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Abstract. We consider the singular SU(3) Toda system with multiple singu-

lar sources 
−∆w1 = 2e2w1 − ew2 + 2π

∑m
`=1 β1,`δP` in R2

−∆w2 = 2e2w2 − ew1 + 2π
∑m

`=1 β2,`δP` in R2

wi(x) = −2 log |x|+O(1) as |x| → ∞, i = 1, 2,

with m ≥ 3 and βi,` ∈ [0, 1). We prove the existence and non-existence results

under suitable assumptions on βi,`. This generalizes Luo-Tian’s [31] result

for a singular Liouville equation in R2. We also study existence results for a

higher order singular Liouville equation in Rn.

1. Introduction

We consider the following singular SU(3) Toda system with multiple singular
sources {

−∆w1 = 2e2w1 − ew2 + 2π
∑m
`=1 β1,`δP` in R2

−∆w2 = 2e2w2 − ew1 + 2π
∑m
`=1 β2,`δP` in R2,

(1.1)

where P1, . . . , Pm are distinct points in R2, βi,` ∈ [0, 1) and δP denotes the Dirac
measure at P (notice that source terms are written with a plus sign). When w1 =
w2, β1,l = β2,l = βl, the above system reduces to the singular Liouville equation

−∆w = e2w + 2π

m∑
`=1

β`δP` in R2. (1.2)

The Toda system (1.1) and the Liouville equation (1.2) have been widely studied
in the literature due to its important role in geometry and mathematical physics.
For instance, Eq. (1.2) is related to the problem of prescribing Gaussian curvature
on surfaces with conical singularity, and abelian gauge in Chern-Simons theory
[4,7,37,38]. The Toda system (1.1) appears in the description of holomorphic curves
in CP3 [10,12,16,18], and in the non-abelian Chern-Simmon theory [19,36,42]. For
classification and blow-up analysis to the (singular) Liouville equation and the
SU(n) Toda system we refer the reader to [5, 7–9, 11, 13, 14, 21–30, 33, 35] and the
references therein.

Luo-Tian [31] gave a necessary and sufficient condition for the existence of singu-
lar metric with three or more conical singularities on the 2-sphere, whose equivalent
statement on R2 is the following theorem:
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Theorem A ( [31]). Let m ≥ 3. Let P1, . . . , Pm be m distinct points in R2.
Then there exist continuous functions h` around P` for ` = 1, . . . ,m, a bounded
continuous function hm+1 outside a compact set, and a solution w to

−∆w = e2w in R2 \ {P1, P2, . . . , Pm}
w(x) = −β` log |x− P`|+ h`(x) around each P`

w(x) = −2 log |x|+ hm+1(x) as |x| → ∞
β` ∈ (0, 1) ` = 1, . . . ,m

(1.3)

if and only if

m∑
`=1

βi < 2 and
∑
` 6=j

β` > βj for every j = 1, 2, . . . ,m. (1.4)

Moreover, the solution is unique.

Troyanov [39] studied singular metrics with 2 singulirities (i.e., m = 2) and
constant curvature 1 on the 2-sphere, and showed that the order of both singularities
are equal (i.e., β1 = β2 < 1). A necessary and sufficient condition on {β1, β2, β3} ⊂
(−∞, 1) for the existence of singular metric on the 2-sphere has been given in [20,40].
See also [5,6,32] and the references therein for various existence results on compact
surfaces.

In this paper we study Problem (1.3) in the context of SU(3) Toda system.
More precisely, we prove existence and non-existence of solutions (w1, w2) to (1.1)
satisfying

wi(x) = −βi,` log |x− P`|+ hi,` around each point P`

wi(x) = −2 log |x|+ hi,m+1 as |x| → ∞
hi,` is continuous in a neighborhood of P`,

(1.5)

for i = 1, 2 and ` = 1, . . . ,m, and hi,m+1 is bounded outside a compact set. We
write

ui(x) = wi(x) +

m∑
`=1

βi,` log |x− P`|, i = 1, 2.

Then wi solves (1.1) if and only if ui solves
−∆u1 = 2K1e

2u1 −K2e
2u2 in R2

−∆u2 = 2K2e
2u2 −K1e

2u1 in R2

Ki(x) :=
∏m
`=1

1

|x−P`|2βi,`
i = 1, 2.

(1.6)

The condition (1.5) in terms of ui is{
ui(x) = −βi log |x|+ a bounded continuous function on Bc1

βi := 2−
∑m
`=1 βi,`, i = 1, 2,

(1.7)

provided ui is continuous.
For Toda system with singular sources, the only complete result is [28] in which

the case of single source, i.e., m = 1 is completely solved by PDE and integrable
system theory. In [26], some special cases of m = 2 are classified using higher order
hypergeometric equations. The following theorem gives the first existence result
when m ≥ 3:
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Theorem 1.1. Let m ≥ 3. Let {βi,` : i = 1, 2, ` = 1, 2, . . .m} ⊂ [0, 1) be such that

3(1 + βi,j) < 2

m∑
`=1

βi,` +

m∑
`=1

β3−i,`,

m∑
`=1

βi,` < 2, for j = 1, 2, . . . ,m, i = 1, 2.

