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ABSTRACT. We consider a coupled Patlak—Keller—Segel-Navier—Stokes system in R? that
describes the collective motion of cells and fluid flow, where the cells are attracted by a
chemical substance and transported by ambient fluid velocity, and the fluid flow is forced
by the friction induced by the cells. The main result of the paper is to show the global
existence of free-energy solutions to the 2D Patlak—Keller—Segel-Navier—Stokes system with
critical and subcritical mass.

1. INTRODUCTION

In this paper, we consider the Cauchy problem of the following 2D Patlak—Keller—Segel—
Navier—Stokes system (PKS-NS system) [12]

On+u-Vn=An—V-(nVc) in R? x (0, 00),

—Ac=n in R? x (0, 00), (11)
du+u-Vu+VP=Au+nVe, V-u=0 inR?x (0,00), '
(n, u)(+,0) = (no, uo) in R?,

where n, ¢, u and P represent the cell density, the concentration of chemoattractant, fluid
velocity field and pressure, respectively, and (ng, ug) is a given initial data such that V-ug = 0.
The system (1.1),-(1.1), is the parabolic-elliptic Patlak-Keller-Segel equations with additional
effect of advection by a shear flow [4,5,43], which models the chemotaxis phenomena in a moving
fluid. The equations (1.1), is known as the forced Navier-Stokes equations describing the fluid
motion subject to forcing generated by the cells. The forcing nVe¢, which also appears in the
Nernst—Planck—Navier—Stokes system [27] with an opposite sign, is to make the cells move
without acceleration and to match the aggregation nonlinearity in the cell density evolution
system.

The system (1.1) can be viewed as a coupling between the Patlak-Keller—Segel system
(PKS system) and the incompressible Navier—Stokes equations (NS equations). Many signifi-
cant contributions have been made on the studies to the Patlak—Keller-Segel system and the
incompressible Navier—Stokes equations. The Patlak—Keller—Segel system is first introduced by
Patlak [71] and Keller and Segel [53] and simplified by Nanjundiah [69]. We refer to [48,49] for
a review of the mathematical problems in chemotaxis models. It is well known that the PKS
system is L! critical [50] and the L! norm of the solution is conserved. When the initial measure
has a small atomic part, a unique mild solution is constructed in [8]. There is a competition
between the tendency of cells to spread all over R? by diffusion and the tendency to aggregate
due to the drift caused by the chemoattractivity. The balance between these two mechanisms
happens exactly at the critical mass M = 8x. In fact, in the subcritical case M < 8, the
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global well-posedness of the free energy solution of PKS system is established in [19,31] under
the assumptions of finite initial second moment and finite initial entropy. The proof relies on
the free energy functional introduced in [10,33,68] and the logarithmic Hardy-Littlewood—
Sobolev inequality. We refer the reader to [24] for an alternative proof using Delort’s theory
on the 2D incompressible Euler equation [29]. For the asymptotic behavior of the solutions in
the subcritical case, we refer the interested reader to [18,22]. On the other hand, for the case
of supercritical mass M > 8w, under suitable assumption, the solution blow up in finite time
due to the evolution equation of second moment, see [9—11,13,19,26,32, 44— ,64,73,80] for
example. Let us mention that the continuation of measure-valued solutions of the PKS system
in the sense of Poupaud’s weak solutions [72], which make sense even if there are mass con-
centrations, have also been studied (see [6,14,32,60,81,82]). As for the critical case M = 8,
solutions are shown to be global in time (see [12] for the radial case and [31] for the general
case). An infinite time blow-up free energy solution having a finite second moment was found
in [17]. The solution converges to a Dirac measure as time goes to infinity. If M < 8 and the
entropy of the initial data is finite, the global-in-time existence of classical solutions of finite
entropy without the assumption of finite second moment is proved in [67] (also see [30] in the
radial case). A classical survey can be found in [15]. The precise description of the infinite-time
dynamic and the limiting profile is given in [25,38,59]. Recently, it is shown in [28] that there
exists a radial function n§ with mass 87 such that for any initial data ng sufficiently close to
ng the solution starting from ng is globally defined and blows up at infinite time, with precise
blow-up behaviors and stability obtained. It is shown in [83] using a monotonicity formula that
mild solutions of PKS exists globally in time if and only if M < 87 without any additional as-
sumptions. We refer readers to [16] for non-blow-up free energy solutions which have an infinite
second moment. For the incompressible Navier—Stokes equation, the existence of global weak
solutions to the initial value problem has been established by Leray [57] and Hopf [47]. For
comprehensive results regarding the Navier—Stokes equation, we refer the interested readers
to [20,34,56,58,74,75,77,79], the references therein, and [1,7,21,35-37,39-41,51,52,70] for
results in two and general dimensions.

Similar to the PKS system, the PKS-NS system (1.1) formally preserves mass, in the sense

that
/ n(z,t)de = / no(x)de =: M
R2 R2

for all ¢ € (0,00) because u is divergence-free. Moreover, since the solution of the two dimen-
sional Poisson equation in (1.1), is given up to a harmonic function, we directly define the
concentration of the chemoattractant by

1 [ 1
c(z,t) = o /RZ log m n(y,t) dy.

Furthermore, the PKS-NS system (1.1) possesses a decreasing free energy functional [12, (1.2)]

Fln,u] := /R [n <logn - ;c) + % |u|2] da, (1.2)

where the first and the second terms are the entropy and a potential energy of the density
n, respectively, and the third term is the kinetic energy of the velocity field u. As shown
in [12, Lemma 1.1], the free energy is dissipative along the dynamics (1.1).

Lemma 1.1 (Free Energy Functional). Let (n,u) be a smooth solution of (1.1) and F|n,u]
be given in (1.2), then

— .7-"[n u] = / [n|V(logn —¢)|* + |Vul?] dz
a o
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Proof. A direct computation shows

d
— Fln,u] = —/ n|V(logn — c)|? dx —|—/ nu - Vedr — / \Vu|? dz —|—/ nVe-udz.
dt R2 R2 R2 R2
The lemma follows by integrating the last term by parts and using V - u = 0. ]

In [42], the local and global existence of solutions to the Patlak—Keller—Segel-Navier—Stokes
system (1.1) are established in the Sobolev space H®, s > 2, when the initial mass is strictly less
than 87. The H® bound of their solutions grows exponentially in time. They also consider (1.1)
on a torus T?, and prove a similar existence result as for R? while the solution can be bounded
in H*® uniformly in time. There are many open problems regarding the PKS-NS system (1.1).
For example, it is unclear that solutions exists globally in time or there exists a finite-time
singularity when M > 87. The ambient fluid flow might suppress the potential blow-up in
(1.1)4-(1.1), (see [1,5,43,51]). Despite of the known results of suppression of explosion on torus,
finite-time blow-ups of (1.1) are possible in R? when u is divergence-free. In a forthcoming
work [55], we construct infinite time blow-up solutions to the PKS-NS system in the critical
case M = 87 by a new inner-outer gluing method. It is worth mentioning that in the radially
symmetric class, the PKS-NS system is decoupled which can be seen from the dynamics of
the second moment (1.7) and PKS system itself can develop finite time singularities in the
case M > 8w (see [20,062,80] for example). We will get back to the construction of finite time
blow-up in the supercritical case M > 8m for the PKS-NS system without any symmetry in
a future work. In another aspect, the PKS-NS system in a bounded domain with Neumann
boundary condition is also an intriguing problem.

The main aim of this paper is to show the existence of global-in-time solutions for the
Patlak—Keller—Segel-Navier—Stokes system (1.1) with mass M < 8r. Throughout the paper,
the initial data are assumed to satisfy

0 <ng € L'(R?), nglogng € L'(R?), nolog(1 + |z|) € L'(R?), (1.3)
and
ug € W&’f(RZ) = WHAHWW(R% = {u € WH(R?) : divu = 0}, (1.4)
where C§%, (R?) := {u € C§°(R?) : divu = 0}.
We now define the free-energy solution of the PKS-NS system (1.1) of which the concept is
introduced in [17] for PKS system.

