4 .

The CR structure of Hn is spanned by the left-invariant vector fields

Zi =
∂

∂Zi
+
√
−1z̄i

∂

∂t
, i = 1, · · · , n.

For a smooth function u on Hn, we denote

ui = Ziu, uī = Zīu, u0 =
∂u

∂t
,

where

Zī =
∂

∂Z̄i
−
√
−1zi

∂

∂t
, i = 1, · · · , n.

Then

|∇u|2 =

n∑
i=1

uiuī

and ∆H is the subelliptic Laplacian defined by

∆H =

n∑
i=1

(ZiZī + ZīZi).
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In the Euclidean space, the analogous equation corresponding to (1.1) is

∂su = ∆u+ up in Rn × (−∞,+∞), (1.2)

If u is a stationary solution of the equation (1.2), then u satisfies the equation

∆u+ up = 0 in Rn. (1.3)

For the equation (1.3), Gidas and Spruck proved in their seminal paper [7] that if
n > 2, 1 < p < (n+2)/(n−2) and if u is a non-negative C2 solution of the equation
(1.3), then u ≡ 0. This result is obtained through the use of a special vector
field constructed from the solution. The basic form of the vector field used in [7]
appeared previously in a geometric result of Obata (see [16]) concerning conformal
deformations of the usual metric on Sn. In [6], Chen-Li give a new proof of the
nonexistence result in [7]. The proof in [6] is based on moving plane method. If
p = (n+2)/(n−2), then (1.3) is a special case of the Yamabe problem in conformal
geometry. In [5], using the asymptotic symmetry technique, Caffarelli, Gidas and
Spruck were able to classify all the positive solutions of (1.3) for n ≥ 3. They
showed that any positive solutions of (1.3) can be written in the form

ua,λ(x) = (
λ
√
n(n− 2)

λ2 + |x− a|2
)

n−2
2 ,

where λ > 0 and a is some point in Rn.
For the parabolic equation (1.3), the so-called Fujita exponent pF = 1 + 2/n

plays the role of the first critical exponent for the corresponding Cauchy problem.
It is known that if 1 < p ≤ pF , then the equation (1.2) does not admit any
nontrivial non-negative distributional solution. However, in the range pF < p <
(n+ 2)/(n− 2), it is more difficult to classify the positive classical solutions of the
equation (1.2). If we assume that u is radially symmetric, then it is proved in [19]
that the nonexistence of positive bounded solutions hold for 1 < p < pS , where

pS =

{
+∞ if 1 ≤ n ≤ 2,
n+2
n−2 if n ≥ 3.

Without the radial symmetry assumption, it is proved in [1] that if 1 < p < pB ,
where

pB =

{
+∞ if n = 1,
n(n+2)
(n−1)2 if n ≥ 2,

then equation (1.2) has no positive classical solution. The proof in [1] is based
on a modification of the technique of local, integral gradient estimates developed
in [7] for elliptic problems (see also [2]). By using the monotonicity formula and
the energy estimates for the rescaled problems, Quittner proved in [22] that the
nonexistence of positive solutions holds when n > 2, 1 < p < (n+ 2)/(n− 2). In a
recent paper [23], Quittner proved the optimal Liouville theorem for the equation
(1.2) by further improving the method used in [22].

Because of these important works, the structure of positive solutions of (1.2) has
been well understood. Compared with the equation (1.2), the results concerning
positive solutions of (1.1) are less known. For stationary equation of (1.1)

∆Hnu+ up = 0, u > 0 in Hn (1.4)

it is proved in [3] that if 1 < p ≤ Q/(Q − 2) and if u is a nonnegative stationary
solution of (1.4), then u ≡ 0. By applying the moving plane method, Birindelli and
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Prajapat proved in [4] that if 1 < p < (Q − 2)/(Q + 2), and if u is a nonnegative
stationary solution of (1.4) such that u(z, t) = u(|z|, t), then u ≡ 0. In [14],
Xu improved the Liouville type result in [3] to the range n > 1, 1 < p < (Q(Q +
2))/(Q−1)2. In a interesting paper [13], Ma and Ou gives a complete classification of
nonnegative stationary solutions to the equation (1.4) when 1 < p < (Q−2)/(Q+2).
The proof in [13] is based on a generalized formula of that found by Jerison and
Lee ( [11]).

In this paper, we are interested in positive solutions of (1.1) which are not
necessary to be stationary solutions. The main result in this paper is the following.

Theorem 1.1. If n > 1, 1 < p < 1 + 4(Q2 − 3Q− 1)/((Q− 2)(Q− 1)2), then the
equation (1.1) does not have positive solution.

Remark 1.2. If n ≥ 1, 1 < p < 1 + 2/Q, then Theorem 1.1 is a special case of the
results in [17] and [18]. Indeed, some Fujita-type results for the Cauchy problem
are obtained in these two papers.

