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ABSTRACT. We consider the singular SU(3) Toda system with multiple singu-
lar sources

—Aw; = 2?1 —eW2 421 Y 70 By ¢6p, in R2

— Awy = 2e*W2 — W1 4 237" By ¢6p, in R2

wi(z) = —2log |z| + O(1) as |z| = o0, i =1,2,
with m > 3 and ;¢ € [0,1). We prove the existence and non-existence results
under suitable assumptions on §; s. This generalizes Luo-Tian’s [31] result

for a singular Liouville equation in R2. We also study existence results for a
higher order singular Liouville equation in R™.

1. INTRODUCTION

We consider the following singular SU(3) Toda system with multiple singular
sources

(1.1)

—Aw1 = 2621”1 — e'2 + 27 Zzn:l ﬁLgépé in RQ
— AUJQ = 262“)2 — et + 2T ZZ;l 62,@(513[ in RQ,

where Py, ..., P, are distinct points in R?, 3;, € [0,1) and dp denotes the Dirac
measure at P (notice that source terms are written with a plus sign). When w; =
wa, B1,1 = B2, = B, the above system reduces to the singular Liouville equation

—Aw = e*¥ + 27726@5}32 in R2. (1.2)
=1

The Toda system (1.1) and the Liouville equation (1.2) have been widely studied
in the literature due to its important role in geometry and mathematical physics.
For instance, Eq. (1.2) is related to the problem of prescribing Gaussian curvature
on surfaces with conical singularity, and abelian gauge in Chern-Simons theory
[4,7,37,38]. The Toda system (1.1) appears in the description of holomorphic curves
in CP3 [10,12,16,18], and in the non-abelian Chern-Simmon theory [19,306,42]. For
classification and blow-up analysis to the (singular) Liouville equation and the
SU(n) Toda system we refer the reader to [5,7-9, 11,13, 14,21-30,33,35] and the
references therein.

Luo-Tian [31] gave a necessary and sufficient condition for the existence of singu-
lar metric with three or more conical singularities on the 2-sphere, whose equivalent
statement on R? is the following theorem:
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2 A. HYDER, CS LIN, AND J. WEI

Theorem A ( [31]). Let m > 3. Let Pi,..., P, be m distinct points in R2.

Then there exist continuous functions hy around Py for £ = 1,...,m, a bounded
continuous function h,,,+1 outside a compact set, and a solution w to
—Aw = e2* in RE\ {Py, Ps,..., Py}
w(x) = —Pelog |z — Py| + he(x) around each Py 13
1.3
w(x) = —2log |z| + hpmy1(z) as |z] = o0
Be € (0,1) {=1,...,m
if and only if
Zﬂi<2 and Zﬂg>ﬂj for every j =1,2,...,m. (1.4)
=1 145
Moreover, the solution is unique.
Troyanov [39] studied singular metrics with 2 singulirities (i.e., m = 2) and

constant curvature 1 on the 2-sphere, and showed that the order of both singularities
are equal (i.e., f1 = f2 < 1). A necessary and sufficient condition on {1, 52, 83} C
(—o0, 1) for the existence of singular metric on the 2-sphere has been given in [20,40].
See also [5,0,32] and the references therein for various existence results on compact
surfaces.

In this paper we study Problem (1.3) in the context of SU(3) Toda system.
More precisely, we prove existence and non-existence of solutions (w1, ws) to (1.1)
satisfying

wi(x) = —PBielog |z — Pe| + hie around each point P,
w;(x) = —2log|z| + him+1 as || = oo (1.5)
h; ¢ is continuous in a neighborhood of P,
fori =1,2and £ =1,...,m, and h; 1 is bounded outside a compact set. We
write

m
ui(x) = w;(x) + Z,Bi,g loglz — Pyl, i=1,2.
=1

Then w; solves (1.1) if and only if u; solves

—Auy = 2K1€2u1 _ K262u2 in R2
—Aug = 2K9e?%2 — K1e21  in R2 (1.6)

Ki(z) = Hznzl m 1=1,2.

