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Abstract

Starting from a bound state (positive or sign-changing) solution to
—Awp = |l wp — w,y inR™,
and solutions to the Helmholtz equation
Aug + Aug =0 inR", 1> 0,
we build new Dancer’s type entire solutions to the nonlinear scalar equation
—Au = |uf’'u — u in R™",

MSC: 35J61, 35B09, 35B40.
1 Introduction

The purpose of this note is to construct new entire (positive or sign-changing) solutions for the elliptic equation
—Au=uftu—u in R™", (D

where the exponent p > 1 and satisfies some conditions. Here m and n are nonnegative integers and m +n > 1. A
solution to (1) corresponds to a standing wave to the nonlinear Schrédinger equation

—iu, = Au+ |ufP'u in R, 2)

It also serves as models in different areas of applied mathematics such as pattern formation in mathematical biology.
See [21].
Equation (1) has been studied extensively and there is a vast literature on this subject. Let us first of all mention
the classical example of Dancer’s solutions. To describe these solutions, we recall that when n = 0, equation (1)
reduces to
—Au=uP'u—uin R", 3)

which admits a unique positive radially symmetric ground state solution w,, decaying exponentially fast to zero at
infinity, provided that p is subcritical, i.e. 1 < p < % The linearized equation of (3) around w,, is

Ly,n = =+ (1 = phont”") .



acting on H? (R™). The essential spectrum of L, is [1,+c0). It is known that this operator has a unique negative
eigenvalue —1;. We choose a corresponding positive eigenfunction Z; (x). Dancer [8] first constructed new positive
solutions with only partial decaying using the Crandall-Rabinowitz bifurcation theory. He proved that for n = 1,
there exists a family of solutions to (1) with the following behavior:

U(x, ) = wi(x) + €Z1(x) cos(A1y) + o(ee” 2™, le] << 1, (x,y) € R™1. 4)

Moreover such solutions are periodic in y. We call this type of solutions as Dancer’s type.

The existence of Dancer’s solution generates lots of interests in constructing other type of solutions. Variational
and gluing methods have been successfully applied in the construction of new entire solutions. There is also
a deep connection between the solutions of (1) and the constant mean curvature surfaces (CMC). We refer to
[2, 8, 18, 19, 20] and the references therein for more discussions.

In this paper we extend Dancer’s type solutions to general dimensions n > 3. Let w,, be a bound state solution
(not necessary positive) of equation (3) with w,, (x) — 0 as |x] — +oo. There is an abundance of existence results
of this type solutions for subcritical exponent p. See [2, 3, 4, 5, 7]. For example, for each integer k > O there are
radial solutions with k zeroes. There are also infinitely many sign-changing solutions without any symmetry. See
[2, 5, 7]. Slightly abusing the notation, we use (x,y) to denote the vectors in R”*", where x represents the first m
coordinates. Denote the negative eigenvalues of L, as —Aj, ..., —Ax(counting multiplicity), with the corresponding
eigenfunctions Zi, ..., Z;. Let Zi,, ..., Z; be the eigenfunctions of the zero eigenvalue. We could also assume that
Zy, ..., Z; consists an orthonormal basis for the non-positive eigenspace of L,,, in L*(R™)(Note that we don’t assume
the non-degeneracy of w,,.)

Our main result can be stated roughly as follows: Starting from solutions to the Helmholtz equation

Auj +/ljuj =0 in Rn,j =1,..,k, (®)]

we build a family of solutions to (1) with the following asymptotic behavior:

k
U(x,y) = Wn(X) + € Y Zi(u;(y) + o(ee™ M), (x,y) € ™", [¢e] << 1. (6)
j=1

As a consequence, for n > 3, there are abundance of solutions near w,,(x). Unlike the classical Dancer’s solution,
these solutions are not periodic in the y variable. As a matter of fact, they converge to w,, (x) as |y| — oo. The
existence of these type of solutions makes it more difficult to classify entire solutions near the ground state profile.
Nevertheless we expect that all solutions near w,, should be described by (6). In [6, 14, 15], there have been some
partial results on this issue. For example, it is proved in [14, 15] that positive bounded solutions periodic or even in
certain variables and uniformly decaying in other variables must be radially symmetric in these decaying directions.