(1.8)

Then given m distinct points {P`}m`=1 ⊂ R2 there exists continuous solution (u1, u2)
to (1.6) such that (1.7) holds.

Note that if
∑
` β1,` =

∑
` β2,`, then the first condition of (1.8) reduces to

m∑
`=1

β1,` > 1 + βi,j for every i = 1, 2, j = 1, . . . ,m,

which is stronger than (1.4). We shall show that an equivalent condition of (1.4)
for the Toda system, namely a condition of the form

m∑
`=1, 6̀=j

βi,` > max{β1,j , β2,j} for every j = 1, . . . ,m, i = 1, 2, (1.9)

is not sufficient for the existence of solutions to (1.6) satisfying the asymptotic
behavior (1.7). See Lemma 3.2.

In [31], the existence of a solution to (1.2) is proved by a variational argument.
In this paper we propose a new proof on the existence via fixed point theory. The
crucial step in which we need condition (1.8) is Proposition 2.1 below, a compactness
result which follows from the blow-up analysis of sequences of solutions (see Lemma
5.2). This compactness is used to prove the a priori bounds necessary to run the
fixed point argument of [3,22,41]. Let us point out that condition (1.9) is sufficient
to rule-out a “full blow-up” phenomena (that is, after a suitable rescaling, the
limiting profile is a SU(3) Toda system in R2) for a sequence of solutions to (1.6)-
(1.7) (for “half blow-up” and “full blow-up” phenomena see e.g., [2, 17, 34]). In
particular, condition (1.9) is sufficient to prove the a priori estimate when β1,` =
β2,` = β` and u1 = u2, that is, a priori estimate for the singular Liouville problem
(1.3) . Moreover, the same method also works for a higher order generalization of
it.

Theorem 1.2. Let m ≥ 3 and n ≥ 2. For ` = 1, 2, . . . ,m let β` ∈ (0, 1) be such
that (1.4) holds. Then given m distinct points {P`}m`=1 ⊂ Rn there exists a solution
w ∈ C0(Rn \ {P1, . . . , Pm}) to

(−∆)
n
2 w = enw + γn

m∑
`=1

β`δP` in Rn

satisfying the asymptotic behavior

w(x) = −2 log |x|+O(1) as |x| → ∞.

Here γn := (n−1)!
2 |Sn| is such that

1

γn
(−∆)

n
2 log

1

|x|
= δ0.
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2. Proof of Theorem 1.1

It is well-know that if (u1, u2) is a solution to (1.6) with βi,` < 1 and ui, Kie
2ui ∈

L1
loc(R2), then ui is continuous. On the other hand, if (u1, u2) is a continuous

solution to (1.6)-(1.7) with βi,` < 1, then Kie
2ui = O(|x|−4) as |x| → ∞. In

particular, log | · |Kie
2ui ∈ L1(R2), and ui satisfies the integral equation

ui(x) :=
1

2π

2∑
j=1

ai,j

∫
R2

log

(
1

|x− y|

)
Kj(y)e2(uj(y))dy + ci, i = 1, 2, (2.1)

for some ci ∈ R, where (ai,j) is the SU(3) Cartan matrix(
2 −1
−1 2

)
.

Moreover, the asymptotic behavior (1.7) implies that

2∑
j=1

ai,j

∫
R2

Kje
2ujdx = 2πβi, i = 1, 2,

that is ∫
R2

Kie
2uidx = 2πβ̄i, β̄i :=

1

3
(2βi + β3−i), i = 1, 2. (2.2)

Thus, Theorem 1.1 is equivalent to the existence of solution (u1, u2) to (2.1)-(2.2).
Moreover, (1.8) in terms of β̄i is

β̄i > 0, β̄i < 1− βi,` for every i = 1, 2, ` = 1, . . . ,m. (2.3)

In order to prove existence of solution to (2.1)-(2.2) we use a fixed point argument
on the space

X := C0(R2)×C0(R2), ‖v‖ := max{‖v1‖L∞(R2), ‖v2‖L∞(R2)} for v = (v1, v2) ∈ X,

where C0(R2) denotes the space of continuous functions vanishing at infinity. We
fix u0 ∈ C∞(R2) such that

u0(x) = − log |x| on Bc1.

For v ∈ C0(R2) let ci,v ∈ R be the unique number so that∫
R2

K̄ie
2(v+ci,v)dx = 2πβ̄i, K̄i := Kie

2βiu0 , i = 1, 2, (2.4)

where β̄i is as in (2.2). Now we define T : X → X, (v1, v2) 7→ (v̄1, v̄2), where we
have set

v̄i(x) :=
1

2π

2∑
j=1

ai,j

∫
R2

log

(
1

|x− y|

)
K̄j(y)e2(vj(y)+cj,vj )dy − βiu0(x), i = 1, 2.

(2.5)

As βi = 2β̄i − β̄3−i, for x ∈ Bc1 this can be written as

v̄i(x) :=
1

2π

2∑
j=1

ai,j

∫
R2

log

(
|x|
|x− y|

)
K̄j(y)e2(vj(y)+cj,vj )dy, i = 1, 2.

Using that K̄i = O(|x|−4) for |x| large, one can show that (v̄1, v̄2) ∈ X. Moreover,
the operator T is compact (see e.g. the proof of [22, Lemma 4.1]).
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The following proposition is crucial in proving existence of fixed point of T .