The condition (1.5) in terms of u; is

u;(xz) = —p;log|z| + a bounded continuous function on Bf w7
1.7
B’L' ::2_227;1 ﬂi,@a 1= 1327
provided wu; is continuous.
For Toda system with singular sources, the only complete result is [28] in which
the case of single source, i.e., m = 1 is completely solved by PDE and integrable
system theory. In [20], some special cases of m = 2 are classified using higher order

hypergeometric equations. The following theorem gives the first existence result
when m > 3:
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Theorem 1.1. Let m > 3. Let {#;,:1=1,2,0=1,2,...m} C [0,1) be such that

m

B(1+Biy) <2 B+ Bscins P Biu<2, forj=1,2,...m i=12
=1 (=1 =1
(1.8)

Then given m distinct points {P;}7*, C R? there exists continuous solution (ur,us)
to (1.6) such that (1.7) holds.

Note that if Y, 81,0 = >, B2,¢, then the first condition of (1.8) reduces to

m
Zﬁlﬁé >1+p;; foreveryi=1,2,j=1,...,m,
(=1

which is stronger than (1.4). We shall show that an equivalent condition of (1.4)
for the Toda system, namely a condition of the form

Z Bie > max{p ;,B2,;} foreveryj=1,....,m,i=1,2, (1.9)
=1,L#j

is not sufficient for the existence of solutions to (1.6) satisfying the asymptotic
behavior (1.7). See Lemma 3.2.

In [31], the existence of a solution to (1.2) is proved by a variational argument.
In this paper we propose a new proof on the existence via fixed point theory. The
crucial step in which we need condition (1.8) is Proposition 2.1 below, a compactness
result which follows from the blow-up analysis of sequences of solutions (see Lemma
5.2). This compactness is used to prove the a priori bounds necessary to run the
fixed point argument of [3,22,41]. Let us point out that condition (1.9) is sufficient
to rule-out a “full blow-up” phenomena (that is, after a suitable rescaling, the
limiting profile is a SU(3) Toda system in R?) for a sequence of solutions to (1.6)-
(1.7) (for “half blow-up” and “full blow-up” phenomena see e.g., [2,17,34]). In
particular, condition (1.9) is sufficient to prove the a priori estimate when 8 ¢ =
B2,e = Be and u; = ug, that is, a priori estimate for the singular Liouville problem
(1.3) . Moreover, the same method also works for a higher order generalization of

it.

Theorem 1.2. Let m > 3 andn > 2. For £ =1,2,...,m let By € (0,1) be such
that (1.4) holds. Then given m distinct points {P;};*; C R™ there exists a solution
we COR™\ {P,...,Pn}) to

(—A) 3w =e™ + 1, Z Bedp, inR"
=1

satisfying the asymptotic behavior
w(z) = —2log|z| + O(1) as |x| = .
Here ~,, := ww’ﬂ is such that
1 n

1
—(—A)2 log — = do.
) log oy = o
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2. PROOF OF THEOREM 1.1

It is well-know that if (u1, ug) is a solution to (1.6) with 3, , < 1 and u;, K;e*% €
L} .(R?), then u; is continuous. On the other hand, if (uj,uz) is a continuous
solution to (1.6)-(1.7) with B;, < 1, then K;e** = O(|z|™®) as |z] — oco. In
particular, log | - |K;e?% € L*(R?), and u; satisfies the integral equation

2
L E / ( L ) 2(uj(y)) i
ui(x) == aij log Ki(y)e\“"Ydy +¢;, 1=1,2, 2.1
( ) 2 = J R2 ‘x y| .7( ) ( )

for some ¢; € R, where (a; ;) is the SU(3) Cartan matrix

(5 %)

Moreover, the asymptotic behavior (1.7) implies that

2
Zam-/ Kj€2ujd$ = 27’(51', 1= 1,2,
j=1 R

that is

= - 1
Kie*'de = 2mB;, B = 5 (2B, + Ba—), i=1,2 (2.2)
R2
Thus, Theorem 1.1 is equivalent to the existence of solution (u1,uz) to (2.1)-(2.2).
Moreover, (1.8) in terms of 3; is

B;i >0, B;i< 1—PBi¢ foreveryi=1,2,0=1,...,m. (2.3)

In order to prove existence of solution to (2.1)-(2.2) we use a fixed point argument
on the space

X = Co(R*)xCo(R?), ||v|| := max{[|v1] Lo (r2), [[v2]| g2y} for v = (v1,0) € X,

where Cp(R?) denotes the space of continuous functions vanishing at infinity. We
fix up € C*°(R?) such that

uo(x) = —log|z| on Bf.

