A LIOUVILLE THEOREM FOR SUPERLINEAR PARABOLIC
EQUATIONS ON THE HEISENBERG GROUP

JUNCHENG WEI AND KE WU

ABSTRACT. We consider a parabolic nonlinear equation on the Heisenberg
group. Applying the Gidas-Spruck type estimates, we prove that under suit-
able conditions, the equation does not have positive solutions. As an appli-
cation of the nonexistence result, we provide optimal universal estimates for
positive solutions.

Dedicated to Joel Spruck with admirations

1. INTRODUCTION

In this paper, we consider the eternal solutions to the superlinear parabolic
equation
Osu =Agu+uP,u>0 in H"x (—o0,+00), (1.1)

where H = H" is the Heisenberg group. We recall that H" is the Lie group (C™ x
R, o) equipped with the group action

(z,)0 (&) = (z+ &t +1 +2Im Y 2°E0).
i=1

Let @ = 2n + 2 be the homogeneous dimension of H" and |(z,¢)|g be the intrinsic
metric, where

|z Dl = (121" + 7).
The CR structure of H" is spanned by the left-invariant vector fields
a —Z 8 .
Zi:ﬁ+\/712&, lzl,"',n.

For a smooth function v on H"™, we denote

ou
up = Ziw, Ui = Z;u, Uy = a5
where
0 ol
- /1S =1 .n.
1 8Z1 z 8t? 1 bl ?n
Then

n
|Vu|? = Z U7
i=1

and Ay is the subelliptic Laplacian defined by
A= (ZiZ; + Z; Z:).
i=1
1
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In the Euclidean space, the analogous equation corresponding to (1.1) is
Osu=Au+u? in R" x (—o0,+00), (1.2)
If u is a stationary solution of the equation (1.2), then w satisfies the equation
Au+uP =0 in R". (1.3)

For the equation (1.3), Gidas and Spruck proved in their seminal paper [7] that if
n>2,1<p<(n+2)/(n—2) and if u is a non-negative C? solution of the equation
(1.3), then w = 0. This result is obtained through the use of a special vector
field constructed from the solution. The basic form of the vector field used in [7]
appeared previously in a geometric result of Obata (see [16]) concerning conformal
deformations of the usual metric on S™. In [6], Chen-Li give a new proof of the
nonexistence result in [7]. The proof in [6] is based on moving plane method. If
p = (n+2)/(n—2), then (1.3) is a special case of the Yamabe problem in conformal
geometry. In [5], using the asymptotic symmetry technique, Caffarelli, Gidas and
Spruck were able to classify all the positive solutions of (1.3) for n > 3. They
showed that any positive solutions of (1.3) can be written in the form

Anmn—2) n-2
verl®) = (o e —ap)

where A > 0 and a is some point in R™.

For the parabolic equation (1.3), the so-called Fujita exponent pp = 1+ 2/n
plays the role of the first critical exponent for the corresponding Cauchy problem.
It is known that if 1 < p < pp, then the equation (1.2) does not admit any
nontrivial non-negative distributional solution. However, in the range pr < p <
(n+2)/(n —2), it is more difficult to classify the positive classical solutions of the
equation (1.2). If we assume that u is radially symmetric, then it is proved in [19]
that the nonexistence of positive bounded solutions hold for 1 < p < pg, where

{+oo if 1<n<2,
pbs =

)

nt2 i > 3.
n—2

Without the radial symmetry assumption, it is proved in [1] that if 1 < p < ppg,

where
400 if n=1,
R R R

then equation (1.2) has no positive classical solution. The proof in [1] is based
on a modification of the technique of local, integral gradient estimates developed
in [7] for elliptic problems (see also [2]). By using the monotonicity formula and
the energy estimates for the rescaled problems, Quittner proved in [22] that the
nonexistence of positive solutions holds when n > 2,1 <p < (n+2)/(n—2). In a
recent paper [23], Quittner proved the optimal Liouville theorem for the equation
(1.2) by further improving the method used in [22].