Proposition 2.1. There exists C > 0 such that

‖v‖X ≤ C for every (v, t) ∈ X × [0, 1] satisfying v = tT (v).

Proof. We assume by contradiction that the proposition is false. Then there exists
vk = (vk1 , v

k
2 ) and tk ∈ (0, 1] with vk = tkT (vk) such that ‖vk‖ → ∞. We set

ψki := vki + cki , cki := ci,vki +
1

2
log tk.

Then we have
ψk1 (x) = 1

2π

∫
R2 log

(
1
|x−y|

)(
2K̄1(y)e2ψk1 (y) − K̄2(y)e2ψk2 (y)

)
dy − tkβ1u0(x) + ck1

ψk2 (x) = 1
2π

∫
R2 log

(
1
|x−y|

)(
2K̄2(y)e2ψk2 (y) − K̄1(y)e2ψk1 (y)

)
dy − tkβ2u0(x) + ck2 .

(2.6)

For |x| ≥ 1 this is equivalent to
ψk1 (x) = 1

2π

∫
R2 log

(
|x|
|x−y|

)(
2K̄1(y)e2ψk1 (y) − K̄2(y)e2ψk2 (y)

)
dy + ck1

ψk2 (x) = 1
2π

∫
R2 log

(
|x|
|x−y|

)(
2K̄2(y)e2ψk2 (y) − K̄1(y)e2ψk1 (y)

)
dy + ck2 .

(2.7)

Since ‖vk‖ → ∞, we necessarily have

max{supψk1 , supψk2} → ∞.
Without any loss of generality we assume that supψk1 ≥ supψk2 . We fix xk ∈ R2

such that
supψk1 < ψk1 (xk) + 1.

If xk is bounded then, up to a subsequence, xk → x∞.
We consider the following three cases.

Case 1 x∞ ∈ R2 \ {P` : ` = 1, 2, . . . ,m}.
By Lemma 5.2 (see also [23,30]) we have

max{σ1(x∞), σ2(x∞)} ≥ 1,

where the blow-up value at a point P is defined by

σi(P ) := lim
r→0

lim
k→∞

1

2π

∫
Br(P )

K̄ie
2ψki dx, i = 1, 2.

This contradicts (2.3) as σi(x
∞) ≤ β̄i < 1.

Case 2 x∞ ∈ {P` : ` = 1, 2, . . . ,m}.
Without loss of generality we assume that x∞ = P1. Notice that

K̄i(x) =
fi(x)

|x− P1|2βi,1
, i = 1, 2,

for some positive continuous functions f1 and f2 in a small neighborhood of the
point P1. In particular, the functions wki (x) := ψki (x− P1) satisfies the conditions
of Lemma 5.2 for some R > 0, and we get

σ1(x∞) ≥ 1− β11, or σ2(x∞) ≥ 1− β2,1,

a contradiction to (2.3).
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Case 3 |xk| → ∞.
We set

ψ̃ki (x) = ψki (
x

|x|2
), K̃i(x) =

1

|x|4
K̄i(

x

|x|2
) on R2 \ {0}, i = 1, 2,

and extend them continuously at the origin. Then ψ̃ki satisfies
ψ̃k1 (x) = 1

2π

∫
R2 log

(
|y|
|x−y|

)(
2K̃1(y)e2ψ̃k1 (y) − K̃2(y)e2ψ̃k2 (y)

)
dy + ck1

ψ̃k2 (x) = 1
2π

∫
R2 log

(
|y|
|x−y|

)(
2K̃2(y)e2ψ̃k2 (y) − K̃1(y)e2ψ̃k1 (y)

)
dy + ck2 ,

(2.8)

for x ∈ B1. Since K̃i(0) > 0 for i = 1, 2, and

ψ̃k1 (x̃k)→∞, x̃k :=
xk
|xk|2

→ 0,

one obtains a contradiction as in Case 1.
We conclude the proposition.

�

Proof of Theorem 1.1 It follows from Proposition 2.1 and Schauder fixed point
theorem that the operator T has a fixed point, say (v1, v2). Then setting

ui := vi + βiu0 + ci,vi , i = 1, 2,

one sees that (u1, u2) is a solution to (1.6)-(1.7).

3. Non-existence results

We show that Theorem 1.1 is not true if the assumption (1.8) is replaced by
(1.9). Let us fix β1, . . . , β7 ∈ (0, 1) such that the assumptions A1) to A5) hold:

A1) β4 +
∑4
`=1 β` = 2

A2) β2 + β3 < β1

A3) β4 <
1
3

A4) β4 +
∑7
`=5 β` = 2

A5) β4 + β5 < 1.

It is easy to see that A1) and A2) implies that

A6) β4 + β1 > 1 and β4 + β` < 1 for ` = 2, 3.

We shall show an non-existence result to the Toda system (1.1) satisfying (1.5)
for the following choice of {βi,`}:

β1,` :=

{
β` for ` = 1, 2, 3, 4
0 for ` = 5, 6, 7

, β2,` :=

{
0 for ` = 1, 2, 3, 4
β` for ` = 5, 6, 7.