For v € Cy(R?) let ¢; , € R be the unique number so that

K;2tein)de = 2nB;, K, = K;e?Pivo, i=1,2, (2.4)
]R2

where B; is as in (2.2). Now we define T : X — X, (v1,vs) > (01, 02), where we
have set

2
5 ! / L) & ()62 @ein) :
vi(z) = — a;j log( )K»ye W dy — Biug(x), i=1,2.
0= 57 Lo [ e (=) Ko o(a)
(2.5)

As B; = 2B; — B3, for z € Bf this can be written as

2
= 1 || % 2(v;( ; .
; — E i 1 K 05 (y)+ei,) g —1.9.
v ($> o j:1a \J /JRZ og ( ) J(y)e Y, 1 )

|z -y

Using that K; = O(|z|~*) for |z| large, one can show that (o1, 72) € X. Moreover,
the operator T is compact (see e.g. the proof of [22, Lemma 4.1]).



TODA SYSTEM WITH MULTIPLE SOURCES 5

The following proposition is crucial in proving existence of fixed point of 7.
Proposition 2.1. There exists C > 0 such that
Ivlx <C  for every (v,t) € X x [0,1] satisfying v = tT(v).

Proof. We assume by contradiction that the proposition is false. Then there exists
vk = (vF,v%) and t* € (0,1] with v¥ = t*T(v¥) such that ||[v¥|| — co. We set

1
R =k F = Gkt 5 log t*.

?

Then we have

V@) = 3k Joalog () (2E1@)e @ = Ka(y)e ) dy — t*Brug (@) + ot

=y

(@) = 3k Julog (g ) (2E2(m)e® — Ky (1)) dy — *Bpuo (@) + o,

oy
(2.6)
For |z| > 1 this is equivalent to
@) = 3 frolog (L) (2K m)e ) — Ra(y)e?5 @) dy + ok
(2.7)

V() = 2 [ log (k) (2Ra(p)e® A0 — Ky (y)e* ) dy + b,

lz—y]
Since ||[v¥|| — oo, we necessarily have
max{sup ¥, sup s} — oc.

Without any loss of generality we assume that sup ¥ > sup 5. We fix 2% € R?
such that
sup ¥f < o (z) + 1.
If z* is bounded then, up to a subsequence, z* — .
We consider the following three cases.

Case 1 2 e R2\ {P,: (= 1,2,...,m}.
By Lemma 5.2 (see also [23,30]) we have
max{oq (%), 02(x>)} > 1,
where the blow-up value at a point P is defined by
1 _ :
0;(P) := lim lim 7/ Kie*ide, i=1,2.
B.(P)

r—0k—oo 2T
This contradicts (2.3) as o;(2>°) < 3; < 1.
Case 2 2@ € {P;:£{=1,2,...,m}.
Without loss of generality we assume that £°° = P;. Notice that
% _ fi(x) .
Ki(z) = Zo P 1T 1,2,
for some positive continuous functions f; and f; in a small neighborhood of the
point P;. In particular, the functions w¥ () := ¥¥(z — P;) satisfies the conditions

i
of Lemma 5.2 for some R > 0, and we get
o1(x*) > 1= P11, oroz(z™)>1-pFa1,

a contradiction to (2.3).
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Case 3 [2F| — .
We set
T ~ 1 T

- X _
: = (— Ki(z) = —K;
’lpz (I) wz(|x‘2)7 (I) |$‘4 (|$|2
and extend them continuously at the origin. Then Q;Zk satisfies

P(x) = 5= [o,log (|m|gly‘) (2K1 (y)e2Vi @) — f(Q(y)em/?'z“(y)) dy + ¢k

) onR2\ {0}, i=1,2,

(2.8)
(@) = 3k foalog (F7) (2Ba(m)e™® — Ky ()2 0)) dy + o,
for x € By. Since K;(0) > 0 for i = 1,2, and
L~ _ Tk
— =—— =0
wl (l‘k) 007 Tk |xk|2 ’
one obtains a contradiction as in Case 1.
We conclude the proposition.
O

Proof of Theorem 1.1 Tt follows from Proposition 2.1 and Schauder fixed point
theorem that the operator T has a fixed point, say (v1,v2). Then setting
Ui = v + Biug + i, 1=1,2,

one sees that (ug,usz) is a solution to (1.6)-(1.7).