Remark 1.3. It is easy to check that

1 < 1 +
2

Q
< 1 +

4(Q2 − 3Q− 1)

(Q− 2)(Q− 1)2
.

Remark 1.4. Inspired by the equation (1.2), it is natural to conjecture that if
n ≥ 1, 1 < p < (Q + 2)/(Q − 2), then the equation (1.1) does not possess positive
classical solutions.

In 2007, Poláčik, Quittner and Souplet proved in their seminar paper [21] that a
Liouville theorem for scaling invariant superlinear parabolic problems would always
imply optimal universal estimates for solutions of related initial value problems,
including estimates of their singularities and decay. As a consequence of the main
result in [21] and Theorem 1.1, we have the following result.

Proposition 1.5. Let n > 1, 1 < p < 1 + 4(Q2 − 3Q − 1)/((Q − 2)(Q − 1)2) and
let u be a positive solution of the equation

∂su = ∆Hu+ up in Hn × (−∞, 0), (1.5)

then there exists a positive constant c independent of u, n and p such that

u(z, t, s) ≤ c(−s)−
1

p−1 in Hn × (−∞, 0). (1.6)

Remark 1.6. In [8], [9] and [10], Giga and Kohn studied the asymptotic behavior
of positive classical solutions to the equation

∂su = ∆u+ up, in Rn × (−∞, 0) (1.7)

when 1 < p < pS. By combining the results in [8–10], we know that if u is a positive
classical solution of (1.7), then either

lim
t→0

(−t)
1

p−1u(0, t) = (
1

p− 1
)

1
p−1

or 0 is not a blow up point. It will be an interesting problem to know whether similar
result holds for the equation (1.1). The main difficulty is that we do not know how
to establish a monotonicity formula for the equation (1.1) so far.
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The content of this paper will be organized as follows. In Section 2, we derive a
family of integral estimates relating any smooth function with its gradient and its
sublaplacian. In section 3, we give the proof of main results by using the estimates
established in Section 2.

2. An integral estimate based on the Bochner formula

In this section, we provide a family of integral estimates for smooth solutions.
The proof relies on the Bochner identity.

Lemma 2.1. Let u be a real smooth function, then
n∑
j=1

(|∇u|2)jj̄ =

n∑
i,j=1

(uijj̄uī + uiuījj̄ + uijuīj̄ + uij̄uīj). (2.1)

Proof. The proof is straightforward, so we will omit the details. �

Since u is real, we know from Lemma 2.1 that
n∑
j=1

(|∇u|2)j̄j =

n∑
i,j=1

(uīj̄jui + uīuij̄j + uijuīj̄ + uij̄uīj). (2.2)

By combining (2.1) and (2.2), we have the following lemma.

Lemma 2.2. Let u be a real smooth function, then

1

2
∆H(|∇u|2) =

1

2

n∑
i,j=1

(uijj̄uī + uiuījj̄ + uīj̄jui + uīuij̄j)

+

n∑
i,j=1

(uijuīj̄ + uij̄uīj).

(2.3)

Remark 2.3. The Bochner formula is used in [12] to derive an analogue of the
Lichnerowicz estimate for the sublaplacian on a pseudo-hermitian manifold.

In order to continue the computation, we define

Euij̄ =: uij̄ −
1

n

n∑
α=1

uαᾱδij̄ , (2.4)

then
n∑

i,j=1

|Euij̄ |
2 =

n∑
i,j=1

(uij̄ −
1

n

n∑
α=1

uαᾱδij̄)(uīj −
1

n

n∑
α=1

uᾱαδīj)

=

n∑
i,j=1

uij̄uīj −
1

n
(

n∑
α=1

uαᾱ)(

n∑
α=1

uᾱα)

=

n∑
i,j=1

uij̄uīj −
1

n
(n
√
−1u0 +

1

2
∆Hu)(−n

√
−1u0 +

1

2
∆Hu)

=

n∑
i,j=1

uij̄uīj −
1

n
(n2u2

0 +
1

4
(∆Hu)2).

(2.5)

By taking (2.5) into (2.3), we have the following lemma.
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Lemma 2.4. Let u be a real smooth function, then

1

2
∆H(|∇u|2) =

1

2

n∑
i,j=1

(uijj̄uī + uiuījj̄ + uīj̄jui + uīuij̄j)

+

n∑
i,j=1

(uijuīj̄ + |Euij̄ |
2) +

1

n
(n2u2

0 +
1

4
(∆Hu)2).