Because of these important works, the structure of positive solutions of (1.2) has
been well understood. Compared with the equation (1.2), the results concerning
positive solutions of (1.1) are less known. For stationary equation of (1.1)

Agnu+uP =0,u>0 in H" (1.4)

it is proved in [3] that if 1 < p < Q/(Q — 2) and if u is a nonnegative stationary
solution of (1.4), then u = 0. By applying the moving plane method, Birindelli and
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Prajapat proved in [4] that if 1 < p < (Q —2)/(Q + 2), and if u is a nonnegative
stationary solution of (1.4) such that wu(z,t) = wu(|z|,t), then w = 0. In [14],
Xu improved the Liouville type result in [3] to the range n > 1,1 < p < (Q(Q +
2))/(Q—1)2. In a interesting paper [13], Ma and Ou gives a complete classification of
nonnegative stationary solutions to the equation (1.4) when 1 < p < (Q—2)/(Q+2).
The proof in [13] is based on a generalized formula of that found by Jerison and
Lee ([L1]).

In this paper, we are interested in positive solutions of (1.1) which are not
necessary to be stationary solutions. The main result in this paper is the following.

Theorem 1.1. Ifn > 1,1 <p<1+4(Q*—-30Q —1)/((Q —2)(Q — 1)?), then the
equation (1.1) does not have positive solution.

Remark 1.2. Ifn>1,1 <p<142/Q, then Theorem 1.1 is a special case of the
results in [17] and [18]. Indeed, some Fugjita-type results for the Cauchy problem
are obtained in these two papers.

Remark 1.3. It is easy to check that
2 4(Q%*-3Q —1)
1<+ =<1+ 5.
Q (Q-2)(@—-1)?
Remark 1.4. Inspired by the equation (1.2), it is natural to conjecture that if

n>11<p<(Q+2)/(Q—2), then the equation (1.1) does not possess positive
classical solutions.

In 2007, Polacik, Quittner and Souplet proved in their seminar paper [21] that a
Liouville theorem for scaling invariant superlinear parabolic problems would always
imply optimal universal estimates for solutions of related initial value problems,
including estimates of their singularities and decay. As a consequence of the main
result in [21] and Theorem 1.1, we have the following result.

Proposition 1.5. Letn > 1,1 <p < 1+4(Q*-3Q —1)/((Q — 2)(Q — 1)?) and
let w be a positive solution of the equation

Osu = Agu +uP  in H" x (—00,0), (1.5)
then there exists a positive constant ¢ independent of u,n and p such that
u(z,t,s) < c(—s)fplf1 in H" x (—00,0). (1.6)

Remark 1.6. In [8], [9] and [10], Giga and Kohn studied the asymptotic behavior
of positive classical solutions to the equation

Osu = Au+uP, in R" x(—00,0) (1.7)
when 1 < p < pg. By combining the results in [S—10], we know that if u is a positive
classical solution of (1.7), then either
1 )ﬁ

or 0 is not a blow up point. It will be an interesting problem to know whether similar
result holds for the equation (1.1). The main difficulty is that we do not know how
to establish a monotonicity formula for the equation (1.1) so far.

. _1
lim(~)7Tu(0.1) = (=
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The content of this paper will be organized as follows. In Section 2, we derive a
family of integral estimates relating any smooth function with its gradient and its
sublaplacian. In section 3, we give the proof of main results by using the estimates
established in Section 2.

2. AN INTEGRAL ESTIMATE BASED ON THE BOCHNER FORMULA

In this section, we provide a family of integral estimates for smooth solutions.
The proof relies on the Bochner identity.

Lemma 2.1. Let u be a real smooth function, then

STUVuP) =3 (ugggui + wiuigg + uigug; + ugguig). (2.1)
Jj=1 ,j=1
Proof. The proof is straightforward, so we will omit the details. O

Since w is real, we know from Lemma 2.1 that

n n
Z(\Vu\z)jj = Z (u77,wi + Uzw;z; + Wijuz; + wUz;)- (2.2)
=1 inj=1

By combining (2.1) and (2.2), we have the following lemma.

Lemma 2.2. Let u be a real smooth function, then
1 1<
§AH(|VU|2) =3 D (uggzus + i + uggiui + vgugg;)
i j*l

(2.3)

+ Z UijUz; + UijUz; )
1,7=1

Remark 2.3. The Bochner formula is used in [12] to derive an analogue of the
Lichnerowicz estimate for the sublaplacian on a pseudo-hermitian manifold.