Definition 1.2 (Free-Energy Solution). Given T > 0, (n,u) is a free-energy solution to the
Patlak—Keller-Segel-Navier—Stokes system (1.1) with initial data (ng,ug) on [0,T] if (1 +
|logn|)n € L®°(0,T; L' (R?)), u € L>®(0,T; L*(R?)) N L*(0,T; H'(R?), (n,u) satisfies (1.1)
in distributional sense, and

Fln,u](t) —I—/O /R2 {n(w,sﬂV(log n(z,s) — c(x,s))|* + % |Vu(z, s)|?| deds < Flng,ue] (1.5)
for almost every t € (0,T).

It will be shown in Section 3 that every mild solution (n,u) is a free-energy solution.

The following is our main result on global-in-time existence of solutions to (1.1).
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Theorem 1.3 (Global existence). Suppose that (ng,uo) satisfies the assumptions (1.3) and
(1.4), and
M = ng dr < 8m,
R2
then the free-energy solution (n,u) to the Patlak—Keller—Segel-Navier—Stokes system (1.1) ex-
ists globally in time. Moreover, the L™ -norm of the solution does not blow up in finite time,
i.e., for any 0 <t <T < o0

S (In()lloe + lu®)llo0) < o0 (1.6)

In order to prove Theorem 1.3, we need to use the following proposition.

Proposition 1.4. Let (ng,uo) satisfy (1.3) and (1.4). Assume also ||no|; = 87. For a local-
in-time mild solution (n,u) on [0,T) with initial data (ng,uo) given in Theorem 3.2, it holds
that for 0 <ty < T,

sup / (14 n(t))log(l+n(t)) dr < co.
to<t<T JR2

Although the PKS—NS system shares many features with the PKS system because of u being
divergence-free, there are still some significant properties holds for PKS but fails for PKS-NS.
It is well-known that solutions of the PKS system with suitable spatial decay also satisfy
the conservation of the first moment (the center of mass) [p.n(z,t)zdz, and the equation
of the second moment (the variance) 4 [0, |z|*n(z,t) dz = 4M (1 — 2£). From the evolution
equation of the second moment, we can easily see that solutions with finite initial second
moment do not exist globally if M > 8r. Moreover, the second moment is conserved for the
critical case M = 8, which is one of the keys to prove the global existence in [17]. However,
for the PKS-NS system (1.1), unlike the PKS system, the dynamics of the first moment and
the second moment are more delicate due to the coupling from the velocity field. In fact, they
satisfy

d

— n(ac,t):vidx:/ n(x, t)u;(z,t) de
dt Jpe

RZ
and
2

d M
—/ |z|?n (2, t) doe = 4M — — + 2/ n(x, t)u(x, t) - x de. (1.7)
dt R2 2w R2

The sign of the last term in (1.7) is unknown. It is unclear how to control the integral unless
the solution is radially symmetric [42, Corollary 1], in which case the integral vanishes (the
system gets decoupled). The lack of control over the second moment is the main obstacle to
bound solutions uniform in time. Instead of using the second moment, we employ the following
modified free energy functional

Hin,u)(t) := /]Rz(l + n(t))log(1l + n(t)) de — % /}R2 n(t)c(t) de + % /RZ lu(t)|? dx (1.8)

and the Brezis—Merle inequality as in [(7] to estimate the modified free energy in the interior
region in the proof of Proposition 1.4. Details of the proof of Proposition 1.4 are given in Section
5. It is worth mentioning that the modified entropy [p.(1 + n(t))log(1 4+ n(t)) dz in (1.8) is
non-negative and has been used to get nonnegative global solutions for parabolic-parabolic
Keller—Segel system in [66] and [61].
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Remark 1.1. Unlike the free energy functional Fn,u], the modified energy H|[n,u] defined in
(1.8) does not decrease in time. In fact, it formally satisfies

d 2
— Hn,u] = — /
dt JR2

. 2
+ / & dzx.
. RZ 1

Viog(l+n)— %

dmf/ 77,\V1()g(1+n)7V(?|2d;777/ |Vu|? dx
R2 JRr2

Let us explain the idea for the proof of our main result, Theorem 1.3. First of all, we employ
the free energy functional F[n,u] defined in (1.2) and the logarithmic Hardy—Littlewood—
Sobolev inequality to obtain the a priori estimate of the fluid velocity. For the critical case
M = 8, the energy of fluid velocity is uniformly bounded in time (see Lemma 4.1), and thus
the velocity of mild solution verify the Prodi-Serrin conditions for regularity (see Remark 4.1
and Remark 4.2). The regularity of u allows us to control all additional terms arising from
the coupling when deriving the a priori entropy estimate of the advection-Patlak—Keller—Segel
system (1.1);-(1.1), in Section 5. For the subcritical regime M < 8w, we improve the result
of [12] by reducing the regularity assumption on the initial data (ng,ug). In fact, we show
that solutions with the initial conditions (1.3) and (1.4) become H?® in short time, thus the
global-in-time existence follows directly from [42].

The rest of this paper is organized as follows. In Section 2, we prepare some analysis tools
that used in this paper. In Section 3, we introduce the notion of mild solutions of (1.1) and
discuss local existence and regularity of the mild solutions. In Section 4, we obtain a priori
estimates of the forced Navier—Stokes equation. In Section 5, we derive a priori estimates of
the modified entropy and prove Proposition 1.4. Section 6 is devoted to prove Theorem 1.3,
the global existence of solutions to (1.1).

2. PRELIMINARY

Before proving our main theorem, we recall some well-known and useful lemmas.

In the light of the critical Sobolev embedding in R?, we define the class of functions of the
bounded mean oscillations BMO(R?) by

1 . 1
| fll aro ::sup—/ |f — fe|ldz with fp ::—/ fdz,
B |B|l /B B /g

where the supremum being taken over the set of Euclidean balls B and |B| is the Lebesgue
measure of B. It is well-known that H!(R?) is embedded in BMO(R?) N L?(R?) as a corollary
of the Poicaré inequality.

In view of the modified entropy fRZ (1+n)log(l+n)dx appears in the modified free energy,
we recall the notion of the Orlicz space.

Definition 2.1 (Orlicz space [2,78]). Let ¢ : Ry — Ry be a convex function such that
lim 9(s) =0, lim 9(s) = 0. (2.1)
s—04 S s—oo S

Then the Orlicz class L¢(R2) consists of all measurable functions f : R? — C satisfying

¢(|f(@)])dz < oco.
R2
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Since ¢(s) = (14 s)log(1l + s) — s is a non-negative, convex function satisfying (2.1), non-
negative functions with finite total mass and finite modified entropies forms the Orlicz class
L4y10g(14) =t Llog L. If f € Llog L, then the solution ¢ to the Poisson equation

~AY=f inR? (2.2)

is a locally bounded function. If flog(l + |x|) € L' then 1 becomes a locally integrable
function.

The following proposition of BMO estimate for the solution of two dimensional Poisson
equation is well known.

Proposition 2.2 (BMO estimate). Let flog(2 + |z|) € L*(R?) and 1 be the solution of the
Poisson equation (2.2). Then we have

14l g0 < ClISIL

where C' is a constant independent of f.

Proof. Tt is well known that log |z| € BMO. Since

1 1
v - o [oay= [ Jogle sl - [ ol = vids] ran
we have

L/
1Bl /B

dx

1
vle) - /B ¥(y) dy

1 // 1
< = loglx—yl—f/logz—yldz
B S /s A

1 1
|B|/]R/B log:c||B|/Blog|z|dz
2 Kl Yy Yy

1
< =7 [log [l 11y
|B| BMO 1

dz|f(y)| dy

dx|f(y)|dy, By =B +y,

completing the proof. O

BMO functions are locally LP. In fact, using the John—Nirenberg inequality, one can prove
the following lemma.

Lemma 2.3 ([76, (7), pp. 144]). Suppose f € BMO(R?). Then for any 1 < p < oo, f is
locally in LP, and

1
51 1= f5l 2 < Gyl paso
for any balls B.

We also make use of the logarithmic Hardy-Littlewood—Sobolev inequality to derive the
energy estimate of the velocity field u.