(2.6)

Let φ ∈ C∞0 (Hn), 0 ≤ φ ≤ 1. Multiplying the both sides of (2.6) by φqvr+2k+2,

where v = u−
1
k and q, k, r are to be determined. It follows from (2.6) that

0 = −I1 + I2 + I3 + I4 + I5,

where

I1 =
1

2

∫
∆H(|∇u|2)φqvr+2k+2,

I2 =
1

2

n∑
i,j=1

∫
(uījj̄ui + uij̄juī)φ

qvr+2k+2,

I3 =

n∑
i,j=1

∫
|Euij̄ |

2φqvr+2k+2,

I4 =
1

n

∫
(n2u2

0 +
1

4
(∆Hu)2)φqvr+2k+2,

I5 =
1

2

n∑
i,j=1

∫
(uijuīj̄ + uiuīj̄j + uijuīj̄ + uīuijj̄)φ

qvr+2k+2.

We will compute the integrals terms by terms.

I1 =
1

2

∫
∆H(|∇u|2)φqvr+2k+2

=
1

2
k2

∫
vr|∇v|2∆H(φq)− 1

2
k(r + 2k + 2)

∫
vr+kφq|∇v|2∆Hu

+ k2(r + 2k + 2)

∫
vr−1|∇v|2[(φq)ivī + (φq)īvi] (2.7)

+ k2(r + 2k + 2)(r + 3k + 2)

∫
vr−2φq|∇v|4.

I2 =
1

2

n∑
i,j=1

∫
(uījj̄ui + uij̄juī)φ

qvr+2k+2

=
1

2

n∑
i,j=1

∫
[(uj̄jī + 2

√
−1δjj̄u0ī − 2

√
−1δjīu0j̄)]uiφ

qvr+2k+2

+
1

2

n∑
i,j=1

∫
[(ujj̄i − 2

√
−1δjj̄u0i + 2

√
−1δij̄u0j)]uīφ

qvr+2k+2

=(n− 1)
√
−1

n∑
i=1

∫
(u0īui − u0iuī)φ

qvr+2k+2
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− 1

2

n∑
i,j=1

∫
uj̄j(uīiφ

qvr+2k+2 + ui(φ
q)īv

r+2k+2 + φqui(v
r+2k+2)ī)

− 1

2

n∑
i,j=1

∫
ujj̄(uīiφ

qvr+2k+2 + uī(φ
q)iv

r+2k+2 + φquī(v
r+2k+2)i)

=2n(n− 1)

∫
u2

0φ
qvr+2k+2

− (n− 1)
√
−1

n∑
i=1

∫
u0[ui(φ

q)ī − uī(φq)i]vr+2k+2

−
∫

(−n
√
−1u0 +

1

2
∆Hu)(n

√
−1u0 +

1

2
∆Hu)φqvr+2k+2

− 1

2

n∑
i=1

∫
(−n
√
−1u0 +

1

2
∆Hu)(ui(φ

q)īv
r+2k+2)

− 1

2

n∑
i=1

∫
(n
√
−1u0 +

1

2
∆Hu)(uī(φ

q)iv
r+2k+2)

− 1

2

n∑
i=1

∫
(−n
√
−1u0 +

1

2
∆Hu)(φqui(v

r+2k+2)ī) (2.8)

− 1

2

n∑
i=1

∫
(n
√
−1u0 +

1

2
∆Hu)(φquī(v

r+2k+2)i)

=n(n− 2)k2

∫
v2

0φ
qvr − 1

4

∫
(∆Hu)2φqvr+2k+2

− 1

2
(n− 2)k2

√
−1

n∑
i=1

∫
v0(vi(φ

q)ī − vī(φq)i)vr

+
k

4

n∑
i=1

∫
∆Hu(vi(φ

q)ī + vī(φ
q)i)v

r+k+1

+
k(r + 2k + 2)

2

∫
∆Huv

r+kφq|∇v|2.

I3 =

n∑
i,j=1

∫
|Euij̄ |

2φqvr+2k+2

=

n∑
i,j=1

∫
[k(k + 1)v−2−k(vivj̄ −

1

n
|∇v|2δij̄)− kv−1−kEvij̄ ]

× [k(k + 1)v−2−k(vīvj −
1

n
|∇v|2δīj)− kv−1−kEvīj ]φ

qvr+2k+2

− k2(k + 1)

n∑
i,j=1

∫
vr−1φq(vivj̄E

v
īj + vīvjE

v
ij̄)

=

n∑
i,j=1

k2

∫
|Evij̄ |

2φqvr + (1− 1

n
)k2(k + 1)2

∫
vr−2φq|∇v|4
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− k2(k + 1)

n∑
i,j=1

∫
(vījvivj̄ + vij̄vīvj)φ

qvr−1

+
k2(k + 1)

n

n∑
i,j=1

∫
(

n∑
α=1

vᾱαδījvivj̄ +

n∑
α=1

vαᾱδij̄vīvj)φ
qvr−1

=

n∑
i,j=1

k2

∫
|Evij̄ |

2φqvr + (1− 1

n
)k2(k + 1)2

∫
vr−2φq|∇v|4

− k2(k + 1)

n∑
i,j=1

∫
[|∇v|2j − vīvij ]vj̄φqvr−1

− k2(k + 1)

n∑
i,j=1

∫
[|∇v|2j̄ − vivīj̄ ]vjφ

qvr−1 (2.9)