3. NON-EXISTENCE RESULTS

We show that Theorem 1.1 is not true if the assumption (1.8) is replaced by
(1.9). Let us fix f1,..., 07 € (0,1) such that the assumptions A1) to .A5) hold:

AL) Byt T Br =2

A2) Ba+ B3 < B

A3) By < %

Ad) B4+ ZZ:5 Be =2

A5) ,64 + ﬂ5 < 1.
It is easy to see that A1) and .A2) implies that

A6) B4+ 1 >1and Bs+ fe < 1for £ =2,3.

We shall show an non-existence result to the Toda system (1.1) satisfying (1.5)
for the following choice of {; ¢}:

Biy = Be for£=1,2,3,4 Byyim 0 fort=1,2,3,4

L= 0 for0=5,6,7 »P2ET Y B, for £=5,6,7.

Let us point out that we can choose {f,} satisfying Al) to A5) in such a way
that {8;,} satisfy (1.9) with m =7, i = 1,2. For instance, one can simply take

1 3e be 1+¢ 2
=1 - = = - — = — r=1— — = = - —).
b1 g, B2 = B3 5 & B4 5 Bs 5 Be = B7 5 €€ (0’9)

For these (s one has

(3.1)

7
> Bre=(1+4pB11) -

{=1

)

N | ™
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and hence {f; ¢} does not satisfy (1.8).
We begin with the following non-existence result for a singular Liouville equation.

Lemma 3.1. Let 5, € (0,1) with £ = 1,2,3,4 be such that Al) to A3) hold. Let
Py, Py, P3 be fized three distinct points in R?. Then, for |Py| large enough, there
ezists no continuous solution to

1
w= H me% inR?,  u(z) =—2B4loglz|+O(1) as |z| = .
=1
(3.2)

Proof. Assume by contradiction that there exists a sequence of solutions (u*) to
(3.2) with
Py=Pyp, |Pi— o0 ask— oo
Notice that the assymptotic behavior
uF(x) = =284 log |z| + Or(1) as |z| — oo

is equivalent to

Ko(l') 2uk
)t gy — g Kol
/11@2 \x—P4|2546 v =4nfBs, Ko H |a:—Pe|25@

Step 1 We have

K, X
lim lim L) e2u" (@) gy — 0
R—00 k— 00 Bg, |:L‘ — P4|2B4

To prove this we use Kelvin transform. Up to a small translation, we can assume
that none of Py, Py, P3 is the origin. We set

. T
ak (x) ::uk(‘ |2) 264 log x| + *, = #0,

for some ¢* € R. Then setting Qy := Ul;ilz for £ =1,2,3,4 we see that

2F(2y) .o
— AR ( ‘m|4 H—e =27 in R?\ {0}.

I = e

k

Using that |z|ly|| 7z — =] = |2 — yl, A1), and for suitably chosen ¢”, we obtain

[y|?

4
~ 1 @k (z :
—Auk(l‘) = ‘leﬁ‘L H m@Q (@) m RQ \ {0}
=1 ¢

¥ (x) = =284 log |z| + Ok(1) as |z| — oo.

In fact, as @* = Oy (1) in By, it satisfies the above equation at the origin as well,
that is,

o

3
_ 1
—AG* S — P G R2, )= _
(@) = e @) 1w =1 g
As |Py| — oo, we have that Q4 — 0. By A3) one gets

/ |x‘264 2a* (z)
o T Qan (@ = s < 2m(1 = iy =) (33)
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for some £ > 0. Hence, by Lemma 5.1 we obtain
" <C in Bs for some § > 0.