In order to continue the computation, we define

(2.5)
1 1
= Z U5z — m/ lug + 2AHu)(—m/—1u0 + iAHU)
,5=1
2,2 1 2
= Z u;zuz; — —(n"ug + Z(AHU) ).
i,j=1

By taking (2.5) into (2.3), we have the following lemma.
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Lemma 2.4. Let u be a real smooth function, then
1 o 1«
FAr(Vul) =5 > (ugggus + wiuggy + uggiui + vgugg,)
ij=1
(2.6)

" 1 1
+ > (uijug + | ES?) + —(n*uf + 7 (Buu)?).
i,j=1

Let ¢ € Cg°(H™),0 < ¢ < 1. Multiplying the both sides of (2.6) by ¢9v"T2k+2,
where v = u~*% and ¢, k, 7 are to be determined. It follows from (2.6) that

0=—0I + 1o+ I3+ 14 + Is,
where

1
n =5 [ Ba(vuP)enr e,

1 n

ij=1

n
2 2k+2
k=S [

4,j=1

1 1
1y = /(nng + Z(AHU)Q)(;5‘11)T+2k+27

1 n
— E - - v oy 2\ A, T H2k+2
15 —5 (umui]‘ + uzuijj + u”uij + uluzj])¢ v .

i,7=1

We will compute the integrals terms by terms.
:%1& /wvu\?AH(w) — %k(r +2k+2) /Ur+k¢q|Vv|2AHu
R 26 +2) [ o V(005w + (@70 (27)

+ k2 (r + 2k +2)(r + 3k +2) /UT_2¢q|VU|4.

1 n
— E o o +2k+2
12 —5 /(ulJ]uZ + Uijjui)d)q’l}r

i,j=1
1 n
25 Z /[(U/-;]; + 2\/ _16_75“0; — 2\/ _1(5sz03)]'[,£2‘¢qu+21€+2
i,j=1
1 n
+ 3 Z /[(u]ﬁ — 2v/=16;5u0; + 2V —105u0;)Juz¢tv" T2 +2

ij=1

=(n— 1%/:2 /(Uozui — ugiu;)pluTT2RT2
i=1
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1 n

2 Z /un ﬂ¢q7}r+2k+2 + Ui(¢q)ivr+2k+2 + ¢qui(vr+2k+2)i)
7,7=1

1 n

5 2 [ ot R () (22,
7,7=1

=2n(n—1) /ug¢qu+2k+2
—(n— 1)ﬁi/uo[ui(¢Q)i _ ug(¢q)i}vr+2k+2
i=1
- /(—n\/jluo + %AHU)(nﬁuo + %AHU)¢QUT+2IC+2
N L r+2k+2
-3 Z/(—n\/jluo + §AHU)(U1(¢q);U +2k+2)
i=1
- 1zn:/(n\/jlu + 1A u)(uf(¢Q).UT+2k+2)
2 pt 0 2 H i i
1 Y 1 r+2k+2\_
-3 Z/(—W—Tuo 5 Asu) (o )
i=1
1 Y 1 r42k+2
53 [V Tun + A (onalor 22,
i=1
=n(n —2)k? /qusqu — i/(AHu)2¢qu+2k+2
“y 2RIy / o0 (87); — (670"
+3 Z / Asgu(vi(6); + vi(¢) )"

2k + 2)
+ M/Aﬂuvr—i_kd)ﬂVﬂz,

B=32 fimgpenre

1,j=1
- Z/ (k+1 (vzv*—f\Vde ) — 1*’“E%]
1,7=1

1
X [k(k + o= F (vu; = —[Vo[203;) — kv~ F B gt

2 r—1
—k*(k+1) Z/ ¢ (viv; B, + viv; BY)

i,j=1

- Z kz/lEfJI ¢t +( )kz(k?+1) /v"*2¢q|w|4

i,j=1
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— k2 (k+1) Z/’U”Uﬂ/ + vv;0;) %" !