Proposition 2.4 (Logarithmic Hardy-Littlewood—Sobolev Inequality [3, 23]). Let f be a
nonnegative function in L'(R?) such that flogf and flog(l + |z|?) belong to L'(R?). If
Jgz fdx =M, then

/R flogfdrt - / 2 / F@)f(9)log |~ y| dedy > ~C(M)
with C(M) := M(1+logm —log M).
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The logarithmic Hardy-Littlewood—Sobolev inequality has been broadly applied to the PKS
system. It is the key ingredient to show the global-in-time existence in [19] and to characterize
the blowup profile in [17]. To be more precise, it is used to derive an upper bound of the
entropy from the dissipative free energy functional for the PKS system.

As mentioned in the introduction, we employ the modified free energy functional H|[n,u)
given in (1.8). The following lemma implies the equivalence of the free energy function F|n, u)
and the modified one H[n,u] under the weaker condition that nglog(2 + |z|) € L.

Lemma 2.5 ([67, Lemma 2.3]). Let f be a nonnegative measurable function on a measurable
set Q in R™ satisfying flog(2 + |z|) € LY (). Then

flog f € L'(Q) & (1+ f)log(1+ f) € LY(Q).
In fact,
/(1+f)10g(1+f)dx§2/f|10gf|dx+(2log2)/fdm
Q Q Q

and

1 1
/Qf|logf\dx§/Q(l—l—f)log(l—I—f)dx—I—Qa/Qflog(Q—i-|x\)dm—|—g/ﬂmda:,

where n < o < 0.

The following lemma is the key to reach the global existence Theorem 1.3 from Proposi-
tion 1.4. It gives us a control of the Liz norm of n in the energy equality of the density
n.

Lemma 2.6 ([66, Lemma 2.1 (2)]). For any € > 0, there exists C. > 0 such that for f >0
1flly < e (X4 F)log(1+ HIIF IVFI3 +C) If1IF (2:3)
1flls < ell(X+ f)log(X+ NHITIVIIZ +Ce) IFIT (24)

3

where C(e) = O((e* ~ —1)3) as e — 0.

In order to control the free energy in the interior region, we need the following lemma
concerning the Poisson equation in R2, which is a consequence of the Brezis—Merle inequality
under the zero Dirichlet boundary condition.

Lemma 2.7 ([67, Lemma 2.7]). Let Q be a bounded domain in R? with smooth boundary. For
g € L2(Q), let v € W22(Q) be a solution of —Av = g in Q. If l9ll 71 () < 4, then

4 2
[ e (@) de < T —

Q 4m — ”g”Ll(Q)
where d(2) is the diameter of Q.

a*exp (suplo(e)] )

It follows from the following lemma that the L°°-norm of Ve is controlled by the L?-norm
of n, q € (2,00).
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Lemma 2.8 ([65, Lemma 2.5]). Let 2 < g < oco. For f € L* N LY,

1 1
— log —
or °g|-|*f

]

q—2
'h < C, AT 71

‘ oo

where
q—2

—1 1/2 q 2(¢—1) q D
— (e (L2 — — .
Co=02m) (q—2> {<Q—1> +<q—1>

We denote for any real-valued function f = f(z) that f(z) = max{f(z),0} and f~(x) =
(—f)T(x), so that f = f* — f~. In the same spirit as [17, Lemma 2.2] where the negative part
of the entropy is controlled by the second moment, we can control the negative part of the
entropy by the weighted L' norm with the weight (1 + log(1 + |2]?)).

Lemma 2.9 (Control of the negative part of the entropy). For any g such that (1 + log(1 +
|z|?))g € L} (R?), we have glog g~ € L*(R?) and

x)log g(x)dx x)lo z|?)dz + log 7 nwszv1
[ otatog gta)da <2 [ gla)tog(1 + jaf)do+logm [ a(eydo+

R2

Proof. Let u:= glyg<1y and m = [p, ude < M := [, gdz. Then

/ u [logu+ 2log(1 + |z|?)] do = / UlogUpdx —mlogm,
R2 R2

where U :=u/p and p(x) > so that fRz pdr = 1. By Jensen’s inequality,

=__ 1
m(1+|z]?)

/UlogUpdx2</ U,udx)log(/ U,ud:r)—mlogmzl.
R2 R2 R2 e

So
1
/ u [logu+ 2log(1 + |z[*)] dz > —= — mlog .
R2 (&
Therefore,
1
/ glog™ gdx = —/ ulogudr < 2/ wlog(1+ |z|*) dx + mlogm + —,
R2 R2 R2 &
completing the proof since u < g and m < M. O

3. LOCAL-IN-TIME EXISTENCE OF MILD SOLUTIONS
We begin with the definition of the mild solution of the PKS-NS system (1.1).

Definition 3.1 (Mild Solution). Given (ng,ug) € L' x L2, we define (n(t),u(t)) to be a
mild solution of the Patlak—Keller—Segel-Navier—Stokes system (1.1) on [0,T) with initial data
(o, uo) if

(i) n € C([0,T); LYY N C((0,T); L*3) and u € C([0,T); L?>) N C((0,T); LY),

(i) sup 4 (IIne)ll5 + llu®)ll,) < o0,
0<t<T
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(iii) (n,u) satisfies the integral equations

n(t) = e®ng — / =AY . (n(s)Ve(s) + n(s)u(s)) ds, (3.1)
0

u(t) = e®ugy — /0 e!=IAPV - (Ve(s) @ Ve(s) + u(s) @ u(s)) ds, (3.2)
where —Ac(s) = n(s).

In this section, we discuss the local existence and regularity of mild solutions to (1.1).
Let us write (3.1)-(3.2) as
(n(t)7 u(t)) = (etAn()v etAUO) — B((n,u), (n,u)),
where B = (Bj, Bs) is a bilinear form in which B; and By are bilinear forms defined by
t
B((m,0), (n,0) i= [ €93F - (m(s)e(s) + m(s)u(s)) ds.
0
t
By ((m,v), (n,u)) := / e=IAPY . (Vb(s) ® Ve(s) 4+ v(s) @ u(s)) ds
0
in which —Ac(s) = n(s) and —Ab(s) = m(s).
By the Hardy—Littlewood—Sobolev inequality, for any ¢ € (2, c0)
IVell, < linll 2o - (3.3)
We recall the classical L?-LP estimates of heat and Stokes semigroups. For any 1 < ¢ <p < o0
(p £ 1,q # ), there holds
11
[e 2 Fl, + 12 PrI|, < 7o 11l

L 3.4
||etAV-F||p + ||etAPV-F||p St AR, (34)

Let &7 be a Banach space defined as
Er ={(n,u) € L*(0,T;L") x L>(0,T; L) :
/(- 0),u(, 1) € L0, T L) x L=(0,T5 LY) |
with the norm
I(n, w)llg, := sup ¢/ (Iln(',t)||4/3 + \|U(wt)||4) + sup ([In( )y + [lul- 1))
te(0,T) te(0,T)

=, W) x, + (0, w)lly, -

We first establish the local-in-time existence of mild solutions to (1.1) and some important
properties of the solutions in the following theorem.

Theorem 3.2. Given ng € L' and ug € L2, there exists T € (0,00) such that the Cauchy

problem (1.1) has a unique mild solution (n,u) on [0,T). Moreover, (n,u) satisfies the following
properties:

(i) n(t) = ng in L' and u(t) — vy in L?;

(ii) for every 1 < p < oo, there holds n € C((0,T]; LP) and supgy,(t'~1/P [n(®)],) < oo;

(iii) for every 1 < p < 2, there holds u € C((0,T]; L%) and supgy - (t171/P ||U(t)”22fp) <
00;

(iv) for everym € Zy, 1 € Z% and 1 < p < oo, there holds 9" 0.n, 87" 0Lu € C((0,T); LP);
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(v) (n,u) is a classical solution of (1.1) in R? x (0,T);
(vi) If ng >0 and ng # 0, then n(z,t) > 0 for all (z,t) € R? x (0,T);
(vii) If nolog(l + |z|) € L', then n(t)log(1 + |z|) € L for all0 <t < T.