Step 1 follows immediately from the relation

. 284 B
/ KO(I) eQu’”(m)d:C — / |‘T| fk(l‘)e%ﬁ(m)dl‘
B B

i [o— B , o= Qi

Step 2 No blow-up occurs on bounded domains, that is, for every R > 0,
uF — B4log|Py| < C(R) on Bpg.
Writing 4% = u* — 341og | Py| we see that

_AT* = KoK1e2®  in R, KoK 62 du = 4n,,
RZ
where
3
1 |P4|254
Koz) = —— K= 24
o=l p=ppm ©=g=ppw

It follows that K7 — 1 in CP _(R?) as k — oo, and Ky does not depend on k.
Assume by contradiction that @” is not locally uniformly bounded from above.
Then, as blow-up points are discrete, there exists 6 > 0 such that
max @ = a*(zF) = 0o, 2F — 0,
Bg (130)

for some xg € R2. If 2y & { P, P, P4}, then one can show that

478, > lim lim KoK 162 dg > 4r,
r—0 k—o0 Br(ﬂCo)

a contradiction as 4 < 1. Thus, g = Py, for some ¢y € {1,2,3}, and in fact,
the set of all blow-up points is a subset of {P;, Py, P3}. We fix R > 0 such that

Bagr(xg) N {Py, P2, P3} = {x0}. Then @* is uniformly bounded from above in
Bar(zo) \ Br (z0). Using this, and as @ satisfies the integral equation

) 1 1 _
@) = = [ tog (L) ket way + f, K = Kok
21 Jge lz -yl

for some C* € R, we get that
|a*(z) — a"(y)| < C for every x,y € OBr(z0).

Hence, by the remark after Lemma 5.2 we have (this can be shown easily by a local
Pohozaev type identity to the above integral equation satisfied by uy)

1 _
o(zg) = lim lim — KoK dy = 2(1 — Bey)-
r—0k—oo 2T B,(z0)
Thus 284 > o(x9) = 2(1 — Be,). This and A6) imply that ¢y = 1, that is, P,
is the only blow-up point. In particular, @* — —oo locally uniformly outside P;.
Therefore, by Step 1 and (3.3) we get

1 ]
2= — lim | KoKie*™ da = o(zo) = 2(1— 1),

2T k—oo Jpeo

a contradiction to .,A6). This finishes Step 2.
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Since @* is locally uniformly bounded from above, up to a subsequence, either
uF — oo locally uniformly, or a* — 4 in Cf (R?). In the first case we get a
contradiction to

k

KoK 2% de = 4nf8,, lim lim [ KoKe*® dz =0,
]R2

thanks to Step 1. Therefore, only the later case can occur, and the limit function
u satisfies

3
_ 1
— 21 . 2 _
—Au = Kype in R*, Ky= Zl_ll 7@ R

Again by Step 1, we have that

Koe? dx = 47y,
R2

which is equivalent to
a(z) = —2B4log|z| + O(1) as |z| — oc.

Thus,

3
w(z) == u(x) - Zﬂe log |z — F|
=1

satisfies (1.3) with m = 3, where (31, 82, B3 satisfy .42). This contradicts the neces-
sary condition (1.4) in Theorem A. (]

Remark 1. Problem (3.2) is super critical under the assumptions Al) and A2).
To be more precise, if one uses fived point arguments (as described in Section /)
to prove the lemma, then one would not be able to rule-out a blow-up phenomena
around the point Py. This is due to the fact that the energy of a singular bubble at
Py is 4n(1 — 1), which is smaller than the total energy 4mwpy.

The super criticality of the Problem (3.2) under Al) and A2) can also be seen
from the point of view of singular Moser-Trudinegr inequality, see e.g. [1,9,15,32,58]
and the references therein.

Now we are in a position to prove non-existence of solution to the Toda system
(1.1)-(1.5) for the choice of {8; ¢} as in (3.1). More precisely, we have:

Lemma 3.2. Let §, € (0,1) with £ = 1,...,7 be such that Al) to A5) hold. Let

{Bie:1=1,2,0=1,...,7} be as in (3.1). Let Py,..., Py be such that Problem

(3.2) has no solution. Let Ps be a fized point (different from Py,...,Py). Then for

|Ps|, | P7| large (Ps # Pr) there exists no solution to (1.6) with m =7 such that
ui(x) = —=pB4log|z| + O(1) as|z| — o0, i=1,2.

