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LAPLACIAN VANISHING THEOREM FOR QUANTIZED SINGULAR
LIOUVILLE EQUATION

JUNCHENG WEI AND LEI ZHANG

ABSTRACT. In this article we establish a vanishing theorem for singular Liou-
ville equation with quantized singular source. If a blowup sequence tends to
infinity near a quantized singular source and the blowup solutions violate the
spherical Harnack inequality around the singular source (non-simple blow-ups),
the Laplacian of a coefficient function must tend to zero. This seems to be the
first second order estimates for Liouville equation with quantized sources and
non-simple blow-ups. This result as well as the key ideas of the proof would be
extremely useful for various applications.

1. INTRODUCTION
This is the third article in our series to study blowup solutions of
(1.1) Au+ |x[*MH(x)e" =0,

in a neighborhood of the origin in R?. Here H is a positive smooth function and
N € N is a positive integer. Since the analysis is local in nature we focus the
discussion in a neighborhood of the origin: Let 1 be a sequence of solutions of

(1.2) A (x) + |x[*MHy (x)e** =0, in B

for some 7 > 0 independent of k. B; is the ball centered at the origin with radius
7. In addition we postulate the usual assumptions on i and Hy: For a positive
constant C independent of k, the following holds:

IHellesz) <C, ¢ <Hu(x) <C, x€By,
(1.3) Jp, Hre < C,

we(x) —w(y)| <C,  Vx,y € 9B,

and since we study the asymptotic behavior of blowup solutions around the singular
source, we assume that there is no blowup point except at the origin:

1.4 < C(K).
1.4 Kcrcnli)i{o}uk < C(K)
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If a sequence of solutions {u¥}7>_, of (1.1) satisfies

lim uk(xk) =oo, for some X € B; and x; — X,
k—ro0

we say {u*} is a sequence of bubbling solutions or blowup solutions, & is called a
blowup point. The question we consider in this work is when 0 is the only blowup
point in a neighborhood of the origin, what vanishing theorems will the coefficient
functions Hy, satisfy?

One indispensable assumption is that the blowup solutions violate the spherical
Harnack inequality around the origin:

(1.5) m%xuk(x)+2(1+N)log|x| — oo,
XED¢

It is also mentioned in literature ( see [21, 26] ) that O is called an non-simple
blowup point. The main result of this article is

Theorem 1.1. Let {w;} be a sequence of solutions of (1.2) such that (1.3),(1.4)
hold and the spherical Harnack inequality is violated as in (1.5). Then along a
sub-sequence

lim A(logHy)(0) = 0.

k—yo0
Theorem 1.1 is a continuation of our previous result in [27]:

Theorem A: Let {u;} be a sequence of solutions of (1.2) such that (1.3),(1.4) and
(1.5) hold. Then along a subsequence

]}im V(logH; + ¢)(0) =0
—»00
where @y is defined as

A¢r(x) =0, in By,
(1.6)
¢k(x) = uk(x) — ﬁ f&B, wdS, x¢€ 8BT.

The equation (1.1) comes from its equivalent form
Av+He' =4nN§

by using a logarithmic function to eliminate the Dirac mass on the right hand side.
Since the strength of the Dirac mass is a multiple of 47, this type of singularity is
called “quantized”. An equation with a quantized singular source is ubiquitous in
literature. In particular the following mean field equation defined on a Riemann
surface (M, g):

h(x)e"™ 1 B 1
[ het  Vol,(41)) ~ 4”;“1(5” ~ Vol,00)”

(7)) Au+p(

represents a conformal metric with prescribed conic singularities (see [16, 24,
25]).If the singular source is quantized, the equation is profoundly linked to Al-
gebraic geometry, integrable system, number theory and complex Monge-Ampere
equations (see [13]). In Physics the main equation reveals key features of mean
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field limits of point vortices in the Euler flow [8, 9] and models in the Chern-
Simons-Higgs theory [20] and in the electroweak theory [2], etc.

So far the non-simple bubbling situation has been observed in Liouville equation
[21, 4], Liouville systems [18, 19, 28] and fourth order equations [1]. The main
theorem in this article would impact the study of these equations as well as some
well known open questions in Monge-Ampere equation [26].

When compared with Theorem A, Theorem 1.1 is clearly more challenging in
analysis. As a matter of fact the proof of Theorem A is a special case of one step
of the proof of Theorem 1.1. However, their major difference is on applications.
Theorem 1.1 is significantly more influential for many reasons: First the main mo-
tivation to study equation (1.1) is for equations or systems defined on manifolds.
Usually blowup analysis near a singular point needs to reflect the curvature at the
blowup point. In this respect Theorem 1.1 is directly related to the Gauss curvature
at the blowup point. Second, the harmonic function in Theorem A causes incon-
venience in application since it is generally hard to identify what the harmonic
function is. On the other hand Theorem 1.1 is only involved with the Laplace of
the coefficient function. This may lead to substantial advances in applications: In
many degree counting programs one major difficulty is bubble-coalition, which
means bubbling disks may collide into one point. The formation of bubbling disks
tending to one point is accurately represented by equation (1.1). Theorem 1.1 and
its proof could be extremely useful to simplify blowup pictures. The Green’s func-
tion of Laplace operator on manifold is generally not harmonic, the statement of
Theorem 1.1 could imply that bubbling-coalition does not exist. Third, the proof
of Theorem 1.1 is also important for proving uniqueness of bubbling solutions, and
the results for Liouville equation with quantized singular sources is inspirational
to many equations and systems with similar singular poles. As far as we know
before our series of work most of the study of singular equations or systems fo-
cus on non-quantized singular situations. However it is the “quantized situations”
that manifest profound connections to different fields of mathematics and Physics.
Theorem 1.1 may be a starting point of multiple directions of exciting adventures.

The organization of the article is as follows. In section two we cite preliminary
results related to the proof of the main theorem. Then in section three approximate
the blowup solutions by a family of global solutions that agree with the blowup
solutions at one local maximum point. This is crucial for our argument. Then
we derive some intermediate estimates as preparation of more precise analysis. In
section four we prove the first order estimates that cover the main result in [27].
This section proves stronger result than [27] and provides more detail. Finally in
section five we take advantage of the result of the first order estimate and complete
the proof of the main theorem.