Proof. By (3.4) and (3.3), we have

1B1((m,v), (n,u) g5 < / (t—s)"2H 571 m(s)Ve(s) +m(s)u(s)]; ds
0
< / (t = 8) 7% [|m(s) 45 [IVe(s) +uls)], ds

< ([e=9 1 tstas) lmolly, o0l

S m, ), ()l

and

[[B2((m, v), (n, w))ll4 §/0(t—S)_§+Z_%HVb(S)®VC(S)+v(8)®U(S)|lz ds

< / (t =) (IVb(s) L, [Vel)ly + o)l luls)]l,) ds
0

3

S [ =97t (Imlya @ s + 1o fute)l,) ds
< ( [e-9istis ds) om0, (),

S VI 0) ]y (0 0) -

Thus, we have proved that
1B((m,v), (n,u)llx, S [[(m0)llx, [[(n,w)]x, - (3.5)

We claim that if ng € L' and ug € L?, then

tim ¢/ (fle"2nall 5 + e *uall, ) =o0.
The limit holds if ng and ug are smooth and have a compact support. Therefore, the claim
holds by a density argument. With this claim and the bilinear estimate (3.5), the local existence
of a solution (n,u) € Xr of (1.1) follows from the Picard iteration. The solution (n,u) is in
Y7, and hence a mild solution of (1.1), since

In®), = /R2 n(z,t)de = /R2 eBng(z) de = /]R2 no(z) dz
and

A 2
[u®)lly < [le"Suol|, + | B2((n, ), (n,w))lly < lluolly + (7, w), -
It is easy to see

—0

[n(t) —noll; < Hemno — n0H1 + H/O e=IAY . (n(s)Ve(s) + n(s)u(s)) ds 1

and

— 0,

u(t) = uolly < |le"uo — uol|, + H/O =IAPY - (Ve(s) @ Ve(s) + u(s) @ u(s)) ds 1

as t — 04, which proves (i).
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From (3.1) and (3.2), using (3.3), we have for 1 < g <p < oo (p # 1,q # o) that

1

@), S [l “nol|, + / (t— )" 574 |n(s)Ve(s) + n(s)u(s)], ds

1 . o (3.6)
1_ 1_2 2
<5 ol + / (t =552 (In(); + lIn(s)l, o)l 2 ) ds,
andforlgrgﬁgoo(;_—pp;él,r;éoo) that
t —P
||u(t)||227p < Hemuonzzip +/ (t— s)_%+227_% |Ve(s) @ Ve(s) +u(s) ® u(s)]],. ds
(3.7)

2

1_ ! 1_2 2 2
SO ol + [ =3 (Il + o) %, ) s

4qg _ 2r 1_2
Whereaf2+q71+r<2andp => -1
2

For1§p<2,wehave1§2zfpp<oo. Takingaz%sothatqzl,rzZ, and%—g>—17
(3.6) and (3.7) become

t
In()ll, + l[u(®)] 20 §t§71+/ (= 5)i 1
e i

For p = 2, we choose a € (3,2) in (3.6) and (3.7), say a = 5 so that ¢ =
%—32—%>—1,andget

S

ds < tv Vi<p<2  (38)

10

=, T =25, and

t
In(®)ll, + (@), <tF+ / (t—s) T tds <t 4,
0

where we used (3.8) with p = 2. This completes the proof of (iii).
For 2 < p < oo, we choose a = —2 € (%,2) in (3.6) so that ¢ = 22 < p, and % — % =

1o 1+2p 1+p
—2p
= > —1, and get

t
In@)l, <t +/0 (t— ) Hhstlgs < 31 V2 < p < oo,

where we used (3.8) with p € (£,2).

18
For p = oo, from Lemma 2.8, ||[V¢| . < |n[l{ ||n]|5. Therefore,

In(®)ll <t In(t/2), + /t/z(t = 8) 72 (IVe(s)llo + lu(s) o) lIn(s)l5 ds

t
st*nnonﬁ/ (t— sy 8sF ds
/2

< ¢t

proving (ii).

We omit the proof of (iv) and (v) as they follow from the technique used in the proof
of [65, Proposition 2.3]. The positivity of mild solutions (vi) is a direct consequence of the
strong maximum principle. In fact, the proof is identical to that of [65, Proposition 2.7] for PKS
system in which the n-equation is tested against n~, the negative part of the density n. In our
case, when we test (1.1); against n~, the additional term vanishes because [p, u-Vn-n~ dx =
f]R2 u-Vn~ -n~ dr = 0. We skip the full details and refer the interested reader to the proof
of [65, Proposition 2.7].
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To show (vii), note that
2||
L[ —

4

[Viog(1+ |z[*)] <
So
i/ nlog(1 + |x|?) dz
dt fon "8
:—/ u~anog(1—|—|x|2)dx+/ Anlog(1+|x|2)daj—/ V- (nVe) log(1 + [z]2) dz
R2 R2 R2
:/ nu-Vlog(1+|z|2)dx+/ nAlog(1+|x|2)da:+/ nVe- Viog(l + |z|?) dx
R? R? R2
§/ n|u\dx+4M+/ n|Veldz
R? R?

< H"||4/3 l[ull +4M + ||n||4/3 Vel
_1
<4M + C(lnolly » luollp) 2.

Therefore
/ n(t)log(1 + |a?) dx < / nolog(1 + [2f2) dz + 4Mt + C(lnolly  lluolls) . (3.9)
R2 R2
O
Remark 3.1. Tt follows the same argument as in [65, Remark 2.1] with the estimate of bilinear

forms By and By that if ng € L' N LP and uy € L2 N L*% for 4/3 < p < 2, then n €
2p

Remark 3.2. By Lemma 1.1, the mild solution constructed in Theorem 3.2 is a free-energy
solution because it is a classical solution.

4. A PRIORI ESTIMATES FOR THE FORCED NAVIER—STOKES EQUATION

In order to have a better control of the modified free energy H[n,u] in Section 5, we derive
the following energy estimate of u using the free energy F[n,u] and the logarithmic Hardy—
Littlewood—Sobolev inequality.

Lemma 4.1 (A priori bound of u). Suppose that (ng,uo) with ng satisfying (1.3) and ug € L2,
and ||ngll; < 8m. Let (n,u) be a mild solution on [0,T) given in Theorem 3.2. Then

1 2 ! 2

3 ||u(t)\|2+/0 IVu(r)|l3 dr < C([lnolly , Ino log nolly , luolly , T)-
The constant C' is independent of T if ||ngl|, = 8.
Proof. By Lemma 1.1,

Finalt) = Flno.l = [ [ [nlV00gn - o +[uf] do.

By Proposition 2.4,

Flavsuol = (1= 52 ) [ ntotogatt) do = - + 5 ol + [ 19615 ar.
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3 1O+ [ Ivu)} dr < Flno, ) - (1 - SMJ | @y tognta) da+ ¢ o),

Our goals is to bound fRZ nlogn from below. In fact, using Lemma 2.9

/nlogndmZ—/ nlogn™ dx
R2 R?2

1
> —2/ nlog(1+ |z|*)dx — Mlogm — =
R2 €

1 1
> —2/ nolog(1 + |z|?) dz — 8Mt — 2C(||nol|, , [|uolly) t2 — M logm —
R2 €

where we used (3.9) in the last inequality. We conclude that

1 t
3 IO+ [ Va3 ar

M

< Flng, up) — <1 — 87r> /2 n(x)logn(z) dx + gC(M)

M 1
< Flno,uo] + <1—8> [QHnolog 1+ |z Hl—|—8MT—|—20(||n0H1,||u0H ) T2 —|—Mlog7r—|-

completing the proof. O

Remark 4.1. By [75, Lemma V.1.2.1 b)]

T 1 2 T )
| iy ar) 55 (essuw ol ) + [ 1vue)s dr
0 te[0,T) 0

for 2 < g < 00, 1 < s < 0o satisfying % %—1 Therefore, Lemma 4.1 gives
2 2

we L*(0,T;LYR?), 2<g<oo, 1<s<oo, —+-=1
q s

with
@2)) < Clnolly » lnolognolly , luolly, T)
in which the constant C' is independent of T if ||ngl|, = 8.