(3.1)

Let us point out that we can choose {β`} satisfying A1) to A5) in such a way
that {βi,`} satisfy (1.9) with m = 7, i = 1, 2. For instance, one can simply take

β1 = 1− ε, β2 = β3 =
1

2
− ε, β4 =

3ε

2
, β5 = 1− 5ε

2
, β6 = β7 =

1 + ε

2
, ε ∈ (0,

2

9
).

For these β`’s one has
7∑
`=1

β1,` = (1 + β1,1)− ε

2
,
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and hence {βi,`} does not satisfy (1.8).
We begin with the following non-existence result for a singular Liouville equation.

Lemma 3.1. Let β` ∈ (0, 1) with ` = 1, 2, 3, 4 be such that A1) to A3) hold. Let
P1, P2, P3 be fixed three distinct points in R2. Then, for |P4| large enough, there
exists no continuous solution to

−∆u =

4∏
`=1

1

|x− P`|2β`
e2u in R2, u(x) = −2β4 log |x|+O(1) as |x| → ∞.

(3.2)

Proof. Assume by contradiction that there exists a sequence of solutions (uk) to
(3.2) with

P4 = P4,k, |P4| → ∞ as k →∞.
Notice that the assymptotic behavior

uk(x) = −2β4 log |x|+Ok(1) as |x| → ∞
is equivalent to∫

R2

K0(x)

|x− P4|2β4
e2ukdx = 4πβ4, K0(x) :=

3∏
`=1

1

|x− P`|2β`
.

Step 1 We have

lim
R→∞

lim
k→∞

∫
BcR

K0(x)

|x− P4|2β4
e2uk(x)dx = 0.

To prove this we use Kelvin transform. Up to a small translation, we can assume
that none of P1, P2, P3 is the origin. We set

ũk(x) := uk(
x

|x|2
)− 2β4 log |x|+ ck, x 6= 0,

for some ck ∈ R. Then setting Q` := P`
|P`|2 for ` = 1, 2, 3, 4 we see that

−∆ũk(x) =
1

|x|4
4∏
`=1

1

| x|x|2 −
Q`
|Q`|2 |

2β`
e

2uk( x
|x|2

)
in R2 \ {0}.

Using that |x||y|| x|x|2 −
y
|y|2 | = |x− y|, A1), and for suitably chosen ck, we obtain

−∆ũk(x) = |x|2β4

4∏
`=1

1

|x−Q`|2β`
e2ũk(x) in R2 \ {0}

ũk(x) = −2β4 log |x|+Ok(1) as |x| → ∞.

In fact, as ũk = Ok(1) in B1, it satisfies the above equation at the origin as well,
that is,

−∆ũk(x) =
|x|2β4

|x−Q4|2β4
f(x)e2ũk(x) in R2, f(x) :=

3∏
`=1

1

|x−Q`|2β`
.

As |P4| → ∞, we have that Q4 → 0. By A3) one gets∫
R2

|x|2β4

|x−Q4|2β4
f(x)e2ũk(x) = 4πβ4 ≤ 2π(1− β4 − ε) (3.3)
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for some ε > 0. Hence, by Lemma 5.1 we obtain

ũk ≤ C in Bδ for some δ > 0.

Step 1 follows immediately from the relation∫
BcR

K0(x)

|x− P4|2β4
e2uk(x)dx =

∫
B 1
R

|x|2β4

|x−Q4|2β4
fk(x)e2ũk(x)dx.

Step 2 No blow-up occurs on bounded domains, that is, for every R > 0,

uk − β4 log |P4| ≤ C(R) on BR.

Writing ūk = uk − β4 log |P4| we see that

−∆ūk = K0K1e
2ūk in R2,

∫
R2

K0K1e
2ūkdx = 4πβ4,

where

K0(x) :=

3∏
`=1

1

|x− P`|2β`
, K1 :=

|P4|2β4

|x− P4|2β4
.

It follows that K1 → 1 in C0
loc(R2) as k →∞, and K0 does not depend on k.

Assume by contradiction that ūk is not locally uniformly bounded from above.
Then, as blow-up points are discrete, there exists δ > 0 such that

max
Bδ(x0)

ūk = ūk(xk)→∞, xk → x0,

for some x0 ∈ R2. If x0 6∈ {P2, P3, P4}, then one can show that

4πβ4 ≥ lim
r→0

lim
k→∞

∫
Br(x0)

K0K1e
2ūkdx ≥ 4π,

a contradiction as β4 < 1. Thus, x0 = P`0 for some `0 ∈ {1, 2, 3}, and in fact,
the set of all blow-up points is a subset of {P1, P2, P3}. We fix R > 0 such that
B̄2R(x0) ∩ {P1, P2, P3} = {x0}. Then ūk is uniformly bounded from above in
B2R(x0) \BR

2
(x0). Using this, and as ūk satisfies the integral equation

ūk(x) =
1

2π

∫
R2

log

(
1 + |y|
|x− y|

)
K(y)e2ūk(y)dy + Ck, K := K0K1,

for some Ck ∈ R, we get that

|ūk(x)− ūk(y)| ≤ C for every x, y ∈ ∂BR(x0).

Hence, by the remark after Lemma 5.2 we have (this can be shown easily by a local
Pohozaev type identity to the above integral equation satisfied by ūk)

σ(x0) = lim
r→0

lim
k→∞

1

2π

∫
Br(x0)

K0K1e
2ūkdx = 2(1− β`0).