Proof. We assume by contradiction that there is a sequence of solutions (u¥) with

Pg:ngk, |Pz| kio—o»oo fOI‘£:6,7,
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that is, u¥ satisfies

—Auk = 2[(162“)1C — 1(262“)2C in R?
—Auk = 2K262“§ — K162“)1€ in R?
(3.4)
o K€% da = 27, i=1,2
1P| 222 00 (=67,
where

H H |p6‘2ﬁe|p7‘2ﬂ7

|x—Pg|254 |z — Pp|28e

Notice that K; does not depend on k, K1 € LI(RQ), thanks to the assumption
B4 < 1, and

Ky — |z — P5|_255 locally uniformly in R?\ {Ps} as k — oo.

We claim that u¥ — u locally uniformly in R?, where u satisfies

—Au = 2K e* in R?, Kie*dx = 27 B4. (3.5)
R2
Then one can show that u(x) = —284log|z| + O(1) as |x| — oco. In particular,
u(x) = u(x) + log?2 is a solution to the Problem (3.2), a contradiction to our
assumption on P, ..., Py that the Problem (3.2) has no solution.

We prove the claim in few steps.
Step 1 We have

lim lim Kie*"dx = 0.
R— o0 k—o0 Bg,

The proof is very similar to that of Step 1 in Lemma 3.1. Here we give a sketch
of it.
We set

x
i (x )—U'f(| 7) - Balogla] +c*,

so that @/ satisfies (K does not depend on k)
—Aﬁ]f = K20 g in R? Ke* dy = 47 By, /2 g*dx = 27y,
R

R2

|z|—0

¢ K >0 inR?} K(z) —>1.
Now We can apply Lemma 5.1 with 8 = 0, thanks to the assumption 43), to get
that @¥ < C in a neighborhood of the origin. Step 1 follows.
Setting
S; = {x € R? : there is a sequence z* — x such that uf(2*) = o0}, i=1,2,
we shall show that S; U Sy = 0. We start with:
Step 2 Sl Q {Pl,...,P4} and SQ Q {P5}
For 2y € S1 U Sy we can write
¢ + o(1)
|z — |2’
where a1 € {0,081,...,084}, as € {0,085} and ajas = 0. By Lemma 5.1 and 43)
one gets S1 C {Py,..., Py} and So C {Ps}.

Ki(z) = ¢ >0, o(1) =250, i=1,2,
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Step 3 S; U S, = 0.
It is well-known that u¥ satisfies the integral equation

1 1
uf () = 7 /]R log (thhzjl) (2Ki(y)62u?<y> - Kg_i(y)ezu‘l;—i(y)) dy+C*, i=1,2.

For z¢ € S1US> let R > 0 be such that Br(z0)N(S1US2) = {x0}, and zg is the only
singularity for Ki, K5 on Bgr(xo). Then, from the above integral representation,
one can show that

luf(z) —uf(y)] < C for every x,y € dBr(xo), i=1,2.

In particular, u¥ and K; satisfy all the assumptions in Lemma 5.2. Therefore, if
Sy = {Ps}, then as o1(Ps) = 0, we must have g2(Ps) = 1 — 5. This implies that

Bs > 02(P5) =1 — B,

a contradiction to A5). Hence, Sy = 0.

Now we assume that 8y, € Sy for some £y € {1,...,4}. Then, in a similar way we
get that 84 > 1—fy,. In fact, by A6), a strict inequality holds, that is, 54 > 1—fy,.
Since

uf — —oo locally uniformly in R?\ S,

we must have that the cardinality of Sy is at least 2, thanks to Step 1. Taking
Py, € Sy with ¢4 € {1,...,4} \ {{o}, and again using that o(Pp,) = 1 — B¢,, we
obtain
Ba = 0(Pyy) +0(Pe,) =2 = Be, — Bey,
a contradiction to A1).
We conclude Step 3.