+
k2(k + 1)

n

∫
vr−1φq|∇v|2∆Hv

=

n∑
i,j=1

k2

∫
|Evij̄ |

2φqvr + (1− 1

n
)k2(k + 1)2

∫
vr−2φq|∇v|4

k2(k + 1)

n∑
j=1

∫
|∇v|2(vj̄jφ

qvr−1 + vj̄(φ
q)jv

r−1 + vj̄φ
q(vr−1)j)

+ k2(k + 1)

n∑
j=1

∫
|∇v|2(vjj̄φ

qvr−1 + vj(φ
q)j̄v

r−1 + vjφ
q(vr−1)j̄)

+
k2(k + 1)

n

∫
vr−1φq|∇v|2∆Hv

+ k2(k + 1)

n∑
i,j=1

∫
vr−1φq(vivjvīj̄ + vīvj̄vij)

=k2
n∑

i,j=1

∫
|Evij̄ |

2φqvr − (1 +
1

n
)k(k + 1)

∫
vr+k∆Huφ

q|∇v|2

+ k2(k + 1)[(k + 1)(3 +
1

n
) + 2(r − 1)]

∫
vr−2φq|∇v|4

+ k2(k + 1)

n∑
j=1

∫
vr−1|∇v|2[(φq)jvj̄ + (φq)j̄vj ]

+ k2(k + 1)

n∑
i,j=1

∫
vr−1φq(vīvj̄vij + vjvjvīj̄).

I4 =
1

n

∫
(n2u2

0 +
1

4
(∆Hu)2)φqvr+2k+2 (2.10)

=nk2

∫
v2

0v
rφq +

1

4n

∫
(∆Hu)2φqvr+2k+2.

I5 =
1

2

n∑
i,j=1

∫
(uijuīj̄ + uiuīj̄j + uijuīj̄ + uīuijj̄)φ

qvr+2k+2
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=

n∑
i,j=1

∫
[−kv−1−kvij + k(1 + k)v−2−kvivi]

× [−kv−1−kvīj̄ + k(1 + k)v−2−kvīvj̄ ]φ
qvr+2k+2

+
1

2

n∑
i,j=1

∫
ui[uj̄jī − 2

√
−1δījuj̄0]φqvr+2k+2

+
1

2

n∑
i,j=1

∫
uī[ujj̄i + 2

√
−1δij̄uj0]φqvr+2k+2 (2.11)

=k2
n∑

i,j=1

∫
vrφq|vij |2 + k2(1 + k)2

∫
vr−2φq|∇v|4

− k2(1 + k)

n∑
i,j=1

∫
vr−1φq(vijvīvj̄ + vīj̄vivj)

+
1

2

n∑
i=1

∫
ui[(−n

√
−1u0 +

1

2
∆Hu)ī − 2

√
−1uī0]φqvr+2k+2

+
1

2

n∑
i=1

∫
uī[(n

√
−1u0 +

1

2
∆Hu)i + 2

√
−1ui0]φqvr+2k+2.

Since
n∑
i=1

∫
ui[(−n

√
−1u0 +

1

2
∆Hu)ī − 2

√
−1uī0]φqvr+2k+2

=− (n+ 2)
√
−1

n∑
i=1

∫
uiu0īφ

qvr+2k+2 +
1

2

n∑
i=1

∫
ui(∆Hu)īφ

qvr+2k+2

=(n+ 2)
√
−1

∫
(n
√
−1u0 +

1

2
∆Hu)u0φ

qvr+2k+2

+ (n+ 2)
√
−1

n∑
i=1

∫
uiu0(φq)īv

r+2k+2 (2.12)

+ (n+ 2)
√
−1

n∑
i=1

∫
uiu0φ

q(vr+2k+2)ī

− 1

2

∫
(n
√
−1u0 +

1

2
∆Hu)∆Huφ

qvr+2k+2

− 1

2

∫
∆Huui(φ

q)īv
r+2k+2 − 1

2

∫
∆Huuiφ

q(vr+2k+2)ī,

we have

I5 =k2
n∑

i,j=1

∫
vrφq|vij |2 + k2(1 + k)2

∫
vr−2φq|∇v|4

− k2(1 + k)

n∑
i,j=1

∫
vr−1φq(vijvīvj̄ + vīj̄vivj)

− n(n+ 2)k2

∫
vrφqv2

0 −
1

4

∫
(∆Hu)2φqvr+2k+2 (2.13)
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+
1

2
k(r + 2k + 2)

∫
∆Huv

r+kφq|∇v|2

+
k

4

∫
∆Hu(vi(φ

q)ī + vī(φ
q)i)v

r+k+1

+
1

2
(n+ 2)k2

√
−1

∫
v0(vi(φ

q)ī − vī(φq)i)vr.