Thus 2β4 ≥ σ(x0) = 2(1 − β`0). This and A6) imply that `0 = 1, that is, P1

is the only blow-up point. In particular, ūk → −∞ locally uniformly outside P1.
Therefore, by Step 1 and (3.3) we get

2β4 =
1

2π
lim
k→∞

∫
R2

K0K1e
2ūkdx = σ(x0) = 2(1− β1),

a contradiction to A6). This finishes Step 2.
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Since ūk is locally uniformly bounded from above, up to a subsequence, either
ūk → ∞ locally uniformly, or ūk → ū in C0

loc(R2). In the first case we get a
contradiction to∫

R2

K0K1e
2ūkdx = 4πβ4, lim

R→∞
lim
k→∞

∫
BcR

K0K1e
2ūkdx = 0,

thanks to Step 1. Therefore, only the later case can occur, and the limit function
ū satisfies

−∆ū = K0e
2ū in R2, K0 =

3∏
`=1

1

|x− P`|2β`
.

Again by Step 1, we have that∫
R2

K0e
2ūdx = 4πβ4,

which is equivalent to

ū(x) = −2β4 log |x|+O(1) as |x| → ∞.

Thus,

w(x) := ū(x)−
3∑
`=1

β` log |x− P`|

satisfies (1.3) with m = 3, where β1, β2, β3 satisfy A2). This contradicts the neces-
sary condition (1.4) in Theorem A. �

Remark 1. Problem (3.2) is super critical under the assumptions A1) and A2).
To be more precise, if one uses fixed point arguments (as described in Section 4)
to prove the lemma, then one would not be able to rule-out a blow-up phenomena
around the point P1. This is due to the fact that the energy of a singular bubble at
P1 is 4π(1− β1), which is smaller than the total energy 4πβ4.

The super criticality of the Problem (3.2) under A1) and A2) can also be seen
from the point of view of singular Moser-Trudinegr inequality, see e.g. [1,9,15,32,38]
and the references therein.

Now we are in a position to prove non-existence of solution to the Toda system
(1.1)-(1.5) for the choice of {βi,`} as in (3.1). More precisely, we have:

Lemma 3.2. Let β` ∈ (0, 1) with ` = 1, . . . , 7 be such that A1) to A5) hold. Let
{βi,` : i = 1, 2, ` = 1, . . . , 7} be as in (3.1). Let P1, . . . , P4 be such that Problem
(3.2) has no solution. Let P5 be a fixed point (different from P1, . . . , P4). Then for
|P6|, |P7| large (P6 6= P7) there exists no solution to (1.6) with m = 7 such that

ui(x) = −β4 log |x|+O(1) as |x| → ∞, i = 1, 2.

Proof. We assume by contradiction that there is a sequence of solutions (uki ) with

P` = P`,k, |P`|
k→∞−−−−→∞ for ` = 6, 7,
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that is, uki satisfies

−∆uk1 = 2K1e
2uk1 −K2e

2uk2 in R2

−∆uk2 = 2K2e
2uk2 −K1e

2uk1 in R2∫
R2 Kie

2uki dx = 2πβ4 i = 1, 2

|P`|
k→∞−−−−→∞ ` = 6, 7,

(3.4)

where

K1(x) :=

4∏
`=1

1

|x− P`|2β`
, K2(x) :=

7∏
`=5

|P6|2β6 |P7|2β7

|x− P`|2β`
.

Notice that K1 does not depend on k, K1 ∈ L1(R2), thanks to the assumption
β4 < 1, and

K2 → |x− P5|−2β5 locally uniformly in R2 \ {P5} as k →∞.
We claim that uk1 → u locally uniformly in R2, where u satisfies

−∆u = 2K1e
2u in R2,

∫
R2

K1e
2udx = 2πβ4. (3.5)

Then one can show that u(x) = −2β4 log |x| + O(1) as |x| → ∞. In particular,
ū(x) = u(x) + 1

2 log 2 is a solution to the Problem (3.2), a contradiction to our
assumption on P1, . . . , P4 that the Problem (3.2) has no solution.

We prove the claim in few steps.

Step 1 We have

lim
R→∞

lim
k→∞

∫
BcR

K1e
2u1dx = 0.

The proof is very similar to that of Step 1 in Lemma 3.1. Here we give a sketch
of it.

We set
ũk1(x) = uk1(

x

|x|2
)− β4 log |x|+ ck,

so that ũk1 satisfies (K̃ does not depend on k)

−∆ũk1 = K̃e2ũk1 − gk in R2,

∫
R2

K̃e2ũkdx = 4πβ4,

∫
R2

gkdx = 2πβ4,

gk, K̃ > 0 in R2, K̃(x)
|x|→0−−−−→ 1.

Now we can apply Lemma 5.1 with β = 0, thanks to the assumption A3), to get
that ũk1 ≤ C in a neighborhood of the origin. Step 1 follows.

Setting

Si := {x ∈ R2 : there is a sequence xk → x such that uki (xk)→∞}, i = 1, 2,

we shall show that S1 ∪ S2 = ∅. We start with:
Step 2 S1 ⊆ {P1, . . . , P4} and S2 ⊆ {P5}.