3,j=1
k+1 .
Z / Zvaaéwvw +Zvaa51]1rv] v
7,j=1
= Z k2/|E 200" + ( )k2(k+1) /u“2¢q|vv|4
7,j=1
— k2 (k+1) Z/|Vv|j V0505070 1
1,7=1
— K} (k+1) Z/|W| — vl ¢t ! (2.9)
=1
k*(k+1
+7( n+ )/UT71¢q|VU|2AHU

=y [imgpen + - by [orgmo

1,j=1

Fk+1)) / Vol (v5;670" ! + v5(6) 0" + 0567 (v 1);)
j=1

+ R (k+1) Z/ Vol (v;5070" "+ 0(¢7);0" " + 0,07 (0" 1);)
j=1

2 1
+%/U7ﬂil¢q|vv|2AH’U
+k2 k"'l Z/ - 1¢q ’UﬂJJ'U” +’U UZ])
3,7=1
1
=k? EZ|?¢1 + k(k+1 "R Agug?|Vol?
Z/| ot = (1 D)k(k+ 1) [0 At Vo)

+E(k+D[(k+1)(3+ %) +2(r —1)] /v“%q\wr‘

DY [ o 19605 + (650,

+k2]€+1 Z/ r— 1¢qflf'v1)”+Uij 2])

,Jl

1 .

I == / (n?ug 4+ = (AHu) 2) gyt Rt (2.10)
n
:nkZ/vgqu’)q + n /(AHU)QWUH’%”.

r+2k+2
E /u”u”—i—ul Uz + ijuz; + uzug ;)¢

1,j=1
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X
\
>
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:
ol
&
+
>
—
[
+
>
S~—"
<
?
ol
S
]
<
<l
ASN
2
S
2
+
n
Ead
+
[ V)

Q=1
1 « )
+5 0. / gl + 2v/—T0uz0) 67024+ (2.11)
Q=1
=k Z /vr¢q|vij|2 +k2(1+k)2/vT’2¢q\Vv|4
Q=1
—RHR) D /”Pl(i’q(viﬂz”; + vijviv;)

,j=1

1 & 1
*t3 Z/ui[(—n\/jluo + 5 Amu); - 2/ —Tuzy| ploH2k+2
=1

+ B Z/UZ[(H\/ZUO + QAHU)Z + 2\/_71ui0]¢qu+2k+2.
i=1
Since

Z/W[(*ﬂﬁuo + %AHu); 9/ Tz o T2
1=1

n 1 n
=—(n+ 2)\/—712/uiu0;¢qu+2k+2 i 5 Z/W(AHU)WQUH%H
=1 i=1
1
=(n+ 2)\/—71/(11\/—71110 + §AHu)u0¢qv’”+2k+2
+(n+ 2)\/:2 / wsug(p?);0" 22 (2.12)
i=1

+ (n+ 2)\/_712/uiu0¢q('l}r+2k+2)2
i=1

_ %/( \/leO + %AHU)AHu¢qUT+2k+2

1 1
- 5/AHum(ébq)szJr%+2 - i/AHUUiéﬁq(UH%H)%
we have

Is =k* Z /Ur¢q|7)ij|2 +k2(1+k)2/v”*2¢q|vv|4

4,j=1

—K4E) Y /”Tﬁl@bq(viﬂz”i + vijviv;)

4,j=1

—n(n + 2)k? /ngquvg - i/(AHu)QqﬁquQk” (2.13)
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1 r+k 2
+ fk(r—|—2k:—|—2) Aguv" T p? V|
/ Asgu(v;(67); + vi(M))o" T
+2<n+2k2f/vovz¢ﬂ — 070"

On the other hand, using integration by parts, we have

2k+2
g /uwu”—ﬁ—uZ Uz + Uijuzz + uzugz) 9 P TR

1,j=1
_ = Z /Uz 7‘+2k+2 Z /u u”¢q r+2k+2)
3,j=1 1,j=1
. Z /uz (bq T+2k+2 E /U u” ¢q 7‘+2k:+2
3,j=1 1,j=1
+2k+42 +2k+2
=3 2 [uantena g z/“z el
,j=1 1,j=1
2 2 2k+2
4= Z /’LLU qu T+ k+ Z /’LL”’LLJ ¢q 7+ k+
1,7=1 z] 1
r4+2k4+2 Q" T2kA2
.l z/wm .l z/uw !
3,7=1 i,j=1
_ = Z /u u—— r+2k+2 Z /u uu(/)q r+2k+2)
i,7=1 i,j=1

n

%Z/[ kn\/jlv—l—kvo+%AHu]( e v3)(¢) v r2k+2

j=1

l\DM—l

g/ b/ To™ o + 5 sl (—ku ™ Fu) (907072 (2.14)

+ k2 Z / Uz _]z + v UJ(¢q)3i)UT

1,j=1

+ %kz(r + 2k + 2) Z / [Vol? (v (¢7); + vi(¢?)7)v" !