Notation: We will use B(xo,r) to denote a ball centered at xy with radius r. If
Xo 1is the origin we use B,. C represents a positive constant that may change from
place to place.
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2. PRELIMINARY DISCUSSIONS

In the first stage of the proof of Theorem 1.1 we set up some notations and cite
some preliminary results. For simple notation we set

2.1 u(x) = u(x) — ¢ (x), and
(22) he(x) = Hy(x)e%).
to write the equation of u; as
(2.3) Aug (x) + x|V g (x)e"* =0, in B
Without loss of generality we assume
(2.4) ,}L‘Ehk(o) =1.
Obviously (1.5) is equivalent to
(2.5) iré%fuk(x)+2(l+N)log | x| — oo,

It is well known [21, 4] that u; exhibits a non-simple blowup profile. It is estab-
lished in [21, 4] that there are N 4 1 local maximum points of u: p'(-_‘),...., plk\, and they
are evenly distributed on S! after scaling according to their magnitude: Suppose
along a subsequence

lim P](;/|P]6‘ = ei907
k—>o0
then

k
lim PL — %) =1, .N.

For many reasons it is convenient to denote | p’é] as 0y and define p, as follows:
(2.6) & =Ipol and g = w(pp) +2(1+N)log .

Also we use 1
g =e 2tk

to be the scaling factor most of the time. Since p;’s are evenly distributed around
dBgs,, standard results for Liouville equations around a regular blowup point can be
applied to have u(p¥) = u(pf) +o(1). Also, (1.5) gives p — oo. The interested
readers may look into [21, 4] for more detailed information.

Finally we shall use E to denote a frequently appearing error term of the size
O(82)+O(tue ™).

3. APPROXIMATING BUBBLING SOLUTIONS BY GLOBAL SOLUTIONS
We write pf as pk = &e'®% and define vy as
(3.1) vi(y) = u (8ye'®) +2(N+1)log &, |yl < 8, "
If we write out each component, (3.1) is

vk(yl ,yz) = uk(5k(y1 cos Oy -2 sin Qk), 5k(y1 sin Oy, +yscos Gk)) +2(1 +N) log 6k.

Then it is standard to verify that v, solves
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3.2) Avie(y) + 19|V b (8ey)e Y =0, |y < 7/&,
where
(3.3) bi(x) = i (xe'™), x| < 7.

Thus the image of p’é after scaling is Q% = e; = (1,0). Let QX, 0%,...,0% be the
images of p* (i = 1,...,N) after the scaling:

pi
OF=2Le % [=1,.,N.
Ok

It is established by Kuo-Lin in [21] and independently by Bartolucci-Tarantello in
[4] that

21mi

(3.4) lim QO = lim p¥/§, =ev+1, 1=0,...,N.
k—yo0 k—yo0
Then it is proved in our previous work that ( see (3.13) in [26])

2nli

Qf — e+ = O(ie ) +0(|V1og hi(0)|8).-
Using the rate of Vh;(0) in [26] we have

2mli

(3.5) OF — eVl = O(we ™) +0(87).
Choosing 3€ > 0 small and independent of k, we can make disks centered at Qf

with radius 3¢ (denoted as B(Q¥, 3¢)) mutually disjoint. Let

(3.6) U = max vy.
B(Q.€)

Since Q;‘ are evenly distributed around dBy, it is easy to use standard estimates for
single Liouville equations ([30, 17, 12]) to obtain

max vy = W +o(l), [=1,...,N.
B(Qf€)

Let
e“k

(3.7 Vi(x) =log e )
(14 R =2

Clearly Vj is a solution of
(3.8) AVi+b(Seer)|y™Ve' =0, in R Vi(er) = .

This expression is based on the classification theorem of Prajapat-Tarantello [23].
The estimate of vy (x) — Vi (x) is important for the main theorem of this article.
For convenience we use

2ml , )
ﬁl:N-{—l? Soelzelﬂo:Q’é7 e’ﬁIZQéc-i-E, for [=1,...N.
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4. VANISHING OF THE FIRST DERIVATIVES
Our first goal is to prove the following vanishing rate for V(0):
Theorem 4.1.
4.1) V(loghy)(0) = O (&)

Proof of Theorem 4.1:
Note that we have proved in [26] that

V(log b (0) = O(8; ' piee ™)+ O(8,).

If &, > Cgy, there is nothing to prove. So we assume that

(4.2) 5k = O(Sk).
By way of contradiction we assume that
(4.3) [VB(0)[/(8chtx) — oo

Another observation is that based on (3.5) we have
g l|0f —eP| <cef, 1=0,..,N

for some small € > 0. Thus &, tends to U after scaling. We need this fact in our
argument.
Under the assumption (4.2) we cite Proposition 3.1 of [27]:
Proposition 3.1 of [27]: Let I =0,...,N and 8 be small so that B(eP §) N
B(ePs 8) =0 for 1 # 5. In each B(eP!, )
C[.Lke_“"/z, x— eiﬁl‘ < CeH/2,
(“44) o) Vi) < ‘
CHEE L L O(uPe ™), Ce M/2 < |x—eP| < 8.

|x—etPr|

Remark 4.1. We only need a re-scaled version of the Proposition above:
45 weP +eay) —Vi(eP ey <Cef (1), o<y < g
for some small constants € > 0 and T > 0 both independent of k,
One major step in the proof of Theorem 4.1 is the following estimate:
Proposition 4.1. Let wy = v —Vj, then
wi(y)| <C&, y€Q:=B(0,t5 "),
where & = |Vhi(0)|8 + 8.

Proof of Proposition 4.1:

Obviously we can assume that |Vh;(0)|8 > 282 because otherwise there is
nothing to prove. Now we recall the equation for vy is (3.2), v is a constant on
dB(0,76, 1. Moreover vi(e;) = p. Recall that V; defined in (3.7) satisfies

AV (S =0, in B2 [ PYe <o
R
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Vi has its local maximums at e’ for / =0,...,N and Vi(e1) = . For [y| ~ 8!,
Vi(y) = —te —4(N+1)log§, ' +C+0(8)™).

Let Q; = B(0,78, '), we shall derive a precise, point-wise estimate of wy in
B3\ UN_ B(QF, 1) where 7 > 0 is a small number independent of k. Here we note
that among N + 1 local maximum points, we already have e; as a common local
maximum point for both v; and V} and we shall prove that wy is very small in B3 if
we exclude all bubbling disks except the one around e;. Before we carry out more
specific computation we emphasize the importance of

(4.6) wk(el) = |Vwk(e1)] =0.
Now we write the equation of wy, as
4.7 Awe+ (89 [y [PV e wi = (be(Sker) — bi(8y)) [y e

in Q, where & is obtained from the mean value theorem:

ev,(x)_eV (x) .
m> it ve(x) # Vi(x),
o5k —

Wi v (x) = Vi(x).