For x0 ∈ S1 ∪ S2 we can write

Ki(x) =
ci + o(1)

|x− x0|2αi
, ci > 0, o(1)

x→x0−−−−→ 0, i = 1, 2,

where α1 ∈ {0, β1, . . . , β4}, α2 ∈ {0, β5} and α1α2 = 0. By Lemma 5.1 and A3)
one gets S1 ⊆ {P1, . . . , P4} and S2 ⊆ {P5}.
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Step 3 S1 ∪ S2 = ∅.
It is well-known that uki satisfies the integral equation

uki (x) =
1

2π

∫
R2

log

(
1 + |y|
|x− y|

)(
2Ki(y)e2uki (y) −K3−i(y)e2uk3−i(y)

)
dy+Ck, i = 1, 2.

For x0 ∈ S1∪S2 let R > 0 be such that B̄R(x0)∩(S1∪S2) = {x0}, and x0 is the only
singularity for K1,K2 on B̄R(x0). Then, from the above integral representation,
one can show that

|uki (x)− uki (y)| ≤ C for every x, y ∈ ∂BR(x0), i = 1, 2.

In particular, uki and Ki satisfy all the assumptions in Lemma 5.2. Therefore, if
S2 = {P5}, then as σ1(P5) = 0, we must have σ2(P5) = 1− β5. This implies that

β4 ≥ σ2(P5) = 1− β5,

a contradiction to A5). Hence, S2 = ∅.
Now we assume that β`0 ∈ S1 for some `0 ∈ {1, . . . , 4}. Then, in a similar way we

get that β4 ≥ 1−β`0 . In fact, by A6), a strict inequality holds, that is, β4 > 1−β`0 .
Since

uk1 → −∞ locally uniformly in R2 \ S1,

we must have that the cardinality of S1 is at least 2, thanks to Step 1. Taking
P`1 ∈ S1 with `1 ∈ {1, . . . , 4} \ {`0}, and again using that σ(P`1) = 1 − β`1 , we
obtain

β4 ≥ σ(P`0) + σ(P`1) = 2− β`0 − β`1 ,
a contradiction to A1).

We conclude Step 3.

Step 4 uk1 → ū1 in C0
loc(R2) where ū1 satisfies (3.5).

Since S1 ∪ S2 = ∅, up to a subsequence, one of the following holds:

i) uki → ūi in C0
loc(R2) for i = 1, 2

ii) uk1 → ū1 in C0
loc(R2) and uk2 → −∞ locally uniformly in R2

iii) uk2 → ū2 in C0
loc(R2) and uk1 → −∞ locally uniformly in R2

iv) uki → −∞ locally uniformly in R2 for i = 1, 2.

It follows from Step 1, and the integral condition
∫
R2 K1e

2u1dx = 2πβ4 that either
i) or ii) holds, and ū1 satisfies the integral condition∫

R2

K1e
2ū1dx = 2πβ4.

Now we assume by contradiction that i) holds. Then the limit functions (ū1, ū2)
satisfy the system

−∆ū1 = 2K1e
2ū1 − K̄2e

2ū2 in R2

−∆ū2 = 2K̄2e
2ū2 −K1e

2ū1 in R2∫
R2 K1e

2ū1dx = 2πβ4,
∫
R2 K̄2e

2ū2dx =: 2πγ ≤ 2πβ4,

(3.6)

where K̄2(x) := |x− P5|−2β5 is the limit of K2 as k →∞. Then one has

lim
|x|→∞

ū2(x)

log |x|
= −(2γ − β4),
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and together with K̄2e
2ū2 ∈ L1(R2) we have β5 + 2γ − β4 > 1. Hence, β4 + β5 > 1,

a contradiction to A5).
Thus, ii) holds, and (3.6) reduces to a single equation (3.5).
We conclude the lemma. �

4. Higher order singular Liouville equation

The proof of Theorem 1.2 is very similar to that of Theorem 1.1 (see also [22]).
Here we give a sketch of it.

Writing

w(x) = u(x)−
m∑
`=1

β` log |x− P`|,

Theorem 1.2 is equivalent to prove the existence of solution u ∈ C0(Rn) to

(−∆)
n
2 u = Kenu in Rn, K(x) :=

m∏
`=1

1

|x− P`|nβ`
, (4.1)

satisfying the asymptotic behavior

u(x) = −β log |x|+O(1) as |x| → ∞, β := 2−
m∑
`=1

β`. (4.2)

As before we fix u0 ∈ C∞(Rn) such that u0(x) = − log |x| for |x| ≥ 1, and we
look for a solution u to (4.1) of the form

u = βu0 + v + c,

where c is a normalizing constant and v ∈ X, where

X := C0(Rn) = {v ∈ C0(Rn) : v(x)
|x|→∞−−−−→ 0}, ‖v‖ := max

x∈Rn
|v(x)|.