(r+42k+2) Z / _1_kv;3 + k(k+ 1)v_2_kvgvi]¢qv’”+kvivj
1,j=1

T+ 2k +2) Z/ v R+ k(K + Do 2 R ¢t o,
,j=1

:;knmg / o (6707 — (69)iv7)v0
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B ZZ / U’”JkarlAHu((cbq)ivi + (¢7);vi)
i=1

+ % > /“r((d)q)ﬁvivj + (6%)5:v7v5)

ij=1
+ Iiz(r +2k+2) zn:/vr_1|Vv|2(vf(¢q)- + v (¢?)7)
2 i=1 T

+ k2 (k 4+ 1)(r + 2k + 2) /v"_2¢q|Vv|4
k2 r—1 ,q
- 3(7" +2k+2) | 0" Y (vzviv5 + vivgg)-
We write I5 as n times (2.13) plus (1 —n) times (2.14), where n € (0,1) is a positive
constant. From the above computations, we can get that
0=—I+ o+ I3+ I +nls+ (1 —n)ls
is equivalent to

Ky /|E%\2¢qv’” +A1/v’"—2¢ﬂ|vu|4 +A2/(AHu)2¢w+2’f“

i,7=1

+A3/v’“¢>%3 + A1) /vw%im +)\5/(AHu)q§q|Vv|2v’"+k

i,j=1

=Y [0 TP 6l + 30 [V ITPAsen  (219)

+ s Z /”T[Wq)ﬁ”i”; + (¢7);,v3v5]
ij=1

A9 Z / V" [(¢1)ivy — (¢7)5vivo
i=1

+ A10 Z /Urild)q(vgviﬂij + UirUjU{j)
ij=1

+ )\11 Z /[’u;(d)q)i + vi(gbq);]AHuv””k,

i=1
where

A :kQ[(% (k412 — @)k + ) —r(r — 1],

n—1 17
N=-m g
A3 =n(n — 1)k? — gn(n + 2)k2,
A4 :nk27

A= (1+ %)k(kJrl) +k(r + 2k +2)(1+ ),
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2k + 2
No =R EEE (1) — (k1))
\r =k?/2, (2.16)
k2

Ag = — 3(1 -1),
Ao =E*V/=1[(n + 1)n — (n — 1)],

E%r

Ao :7(1 —n),
k

)\11 2577’

3. THE PROOF OF THE MAIN RESULTS

In this section, we turn to the proof of the main results. The proof is the analogue
of the one used in [24] (Theorem 21.1) to prove the Liouville-type theorem and the
local estimates for the equation (1.2).

Proof of Theorem 1.1. Let u be a positive solution of the equation
Osu = Agu+uP, in H" x (—o0,00) (3.1)
and let ¢ be a smooth function such that

1oin {|(z,0)] < 3} X (=3, 3),
¢(z,t,8) =49 0 in H" x (—00,00)\{|(z,t)[m < }><(—171),
0<¢<1 in {\(z,t)lml} (=1,1).

In the rest of this section, we use the notation [ = [ [, for simplicity. It follows
from (3.1) that

/ AHU d)q r+2k+4+2

=k //(350) ¢qu+//¢qu+2k+272pk+2k/ B vy’ ThH1=Pk (3.2)
=k //(8SU)2¢qu+//¢)q,vr+2k:+272pk

 2kq -1
8 r+k+2— pk
4 k+2-— pk // ¢ Pv
Since

//¢q|Vv|2v”+k’pk
1 n
— q,, (T +k+1—pky_
2(T+k+1—pk);//¢vl(v )
1 - // k+1-pk
5 [[ s,
2r+k+1-pk) =