Our idea of the proof is in the spirit similar to that of [16], where existence of small amplitude solutions to the
Ginzburg-Landau equation in dimension 3 and 4 has been proved. However there the background state is the trivial
solution 0. We should also mention another recent work [10] in which solutions to Allen-Cahn equation perturbed
from the constant zero state are constructed using the Helmholtz equation. In [13], using dual variational method,
the existence of a sequence of solutions 1 of

Au+u+uff'lu=0 inR",

with [lug||;» — +00, has been proved under certain condition on p and n. A similar functional-analytical frame was
used. See also [11, 12] for related recent results in this respect.
To describe our main results, we need to introduce some notations. Let 4 > 0 be a fixed positive number.
Consider the so-called Helmholtz equation
Au+ Au =0in R". (7

We are interested in solutions to (7) with the following decaying property

)l < C+)"7 . (8)



There are plenty many solutions to (7) satisfying (8). We start with radial solutions. Let s be a parameter and

n > 2. Consider the equation
2

, n—-1, s
o+ ® +(1——2)<p=0. 9
r r

For n = 2, it has a regular solution J; s, which is the Bessel functions of the first kind. For general n > 2, (9) has a
regular solution
_ -8
Jn,s (r) =r ij’m (I‘)

Jos () <CL+7)7T .

It is known that

Hence J,,o( ﬁ|y|) is a solution to (7)-(8).
Given finitely many points y; € R”, j = 1, ..., g, functions of the form

q
S o (Vi - i)
=1

are also solutions of (7) satisfying (8) . In [10], solutions of (7) satisfying (8) with zero level sets arbitrarily close to
any compact smooth hyper-surfaces are constructed.
Our main result states that from these solutions of the Helmholtz equation we could construct solutions of (1) .

Theorem 1. Letn > 6 and Zt—% <p< % For any € with |e| small enough, there is a solution u, to the equation
Au+ufl " u—u=0, inR™",
such that

k
Ug =wm(x)+sZZj(x)uj(y)+0(s)

J=1

where uj are solutions of (7)-(8), with —A; being the negative eigenvalues of L,,,.

As a corollary of the proof of this theorem, in the case that w,, is the positive radially symmetric solution wy,,
we have the following result.

Corollary 2. Letn > 5 and ﬁ <p< Z—f% Let wy, be the unique positive solution of (1) described before. For any
& with |e| small enough, there is a positive solution u, to (1) such that

Us = Wp (x) + &Z; (x)ul (y) + 0(8) .

Observe that in this corollary, we allow n = 5. This is partly due to the fact that w,, is nondegenerate in certain
sense.

Remark 3. We don’t know the decay rates of these solutions to w,, as y goes to infinity.

When we are considering the existence of solutions radially symmetric in the y variable, the requirement that
p= Z%? can be slightly relaxed. This is the content of our next theorem.

Theorem 4. Let n > 4 and ﬁ <p< Z—f% For any € with |g| small enough, there is a positive solution u, to (1)
which is radially symmetric in the y variable and

s = Wy () + 81,0 (VA1 1) + 0 (&).

When p is an integer, using the same method, we have similar result for n = 3.

Theorem 5. Letn =3 and 1 < p < anﬁ Suppose p is an integer. For any € with |e| small enough, there is a

positive solution u. to (1), radially symmetric in the y variable, such that

s = Wy () + 81,0 (VA1 1) + 0(&).



Remark 6. An open question is the case of n = 2. We don’t know whether or not there are similar solutions. We
expect that our method of proof for these theorems could potentially be used in other settings.

We will use contraction mapping principle to prove these results. The conditions on p and n are used to ensure
the contraction mapping properties. In Section 2, we prove Theorem 1 and sketch the proof of Corollary 2. In
section 3, we prove Theorem 4 and Theorem 5.