Then u satisfies (4.1) if and only if v = u− βu0 − c satisfies

(−∆)
n
2 v = K̄env+c − β(−∆)

n
2 u0 in Rn, K̄ := Kenβu0 . (4.3)

The function K̄ satisfies

lim
|x|→∞

|x|2nK̄(x) = 1. (4.4)

For v ∈ X, we fix cv ∈ R so that∫
Rn
K̄(x)en(v(x)+cv) = βγn. (4.5)

We define a compact operator

T : X → X, v 7→ v̄,

v̄(x) :=
1

γn

∫
Rn

log

(
1

|x− y|

)
K̄(y)en(v(y)+cv)dy − βu0(x), x ∈ Rn. (4.6)

It follows that v̄ ∈ C0(Rn) (in fact, Hölder continuous), and by (4.5)

v̄(x) =
1

γn

∫
Rn

log

(
|x|
|x− y|

)
K̄(y)en(v(y)+cv)dy for |x| > 1.

We claim that there exists C > 0 such that

‖v‖X ≤ C for every (v, t) ∈ X × [0, 1] satisfying v = tT (v). (4.7)
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Then by Schauder fixed point theorem the operator T has a fixed point v in X,
and consequently we get a continuous solution to (4.1) satisfying (4.2).

To prove (4.7) we assume by contradiction that there exists (vk, tk) ∈ X × [0, 1]
such that ‖vk‖X →∞ and vk = tkT (vk), that is

vk(x) =
tk

γn

∫
Rn

log

(
1

|x− y|

)
K̄(y)en(vk(y)+c

vk
)dy − tkβu0(x). (4.8)

Then we can choose xk ∈ Rn so that

sup
x∈Rn

ψk(x) ≤ ψk(xk) + 1
k→∞−−−−→∞, ψk(x) := vk(x) + cvk +

1

n
log tk.

The crucial ingredients to obtain a contradiction are Lemma 5.3, and the relation

β = 2−
m∑
`=1

β` = 2− β` −
∑
6̀=j

β` < 2(1− βj) for every j = 1, 2, . . . ,m, (4.9)

which follows from the second condition in (1.4). Up to a subsequence, we distin-
guish the following two cases:

Case 1 xk → x∞ ∈ Rn \ {P` : ` = 1, 2, . . . .m}.
In a small neighborhood of x∞ we have for some c0 > 0

K̄(x) =
c0 + o(1)

|x− x∞|nα
, o(1)

x→x∞−−−−→ 0,

where α ∈ {0, β1, . . . , βm}. Using (4.8)-(4.9) one gets a contradiction as in [22], see
also [3, 41].

Case 2 |xk| → ∞.
Setting

ψ̃k(x) := ψk(
x

|x|2
), x̃k :=

xk

|xk|2
→ 0,

we obtain ψ̃k(x̃k)→∞, and ψ̃k satisfies

ψ̃k(x) =
1

γn

∫
Rn

log

(
|y|
|x− y|

)
K̃(y)enψ̃

k(y)dy + ck in B1,

where

K̃(x) :=
1

|x|2n
K̄(

x

|x|2
), ck := cvk +

1

n
log tk.

Note that K̃ is smooth around the origin and

K̃(x)
|x|→0−−−−→ 1,

one can proceed as in Case 1. Thus, ψk ≤ C on Rn, and we have (4.7).

5. Some useful lemmas

The following lemma is a generalizations of Brezis-Merle [11] type results, com-
pare [8, Theorem 5].
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Lemma 5.1. Let (uk) be a sequence of solutions to

−∆uk =
fk(x)

|x|2α
e2uk − gk in B1,

∫
B1

fk(x)

|x|2α
e2ukdx ≤ 2π(1− α− ε),

for some ε > 0 and α ∈ [0, 1). Assume that gk ≥ 0, ‖gk‖L1(B1) ≤ C, 0 ≤ fk ≤ C

and infB1\Bδ f
k ≥ C−1

δ for some 0 < δ < 1
3 . Then uk is locally uniformly bounded

from above in B1.

Proof. We write uk = vk + hk, where hk is harmonic in B1 and

vk(x) :=
1

2π

∫
B1

log

(
2

|x− y|

)(
fk(y)

|y|2α
e2uk(y) − gk(y)

)
dy.

Since gk ≥ 0, by Jensen’s inequality one gets that∫
B1

e2pvk(x)dx ≤ C(p), p ∈ [1,
1

1− α− ε/2
].

Notice that ∫
B1\Bδ

(hk)+dx ≤
∫
B1\Bδ

((uk)+ + |vk|)dx ≤ C.

Since δ < 1
3 , fixing δ + 1

3 < r1 < r2 < 1− δ we see that

∂Bt(x) ⊂ B1 \Bδ for every x ∈ B̄δ, r1 ≤ t ≤ r2.

Therefore, by mean value theorem,

2π(r2 − r1)hk(x) =

∫ r2

r1

∫
∂Bt(x)

hk(y)dσ(y)dt ≤
∫
B1\Bδ

(hk)+dy ≤ C.

Thus,
∫
B1

(hk)+dx ≤ C. If ρk :=
∫
B 1

2

|hk|dx ≤ C then we have

hk → h in C2
loc(B1), ∆h = 0 in B1.

In particular, (hk) is bounded in C0
loc(B1). If ρk →∞, then

hk

ρk
→ h in C2

loc(B1), ∆h = 0, h < 0 in B1.

This shows that (hk) is locally uniformly bounded from above in B1. This leads to∫
Br

e2pukdx ≤ Cr
∫
Br

e2pvkdx ≤ C(p, r, ε, α), 0 < r < 1, p ∈ [1,
1

1− α− ε/2
].