An equivalent form is

d 1
4.8) &&= /O Ee’”"(x”(l_’)vk(x)dt:ev"(x)(l+EWk(x)+O(Wk(X)2)).

For convenience we write the equation for wy as
4.9) Awy ~+ hk(&{y)\y\meékwk = Ska)k(5k€1) . <€1 —y) ]y\ZNer +E
where

Ei = 0(&)|y—eilyMe', ye .

Note that the oscillation of wy on € is 0(5,£v *+1), which all comes from the oscil-
lation of V.

Let M = max, g, |wi(x)|. We shall get a contradiction by assuming My / & —
oo, This assumption implies

(4.10) My/ (8 i) — oo

Set
v'(/k(y) = wk(y)/Mk, x € Q.
Clearly max,cq, |Wi(x)| = 1. The equation for Wy is

(4.11) A(y) + [PV o (Seer) e (v) = ag - (e1 — y)|y[*Ne" + Ey,
in .Q.k, where ay = Ska)k(O)/Mk — 0,
(4.12) Ey=o(l)|y—eiPly/*Ne%, ye.

Also on the boundary, since M}/ Sk — o0, we have

4.13) W =C+o(l/1), on 9.
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By Proposition 3.1 of [27]
(4.14) Ex(er +exz) = Vi(er +&z) +0(ef) (1 + [z) 7

Since V} is not exactly symmetric around e, we shall replace the re-scaled ver-
sion of V}, around e; by a radial function. Let U; be solutions of

(4.15) AU+ bi(Sge1)e¥ =0, in R?, U(0)= max Uy = 0.
R
By the classification theorem of Caffarelli-Gidas-Spruck [7] we have
1
g 5
(1+ w 12|2)2
and standard refined estimates yield (see [12, 30, 17])

U(z) =1o

(4.16) Vi(er + &z) +2loge, = Ui(z) + O(&)|z| + O(uie?).
Also we observe that
4.17) log|e1 + &z| = O(&)|z].
Thus, the combination of (4.14), (4.16) and (4.17) gives
(4.18) 2Nlogle; + &z + Ex(er + &z) +2log e, — Uy(z)

=0(gf)(1+]zl) 0= 2] < dogg .

for a small € > 0 independent of k. Since we shall use the re-scaled version, based
on (4.18) we have

(4.19) &fler + gz st = Ui 1 O(ef ) (14 2])
Here we note that the estimate in (4.18) is not optimal. In the following we shall

put the proof of Proposition 4.1 into a few estimates. In the first estimate we prove

Lemma 4.1. For 6 > 0 small and independent of k,
(4.20) wi(y) =o(1), Vwr=o0(1) in B(e;,8)\B(e1,6/8)
where B(e1,30) does not include other blowup points.
Proof of Lemma 4.1:
If (4.20) is not true, we have, without loss of generality that wy — ¢ > 0. This
is based on the fact that Wy tends to a global harmonic function with removable

singularity. So Wy tends to constant. Here we assume ¢ > 0 but the argument for
¢ < 0 is the same. Let

4.21) Wi(z) = Wiler +&2), & =e 1M,
then if we use W to denote the limit of W, we have
AW 4w =0, R? |W|<I,

and U is a solution of AU + eV = 0 in R? with [, eV < 0. Since 0 is the local

maximum of U,
1

U(z) =log —————.
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Here we further claim that W = 0 in R? because W (0) = [VW (0)| = 0, a fact well
known based on the classification of the kernel of the linearized operator. Going
back to Wi, we have

Wi(z) =0(1), |z| <Riforsome Ry — oo.
Based on the expression of Wy, (4.16) and (4.19) we write the equation of Wj, as
(4.22) AW (2) + by (8cer) e’ DW (z) = EX,
for |z| < &g, ' where a crude estimate of the error term EX is
EX() = o(1)ef (1 +12) .

Let

2r
(4.23) g(r) 1 Wi(r,0)d6.

Y 0
Then clearly gf(r) — ¢ > 0 for r ~ &_'. The equation for gf is
d? 1d

ﬁgﬁ(r) + ;;glé(r) +bi(Ser e gh(r) = Eg(r)

d

k k

0) = 0)=0.
80(0) YrgO( )

where E§(r) has the same upper bound as that of E4(r):
|E5(r)] < o(1)gg (1+7) 72,

For the homogeneous equation, the two fundamental solutions are known: gop,
802, Where

_ 1—cir? o bi(Sker)
T+cr2 ! 8
By the standard reduction of order process, go2(r) = O(logr) for r > 1. Then it is

easy to obtain, assuming |Wy(z)| < 1, that

80(r)1 < Cleo ()] [ sIES()g02(s)1ds+Claoa(r)] [ sl (5)EE(5)lds

<Ceflog(2+r). 0<r< &g .

801

Clearly this is a contradiction to (4.23). We have proved ¢ = 0, which means
wr =o(1) in B(ey, ) \ B(e1,00/8). Then it is easy to use the equation for W and
standard Harnack inequality to prove VW = o(1) in the same region. Lemma 4.1
is established. [J

The second estimate is a more precise description of Wy, around e;:
Lemma 4.2. For any given ¢ € (0,1) there exists C > 0 such that
(4.24) Wr(er +&2)| <CeZ(1+12])°, 0< |7 < g "

for some T > 0.
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Proof of Lemma 4.2: Let W, be defined as in (4.21). In order to obtain a better
estimate we need to write the equation of Wy more precisely than (4.22):

(4.25) AW+ b (Sper)e® Wi = EX(z), z€ Qs

where ®y is defined by

e(")k(Z) — |€] +8kZ’2Ne€k(€1+8kZ)+210g8k’
Qui = B(0, ‘L'S,:l) and EX(z) satisfies

Ef(2) =0(&)(1+z)) 7, z€ Q.
Here we observe that by Lemma 4.1 Wy = o(1) on dQy. Let
Ap= max (Wi (2)]
GQWk 8k (1 + |Z|)
If (4.24) does not hold, A; — o0 and we use z; to denote where Ay, is attained. Note
that because of the smallness of Wy on dQyyy, zi is an interior point. Let
Wi(z)

— 7€ Qwx,
Ac(T+ [z])€8 W

g(z) =

we see immediately that

W)l (412D (A+]z)7
gl Me(1+12)? (I+]zl)o = (1+|zl)®
Note that ¢ can be as close to 1 as needed. The equation of g is
(1+1z)~°
(1+|z))e’
Then we can obtain a contradiction to |gx(zx)| = 1 as follows: If lim;_,zx =P €
IR?, this is not possible because that fact that g;(0) = |Vgi(0)| = 0 and the sub-
linear growth of g in (4.26) implies that gy — 0 over any compact subset of R>

(see [12, 30]). So we have |zx| — oo. But this would lead to a contradiction again
by using the Green’s representation of gi:

4.27)
+1 = gi(z) = g(zx) — g (0)

= [ (Gulam) = Gel0m) (be(Bier)e gu(m) + o(el )

(4.26) lgx(2)| =

Agi(z) + bi(Sker ) gx = o(g] ) Qwi.