Remark 4.2. If, additionally, ug € Wolf(RQ) then dyu, u - Vu and VP are in L?(R? x (0,7))
by [75, Theorem V.1.8.1]. Note that [75, Theorem V.1.8.1] holds for the case f = V - F,
Fe L4(R2 x (0,7)).
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5. A PRIORI ENTROPY ESTIMATES FOR THE ADVECTION-PATLAK—KELLER—SEGEL SYSTEM

This section is devoted to prove Proposition 1.4, following a similar approach as in [67] for
PKS system. The key to derive the global-in-time a priori entropy estimate of (1.1),-(1.1), is
to split R? into a ball (interior region), the complement of a larger ball (exterior region), and
the annulus that connects the two regions. The main difficulties here for the PKS-NS system
come from the coupling of velocity w which is not present in [67], and extra efforts are needed
to control the terms generated from u. We will use the regularity estimates of Navier-Stokes
equation with forcing.

5.1. Entropy estimates for exterior regions. In this subsection, we obtain the a priori
estimate for large |x|. To this end, we set

Hoa(t:B)i= | (14 n(®)log(1+ n(t)) - n(0)] dz,
|z|>R
and introduce the Littlewood—Paley partition of unity.

Definition 5.1. Let ¢(r) be a function in C§°(0,00) such that ¢(r) € [0,1] and supp ¢ C
(1/2,2). Then a family of the cut off functions {®r}72, is called as the Littlewood—Paley
partition of the unity in R? if they satisfy

Pp(z) = ¢(2 "z]), eR*k=0,1,2,...
and Y 7 o @ € C(0,00) with Y pe o ®r(x) =1 for |z| > 1 and supp (3_pe Px) C (1/2,0).

The Littlewood-Paley partition of unity {®}3°, satisfies @y € C5°(R?), ®x(x) € [0,1],
supp @, C Ay, = {x € R?: 2871 < || < 2MF1)

and
Vo, < C27F05  |ve/? <2 Fel/® VR, < c27%el/?
where C' > 0 is a constant independent of k.

Proposition 5.2. There exists a sufficiently large Ry depending only on T, ||nol,, and ||uo]|,
such that

sup Hem(t; Ro) / / [Vr®) d dt
0<t<T |z|>Ro 1—|—n (5.1)

< 2Hezt(t»Ro/2) + C(lnolly , lno log nolly , [luolly) T,

/L/ (t) dadt < C [nolly Heas(t: Ro/2) + C(Inolly - lInolognolly  lluo )T, (5.2)
:L‘|>RQ

Proof. For fixed k, we let ¢,,(t) = c(t) — [¢(t)] B, where [c(t)]B (1/|B]) [z c(t)dz, B =
Byi+2(0). The equation exchanging ¢(t) into ¢, (t) also holds, that is, —Ac¢p, = n. Note that
by the equation of n,
O {[(1 +n)log(l+n) —n| P} = —u-Vnlog(14+n)Ps+(An) log(1+n) P, —V-(nVe) log(14+n) Py
Since
(An)log(l +n)®y =V - [Vnlog(l+n)®; — ((1 4+ n)log(l +n) — n)VEO]

2
VP2
1+n

+ (14 n)log(l1+n)—n)Ad, —
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and
—V - (nVem)log(l 4+ n)®y, = =V - [nlog(l + n)(Vem)Pr] + nlog(l +n)(Vey,) - VO
+nVilog(l+n)- (Vem)Py,
we have
8, {[(1 +n)log(1 +n) — n] &y} + V"L g,
1+n

= —u-Vnlog(l +n)Py
+V - {Vnlog(l+n)®, — [(1+n)log(l +n) —n] VP, —nlog(l+ n)(Vem)Pr}
+ [(1+n)log(1l+n) — n] A®y 4+ nlog(l +n)Vey, - VO
+nVilog(l+n) - (Ven)Pk.
We then have

d 2
@ Jss [(1+n)log(l+n)—n]Pyldx + /}R2 |vf|n ). dx
= 7/ u-Vnlog(1+n)®pde+I+I1+ 111 +1V,
R2
where
[I| + [II|+ |III| + |IV|
t 2
< (95—!—0 n(t) dm)/ V(o) Oy dr
A R2 1 + n(t)
+ 02_2”(||n0||1 + ||TLOH?) + C(l + 5)2 /2 n(t)CI)k dx
R
+ CeTP27 e(t)llgago + C27 lle(®) o + €27,
where ¢ is an arbitrary number with 0 < & < 1 (see [67, (3.20)]). Now, using the fact that
V -u = 0 and the similar computation for IV on page 87 of [67], we get

—/ u - Vnlog(1l + n)®y dz
R2
:—/ u-VI[(1+n)log(l+n)—n]dde
R2
:/ u- VO, [(1+n)log(l+n) —n]dx
R2

< crk/A Ju] [(1 + n) log(1 + n) — n] 82/ dz
k

2/3 1/3
<c27* (/ [(14n)log(1 +n) —n]*/? &2/ dz) (/ |u3da:>
Ak Ak

< [ (0 m)tog( 4 ) < 0 @ do 02 ]
Ag

(o) (L e oe)

2
+ Ce2 2k (/ ng dm) +Ce(1+¢) / n(t)®y, dx 4+ C273* ||uH§ .
R2 R2

IN
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By the same argument as in the proof of [67, Proposition 3.2] and taking ¢ = 1/36, we can
choose N sufficiently large such that for all kK > N,

9+ (C+1) sup / n(t) dr <
0<t<T J Ay,

l\')\n—\

and thus

/ (0 1+n)log(1+n)—n]<l>k}d:c+2/R
SC’(1+5)/

]R2
+C27% u|}

|Vn|?
214 n

(bk dx

n() @ do + €27 (Jle(®) a0 + e o + lle® a0 + lle®lpyo +1)

<C(1+e) / n(t)®r da+ €272 (IInollS + Iinoll} + lInoll} + Imoll, +1) + €27 |ul
R2

since |lc(t)|lppmo S In(t)|l; = |[noll, by Proposition 2.2. Thus, we have

|Vn|?
/RQ [(1+ (1) log(1 + n(t)) = n(t)] @y dz + / /R 1+n

O drds

< /]Rz [(1 4 ng) log(1 + no) — no] P d$+0/ / )@y du (5.3)

T
+ 027 (ol + Inoll + Inoll + nolly +1) 7+ 02 [ e .

Note that we have [|ul| 76 7.73r2)) < C(llnoll; , [Inolognoll; , [luoll,) by Remark 4.1. Then

T u
[ wnas [ (” Il 1 )dt<c<|no||1,nologno||1,uou) 54
0 0

Adding (5.3) for k > N and using >,y ®x(x) = 1 for |z| > 2V, we have

—-—n €T ‘v ‘2 xras
/|m|>2w [(1+ n(t)) log(1 + n(t)) — n(H)] dz + = //W?N L dud

< [, [0 o) ton(1 5 m0) =] i+ (ol + ol + ol + ol +1) 7
z|>2

+ C(lnolly » [lno log nolly » [luolly) T
proving (5.1) with Ry = 2V. Next, we have (see [07, (3.24)])

2
/nQ(t)@kdxgznnOHl(/ [V q»kdx)+02—2kn0||§+4/ n()dyde.  (5.5)
R2 R R2

214 n

Using (5.3) to the first term on the right hand side of (5.5) and adding these for all k > N, we
conclude that

// ndzdt<2||”o”1// = dwdt + ol + Inoll,)T
|z|>2N |z\>2N +n

< 4ol / [(1 4 n0) log(1 + no) — ngl de
|z|>2N -1

6 3 2
+Clinoly (Imol + Inolld + ol + llmoll, +1) 7
2
+ ol lno logmolly o) o, 7+ Clmoll? + linolly) T
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This proves (5.2). O

5.2. A priori estimates for exterior regions. Let Ry > 0 be given in Proposition 5.2, and
choose it larger so that ng(z) <1 for |x| > Ry. Then

sup / (1 -+ n(t)) log(1 + n(t)) dx < Clno, uo, T),
|z|>Ro

0<t<T
T 2
/ / Al dzdt < C(ng,uo,T),
0 Jz|>Ro

1+n

T
/ / n? dxdt < C(ng,uo, T),
0 J|z|>Ro
)

and for R > Ry and p € [1,00
/ ng(z) de < / no(z) dz.
lz|>R |z| >R

For R > 1, let & € C(R?) be such that ®p(z) € [0,1], Pr(z) = 1 for |z| > R, supp Pr C
R? \ BR/Q(O), and
Vog| < CR'OYS  |v(@?)| < CR'®Y®  |V20R| < CR2®%°,
where C' > 0 is a constant independent of R. Then
supp (VOR) C A% := {z € R*: R/2 < |z| < R}.