Throughout the paper, we use C to denote a general constant which may vary from step to step.
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2 Proof of Theorem 1 and Corollary 2

We first prove Theorem 1. For each & with |¢| small enough, we will construct a solution u, to (1) in the form:

!
g (X, y) = wp (X) + ZZ,- (0 fi () + P (x,y),
i=1
where we require that @ is orthogonal to Z; in the following sense:

f D (x,y)Z; (x)dx = 0, for any y, i.
We obtain that the equations satisfied by f; and @ are
—AD + (1 = plon™) @+ [-Afi - 4ifi] Zi (x) = N (f, D).
Here

l
N (f.®) = sl sy = |wnl”™ @ = pleoml”™! (Zz,» @) i) + @
i=1

Introduce the constant p := min {p,2}. We have the following estimate for N :

i
IN(f, @) < C[Z il + Iq)lﬁ’] (10)

i=1
provided that |f;| and |®| are small.
Let f; v) = eu; ([y]) + h; (), where fori = 1, ..., k, 4; > 0 and u; satisfies
Au; + A = 0in R, Ju| < C(1 +y))™"7 . (11)
Fori=k+1,..,1, 4 =0, we simply put u; = 0.
Then we need to solve
~A® + (1= plonl") © + [-Ah = ki) Z; () = N (£, D). (12)
For the sake of convenience, we introduce the notation
LO := —AD + (1 = plw, /™) ®.
To get a solution for (12), it will be sufficient to deal with the system
{ —Ahi = Aihi = [, [Z: ()N (f, ®)]dx,i=1,...1,
LO = N(f,®) - X0 Zi () [, [Z () N (f, )] dx.
Throughout the paper, we use ¢’ to denote the conjugate exponent of ¢. That is,
g= 9
qg-1
We need the following important generalized Sobolev type inequality (Theorem 2.3 in [17]).

13)



Lemma 7. Suppose the exponent q satisfies

2 1 1 2
<—=-=-<- (14)
n+l ¢ q n
Then
leellpoqrry < C l|Au + ull o gy - (15)
Note that if u € L9, then u?~! € LY . Inequality (14) is equivalent to
n-2 2 n-1
<-<
n qg n+1
That is,
2(n+1) 2n
<g< .
n-1 n—2
Recall that p = min {p, 2} . Hence under the assumption that n > 6 and p > Zf—z, we have
S 2n | = n+2
P=7 T n-2
To solve (13) ,we first consider the solvability of the equation
LD =¢ (16)

for given function &. For this purpose, we introduce the functional space to work with.

Definition 8. The space E,, consists of functions & defined on R™*" satisfying
1L 2= €y + €l ony < 0.
The space E, consists of I-tuple of functions n = (11, ..., ;) with 1; defined on R", satisfying
170 2= Zimy Wil ey + Zizy Iill sy < o0

We will choose ¢ to be }127”2 Then

Lemma 9. Suppose ||§||*yq, < 400 and

f §(x, ) Zi(x)dx =0, foranyy,i.
Then the equation (16) has a solution ® satisfying
1Pl 4 < C I,
and
f D (x,y)Z; (x)dx =0, foranyy,i.
Proof. Note that g = n% > 2 and hence ¢’ < 2. We then have
gl < ClIElL 4 -

Consider the operator L acting on the space of functions in H? (R"*") which additionally orthogonal to Z; (x) for
each y,i. Then O is not in the spectrum of L and hence we have a solution @ for the equation LO = ¢, with
Dllz2 < Cligll2 < Clill, , and

f O (x,y)Z; (x)dx = 0, for any y, i.
On the other hand, since we impose the orthogonality condition on @, we also have the L™ bounds for @, that is,
[Pl < CliéllLe < Clll 4 -
Therefore, using the fact that ¢ > 2, we find that ||®, < C||PD[,, < C ||§||*,q, . This finishes the proof. O



With all these estimates at hand, we now can use the contraction mapping principle to prove Theorem 1.