(1+n)~°
(14 |z))®
where Gi(y,n) is the Green’s function on Qp and o(1) in the equation above
comes from the smallness of Wy, on dQyy. Let Ly = TE, ! the expression of Gy is

)dn +o(1).

Guly ) =~ logy— 1|+ 5~ <‘”'| ).

27 In|?

1 1 b4 Z
Gelzk:m) = Gr(0,1) = = log|zx—n| + 5 _log —"—MH

lo
o g[nl.

27
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Using this expression in (4.27) we obtain from elementary computation that the
right hand side of (4.27) is o(1), a contradiction to |gx(zx)| = 1. Lemma 4.2 is
established. [J

The smallness of Wy around e; can be used to obtain the following third key
estimate:

Lemma 4.3.
(4.28) we=o0(1) in B(Pt) 1=1,.N.
Proof of Lemma 4.3: We abuse the notation W, by defining it as
Wi(z) = i (P + &2), z€Qu:=B(0,7¢,").
Here we point out that based on (3.5) and (4.2) we have g ! \Qf‘ — eiﬁ’] — 0. So the

scaling around e’? or Qf‘ does not affect the limit function.

e2|eP + ez Vi (Srer S HED) s UG

where U(z) is a solution of
AU +éV =0, in R?, /ZeU < oo,
R

Here we recall that limy_,., b (0ke1) = 1. Since W; converges to a solution of the
linearized equation:

AW +eW =0, in R

W can be written as a linear combination of three functions:

W (x) = cofo+c191 + 20,

where
1—l|x|2
_ 8
%o 1+ 1
X1 X2
h=—7— "O=—7T-
1—&-%\)6\2 1—1—%])42

The remaining part of the proof consisting of proving cp =0 and c; = ¢, = 0. First
we prove co = 0.
Step one: ¢y = 0. First we write the equation for W; in a convenient form. Since

e + ez Vb (Seer) = bi(Sker) + O(&k2),
and

B M) = 9 0(ef) (1+14]) .
Based on (4.11) we write the equation for Wj as
(4.29) AWi(z) + bi(8cer ) eV Wy = Ef (2)

where
Ef(z)=0(f)(1+1]z]) in Q.
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In order to prove cp = 0, the key is to control the derivative of Wé‘(r) where

1

W(;C(”):%

/ Wi(re'®)ds, 0<r<rte .
dB,

To obtain a control of %Wé‘(r) we use (p(’f(r) as the radial solution of
AQE+ bi(Scer)e% ok =0, in  RZ

When k — oo, q)(’)‘ — co¢o. Thus using the equation for (])(’)‘ and W, we have

(4.30) || (@l — 2u05W) = ofef).
Thus from (4.30) we have
d k _ L _ [ 3 —1
@3 W) =5 /aB, QWi = o(ef)/r+0(1/7), 1<r<te .

Since we have known that
Wi (te, ') = o(1).

By the fundamental theorem of calculus we have
k(0 kel T o(g) Ny 2 E1ng |
W) =Wiee )+ [ (P4 0(57)ds = 0(1/7) + 0(f log )
TE, k

for r > 1. Thus ¢y = 0 because Wé‘ (r) — co@o, which means when r is large, it is
—Cco+ 0(1/?’2).

Step two ¢; = ¢p = 0. We first observe that Lemma 4.3 follows from this. Indeed,
once we have proved ¢; = ¢y = ¢g = 0 around each P it is easy to use maximum
principle to prove wy = o(1) in B3 using Wi = o(1) on dBj3 and the Green’s repre-
sentation of w;. The smallness of w; immediately implies w; = o(1) in Bg for any
fixed R >> 1. Outside Bg, a crude estimate of v is

ve(y) < —p— 4N+ 1)logly[+C, 3 <[y <8 ".
Using this and the Green’s representation of wy we can first observe that the oscil-
lation on each 9B, is o(1) (R < r < ©5, ' /2) and then by the Green’s representation
of 1y and fast decay rate of e we obtain Wy = o(1) in B(0, 78, ). A contradiction
to max |wi| = 1.
There are N + 1 local maximums with one of them being e¢;. Correspondingly

there are N + 1 global solutions V;; that approximate v; accurately near Q;‘ for
[=0,...,N. Note that Q’é = ey. For V, ; the expression is

k
et

Vik =log , 1=0,...,N,

K
(14 SN = (e + PP
where p’,‘ =F and

(4.32) DY =8(N+1)%/h(805).
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The equation that V;  satisfies is
2N KV, : 2
AVig+ [y b (6 Qp)e" =0, in R%
Since vy and V; ; have the same common local maximum at Ok, itis easy to see that

: keiP: 2In
4. k_ g Pi€ k|2 _ ‘
(4.33) Qr=e +N+1+0(|P1| ), B NT2

Let M,  be the maximum of |v; —V; | and we claim that all these M, ; are compa-
rable:

(4.34) Ml,k ~ Ms’k, Vs 75 l.

The proof of (4.34) is as follows: We use L, to denote the limit of (v —Vjx)/M; x
around QX

(vk = Vi) (05 + &2)

Mk

B

=Ly +o(l), |z <tg’

where

_|_C2S1Z712 and L[J:O, s=0,...,N.

L,;=c L
5] = Cls,l 55
S ’ 1+%‘Z|2 1+§|Z’2’

If all ¢y, and c; 4, are zero for a fixed /, we can obtain a contradiction just like
the beginning of step two. So at least one of them is not zero. For each s # [, by
Lemma 4.2 we have

435 (O +&2) —Ver(Qs +ez) = O(e) (1 +|2) "My, ol < gt

Let My = max; M, (i =0, ...,N) and we suppose M = M, ;.. Then to determine L,
we see that

vie(OF + &) — Vir(OF + &2)
My,

Vi (OF + &2) — Vi (O + &2)
=o(&)(1+12])° + My -

This expression says that L ; is mainly determined by the difference of two global
solutions V x and V; ;. In order to obtain a contradiction to our assumption we will
put the difference in several terms. The main idea in this part of the reasoning is
that “first order terms” tell us what the kernel functions should be, then the “second
order terms” tell us where the pathology is.