D (R?) where @ satisfies (3.5).
Since S1 U S3 = ), up to a subsequence, one of the following holds:
i) uf — u, in C)_(R?) for i =1,2

% loc
i) uf — 4 in O (R?) and u§ — —oo locally uniformly in R?
iii) u5 — tp in CY _(R?) and u¥ — —oo locally uniformly in R?
k — oo locally uniformly in R? for i = 1,2.

iv) uf

It follows from Step 1, and the integral condition fR2 Kie*"dx = 218, that either
i) or 7i) holds, and @; satisfies the integral condition

Step 4 u’f — @ in C°

Kie®Mdx = 27 4.
]RZ

Now we assume by contradiction that i) holds. Then the limit functions (@1, 42)
satisfy the system

7A’l_1,1 = 2K162ﬂ1 — KQ@QEZ iIl Rz
— Alig = 2K5e%2 — ;20 in R? (3.6)
Jpo K1€2™dz =27y, [go Ko 2dx =: 2my < 2mf3y,

where Ky(z) := |z — P5|72% is the limit of K, as k — co. Then one has

us(x)
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and together with Kye? € L'(R?) we have 85 +2v — 34 > 1. Hence, B4+ 35 > 1,
a contradiction to A45).

Thus, i¢) holds, and (3.6) reduces to a single equation (3.5).

We conclude the lemma. (]

4. HIGHER ORDER SINGULAR LIOUVILLE EQUATION

The proof of Theorem 1.2 is very similar to that of Theorem 1.1 (see also [22]).
Here we give a sketch of it.
Writing

w(z) =u(z) - Y Brlogle — P,
=1
Theorem 1.2 is equivalent to prove the existence of solution u € C°(R") to

n nu n L N 1
(—A)2U:K€ in R 5 K(Jj) —Em, (41)
satisfying the asymptotic behavior
u(z) = —Blog|z|+O(1) as|z] =00, [B:=2-— Zﬁg. (4.2)
£=1
As before we fix ug € C*°(R"™) such that ug(z) = —log |z| for |z| > 1, and we

look for a solution u to (4.1) of the form
u = Pug +v+ec,

where c is a normalizing constant and v € X, where

|z|—o00

X := Cy(R™) = {v € C°(R™) : v(x)

0}, [loll := max

Then w satisfies (4.1) if and only if v = u — Sug — ¢ satisfies
(—A)2v = Ke™t¢ — B(=A)2uy inR", K := Ke'Puo, (4.3)
The function K satisfies
lim |z|*"K(z) = 1. (4.4)

|| =00
For v € X, we fix ¢, € R so that
K(x)erv@+e) = gy (4.5)
RTL
We define a compact operator

T:X—->X, v—0,

o(z) = i/ log ( ! > K(y)envWrend gy — Bug(z), = e R™ (4.6)
Tn JRrn lz =y

It follows that ¥ € C°(R™) (in fact, Holder continuous), and by (4.5)

1 _
v(z) = —/ log( il > K(y)ervWred gy for |z| > 1.

Tn |$ - y|
We claim that there exists C' > 0 such that

lvlx < C for every (v,t) € X x [0,1] satisfying v = tT'(v). (4.7
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Then by Schauder fixed point theorem the operator T has a fixed point v in X,
and consequently we get a continuous solution to (4.1) satisfying (4.2).

To prove (4.7) we assume by contradiction that there exists (v*,t*) € X x [0,1]
such that ||v¥||x — oo and v* = t*T'(v*), that is

th 1 _
=1 f log(lx—yl) Ry)en™ 0reddy — t5fug(z).  (48)

Then we can choose zF € R™ so that

o 1
sup () < M) + 1572 00, () 1= oF(a) e+ 2 logith,
zeR™

The crucial ingredients to obtain a contradiction are Lemma 5.3, and the relation

B=2-Y Be=2-P—Y Be<2(1-p;) foreveryj=12,..,m, (4.9
=1 045

which follows from the second condition in (1.4). Up to a subsequence, we distin-
guish the following two cases:

Case 1 zF - 2® e R*"\{P,: {=1,2,....m}.
In a small neighborhood of > we have for some ¢y > 0

_ _ co+o(l)

K(z) o(1) £2275 0,

- |.Z' _ xoo|n(x ’
where « € {0, 81, ...,0m}. Using (4.8)-(4.9) one gets a contradiction as in [22], see
also [3,41].