1

— q r+k+1—pkA
2(r+k—|—1—pk)/ ¢t e

1 - T 1-p q\_ (g
ST Er T [ e+ ) (33)
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1 3
T 2(r+k+1—pk) / ot IR D,0 + 21 +k)‘ | k vl TR

1
2(r + k+1— pk) Z // VTR (0 (6)7 + 0 (9):)
=1
1 n
T2+ k+1—pk) 2 // o (0, (87); + i (07):)
i=1
1 r+2+2k—2pk
s Er T [
k +1 r+k—pk 2
i e
q

11*18 r+2+k—pk
+2(T+k‘+1—pk)(r+k+2—pk)//(z) sPv ’

we conclude that

/ ¢q|vv|2vr+k—pk
1 n
T 2(r+ 2k + 2 — pk) > // o (0, (9)7 + v3(07)) (3.4)
=1

_ 1 // ¢qu+2+2k72pk
2%(r + 2k + 2 — pk)

q Q*la\ r+2+k—pk
+2(r+2k+2—pk>(r+k+2—pk)//¢ sPv :

Therefore,

/ AHu¢q|V1}|2vr+k

= - k// 83U¢q|vv|2vr71 _/ ¢q‘VU|2vr+k7pk
_ / 0,087 | Vo1 (3.5)
1 - r+k+1—pky,,. _ ~ )
2(r + 2k + 2 — pk) Z{//v P (0i(97)7 + vi(99):)

1
q,,r+2+2k—2pk
ok F 2k + 2= pk) //¢ v

a a—1lp r+2+k—pk

By (2.15), (2.16), (3.2) and (3.4), we have

k? Z //|E PPot" + A // T2 Vot 4 X, //¢q rHSkagpk

i,7=1

s ffeenss o

i,j=1
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:AG_Z:L://M1vu|2[(¢q)wi+(¢Q)w,»]+A7 //v’”IWIQAH(cbq)

+ Ag zn: //UrK(bq)ﬁUin + (¢9)7:v705]

=
2O [ @i = @avieo (3.6
+ Ao ;1 / / V"¢ (v3050;5 + vivjv;5)

- Auk; [ tten: + wenap.on

D3 [+ o)

— \ok? //(GSU)QQS%T + )\5143// 050 | V20"

W / / 7719, o T2,

where
Ay = Ao + ! A
2T ok(r 2k 2 —pk)"”
1
[A— —
Alr = A 2(T+2k+2—pk))\57 (37)
1 )\5(]

Moo= ————— 2Nk . 3.8
12 r+k—|—2—pk[ 2q+2(r+2k+2—pk)} (3:8)

We estimate the right hand side of (3.6). By using Young’s inequality, we have

Ao z_j [ et + @)

=g\ n 0" V0 (giv; + divi) (3.9)
/]

< [[vrenvelt ve [ [orrrervat
Similarly, we have

[ / o [Vo2 Ar(6")

§e// 21T +c// 2694 (| Ag| + |VS[2)2. (3.10)
As D // V" [(¢7) jviv5 + (¢7);50505]

ij=1

ge// V29| V4 +c// V211|726 + [V[2)2, (3.11)
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2o S [ 016905 — (695010

ge//v’"vgw +e//v”_2q§q|VU\4 +c//vr+2¢q—4|v¢|4, (3.12)

n
A1o Z // 0" g (Vw045 + vivjvy;)

ij=1

n 2.2 _ 2
<k'n ) // v iy | + k(inm// V27|Vl (3.13)

ij=1

Next, we have

- ’\Hki //[U€(¢q)i +vi(¢7);]0svv"

ge//v’"__2</>q|Vv|4 + c//vr+2¢q—4|v¢|4 —i—e//(@sv)%qu, (3.14)
)\5k‘//85v¢q|VU|21}r_1
Se//vr72¢q|VU|4 + c//(@sv)ququr. (3.15)

[ oo

ge//¢qu+2k+272pk+0/ ¢q72(8s¢)21jr+2’ (3]_6)
A . o TIERTPR((6)50; + (¢7)507)
B3 i

<e [[omrramsaam o [ [ursagns(aue) + [vopy (3.17)