We write Vs ¢ (y) — Vi (y) as

Vo (0) = Vie(y) = puf — puf +24 - A+ 0(|AP)

where

uk k
S e g ey
Ay)=— : :

k
eMs
1+ lT§|yN+1 —e—pP?
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. . . k
Here for convenience we abuse the notation & by assuming & = ¢ */2. Note that
k . . .. .
g = et /2 for some t, but it does not matter which 7 it is. From A we claim that

(4.36) Vi (OF + &2) — Vi (0F + &2)
=01+ ¢+ @3+ ¢ + R,

where
o=t -1 - 2L e otaepy
o0 = 20 5 905,08 0f — 0V
0= 20 D e 0Py 2P
04 = 7, ;]gpﬂz (D%B - 2(N;§;3)22‘Z2 - 2(;;)2 2|2 cos(26 — 260y — 2[3s)) ,
B= 1+(N;;)\z+ O(el*)I,

N

and Ry is the collections of other insignificant terms. Here we briefly explain
the roles of each term. ¢; corresponds to the radial solution in the kernel of the
linearized operator of the global equation. In other words, ¢1 /M. should tend to
zero. ¢¥/Mj is the combination of the two other functions in the kernel. ¢y is
the second order term which will play a leading role later. (])3 comes from the
difference of b at Qf‘ and Q’S‘. The derivation of (4.36) is as follows: First by the
expression of Q’§ in (4.33) we have

WH =14 pf+ (N + D) egze P 4+ 0(}) 2],
where y= Q{; + &2. Then
PN e pP = (V1€ O(e) P+ O(ed) P

(k= pl)etPs

P —en = bl = (Ve T o + Ol + Ol
Next by the definition of D in (4.32)
Dk_Dk
S = 8V (loghi)(0)- (0 — 07) +0(8).
1
T | Dk — Dk

= (1+ Lbuf — i+ o) — 1)* + 0(87)).

k
D DS z

(4.37) =7<1+6mogbk() (QF — O + uf — us + O(uf — us)* +0(8)).
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Then the expression of A is ( for simplicity we omit £ in some notations)

o 2
7iBS) i m + 0(8k|2‘3))
2
_(1\’;1)(|z\2+0(8k)|2\3))/3

N

A= <em_m (N+1) (yz|2+2Re( £
D (N+1)

After using (4.37) we have
1
(438) A= <D<6kV<loghk(0>(Qz = Q)+ pu = s+ O — ) ) (N + 1)% o

1 _ 2
+are(P e BN+ 1) g 22 +0<sk>rz|3+o<6£>|z\2)/3.
s ks

N+1)? Ps — Pl _i
( l_; ) 4(Re(zps8 P e"ﬁS)z)/Bz—i—other terms.
&

N

(4.39) AT = (

The numerator of A% has the following leading term:

(N+1)

2 <2| ‘ (|Ps8kpz|) (1+2005(29—2931))>

N

where z = |z]e!®, p; — pi = |ps — pi|e®!. Using these expressions we can obtain

(4.36) by direct computation. Here ¢, ¢3 correspond to solutions to the linearized
operator. Here we note that if we set € ; = e Mt/ 2 there is no essential difference
between &4 and & = ¢~ 1Mk because €k =&+ O(&E). If |tp — ty 1| /My > C
there is no way to obtain a limit in the form of L,; mentioned before. Thus we
must have |1 — Uy x| /My — 0. After simplification (see ¢3 of (4.36)) we have

ps — 1
4.40 = lim —————— 6;
( ) Cl,s,l mc}o2(N—|—1)Mk kCOS(BS“‘ Al)?
o |ps_ l‘ .
Co5) = hm sin(Bs + 60y)

ooz(N—f— 1) &M,

We omit k for convenience. It is also important to observe that even if My = o(&)
we still have My ~ max, |p* — p¥|/€. Since each |pf| = E, an upper bound for M;
is

(4.41) My < Clyg,+C8te.

Equation (4.40) gives us a key observation: |cj 5|+ |c2.51| ~ |P¥ — p¥|/ (&My).
|pt=pjl
Ek

il

o Pk
. Hence for any ¢, if e

So whenever |c; |+ |c251] # 0 we have ~ M. In other words for each [,

M[ &~ Max, |pt ‘

kK k
of |vg — Vik|, we have M ~ M. If all % ~ My (4.34) is proved. So we prove
that even if some pf is very close to p’l‘, MF is still comparable to My. The reason

~ My, let M, ; be the maximum
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k_ ok Kk
is there exists ¢ such that pipl My, if ‘P’Sikp’l =o(1)M,

E

1
i = P4l = i = Pyl =i = Pl = 510 = g

k__ k
Thus s gkp ol M, and Mtk ~ M;. (4.34) is established. From now on for conve-

nience we shall just use M.

Setwyx = (v — Vi ), then we have wy  (QF) = |Vw, 4 (QF)| = 0. Correspondingly
we set

Wik = Wi i/ Mk.

The equation of w; ; can be written as

(4.42) Awp i+ 1912V 01 (8.01) e Wi
=5:Vhi(8:01) (01 —y) [y[PN ek + O(87) [y PN [y — Qi€

where we omitted k in Q; and &;. & comes from the Mean Value Theorem and
satisfies

1
(4.43) e ="k (1+ Wik + O0(wiy).

The function W, ; satisfies

.. Cl,5,121 +C2.5,122
4.44 lim W, (QF + gz) = =2 ——0==
(4.44) lim 1k (Qf + &z) [+ 1P

and around each Q’S‘ (4.35) holds with M, ; replaced by M;.
Now we use the estimates above to evaluate Vv'f/l’k(Q;‘ ) = 0. First we have

wix) = [ (Grvm) = Gl 01,m)) (0x(5Q1) [P eSrs(m)

Q
+ & Vhi(8Q)) (n — Q1) [P eVix
+0(82)n — QP n*Ne")dn + 08N ).

After differentiate the equation and divide the equation by M; we have

(4.45) Vi (Qf)
1 [ -
%l yQle_:yz <Wz,k<n>hk<6in‘>|n|2Neé'
k 1]

V(3N (1 —Q’;>|n2Ner~k)dn oley).