Proof of Theorem 1. For each h = (hy, ..., by) with ||Al|,.., < Mi&”, where M| is a large constant, we consider the
equation

!
LO=N(f,®) - ) Z (x)f [Z: (x) N (f, ®)] dx.
i=1 R
Note that the right hand side of this equation is automatically orthogonal to Z; (x) for each y. By Lemma 9, we can

write it as

o=L" = N (h, D).

]
NG0)- Y 20 [ 2N (f0)dx
i=1 "

Observe that the function |u;|? is in L7 :

+00
5’ _n=l n+2 2n _
lu;|P? dy < Cf 1+~ 7w P dr < C.
0

Rn

Now suppose ||®||, , < M,&”, where M, is a large constant. Then using the fact that > ¢ — 1, we deduce

1
a

1
_ IAY (-1’ _1,1/’
|||cD|P||L,,(R,,,M>=( f |<D|Pq) s(||cb||;’;(§g,,+,?;" f || >q)

5 52
< |M2|p8p .

Also we observe that

q ! / .
fRn (f Z (x)|77(x,y)|dx) dy < f [(f [Z(x)]qu) (jﬂ; In (x, I dx)

< Clinll?, .

’
dy

This together with (10) implies that

IN (£, Dl < C&” + (1M1 + |MaP) &7
On the other hand, it follows from direct computation that

IN (£, Dl < C&” + (1M1 + 1Ml ) 67

We can then check that N maps the balls of radius M,&” of E, into itself for M, large enough and & sufficiently
small.

Next we show that N is a contraction mapping. To see this, for two functions @, @, in this ball, we compute,
for £ small,

[N (h, @) = N (h, @y)||,, < Ce”" [|@) = Dl
|V (h, @) = N (h, @y)||,.. < C&”"[|®) - D] .

This in turn will imply that N is a contraction map. We then conclude that it has a unique fixed point in the ball of
radius M,&”, denote it by @y,.
To solve the system (13), it remains to solve the system of equations

—Ahj— Ajhj = f [zj (x)N(f,(Dh)] dx,j=1,..,1.
Rm

We write it as
hj = bj(f Zj(x)N(f,CDh)dx) =D;(h),j=1,..,1L
Rm



Here the operator D; = lim,_, (—A -4+ is)_l . Then we are finally lead to solve the fixed point problem
h = D(h) := (Dy(h), ..., Di(h)). a7

Making use of the estimate of Lemma 7, we can show that D (k) maps the ball of radius M;&” of Eq into itself for
M, large and & small and is a contraction mapping. We therefore get a fixed point % for this mapping, which yields
a solution for our original problem. O

In the rest of this section, we sketch the proof of Corollary 2. In this case, we seek for a solution in the form

U (X,y) = Wi (X) + Z1 () f () + @ (x, ).

Note that Z; is radially symmetric in x. Here @ is required to be radially symmetric in x and orthogonal to Z; for
each y. Remember that w,, is nondegenerate in the sense that the operator L, is positive on the space of functions
defined on R™ radially symmetric and orthogonal to Z;. Hence we still could solve the equation (16). We write
the function f in the form f (y) = eu; (y) + h(y). Then similar as before, we prove the existence of solution by
contraction mapping principle in suitable Banach spaces. Here we will work with functions @ in the space F,, and
h in the space F,, defined similarly as before.

Definition 10. The space F, consists of functions & defined on R™™ which is radially symmetric in x, satisfying
€11 o crmeny + NNl oo gmeny < +00.
The space F, consists of functions n defined on R", satisfying
7l Loy + 1l ooy < 00,
We now choose the exponent « to be

2m+ 1)
a = .
n—1

With this choice, under the assumption of Corollary 2, for n > 5, we have p = min{p,2} > @ — 1. One then could
use the estimate in Lemma 7. The rest of the proof follows from the arguments in that of Theorem 1.