On the other hand, using integration by parts, we have

I5 =
1

2

n∑
i,j=1

∫
(uijuīj̄ + uiuīj̄j + uijuīj̄ + uīuijj̄)φ

qvr+2k+2

=− 1

2

n∑
i,j=1

∫
uiuīj̄φ

q(vr+2k+2)j −
1

2

n∑
i,j=1

∫
uīuijφ

q(vr+2k+2)j̄

− 1

2

n∑
i,j=1

∫
uiuīj̄(φ

q)jv
r+2k+2 − 1

2

n∑
i,j=1

∫
uīuij(φ

q)j̄v
r+2k+2

=
1

2

n∑
i,j=1

∫
uīiuj̄(φ

q)jv
r+2k+2 +

1

2

n∑
i,j=1

∫
uiuj̄(φ

q)jīv
r+2k+2

+
1

2

n∑
i,j=1

∫
uiuj̄(φ

q)j(v
r+2k+2)ī +

1

2

n∑
i,j=1

∫
uīiuj(φ

q)j̄v
r+2k+2

+
1

2

n∑
i,j=1

∫
uīuj(φ

q)j̄iv
r+2k+2 +

1

2

n∑
i,j=1

∫
uīuj(φ

q)j̄(v
r+2k+2)i

− 1

2

n∑
i,j=1

∫
uiuīj̄φ

q(vr+2k+2)j −
1

2

n∑
i,j=1

∫
uīuijφ

q(vr+2k+2)j̄

=
1

2

n∑
j=1

∫
[−kn

√
−1v−1−kv0 +

1

2
∆Hu](−kv−1−kvj̄)(φ

q)jv
r+2k+2

+
1

2

n∑
j=1

∫
[kn
√
−1v−1−kv0 +

1

2
∆Hu](−kv−1−kvj)(φ

q)j̄v
r+2k+2 (2.14)

+
1

2
k2

n∑
i,j=1

∫
(vivj̄(φ

q)jī + vīvj(φ
q)j̄i)v

r

+
1

2
k2(r + 2k + 2)

n∑
i=1

∫
|∇v|2(vī(φ

q)i + vi(φ
q)ī)v

r−1

1

2
k(r + 2k + 2)

n∑
i,j=1

∫
[−kv−1−kvīj̄ + k(k + 1)v−2−kvīvj̄ ]φ

qvr+kvivj

1

2
k(r + 2k + 2)

n∑
i,j=1

∫
[−kv−1−kvij + k(k + 1)v−2−kvivj ]φ

qvr+kvīvj̄

=
1

2
k2n
√
−1

n∑
i=1

∫
vr((φq)ivī − (φq)ivī)v0
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− k

4

n∑
i=1

∫
vr+k+1∆Hu((φq)ivī + (φq)īvi)

+
k2

2

n∑
i,j=1

∫
vr((φq)jīvivj̄ + (φq)j̄ivīvj)

+
k2

2
(r + 2k + 2)

n∑
i=1

∫
vr−1|∇v|2(vī(φ

q)i + vi(φ
q)ī)

+ k2(k + 1)(r + 2k + 2)

∫
vr−2φq|∇v|4

− k2

2
(r + 2k + 2)

∫
vr−1φq(vīj̄vivj + vijvīj̄).

We write I5 as η times (2.13) plus (1−η) times (2.14), where η ∈ (0, 1) is a positive
constant. From the above computations, we can get that

0 = −I1 + I2 + I3 + I4 + ηI5 + (1− η)I5

is equivalent to

k2
n∑

i,j=1

∫
|Evij̄ |

2φqvr + λ1

∫
vr−2φq|∇v|4 + λ2

∫
(∆Hu)2φqvr+2k+2

+ λ3

∫
vrφqv2

0 + λ4

n∑
i,j=1

∫
vrφq|vij |2 + λ5

∫
(∆Hu)φq|∇v|2vr+k

=λ6

n∑
i=1

∫
vr−1|∇v|2[(φq)ivī + (φq)īvi] + λ7

∫
vr|∇v|2∆H(φq) (2.15)

+ λ8

n∑
i,j=1

∫
vr[(φq)jīvivj̄ + (φq)j̄ivīvj ]

+ λ9

n∑
i=1

∫
vr[(φq)ivī − (φq)īvi]v0

+ λ10

n∑
i,j=1

∫
vr−1φq(vīvj̄vij + vivjvīj̄)

+ λ11

n∑
i=1

∫
[vī(φ

q)i + vi(φ
q)ī]∆Huv

r+1+k,

where

λ1 =k2[(
1

n
− 1− η)(k + 1)2 − (2 + η)(k + 1)r − r(r − 1)],

λ2 =− n− 1

4n
− η

4
,

λ3 =n(n− 1)k2 − ηn(n+ 2)k2,

λ4 =ηk2,

λ5 =− (1 +
1

n
)k(k + 1) + k(r + 2k + 2)(1 +

η

2
),
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λ6 =k2[
r + 2k + 2

2
(1 + η)− (k + 1)],

λ7 =k2/2, (2.16)

λ8 =− k2

2
(1− η),

λ9 =k2
√
−1[(n+ 1)η − (n− 1)],

λ10 =
k2r

2
(1− η),

λ11 =
k

2
η.,

3. The proof of the main results

In this section, we turn to the proof of the main results. The proof is the analogue
of the one used in [24] (Theorem 21.1) to prove the Liouville-type theorem and the
local estimates for the equation (1.2).