Note that we have used VH,(Q%,0F) = O(62) and the fact that the derivative of
the harmonic function at Q;‘ is 0(6,?/ *2 /My). Based on (4.2) and (4.10) we see this
term is o(&).
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Since the left hand side is 0, the right hand side gives
k
M,
@so L ([ S @ 1+ S
s,8F#L ‘Q ‘ 2
0 —0F _
+8n6kWV10ghk(5le)(Q —0f) | = o(&),
1

where oy = & /M and we used || < 1. Note that o satisfies 0x|Vh(0)| = o(1).
Around each QF we use

ek = " (1 — My + O(MEW])).

Then (4.46) can be written as

Qk
(4.47) Y ( / = |2Wl,k(n)hk(5kQ§()|n|2Nevs’kdn
5,571
Qk 05
+8”Gk|Qk |2V10gbk(5sz)(Q ~0}) ) = ol&),

where the upper bound of M, in (4.41) is used. To evaluate the first term in (4.46),
around each Q% we write

ok —n ok — ok

o - g T
where ; ; ;
0/ —n O; — 0Oy
Fs(n) = (Fy(m),Fi(n)) = — =
We use (4.36) to obtain
(4.48) g (BB

+870;Vlog by (8:05) (0F — 0F) = O(¢f)

Note that in the computation above, the terms of ¢; and ¢z lead to o(g), the
integration involving ¢ cancels with the second term of (4.48). The computation
of ¢, is based on this equation:

I A 6,V (80%) (0 — )<
R2

(1 b (8:05) | |2)3 dz =8mo;V(log bk)(Bngc)(Qf{ — Q/YC)’
+ TI z

and by (4.2)
(4.49) Vioghi(8:0f) — Vioghe(8:0%) = O(8) = o(&).

The integration involving ¢4 provides the leading term. More detailed informa-
tion is the following: First for a global solution

et
(1 4 %’ZN+1 _pyz)z

Vip = log



18 JUNCHENG WEI AND LEI ZHANG

of
AV p+ S(N; D’ |z2|*Ne¥ur =0, in  RZ,
by differentiation with respect to 4 we have
8(N+1)?

A(auvu,p)+f\z!mev’”’8uvujp:0, in R

By the expression of V}; , we see that

0 (Vi ) () = 012,

Thus we have
N—H | )|Z|2N

2N Yy — —
(4.50) / IV plel o /Rz 1+e" 2N+ — PJ2)3

From V), , we also have

/Rz &PVMP‘y‘zNeVM - /]Rz aﬁvﬂjp‘yFNeV”‘p =0,

which gives

TEH PP FE PP
(4.51) /RZ( /(

i - I
1+ £ |2N 1 — PJ2)3 R2 (14 4|V — PJ2)3
Now we need more precise expressions of ¢, ¢3 and B:

(N+1)?

N
ez’e'P|?/B,
Dot e B

¢ = (us —pf)(1—

AN+1) N -k

= 'R —& iBs 2 Ps Pl iy

on = A Rel (o Gove BB L)
N+1)? N,

B=1+ (l)lg)Z‘}‘ Ezze lﬁsgk’27

From here we use scaling and cancellation to have

$1 5 / 03,
—B &), B3 &).
/B(O,‘L'sk 1y My, ( k) B(0.7e, ") My 0( k)

Thus (4.48) holds.
Equation (4.48) also leads to a more accurate estimate of W, ; in regions between
bubbling disks. By the Green’s representation formula of w4 it is easy to have

Wi k(y)

1 ly—n| Ky | (2N 6
= 27r/gk10g]Q'f— ’<W[k< )0e(8:Q;) N[ e

V(808 (1 QmmzNeW)dn Tole)
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Writing
_ _ Nk _ __ Nk
\yk Mg !yk QSI!{ ka T og !yk Qsl\{ )
Q) — 7 Q) — O Q) —n 0 — O

the integration related to the second term is O(g&). The integration involving the
first term is O(g7) by (4.48). Therefore

|Wl,k(y)’ = 0(8]?-)7 ye B3\U{?V:OB(Q§77)

for o € (0,1). Thus this extra control of W;; away from bubbling disks gives a
better estimate than (4.35) around Q;‘: Using the same argument for Lemma 4.2
we have

log

+ (log

(4.52) Wik (0F + &2)| <o(e)(1+2))°, 2] < ter "

From the decomposition in (4.36) we can now compute (4.45) in more detail:

43 /B(Qk ) ()b (8.Qf) m[* e dn + 8oV log hi(8:0:) (0} — Of)
s

pr— M 8 .
W e Mol

(4.54) /( NG LIRET

Wi k(O + &z)
8F o F _rA=s @ R
=8 [ OF@ + e @) " P

—c1,5,1¢08(Bs + Br) — 2,5 sin(Br + Bs) +ole)
sin (ﬁ’ ﬁs) w

dz+o(&).

=4rng;,

Here is the detail of this computation:

(0] —01)*— (0] — 03)*
‘Ql - Qs‘4

81Fli(Qs) -

After simplification we have

1 cos(f; + )

1
alF‘lS(QS) - 4 Sln (%)

Similarly

2(0] —Q)(Q7 ~Q7) _ 1sin(Bi+B)
101 — O]* 4 sin (%) .

Besides these two identities we also used

/ Z%dz—/ Ldz-l&r
R2 (14 gz?)3 2 (1+ g]z?)3

OrFyy =
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@55 [ FAm)wa()b(&Qf) et
B(Qf.7)

Wik (Qs + &)
(1+5lz?)?
—cy508in(Bs + i) +ca 5 co8(Br + Bs)
Sinz(ﬁl;ﬁ‘Y )

The derivation of (4.55) is based on

200~ HQ —05)(01—0) _ Lsin(Bi+B,)
R [ = 3]

—e [ (OFQ)a +RFQ)) dz-+o(ey)
B(0,t¢, ")

=4me;,

+0(8k).

and

2 2)2 1 _ oly2
o) (G0 (010l _ 1eos(pi )
2Fis(Q5) |01 — O* 4 sinz(—ﬁ’gﬁ‘y)

Using (4.53),(4.54),(4.55) in (4.46), and by the expressions of ¢ ,/,c24; in
(4.40) we have

O~ m _lp—piPy 2 g oenlPi—pil) _
Z k k|2 27 o2 k e =o(&).
Sh\QT—OfF (N+1)2 &M sin? (PP &My

Since Q% = s + E, by multiplying ¢~ on both sides, we can simplify the
equation above to

1 isin(B —By) T —pil,
4.56 5- +E M
(30 ?#((2 4sin(BPry )(N+1)2< ear, )
*iesl

_ 2mee O |pl - pf]
sin?(BPry &My

> =o(g&), foralll.