Using this uniform bound, and Hölder inequality with p = 1
1−α−ε/2 , one gets vk ≤ C

in Br for 0 < r < 1, and the lemma follows. �

A strong version (precise quantization value of σ1, σ2) of the following lemma is
proven in [27, 29]. See [30] for a Pohozaev type identity for regular SU(3) Toda
system.
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Lemma 5.2 ( [27,29]). Let (uk1 , u
k
2) be a sequence of solutions to

−∆uk1 = 2
Kk

1

|x|2α1
e2uk1 − Kk

2

|x|2α2
e2uk2 in B1

−∆uk2 = 2
Kk

2

|x|2α2
e2uk2 − Kk

1

|x|2α1
e2uk1 in B1∫

B1

Kk
i

|x|2αi e
2uki dx ≤ C i = 1, 2

|uki (x)− uki (y)| ≤ C for every x, y ∈ ∂B1, i = 1, 2

‖Kk
i ‖C3(B1) ≤ C, 0 < 1

C ≤ K
k
i in B1, i = 1, 2,

(5.1)

for some α1, α2 < 1, and B1 is the unit ball in R2. Assume that 0 is the only
blow-up point, that is,

sup
B1\Bε

uki ≤ C(ε) for every 0 < ε < 1, i = 1, 2.

Then setting

σi := lim
r→0

lim
k→∞

1

2π

∫
Br

Kk
i (x)

|x|2αi
e2uki (x)dx, i = 1, 2,

we have
σ2

1 + σ2
2 − σ1σ2 = σ1(1− α1) + σ2(1− α2).

In particular, if (σ1, σ2) 6= (0, 0) then

σ1 ≥ 1− α1 or σ2 ≥ 1− α2.

Remark 2. If α1 = α2 = α, Kk
1 = Kk

2 and uk1 = uk2 in the above lemma, then
σ1 = σ2 = 2(1− α).

Theorem 5.3 ( [22,35]). Let u be a normal solution to

(−∆)
n
2 u = |x|nαenu in Rn, Λ :=

∫
Rn
|x|nαenudx <∞, (5.2)

for some α > −1 and n ≥ 2, that is, u satisfies the integral equation

u(x) =
1

γn

∫
Rn

log

(
1 + |y|
|x− y|

)
|y|nαenu(y)dy + C,

for some C ∈ R. Then Λ = Λ1(1 + α), Λ1 := 2γn.

References

[1] Adimurthi, K. Sandeep: A singular Moser-Trudinger embedding and its applica-
tions, NoDEA Nonlinear Differential Equations Appl. 13 (2007), no. 5-6, 585-603.

[2] W. Ao, L. Wang, New concentration phenomena for SU(3) Toda system, J. Differ-
ential Equations 256 (2014) 1548-1580.

[3] P. Aviles: Conformal complete metrics with prescribed nonnegative Gaussian curva-
ture in R2, Invent. Math. 83 (1986), no. 3, 519-544.

[4] D. Bartolucci, A. Jevnikar, C. S. Lin: Non-degeneracy and uniqueness of solu-
tions to singular mean field equations on bounded domains, J. Differential Equations
266 (2019), no. 1, 716-741.

[5] L. Battaglia, A. Jevnikar, A. Malchiodi, D. Ruiz, A general existence result
for the Toda system on compact surfaces, Adv. Math. 285 (2015) 937-979.

[6] D. Bartolucci, F. De Marchis, A. Malchiodi: Supercritical conformal metrics
on surfaces with conical singularities, Int. Math. Res. Not. IMRN 2011, (2011) no.
24, 5625-5643.



16 A. HYDER, CS LIN, AND J. WEI

[7] D. Bartolucci, G. Tarantello: The Liouville equation with singular data: a
concentration-compactness principle via a local representation formula, J. Differential
Equations 185 (1) (2002) 161-180.

[8] D. Bartolucci, G. Tarantello: Liouville type equations with singular data and
their applications to periodic multivortices for the electroweak theory, Comm. Math.
Phys. 229 (2002), no. 1, 3-47.

[9] L. Battaglia, A. Malchiodi: Existence and non-existence results for the SU(3)
singular Toda system on compact surfaces, J. Functional Analysis 270 (2016), 3750-
3807.

[10] J. Bolton, L.M. Woodward: Some geometrical aspects of the 2-dimensional Toda
equations, in: Geometry, Topology and Physics, Campinas, (1996), de Gruyter, Berlin,
1997, pp.69-81

[11] H. Brezis, F. Merle: Uniform estimates and blow-up behaviour for solutions of
−∆u = V (x)eu in two dimensions, Comm. Partial Differential Equations 16 (1991),
1223-1253.

[12] E. Calabi: Isometric imbedding of complex manifolds, Ann. of Math. 58 no. 2,
(1953), 1-23.

[13] A. Carlotto, A. Malchiodi: Andrea A class of existence results for the singular
Liouville equation C. R. Math. Acad. Sci. Paris 349 (2011), no. 3-4, 161-166.

[14] W. Chen, C. Li: Classification of solutions of some nonlinear elliptic equations,
Duke Math. J. 63 (3) (1991), 615-622.
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