3 Proof of Theorem 4 and Theorem 5

We first prove Theorem 4. The idea is still using contraction mapping principle but we take the advantage of radial
symmetry in y. For the sake of convenience, we drop the subscript of w,, and simply write it as w. We also write Z;
as Z, A; as A. Denoting r = |y|. We are looking for a solution u, in the form

us (x,y) =wx) +Zx) f(r)+ d(x,y).
Here @ is radially symmetric in x and in y. Plug this into the equation
—Aug + ug — lugl? =0,

we get

LD +

-t |z =N g,

Let f(r) = &J, (r) + h(r), where J,,(r) = Ju0( \/ﬁr). Then we need to solve

~1
Lo+ |-n -1

h’—/lh]Z(x)zN(ajn+h,<I)). (18)

Here we require that
f @ (x,y) Z (x)dx = 0, for any y.
lel



We are lead to solve
—h' =" —Ah = [, Z(x)N (e], + h,®)dx
L® = N(eJy +h,®)=Z(x) [, Z(x) N (&J, + h, ®)dx.
We need to solve the equation
LD =¢ (19)
for given function ¢ defined in R™*".

Definition 11. Let o € (0, 1). The space S g consists of those functions ¢ radially symmetric in the x and y variable,
with

el = sup J¢ (. ) (1 + b 3
(x.y)

< 400
coe (B(X.,v) ¢ ))

The space S g consists of those radially symmetric functions n defined in R", with

Il = sup [|(1+ 1Y 2 O o 17y < +o0-
: :

Lemma 12. Suppose & is function radially symmetric in x,y with ||£]| < +co and

f E(x,y)Z(x)dx =0, for any y.
Rm
Then the equation (19) has a solution @, radially symmetric in x,y, satisfying
Pl < Cligll -
Proof. The proof of this type result is by now standard, we omit the details and refer to [9] for a proof. O

Next we proceed to the analysis of the first equation of the system. Let 7 be a function which decays at certain
rate at infinity. The homogeneous equation
n—1
B +—Nn+2h=0
r

has two linearly independent solutions J, () and N, (-) . They both decay like ' at infinity. J, is regular near O
and N, is singular near 0. Moreover, N, (r) = O <r2‘") for r close to 0. Variation of parameter formula tells us up to
a multiplicative constant that the function

Na0) [ ©n s = 0,00 [ N, ©ne s
0 0
is a solution of the nonhomogeneous equation
-1
W+l +an=n. (20)
r

Lemma 13. Let n € Sg with p > "L, Then the equation (20) has a solution h € § w1 satisfies

WAl ot < Clinll-5 -

Proof. Consider the following solution for (20) :
10 = 8,0 [ 569 ds= 5,0 [ N0 as
We have, forr > 1,
1 (P < Cligll g (1 ¥ fl rsnzl‘ﬁds)

_n=l
<Clill-g(T+r)~= .

This gives us the desired estimate. O



With these a priori estimates, one can prove Theorem 4 by using fixed point theorem in the space S (,-1)2.

Indeed, under the assumption that p > ﬁ and n > 3, by Lemma 13, the corresponding nonlinear term will be

in the space Sg for some fixed f > (n + 1)/2, and the loop of contraction mapping will be closed. We thus get a

solution. We note that the condition n > 3 is needed, because when n = 3, ;’—f} will be equal to 2, then in this case,

we lose the estimate of Lemma 13 when it is applied to the nonlinear quadratic term. The details of the proof will
be omitted.