Note that e~%|pk — pk| = p* — p¥. Taking the sum of all / in (4.56) we have

CM Y (1p§ — pi1?/(&My)?) = o(&), C>0.
s#L

If My > Cg for some C > 0, we have |c; ;| + |c25;] = O for all s,/. Finally if
M, = o(&), the first term in (4.56) is ignored and (4.56) becomes

~k _ =k
Ps — P _0(1)’

—_—— = [=0,1,...,N.
5,521 sinz(@)skMk

If we use n; = p¥/(&M;) for i = 0,...,N and D; = 1/sin2(N’f:1) fori=1,...,N.

Then we see that 19 = 0 and our goal is to prove 1; = o(1) for all i = 1,...,n. By
looking at the equation for 1; (i = 1,...,n) we see that

n N

(Y. Dw)m— ) Dyyny=0, i=1,..,N.
m=1 s=1,s#1
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The corresponding coefficient matrix is invertible since it is strictly diagonally
dominant. Thus all |pf|/(&My) = o(1), which implies ¢;s; = c25; = 0 for all
s,l. Lemma 4.3 is established. [

Proposition 4.1 is an immediate consequence of Lemma 4.3. [.

Now we finish the proof of Theorem 4.1.

Let w, = Wk/ék. (Rec~all that & = 5k|th(O)| + Skzﬂk) If \th(O)]/(Skuk) —> 00,
we see that in this case & ~ O | Vhr(0)|. The equation of Wy is
(4.57) Ay + ]y\ZNe‘:kwk = ay - (e; —y)[y|*Ne" + bre|y — ey [Py,

in Q, where a; = §,Vhi(0)/8, by = o(1/). By Proposition 4.1, [ (y)| < C.
Before we carry out the remaining part of the proof we observe that W, converges
to a harmonic function in R? minus finite singular points. Since Wy is bounded, all
these singularities are removable. Thus w; converges to a constant. Based on the
information around e, we shall prove that this constant is 0. However, looking at
the right hand side the equation,

N
(e1 —y) |y]2Ner — Z 8m(e; — e’ﬁl)5eiﬁ,.
=1

we will get a contradiction by comparing the Pohozaev identities of v; and Vi,
respectively.

Now we use the notation W, again and use Proposition 4.1 to rewrite the equation
for Wy. Let

Wk(Z) = Wk(el -I-SkZ), |Z| < 5081:1

for 8y > 0 small. Then from Proposition 4.1 we have

(4.58) bk(8y) = bi(Sker) + 8 Vhi(Seer) (v —er) + O(87) |y — e |,
(4.59) VPN =ler + &N = 1+ 0(&)|2l,

(4.60) Vi(er + &z) +2log e = Ui(z) + O(&)|z| + O(7) (log(1 + |z]))?

and

(4.61) Ek(e1 +&z) +2log e = Ur(z) + O(&) (1 +Iz).

Using (4.58),(4.59),(4.60) and (4.61) in (4.57) we write the equation of W as
4.62) AW+ bi(&en)e O, = —gray - 2¢O + B, 0 < 2| < g

where

(4.63) Ew(z) = 0(e)(1+12)) 7, Izl < &gy .

Since Wy obviously converges to a global harmonic function with removable
singularity, we have Wy — ¢ for some ¢ € R. Then we claim that

Lemma4.4. ¢ =0.
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Proof of Lemma 4.4:
If ¢ # 0, we use Wi(z) = é+o(1) on B(0,8¢, ")\ B(0, %508,:1) and consider
the projection of W; on 1:
()= o [ Wilre®)a0
r)=— re .
80 27 o k

If we use Fj to denote the projection to 1 of the right hand side we have, using the
rough estimate of E\, in (4.63)

1
go(r)+ ;86@ +bi(Sker )" gy (r) = Fy, 0<r< &g

where
Fo(r) = 0(g) (1+1z]) .
In addition we also have
lim go(dog, ') = ¢+o(1).
k—>o0

For simplicity we omit k in some notations. By the same argument as in Lemma
4.1, we have

go(r) = 0(&)log(2+r), 0<r< 508,:1.
Thus ¢ = 0. Lemma 4.4 is established. [

Based on Lemma 4.4 and standard Harnack inequality for elliptic equations we
have

(4.64) Wi (x) = o(1), Ving(x) = o(1), x € B3\ (U, (B(eP', 80) \ B(e™P', 8/8))).
Equation (4.64) is equivalent to wy; = O(Sk) and Vw;, = O(Sk) in the same region.

In the next step we consider the difference between two Pohozaev identities. For
s =1,...,N we consider the Pohozaev identity around Qf. Let Q= B(Qf ,r) for
small » > 0. For v; we have

@os) [ (P he@one - [ e P& v)

s,k

1
= [ Bonden— 3 IVuP(E - v))as

where & is an arbitrary unit vector. Correspondingly the Pohozaev identity for Vj
is

@o6) [ By ou(dien)e — [ P hu(dien(E-v)

s,k

1
= NWVide Vi — | VVi* (& - v))dS.
L (Bo¥ie¥e = 5IVViP(E V)
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Using wy = vi — Vi and |wi(y)| < Co we have

1
| @midgu— 5 [VuP(E-v)as

s,k

1
= [ OWidgi—SIVGP(E v)as
an,k 2
+ /a - (OuVdgmi+ OywdVi— (Ve V) (& -v)dS +0(8))
s,k

If we just use crude estimate: Vg = o(8y), we have

1
/ o, Bz 5 VP v))as

1 5
_ / (QVidzVi — = [VVi[2(E - v))dS = o(8).
0Q, 4 2

The difference on the second terms is minor: If we use the expansion of vy =
Vi + wy and that of hi(dy) around e, it is easy to obtain

Lo b= [ o6 (E-v) = o(d).

s,k s,k
To evaluate the first term, we use
(4.67)

e (I bi(81y)) ™
=0z (Iy*"be(Sker) + [y 8V (Sker) (v —er) + O(8))e" (1 +wi+ O(82 1))
=0z (Iy[*")be(Ser)e™ + 8z (v Vi (Sker) (v —er))e™
+ 0 (1Y bi(Sker) Je wic+ O(8 pe)e™.
For the third term on the right hand side of (4.67) we use the equation for wy:
Awi + b (Seer) e [y wie = — 8 Vhi(Scer) - (v —e1) [y| 2V e + O(82)e% [y|*N.