Proof of Theorem 1.1. Let u be a positive solution of the equation

∂su = ∆Hu+ up, in Hn × (−∞,∞) (3.1)

and let φ be a smooth function such that

φ(z, t, s) =

 1 in {|(z, t)|H ≤ 1
2} × (− 1

2 ,
1
2 ),

0 in Hn × (−∞,∞)\{|(z, t)|H ≤ 1} × (−1, 1),
0 ≤ φ ≤ 1 in {|(z, t)|H ≤ 1} × (−1, 1).

In the rest of this section, we use the notation
∫∫

=
∫∞
∞
∫
H for simplicity. It follows

from (3.1) that∫∫
(∆Hu)2φqvr+2k+2

=k2

∫∫
(∂sv)2φqvr +

∫∫
φqvr+2k+2−2pk + 2k

∫∫
∂svφ

qvr+k+1−pk (3.2)

=k2

∫∫
(∂sv)2φqvr +

∫∫
φqvr+2k+2−2pk

− 2kq

r + k + 2− pk

∫∫
φq−1∂sφv

r+k+2−pk.

Since ∫∫
φq|∇v|2vr+k−pk

=
1

2(r + k + 1− pk)

n∑
i=1

∫∫
φqvi(v

r+k+1−pk)ī

+
1

2(r + k + 1− pk)

n∑
i=1

∫∫
φqvī(v

r+k+1−pk)i

=− 1

2(r + k + 1− pk)

∫∫
φqvr+k+1−pk∆Hv

− 1

2(r + k + 1− pk)

n∑
i=1

∫∫
vr+k+1−pk(vi(φ

q)ī + vī(φ
q)i) (3.3)
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=− 1

2(r + k + 1− pk)

∫∫
φqvr+k+1−pk(∂sv + 2(1 + k)

|∇v|2

v
+

1

k
v1+k−pk)

− 1

2(r + k + 1− pk)

n∑
i=1

∫∫
vr+k+1−pk(vi(φ

q)ī + vī(φ
q)i)

=− 1

2(r + k + 1− pk)

n∑
i=1

∫∫
vr+k+1−pk(vi(φ

q)ī + vī(φ
q)i)

− 1

2k(r + k + 1− pk)

∫∫
φqvr+2+2k−2pk

− k + 1

r + k + 1− pk

∫∫
φqvr+k−pk|∇v|2

+
q

2(r + k + 1− pk)(r + k + 2− pk)

∫∫
φq−1∂sφv

r+2+k−pk,

we conclude that∫∫
φq|∇v|2vr+k−pk

=− 1

2(r + 2k + 2− pk)

n∑
i=1

∫∫
vr+k+1−pk(vi(φ

q)ī + vī(φ
q)i) (3.4)

− 1

2k(r + 2k + 2− pk)

∫∫
φqvr+2+2k−2pk

+
q

2(r + 2k + 2− pk)(r + k + 2− pk)

∫∫
φq−1∂sφv

r+2+k−pk.

Therefore, ∫∫
∆Huφ

q|∇v|2vr+k

=− k
∫∫

∂svφ
q|∇v|2vr−1 −

∫∫
φq|∇v|2vr+k−pk

=− k
∫∫

∂svφ
q|∇v|2vr−1 (3.5)

+
1

2(r + 2k + 2− pk)

n∑
i=1

∫∫
vr+k+1−pk(vi(φ

q)ī + vī(φ
q)i)

+
1

2k(r + 2k + 2− pk)

∫∫
φqvr+2+2k−2pk

− q

2(r + 2k + 2− pk)(r + k + 2− pk)

∫∫
φq−1∂sφv

r+2+k−pk.