Finally, we estimate [[(0s5v)?¢%v". By combining (3.1) and integration by part, we

have
[[oaren
— [[@porree

N / / (Au + uP)plu™ "% dyu

— [ i+ )+ w0

i=1

=- q// ¢ " VoV edsv + q/ d110" | Vu|? 050 (3.18)
T // ¢q—18 ¢UT+2+k—Pk
p+1— r+2kk+2

<e [[@upwanse [[1vofto2e
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+ € / / Pl T2k / 172 (D)% 0" 2
C//¢q74|v¢|4,u7’+2'

By the above estimates, we conclude that

(g - i —n)? ~o [[eznwu
- / / g Bk (g - g [ [orong (3.20)

<c / ST (V2] + | Agd| + [V + 0:6])%

(3.19)

If we choose k < 0, then we know from (3.20) that

Y | a0t
+ (N5 —¢€) // plom T2k L Ny — ) // V" PR (3.21)

SC/ P2 (IV20] + |Aug| + [Vo|* + [50])*>2,
where
r+ 2k + 2 — 2pk
2(k —pk)
B q(r +2) s
r+2k+2—2pk’ 2

We choose (r +2)/(k(1 —p)) > 0, then s; > 0. Moreover, ps > 0 provided that ¢
is large enough. For every R > 1, we take

¢R(Z7 t, S) = ¢(

S9 =

z t s

R R

into (3.21), then

k2 2 1 _
(- ~o [[erawu
+(\y —¢ // PRy TERITIPR L (s — € // 23 (3.22)

SCR2n+4 4s5 )

Let 0 <n < (n—1)(n+2), then A3 > 0. In order to finish the proof, it is enough
to choose k < 0,7 > 0,p > 1 such that
Kr2(1 - )?

A —
1 47]

>0, (3.23)

1
2%(r + 2k + 2 — pk)
2n 44 —4s9 < 0. (3.25)

Ao + A5 > 0, (3.24)
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We set y =1+ 1/k,§ = —r/k. Then (3.23), (3.24), (3.25) is equivalent to

1 1+17)2
(1+n—- E)y2 — (T +mn)dy + [(2?52 -4 <0, (3.26)
L e Hvaen-Spso (3.27)
—6+2y—p n Rk ’ '
nio- 0FW= (3.28)
1-p
Similar to [14], we need
1..(1 2
Ay =(1+n)20%—4(1+n— —)[ﬂéz —46]>0 (3.29)
n 4n
or
4 —1
0< o< Hntnn=Ln (3.30)

(n =11 +n)?*
If (3.30) holds, we can choose y such that

2l+n—1) VS Taayg-IL) T
and

o+
<y<y2< Tp (3.32)
provided that p > 1,n > 2 and 0 < < (n — 1)(n + 2) hold. In order that (3.27)

and (3.28) hold, we need

n+1
1 3.33
sps +nn—1 ( )
and
240—2
1<p<nJr J; Y (3.34)
We take y = ((1+1)d)/(2(1 +n —1/n)), then (3.34) is equivalent to
2 )
1< 1+-—-—-. 3.35
P= Jrn n(n+nn—1) (3.35)

It is easy to check that
n+1 5 4n+1)(n+2)

n+nnp—1  (2n+1)2
1+27 ) _ (n+2)(4n® + 4n - 3)
n  nn+nn—1) n(2n + 1)2
provided that
~n—1 _4(n+nn—1)n
T=ar2 07 (n—=1)(1+n)?

Moreover, we can check that

(n+2)(4n* + 4n — 3) - 4n+1)(n+2)
n(2n + 1)2 (2n +1)2
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Since § satisfies (3.30) and 7 satisfies 0 < n < (n — 1)(n + 2). For every

2)(4n* +4n — 3 4Q*-3Q -1
1<p<(n+)(n+2n ) _ g HQT -3¢ )2
n(2n+1) Q-2)(@-1)
there exist two small constants 67 and 63 such that (3.33) and (3.35) hold if we take
n—1 8(n? —1)
=—— -6, 6=—"——75 —0s.
T a2 b 2n_132 2
Moreover, if #; and 65 are small enough, we have y < 1. Hence the proof of Theorem
1.1 is completed. (I

The proof of Corollary 1.5. The proof is essentially based on the doubling lemma
proved in [20]. Since the arguments are similar to the proof Theorem 4.1 in [19],
so we will not give all the details. O
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