From integration by parts we have

L, 2P )bi(Buer)eom
=2N/ VPN 2y bic(Seer ) e wi

_ON / [ o (—Awy — 8Vhe(Seer) (v — en) [y e¥s + 0(82)e¥e |y[2Y)
——2N5k/)k’ ‘zvhk(akel)( y—en)ly?Me"

+2N/ |y|2 8vwk|§jz)+o(3k)

(4.68)  =Vhi(Ser) ( —16N&m(ePs - &) (P —er) + O(Uke,f)) +0(&),
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where we have used Vwy,wy = O(Sk) on 8937;(. For the second term on the right
hand side of (4.67), we have

(4.69) /Q 8 ([y PV Ve (Scer ) (v — e1)) e

:2N6k/g yé\y|2N72th(5kel)(y—el)ev"—i—5k/g |y]2N85P)k(8ke1)er
5.k

sk
=Vbi(8cer) (16N (P - &) (e —e1) + O(ie}))
+ 80z b (Sker ) (87 + O(1gl)) + o ().
Using (4.68) and (4.69) in the difference between (4.65) and (4.66), we have
8:9ghic(Seer)(1+ O(weel)) = o(&).
Thus Vb (Ske1) = O(S ). Theorem 4.1 is established. O

5. PROOF OF THEOREM 1.1
First we prove the case N > 2. In [26] we have already proved that
A(loghy)(0) = O(8, > e ™M) +0(&,).

1
So if &/(u; &) — oo there is nothing to prove. So we only consider the case that
1

O < Cu €. By in this case & 15,3 < Cg;. The whole argument of Proposition 4.1
can be employed to prove

(5.1) Wi (y)| < C8Z i

for some € € (0,1). In order to employ the same strategy of proof, one needs to
have three things: first & ' 67 = O(gf). This is clear from the definition of &.
Second, in the proof of Lemma 4.3 we need

0(5I£V+2/Mk) = O(Sk),

1
where My = 821 Since & < Culg and N > 1, the required inequality holds.
Thirdly, we need to have O(6;)/My = o(&). This is used in (4.49). This clearly
also holds. The proof of Proposition 4.1 follows, except that we don’t need to
consider My >> g, because in this case My = o(¢&). Thus for N > 2 we also have
(5.1).

The precise upper bound of wy in (5.1) leads to the vanishing rate of the Lapla-
cian estimate for N > 2 and some cases of N = 1: If we use

Wi(z) = wi(e; +8kZ)/(5k2[Jk), |z < ’E£I:1

where ¢; # e;. We shall show that the projection of W; over 1 is not bounded when
|z| ~ &, !, which gives the desired contradiction.
We write the equation of wy as

Awi+ [y e%wi = (bi(Seer) — bir(8y)) Iy e
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Then for [ # 1,
AW, (Z) + eUka (Z)

1 1
=ape +arze + 2 Aby(0)|z %% + ;sz)rzﬁelfk +O(ef(1+2) 7).
k k

where ap = (bk(ﬁkel) — hk(5ke1))/(6k2uk), a) = _th(5k€l)/(6k.uk>» R> is the col-
lection of spherical harmonic functions of degree 2.

Let gi(r) be the projection of Wy on 1, by the same ODE analysis as before, we
see that g, satisfies

8+ %gﬁc(") +egr = Ey
where
Eu(r) = 0(ef) (14 1)+ 5 -Alloghi) (0) ¢
Using the same argument as in Lemma 4.1, we have
gk(r) ~ A(loghy) (0)(logr)*py ', 7> 10.

Clearly if A(loghx(0) # 0 we obtain a violation of the bound of wy for r ~ &, .
Theorem 1.1 for N > 2 is proved under the assumption

(5.2) g |0 —eP| <ef, s=1,..,N.

We need this assumption because the &, function that comes from the equation of
wy needs to tend to U after scaling. From (3.13) in [26], |Qf — ¢/P'| = O(82) +
O(we ™). If 82¢, ' > C, the argument in Theorem 4.1 cannot be used because
either & does not tend U or ¢y = 0 cannot be proved. For N > 2, this is not a

1
problem because we only consider & < Cu,’ &.

Next we prove Theorem 1.1 for N = 1 and &; < ;€. The reader could see im-
mediately that the same proof for the case N > 2 still works. So the only remaining
case is

Proof of Theorem 1.1 for N = 1 and &, > L, &.
In this case we write the equation of wy as

Awg+ [y*bi(8ey)e™ — [y Phi(Scer)e't = 0.

From 0 = Vwy(e;) we have
(5.3) 0= /Q ViGi(er, )N (0e(8n)e™ — be(Seer)e™)dn +O(&})
k

Note that v; is close to another global solution V; which matches with a local
maximum of vy at Q’;. Evaluating the right hand side of (5.3) we have

Vle(el , QS) — Vle(el,ei”) = O(S,fuk) + 0(5](3)
This expression gives

05 — e = O(&) + O(1eg)-
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This estimate will lead to a better estimate of wy outside the two bubbling disks.
From the Green’s representation for w; we now obtain

wi(y) :/Qk(Gk(y,n)—Gk(el,n))m|2(hk(5kn)€vk(y>—f)k(5k€1)evk)d77 +0(8)

where the last term O(87) comes from the oscillation of wy on dQ. Then we have

i) =51 [ 1og 2= m P8 he(Bien)e®) + 03

el
’y—Q2| y— €| 2
= —4log——=-+4log——— + O(5; Lk )-
le1 — 05 2 ‘

By |05 — ™| = O(87) we see that wy(y) = O(87) on [y — ™| = 1.
The standard point-wise estimate for singular equation ( see [30, 17] ) gives
V(05 + &z) +2log e
e:u'k

=log o
(1+ 8bkf6ka ‘ |2)

+0f +C8A(loghe) (0)(log(1+[2]))%, [z ~ g!

Vi(e” + &z) +2log &
et k 2 2 1
:10g Mk =+ ¢2 + O(Sk (IOgSk) )7 ’Z| ~ ek

(1+8hk oer) |2 | )
Thus

wi(05 +&z) = O(gg (log &)?) + ¢ — 95 +CA(log he) (0) 8 (log (1 + [z))?),

for |z| ~ g !, Taking the average around the origin, the spherical averages of the
two harmonic functions are zero and 0(5,3) respectively, since they take zero at the
origin and a point at most O(Skz) from the origin. So the spherical average of wy, is
comparable to

A(loghy) (0)8 (logy)*
for |z| ~ & '. Thus we know A(logh)(0) = o(1) because wy = O(82 ) in this
region, Theorem 1.1 is established for all the cases. [J
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