By (2.15), (2.16), (3.2) and (3.4), we have

k2
n∑

i,j=1

∫∫
|Evij̄ |

2φqvr + λ1

∫∫
vr−2φq|∇v|4 + λ′2

∫∫
φqvr+2k+2−2pk

+ λ3

∫∫
vrφqv2

0 + λ4

n∑
i,j=1

∫∫
vrφq|vij |2
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=λ6

n∑
i=1

∫∫
vr−1|∇v|2[(φq)ivī + (φq)īvi] + λ7

∫∫
vr|∇v|2∆H(φq)

+ λ8

n∑
i,j=1

∫∫
vr[(φq)jīvivj̄ + (φq)j̄ivīvj ]

+ λ9

n∑
i=1

∫∫
vr[(φq)ivī − (φq)īvi]v0 (3.6)

+ λ10

n∑
i,j=1

∫∫
vr−1φq(vīvj̄vij + vivjvīj̄)

− λ11k

n∑
i=1

∫∫
[vī(φ

q)i + vi(φ
q)ī]∂svv

r

+ λ′11

n∑
i=1

∫∫
vr+1+k−pk((φq)īvi + (φq)ivī)

− λ2k
2

∫∫
(∂sv)2φqvr + λ5k

∫∫
∂svφ

q|∇v|2vr−1

+ λ12

∫∫
φq−1∂sφv

r+k+2−pk,

where

λ′2 = λ2 +
1

2k(r + 2k + 2− pk)
λ5,

λ′11 = λ11 −
1

2(r + 2k + 2− pk)
λ5, (3.7)

λ12 =
1

r + k + 2− pk
[2λ2kq +

λ5q

2(r + 2k + 2− pk)
]. (3.8)

We estimate the right hand side of (3.6). By using Young’s inequality, we have

λ6

n∑
i=1

∫∫
vr−1|∇v|2[(φq)ivī + (φq)īvi]

=qλ6

n∑
i=1

∫∫
vr−1|∇v|2φq−1(φivī + φīvi)

≤ε
∫∫

vr−2φq|∇v|4 + c

∫∫
vr+2φq−4|∇φ|4

(3.9)

Similarly, we have

λ7

∫∫
vr|∇v|2∆H(φq)

≤ε
∫∫

vr−2φq|∇v|4 + c

∫∫
vr+2φq−4(|∆Hφ|+ |∇φ|2)2. (3.10)

λ8

n∑
i,j=1

∫∫
vr[(φq)jīvivj̄ + (φq)j̄ivīvj ]

≤ε
∫∫

vr−2φq|∇v|4 + c

∫∫
vr+2φq−4(|∇2φ|+ |∇φ|2)2, (3.11)
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λ9

n∑
i=1

∫∫
vr[(φq)ivī − (φq)īvi]v0

≤ε
∫∫

vrv2
0φ

q + ε

∫∫
vr−2φq|∇v|4 + c

∫∫
vr+2φq−4|∇φ|4, (3.12)

λ10

n∑
i,j=1

∫∫
vr−1φq(vīvj̄vij + vivjvīj̄)

≤k2η

n∑
i,j=1

∫∫
vrφq|vij |2 +

k2r2(1− η)2

4η

∫∫
vr−2φq|∇v|4. (3.13)

Next, we have

− λ11k

n∑
i=1

∫∫
[vī(φ

q)i + vi(φ
q)ī]∂svv

r

≤ε
∫∫

vr−2φq|∇v|4 + c

∫∫
vr+2φq−4|∇φ|4 + ε

∫∫
(∂sv)2φqvr, (3.14)

λ5k

∫∫
∂svφ

q|∇v|2vr−1

≤ε
∫∫

vr−2φq|∇v|4 + c

∫∫
(∂sv)2φqvr. (3.15)

λ12

∫∫
φq−1∂sφv

r+k+2−pk

≤ε
∫∫

φqvr+2k+2−2pk + c

∫∫
φq−2(∂sφ)2vr+2, (3.16)

λ′11

n∑
i=1

∫∫
vr+1+k−pk((φq)īvi + (φq)ivī)

≤ε
∫∫

φqvr+2k+2−2pk + c

∫∫
vr+2φq−4(|∆Hφ|+ |∇φ|2)2 (3.17)

Finally, we estimate
∫∫

(∂sv)2φqvr. By combining (3.1) and integration by part, we
have ∫∫

(∂sv)2φqvr

=

∫∫
(∂su)2φqvr+2k+2

=

∫∫
(∆Hu+ up)φqu−

r+2k+2
k ∂su

=

∫∫
(

n∑
i=1

(uīi + uīi) + up)φqu−
r+2k+2

k ∂su

=− q
∫∫

φq−1vr∇v∇φ∂sv + q

∫∫
φq−1vr|∇v|2∂sφ (3.18)

− q

p+ 1− r+2k+2
k

∫∫
φq−1∂sφv

r+2+k−pk

≤ε
∫∫

(∂sv)2vrφq + ε

∫∫
|∇v|4vr−2φq
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+ ε

∫∫
φqvr+2k+2−2pk + c

∫∫
φq−2(∂sφ)2vr+2

+ c

∫∫
φq−4|∇φ|4vr+2.