Lemma 5.3. For any R > 2R,

1 T
sup/ nQ(t)dx+§/ / Vnl? dedt < C(llnoll, , lInolog nolly s ol » T, B). (5.6)
|z|>R 0 Jz|>R

0<t<T
Proof. For fixed R > 2Ry, we let ¢, (t) = c(t) — [c(t)]B, where [c(t)]p = (1/|B]) [ c(t) du,
B = Byg(0). Then |cnll, < llellgpo for 1 <p < oo by Lemma 2.3. Multiplying the equation
of n by n®g, integrating on R?, and performing integration by parts, we have

1d

77/ nQ(t)chdx+/ |Vn(t)?®R da
2 dt ]R2 ]R2

:—/ nu-an)Rdx—i—/ n(An)@Rdx—/ nV~(nVc)<I>Rdx+/ |Vn|>®r dx
R? R? R? R?

1 1
:—/ nu-VnCPRdx—i—f/ n?’(I)Rdas—i—f/ n2(1—cm)A<I>Rdx—/ nVn - V®rc,, dz,
R2 2 Jge2 R2

2 R2
where 1 1
2 / n*(1 = ep)APrdr < - / n*®p de + CR™(|c|fno + 1)
2 R2 4 R2
and
1 . 1
—/ nVn - V®gre, dr < f/ n3®p dx + */ IVn|*®pdx + CR™* HC||6BMO .
R2 3 R2 2 R?
Hence
d
— | n*®rdx —|—/ |Vn|2® g dr
dt R2 R2

13
< —/ nu - Vn®gdr + E/ n3®pdr + CR™* <Hc||6BMO + lellino + 1) ,
R? R?
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where

1 1
7/ nu~Vn<I>Rdx:ff/ u-V(n?)®rdr = 7/ n*u-Vopdx
]R2 2 R2 2 Rz

1
< —CRfl/ n?|u|® g dx

IN

5
CR™3||ull} + 5 /]R n*®p dx

since u is divergence-free. Thus,
d
— [ n?dp dx—i—/ |Vn|*®r dx
dt R2 R2
<3 [ noends+ CR™ (Jellinio + leluo +1) + OB [ul},
R2

and from a similar argument as that of [67, (3.31)] we have

d 2
— Prd 1-—
7 Rzn Rx—i—( E/A

2
§C< / n3/2|vq>g2|dx) +C() [ ntnda+ R (ellbuo + ellino + 1)
R2 R2

+ CR™ |ul; .
Choosing € > 0 such that

(1+mn)log(l+n) dm) |Vn|*®p dx
R2

*
R

1
1—5/ (I14+n)log(l+n)de = -,
" 2
R

we have

1
— [ n*®rd 7/ *dpd
7 Rzn R $+2 . |Vn|*® g dx

< CR?|jnql, /| ™ CE) ol + ol R+ CR fuly.

Recall from (5.4) that fOT ||u(t)||§ dt < C(||nolly , Ino log nol|; , [lwoll5) T'- Integrating the above
inequality from 0 to ¢ with respect to the time variable, we have

1 t
/ nQ(t)q>Rdx+§/ |Vn|2¢>Rdmds§/ 20 de + C(|Inoll, » [Ino log moll, , oy » T R)
R2 0 R2 R2
< [ nonds + Ol notogol, ol 7. 1)
R
This proves (5.6). O
Lemma 5.4. For any R > 22Ry,
T
| ntdsdt < ol o togmall, . ol T, B
0o Jiz|>R

Proof. The lemma is a consequence of Lemma 5.3 following the same proof of [67, Lemma
3.5]. O
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Lemma 5.5. For any R > 23R,

0<t<T

T
swp [ wtydos [ [ OndPepdsdt < Cllnal, . nologmoll . uoll, 7. )
|z|>R 0 Jz|>R

Proof. Multiplying the equation of n by n?®g, integrating over R?, and using integration by
parts and the fact that u is divergence-free, we have

1d

3 dt Jge

= —/ (u - Vn)n?®gde + é/ n3Adg dr —/ n?V - (nVep, )P d
R? R? R?

n3<I>Rdx+§/ (Vn3/22® p da
9 RQ

1 1 1 2
=7/ n3u~V<I>Rd:r+f/ n3A<I>Rdx+f/ n?’ch-V(I)Rdac—&—f/ nt®p de,
3 Jpe 3 Jpe 3 Jpe 3 Jge

where cn, (t) = c(t)—[c(t)]s, [c(t)]s = (1/|B]) [ c(t) dx, B = Byr(0) satisfies [lcm|l, < llcllparo
by Lemma 2.3. So

8
— [ ndpd 7/ V2 2op d
7t R2’n, R $+3 R2| n ‘ rdx

L

gczrl/ n3|u|<I>5R/6dm+CR’2/

ngu-Vq)Rdx—F/
R2

n3AP g dx + /

nBch-V(I)Rdz+2/ n*®p dx
R2

R2

n3dx+/ nBchoV(I)RJrQ/ n*dx
R2 R

Ax |z|>R/2 2
< CR™Yu(t)|]; + CR™ n'dx + F(t),
|z|>R/2
where
F(t)=CR™? ndx + C n* da
2| >R/2 |z|>R/2

+ CR™ (Jle(®) R0 + Ie®lifio)

and [|ul| page o)) < Cllnolly s Inolognolly, [[uoll,) by Remark 4.1. By Lemma 5.3 and
Lemma 5.4 we have

T
/ F(t)dz < C([nolly » [nolognolly , [luolly , T, R).
0

Therefore,
t
/ n3(t)® g da+ / \Vn®/22® g dzds
R2 0 JR2
< [ mbnda+ (ol o logmoll uall 7, B
R

< [ narde + Cllnll, o lognall . fuall 7. ).
R

This completes the proof of the lemma. O
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5.3. A priori estimates for annuli. Let Ry > 0 be given in Proposition 5.2. Throughout
the rest of this paper, we denote

Ar ={z € R*: R/2 < |z| < 2R}. (5.7)
For R > 1 we let ®g € C3°(R?) be such that ®z(z) € [0,1], Pr(x) =1 for R/2 < |z| < 2R,
supp ®r C Ap == {z € R*: R/3 < |z| < 3R},
and ~ R R ~ R R
Vdg| < CR'®YS, VO < CR'®Y®  |V2hg| < CR28YP,
where C' > 0 is independent of R. We put m(zx,t) = n(z,t)®r(x), which satisfies m €
C([0,T); L*(R?)) N L>=(0,T; L*(R?)) and

om — Am = f, 0<t<T, zeR? (5.8)
where
f=—u-Vndr — (2V®y + ®pVe) - Vn — (ADg)n + Prn’. (5.9)
Denote w(z,t) = u(z,t)®p(x), then
Ow — Aw = g, 0<t<T, xzeR? (5.10)
where
g=—(u-Vudp — VPOr +nVcdp — 2Vu - VOr — u(AdR). (5.11)

Lemma 5.6. There exists Ry > 2°Ry such that for any R > Ry, Ve and ¢, are bounded on
Agr % (0,T), where ¢y (t) = c(t) — [c(t)] g in which [c(t)] 5 = (1/|B]) [ c(t) dz, B = Bag(0).

Proof. The lemma is a consequence of Lemma 5.5 following the same proof of [67, Lemma
3.7]. O

Lemma 5.7. There exists Ry > 3Ry such that for any R > Ra, u is bounded on Ar x (0,T).