Case 2 |z7F| — cc.
Setting
k
Tk ko T ~k z
=Y (—5), = —05 — 0,
1/1 (LC) ¢ (|$|2) Z |l‘k|2

we obtain ¥y, (2¥) — oo, and 1y, satisfies

- 1 - -
Vi) = Vn / o <x|g|y|> K(y)e"” Wdy + & in By,

where
~ 1 - =z &

1
= K (s = o + = log .
(‘T) |.’17|2n (|.’L‘|2)’ ¢ Cyk n 0og

Note that K is smooth around the origin and

|z]|—0

K(zr) /=1,

one can proceed as in Case 1. Thus, 1/* < C on R”, and we have (4.7).

5. SOME USEFUL LEMMAS

The following lemma is a generalizations of Brezis-Merle [11] type results, com-
pare [8, Theorem 5].
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Lemma 5.1. Let (u¥) be a sequence of solutions to

—Auk _ fk(‘r) eQuk gk in B1 fk(x)

2 k
= opa — o e dr <2m(l—a—e¢),
1

for some € > 0 and o € [0,1). Assume that g* > 0, ||g*|| 115,y < C,0< fE<C
and inf g\ p; fr> C5_1 for some 0 < § < % Then u¥ is locally uniformly bounded
from above in By.

Proof. We write u* = v* 4+ h¥, where h* is harmonic in B; and

) =g [ os = (W” ~d0) @

Since g > 0, by Jensen’s inequality one gets that

1

200" (@) gy < C ell, ———|.
[ e s < ey pe )

Notice that
/ (WF)*da < / (W) + [ok|)dz < C.
Bl\B(;

B1\Bs

Since5<%7ﬁxing5+% <ry <ro<1-—209 we see that
0B;(z) C By \ Bs for every x € Bs, 11 <t < 7s.

Therefore, by mean value theorem,

21 (ry — 1) (z) = / / R* (y)do (y)dt < / (R*)*tdy < C.
r1 OB (x) B1\Bs
Thus, [, (W*)Tde < C. If p* := [ [h*|dz < C then we have

¥ = h inC2.(B)), Ah=0 inB.
In particular, (h*) is bounded in CP (B1). If p¥ — oo, then

hk
E_)h in CZ.(B1), Ah=0, h<0 in By.

This shows that (h*) is locally uniformly bounded from above in By. This leads to

1

/;T 62pu’“dx S CT /BT e2p’0kdx S C(p, 7"75,0[), 0<r< 1, pE [17 m]

Using this uniform bound, and Hélder inequality with p = #—5/2’ one gets v* < C
in B, for 0 < r < 1, and the lemma follows. O

A strong version (precise quantization value of o1, 02) of the following lemma is
proven in [27,29]. See [30] for a Pohozaev type identity for regular SU(3) Toda
system.
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Lemma 5.2 ( [27,29]). Let (u},u}) be a sequence of solutions to
—Auk = 2&%627& — |II|(2%2 2 mn By
— Auk = 2%62“5 — ‘;lif;l e2ut in B
I, ‘;%ezufda: <C i=1,2 (5-1)
[uF(z) —ub(y)| < C for every x,y € 0By, i=1,2
IKFllcspy <C, 0< & < Kf in By, i=1,2,

for some ay,as < 1, and By is the unit ball in R?. Assume that 0 is the only
blow-up point, that is,

sup ub < C(e) forevery0<e<1, i=12.
B1\B.

Then setting
1 Kk ,
o; := lim lim 7/ &e%ﬂ”)dx, i=1,2,
r—0 k—oo 27 B, ‘IEPO‘I
we have
O'% + U% — 0109 = 0'1(1 — oq) + 0'2(1 — Ckg).
In particular, if (o1,02) # (0,0) then
o >1—a; orog>1—ao.

Remark 2. If a1 = ay = a, K¥ = K§ and u} = ub in the above lemma, then
g1 = 02 :2(1 —Oé).

Theorem 5.3 ( [22,30]). Let u be a normal solution to
(—A)2u = |z["e™ inR", A:= / |z|"Ye™ dx < oo, (5.2)

for some a > —1 and n > 2, that is, u satisfies the integral equation
1 1
’U,(iL’) _ 7/ log ( + |y|> |y‘naenu(y)dy + 07
Tn n |-qj - y|
for some C € R. Then A = A(1 + «), A1 1= 27,.
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