(3.19)

By the above estimates, we conclude that

(λ1 −
k2r2(1− η)2

4η
− ε)

∫∫
vr−2φq|∇v|4

+ (λ′2 − ε)
∫∫

φqvr+2k+2−2pk + (λ3 − ε)
∫∫

vrφqv2
0 (3.20)

≤c
∫∫

φq−4vr+2(|∇2φ|+ |∆Hφ|+ |∇φ|2 + |∂sφ|)2.

If we choose k < 0, then we know from (3.20) that

(λ1 −
k2r2(1− η)2

4η
− ε)

∫∫
vr−2φq|∇v|4

+ (λ′2 − ε)
∫∫

φqvr+2k+2−2pk + (λ3 − ε)
∫∫

vrφqv2
0 (3.21)

≤c
∫∫

φµ2(|∇2φ|+ |∆Hφ|+ |∇φ|2 + |∂sφ|)2s2 ,

where

s2 =
r + 2k + 2− 2pk

2(k − pk)
,

µ2 = (q − 4− q(r + 2)

r + 2k + 2− 2pk
)s2.

We choose (r + 2)/(k(1 − p)) > 0, then s2 > 0. Moreover, µ2 > 0 provided that q
is large enough. For every R > 1, we take

φR(z, t, s) = φ(
z

R
,
t

R2
,
s

R2
)

into (3.21), then

(λ1 −
k2r2(1− η)2

4η
− ε)

∫∫
vr−2φqR|∇v|

4

+ (λ′2 − ε)
∫∫

φqRv
r+2k+2−2pk + (λ3 − ε)

∫∫
vrφqRv

2
0 (3.22)

≤cR2n+4−4s2 .

Let 0 < η < (n− 1)(n+ 2), then λ3 > 0. In order to finish the proof, it is enough
to choose k < 0, r > 0, p > 1 such that

λ1 −
k2r2(1− η)2

4η
> 0, (3.23)

λ2 +
1

2k(r + 2k + 2− pk)
λ5 > 0, (3.24)

2n+ 4− 4s2 < 0. (3.25)



16 J. WEI AND K. WU

We set y = 1 + 1/k, δ = −r/k. Then (3.23), (3.24), (3.25) is equivalent to

(1 + η − 1

n
)y2 − (1 + η)δy + [

(1 + η)2

4η
δ2 − δ] < 0, (3.26)

1

−δ + 2y − p
[−δ(1 +

1

n
) + (1 + η − 1

n
)p] > 0, (3.27)

n+ 2− −δ + 2y − 2p

1− p
< 0. (3.28)

Similar to [14], we need

∆y = (1 + η)2δ2 − 4(1 + η − 1

n
)[

(1 + η)2

4η
δ2 − δ] > 0 (3.29)

or

0 < δ <
4(n+ nη − 1)η

(n− 1)(1 + η)2
. (3.30)

If (3.30) holds, we can choose y such that

y1 :=
(1 + η)δ −

√
∆y

2(1 + η − 1
n )

< y <
(1 + η)δ +

√
∆y

2(1 + η − 1
n )

:= y2 (3.31)

and

y1 < y < y2 <
δ + p

2
(3.32)

provided that p > 1, n > 2 and 0 < η < (n − 1)(n + 2) hold. In order that (3.27)
and (3.28) hold, we need

1 < p <
n+ 1

n+ nη − 1
δ (3.33)

and

1 < p <
n+ 2 + δ − 2y

n
. (3.34)

We take y = ((1 + η)δ)/(2(1 + η − 1/n)), then (3.34) is equivalent to

1 < p < 1 +
2

n
− δ

n(n+ nη − 1)
. (3.35)

It is easy to check that

n+ 1

n+ nη − 1
δ =

4(n+ 1)(n+ 2)

(2n+ 1)2
,

1 +
2

n
− δ

n(n+ nη − 1)
=

(n+ 2)(4n2 + 4n− 3)

n(2n+ 1)2

provided that

η =
n− 1

n+ 2
, δ =

4(n+ nη − 1)η

(n− 1)(1 + η)2
.

Moreover, we can check that

(n+ 2)(4n2 + 4n− 3)

n(2n+ 1)2
<

4(n+ 1)(n+ 2)

(2n+ 1)2
.
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Since δ satisfies (3.30) and η satisfies 0 < η < (n− 1)(n+ 2). For every

1 < p <
(n+ 2)(4n2 + 4n− 3)

n(2n+ 1)2
= 1 +

4(Q2 − 3Q− 1)

(Q− 2)(Q− 1)2
,

there exist two small constants θ1 and θ2 such that (3.33) and (3.35) hold if we take

η =
n− 1

n+ 2
− θ1, δ =

8(n2 − 1)

(2n− 1)2
− θ2.

Moreover, if θ1 and θ2 are small enough, we have y < 1. Hence the proof of Theorem
1.1 is completed. �

The proof of Corollary 1.5. The proof is essentially based on the doubling lemma
proved in [20]. Since the arguments are similar to the proof Theorem 4.1 in [19],
so we will not give all the details. �
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