Proof. By Remark 4.2 and Lemma 5.3, g defined by (5.11) is in L?(0,T; L?(R?)). The rest of
the proof is identical to that of [(7, Lemma 3.8]. O

Lemma 5.8. There exists Rs > 3Ry such that for any R > Rs, n is bounded on Ap x (0,T).

Proof. By Lemmas in Subsection 5.2, Lemma 5.6 and Lemma 5.7, f defined by (5.9) is in
L?(0,T; L?(R?)). The rest of the proof is identical to that of [67, Lemma 3.8]. 0

Lemma 5.9. There exists Ry > 32R3 such that for any R > Ry, Vn is bounded on Ag x (0,7).
Proof.
Step 1. We claim that

oiltlET ||Vn(t)||L2(AR) < 0. (5.12)
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Indeed, denoting ¢, (t) = ¢(t)

1d
th/ |Vn|?®r dx

—/ u-Vn(An)i)Rdac—/ |An|2<i>Rdx—/ Vn-ch(An)fi)Rdx—/
R? R? R?

RQ
+/ (w-Vn)(Vn-Vog)dr — AnVn-VCi’Rdw—i-/ (Vn - Ve )(Vn - VORr) da
R2 R2 R2
—/ n?Vn - &g dz
R2

S/ u.Vn(An)éRdx—%/ |An|2&>Rdx+C||ch||im(AR/ |Vn|?dz 4+ C
R? R?

— [e(t)]B, B = B2r(0), we have

n2An®p dz

) n* dx
AR
- 1 .
+/ (u-Vn)(Vn~V<I>R)dx+Z/ |An2E dz + C(|Vem]l o4, +1>/~ Vi da
R2 R2 Ar
+C [ ntdx.
AR
Since

/ u- Vn(An)®g dx
R2

< / (|| Vn|| An|®  do
]R2

< CE) U~y [ V0P dote s,y [ 1AnPERdo
R

< C(e) ||uHLoo(ARx(o,T))/A [Vn|? dz + ¢ ||“HL°°(ARx(o,T)) /]R2 |A”|2&)Rdﬂ3

R

1 -
<CE) Julimiiomy [, VaPdo+ g [ |AnPonds
Ag 4 Jge
by choosing ¢ > 0 sufficiently small, and

/ (- Vn)(Vn-V®g)dr < CR_l/ |u||Vn|2<i’5R/6
R2 R2
<CR™ ||u(t)||Loo(AR)/A Vnl?

< CR™ 1 ||u||Loc(AR><(0 T))/ |VTL|

we obtain

d
7 |Vn|2(I>Rdx—|—/ |An|*® g dx

< C [I9enl iy + [Vemllim iy + (€10 + R il iy + 1] [

AR
+C n* da.
AR

|Vn|? dx

The claim of Step 1, (5.12) is a direct consequence of the boundedness of Ve, n and u in the
annulus (Lemma 5.6, Lemma 5.7, Lemma 5.8) and a use of Gronwall’s inequality.
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Step 2. Let f be as in (5.9). By (5.12) and

|- Im)@r| | < )l (/R R dm)l/2

3 1/2
< HuHL“’(ARX(O,T)) (/R2 |V’I’L|2(I)Rd$> s

we have
sup |[f(#)l; < oo
0<t<T
in view of Lemma 5.7. The rest of the proof is identical to that of [67, Lemma 3.9]. O

Lemma 5.10. There exists Rs > 3Ry such that for any R > Rs, V>c is bounded on Agrx(0,T).

Proof. The lemma is a consequence of Lemma 5.8 and Lemma 5.9 following the same proof
of [67, Lemma 3.10]. O

Lemma 5.11. There exists Rg > 32Rs such that for any R > Rg, V?n is bounded on Ap x
(0, 7).

Proof. Let f be as in (5.9). Since supg,r Hu(t) ~Vn(t)<f>RH < 00, we have
sup |[f(t)]l o < oo

0<t<T
The rest of the proof is identical to that of [67, Lemma 3.11]. O

Proposition 5.12. There exists Ro > Ry such that for any R > RO, the followings hold:
(i) 0EVin (0 < 2k +1 < 2) are bounded on Ag x (0,T).
(ii) em, Vie (1 <1<2), and u are bounded on Agr x (0,T).
(iii) there exist xo satisfying R < |xo| < 2R, and g9 > 0, 6 > 0 such that
n(x,t) >4 for |z —xo] <ep, 0 <t < T.
Proof. The assertions (i) and (ii) follow from the preceding lemmas.

To prove (iii), we claim that V'n (0 < [ < 2) are uniformly Hélder continuous on A%, x
[T/2,T), where A% := {x € R?: 2R/3 < |z| < 8R/3}.

(a) Since n satisfies 9yn — An = =V - (n(u + Ve)) and n(u + Ve) is bounded on {z € R? :
R/3 < |z| < 3R} x (0,T), applying local Schauder estimates for parabolic equations,
we see that n is uniformly Holder continuous on A% x [T/2,T).

(b) Similarly, by 9,(Vn)—A(Vn) = =V -(V(n(u+ Vc))) and the boundedness of V(n(u+
Ve)) in {R/3 < |z| < 3R} x (0,T), the uniformly Holder continuity of Vn in A% x
[T/2,T) is deduced.

(c) For V2n, observe that

0t(0r0jn) — A(OK0jn) + Ve - V(0x0jn) — 2n(0k0;n) = Okg1 + g2
where g1 = —0;j(u- Vn) — Vn-V(9;c) and go = —VO;n - VOxc + 20,nd;n. Hence, by
the boundedness of g1 and g, on {R/3 < |z| < 3R} x (0,T'), Ox0;n is uniformly Holder
continuous on A% x [T/2,T).

The rest of the proof is identical to that of [67, Proposition 3.12] given that u + Vc is
bounded on {x € R? : R < |z| < 2R} x [T/2,T). |
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5.4. Entropy estimates for interior regions. We now derive the a priori estimate for
small |z|. Define Wg(z) = W(R™'z) where ¥ € C*®(R?), ¥(x) € [0,1], ¥(z) = 1 for |z| < 1,
supp ¥ C B(0). It follows from the definition of ¥ that

supp [VUg] C Ag, supp [AUR] C Ag,
where Ap is an annulus defined in (5.7).
We define
1

Hin(t; R) := / [(1+n(t)log(l+n(t) —n(t)] Ygde — - /R2 n(t)em (t) Vg dx

2
/ |u|*V g dz,

where ¢, (t) = ¢(t) — [e(t)] B, [c(t)]s = (1/|B)) fB t)dx, B = Bag(0).
Lemma 5.13.

EJLL-M(t;R)Jr/ n\VIog(l—i—n(t))—ch(t)|2\I/Rdac+/ |V log(1 + n(t))|*V g dx
R2 R2

+/ |VU‘2\IJR dx = / n(t) log(l + n(t))\IJR dx + Fl(t) + Fg(t) + Fg(t),
RZ RQ

where
Fi(t) = /R (14 n() log(1 + n(t)) — n(t)] AV do
- / n(t)em () Ve (t) - VU R dx +/ em(6)Vn(t) - VU pde
R? R?
+ /R2 [n(t)log(l + n(t)) — log(l + n(t))] Vem(t) - VU R dz,
Fy(t) = — . Orem (t)Vem(t) - VU g da — 1 %/ lem (1) |2 AT R de,
and

Fg(t):/RQ [(1—&-%)10g(1—|—n)—n}u-V\IlRolx—i—%/}R2 |u|2u-V\I/Rdx—/RQu-VP\IIRdx

— / (u-Vu-VUgdx — / nept - VY g de.
R2 R2
(5.13)

Proof. The proof is identical to that of [(7, Lemma 3.13] with an addition term F3(t) generated
by the coupling of the velocity field w. O

Lemma 5.14. For Fy(t) in Lemma 5.13, it holds that
sup |Fi(t)] < 0.
0<t<T

Proof. The proof is identical to that of [67, Lemma 3.14]. O

Lemma 5.15. For Fy(t) in Lemma 5.13, it holds that

/Ot Fy(s)ds

sup < 00.