Now we proceed to prove Theorem 5. We consider the case p = 2. The other cases are similar, but notations
will be heavier. The main point to prove this theorem is to prove a priori estimate for the solutions of the equation
(20) . Since n = 3, we may assume that the fundamental solutions J3 and N3 of the ODE

2
¢+ - +p=0
r
have the asymptotic behavior

J(r):=J3(r)=r" cos(ﬁr—{)+0(r‘2), as r — +oo,
N@) :=N; () =r"! sin(\/zr—{) + O(r_z), as r — +oo,

where { € R is a constant depending on A. Let p be a cutoff function such that
1,r>2,
pr)= { 0,r<1.
The key observation is the following
Lemma 14. Let
n) =pr)r? [lq sinz(\/zr—g“) + kgcosz(\/zr— {) + k3 sin(\&r—()cos(‘ar—{)] +17
with
K =7 (4 )| o + D Ml < +oo.
Then the equation
2
W+ =h"+2Ah=n
r
has a solution h € C%[0, +00), with

h(r) =cyr! sin<\//_1r—§)+ﬁ(r),r> 1,

where c is independent of r and
|1+ 7)?A| + 1] < CK.

The solution h will be denoted by H (1)) .
Proof. Consider the case 1 (r) = p (r) 12 sin® ( VAr — ). We compute
B = NG fo"J(s)n(s) $ds—J (1) forms)n(s) 2ds
=N fOrJ(s)p(s) sin’ (Vs = ¢)ds + J (r) fmzv(s)p(s) sin’ (Vs = £)ds + aJ(r).
We have

frj(s)p(s)sin2(\/1s—g)ds=lfrj(s)p(s)ds—1frJ(s)p(s)cos(zx/is—zg)ds.
0 2 Jo 2 Jo



Using the fact that J (s) = s~' cos ( Vs - {) +0 (s‘z) , we estimate

frJ(s)p(s)ds :f ooJ(s)p(s)ds+0(r_l>,
0 0

frus)p(s) cos (2 Vs - 2¢)ds = fm J(5)p(s)cos (2VAs = 27)ds + O (r ).
0 0

+00
f s s735%ds
,

h(r) =cr ! sin(ﬁr—§)+7z(r),r> 1,

Similarly, for r > 1,

< <crh.

‘ f " I(©)p ()7 (s) s2ds

Hence

where
|1+ 2R +ci < C.

The general case for i can be proved via similar integral estimates.
Definition 15. The space P, consists of functions n (r) of the form
n(r)=cip@)r! sin(\/zr - {) +7(r),

with
17l , = lci| + sup |[(1 + r)2 7] 00 .
@ 150 ” ”c(l (lkk+11)

With the previous results at hand, one can use the contraction mapping principle to prove Theorem 5.

Proof of Theorem 5. The proof is similar as before. We sketch it.
We search for a solution of the form

w(x)+Z(x) S D)+h(r)+D(x,y),
where me D (x,y)Z (x)dx = 0, for any y. We need to solve

—h" =21 —Ah = [, Z(x)N(e] + h,®)dx,
L® =N (&) +h®) -Z(x) [, Z(x)N (e] + h,®)dx.

For each h € Py, with ||Ally, < Me*. We write

h(r) = cip(Msin(VAr =) +h(r),

Similar as Lemma 12, the second equation in this system could be solved and we obtain a solution ® = ®;, with

||<I)h (x,y)(1 + r)2“Cm < Ce.
We insert this solution into the first equation of the system and proceed to solve

2
W —ZW - h = f Z(x)N (eJ + h, D)) dx.

r

Note that

N (&J + h, @) = Z(x) (8] + h)* + ©F + 2Z(x) (e + h) @), = Z(x)[2eJh + h* + &2 J*] + O ((1 + r)*3) .

Let us write the equation (21) as

th(f Z(x)N(e]+h,d)h)dx) :=H(h).
Rm

10

2n



Note that for the function 2eJh + h* + £2J?, the coefficient of the =2 part has the form
ky cosz(\ﬁr—g) +kzsin2(\/zr—§’) + k3 sin(‘/ir—{)cos(\ﬁr—{).

We would like to get a solution for this equation by contraction mapping principle. By Lemma 14, for each # € P,
with ||Allg, < Me?, we have the estimate

& ), <C& +CM?s’.

Hence for & small enough A maps the ball of radius Me&? into itself and one could also check it is a contraction
map. We then get a fixed point for this map and thus complete the proof. O
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