0<t<T
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Proof. We define Uy as in the proof of [07, Lemma 3.15]. Indeed, Up(z) := Wg(z)Jgr(z),
where Jr € C5°(R?), Jr(z) € [0,1], Jr(z) =1 for R < |z| < 2R,

supp Jr C B3gr(0) \ Bry2(0),
and
|VJr(z)| < CR™Y, |AJR(x)] < CR™2
The support of U is contained in Ag, where Ag is an annulus defined in (5.7). In terms of
Ug, F5 can be rewritten as

1d ~ -
F(t) = 1% {/2 A AVRdr —2|Ven,|* Vg dx}
R

—I—/ [An —Vn-(Vem +u) —&—nz} em VR dz
R2

=: F21 (t) + F22(t)a

where Fy;(t) is bounded as shown in the proof of [67, Lemma 3.15]. For Fba(t), we rewrite it
as
Fyy(t) = -2 vn - (ch—i-u)\i'Rdx— Vn-VUgcn dx—i—/ n2c,, Vg dr.
R2 R2 R2

Since the integrands in Fh(t) are bounded on (0,T) x Ag by (i) and (ii) of Proposition 5.12,
we also have

sup |Faa(t)] < oo.
0<t<T

This completes the proof of Lemma 5.15. g

Lemma 5.16. For F5(t) in Lemma 5.13, it holds that

/Ot Fy(s) ds

1 1
- [ u VPR < 5 (ol + 5 IVPWOIE € L'0.7)
]RZ

sup
0<t<T

< oQ.

Proof. Note that

by Remark 4.2, and all the other terms in (5.13) containing VU g are bounded by (i) and (ii)
of Proposition 5.12. Therefore Lemma 5.16 is established. O

The following proposition of interior estimate and the exterior estimate in Proposition 5.2
give the boundedness of the full modified entropy, which completes the proof of Proposition 1.4.

Proposition 5.17. Assume fR2 nodxr < 8m. Then
sup / (I+n(t))log(l 4+ n(t)) dx < oo,
0<t<T J|z|<4Ry

where Ry is the one determined in Proposition 5.12.

Proof. Denote R = 4Ry. It follows from Lemma 5.13 that

4 Hin(t: ) < / (1+ n(t))log(1 + n(t))¥pde + Fy(t) + Fat) + Fa(t).
RZ
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For0<a<1,

where the Fenchel-Young inequality is used in the last inequality. Then it follows that

(1+n)log(1+n) < é ((l-l—n)log(l—&-n)—;ncm) + 1;” exp{2(|cm| }

1
3 m <(l—-a)n

1—a)
Then
/ (1+ n(#)) log(1 + n(t)) g dz
]RZ
1 1 l1-a |¢m]
< — Hin(t; - tWprd —— s Upd 5.14
< o R)Jra/RQn() rdx + " /RzeXp{Q(l—a)} rdx ( )
1 1
< p Hin(t; R) + p lnolly + Ful(t),
where ) e
—a Cm
F4(t) = a \/]R2 eXp{Q(l—a/)}\Idex
Therefore,
d 1
% Hint(t; R) S E Hint(t; R) + F(t)v (515)
where )
F(t) = Fl(t) + Fg(t) + F3(t) + F4(t) + E H?’Lolll .
We claim
sup Fy(t) < oo.
S Fi) (5.16)

To prove this claim, by (iii) of Proposition 5.12 there exist zqg € R?, gg > 0, § > 0 with
R+ ¢ < |xo| < 2R such that

n(z,t) > 6 for 0 <t <T, |x— | <ep. (5.17)
By (ii) of Proposition 5.12,
C = sup |lem(T)|| Lo (reio|<ar) < O©-
0<t<T

The function ¢, (t) satisfies

Cm (1) n(t)
_A(2(1a)):2(1a)’ ol < R

and sup, g [em(t)| < C (0 <t <T). By (5.17), we have

/|I|<R n(t) do < /Rz n(t) de — /lxm0<80 n(t) dx

< 87 — dmep = m(8 — del)

n(t) r i
/lng M—a) ™S og—a 8%

We choose 0 < a < 1 such that

and hence

™

m@—ésg) <A
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and apply Lemma 2.7 to get that for 0 <t < T,

lem ()] } 32n(1 — a)R? lem ()]
ex —_— dﬁC < — ex su —
/z<R p{Q(l—a) =R Wt A YT )
< 327(1 — a)R? N C
=" %2 -8 “Pl21-a)f"

lem (1) 327(1 — a)R? ) C
AEmATL < (220 T
/Rz eXp{Q(l—a) Yrdr < dek — 8a +3TIE ) exp 2(1—a) )’
which implies (5.16).

By (5.15), we have

Hence

t
Hint(t; R) < Hint(0; R) + /Hmtsts—i— sup /F(s)ds7 0<t<T
o<t<T |.Jo
and by Lemma 5.14, Lemma 5.15, Lemma 5.16, and (5.16),
t
sup / F(s)ds| < cc.
o<t<T |Jo
Applying the Gronwall inequality, we deduce that
sup Hin(t; R) < 00
0<t<T
Therefore, by this estimate, (5.14) and (5.16), we obtain
sup / (14 n(t))log(l +n(t))¥rdx < oo,
0<t<T JR2
which completes the proof of Proposition 5.17. O

6. GLOBAL EXISTENCE OF THE PATLAK-—KELLER—SEGEL-NAVIER—STOKES SYSTEM (1.1)
In this section, we prove our main result on global-in-time existence, Theorem 1.3.

Proposition 6.1. Let (ng,uo) satisfy (1.3) and (1.4) with M := ||ng||; = 8. For a local-in-
time mild solution (n,u) on [0,T) with initial data (ng,uo) given in Theorem 3.2. If T < oo,
it holds that for any ty € (0,T)

sup  ([In(t)]l o + [[u(®)] ) < oo
te(to,T)

Proof. The proof is divided into five steps.
Step 1. By testing (1.1); with n and using the inequality (2.4), we get for ¢t € (to,T"), where
to € (0,T) is fixed, that

1 t
3 IO + [ I9n(I dr

1
3 I3+ 5 [ Il ar
ce)

SQWWM§+;<mmIUﬁ%@H%U+MWM>AJWMﬂ@7‘ 5 Mt

te(to,T')

—_
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since V-u = 0. It follows from Proposition 1.4 that sup,¢, 7y [[(1 + n(t)) log(1 + n(t))[|; < cc.
Thus we can choose £ > 0 sufficiently small so that for any to € (0,7)

sup ||n(t < 00
S [n(@®)l, (6.1)
if T' < oo.
Step 2. Multiplying (1.1), with n?~!, we have
d (nP n? _ 4(p—1) _
— Y =V (?7!'Vn) — ——— |V(n?/?)> = V- (nVe)nP .
& (5) 409 (%) = v wrvn - 2w - v (1
Integrating over R2 we obtain
P _ 4(p—1) p/2y12 4 p—1 P+l g
g Il === [ R de s P [,
Taking p = 4,
1d
Zdt ||4 / IV (n?)|? dz + / n® dx.
By Gagliardo-Nirenberg-Sobolev inequality and Young’s inequality, we have
5 21|5/2 2 3/2 2 3/2
Inlls = [[n®[l52 < C [n°[l, IV, = Clinllz [V
8
<e ||V(n2)||2 +C ||”H2 .

Choosing € > 0 sufficiently small, we have Hn(t)Hi <C ||n|\§7 and thus for ¢t € (to,T), where
to € (0,7) is fixed, that

||n<t>||i<||n<to>|i+0< sup n<s>||§) t.

s€(to, T
Therefore, by (6.1), we get for any ¢y € (0,7

sup ||n(t < 00
o In(®)ll, (6.2)

if T' < o0.
Step 3. Since V-u =0, ||Vull, = ||V x u|y, = ||w||y, where w = V x u. The vorticity equation
of (1.1), reads
Ow + (u-V)w=Aw+V x (nVc),
which has the following energy equality:
1d

3 37 W@+ IVl = [ V% @Ve)wds
:7/ (nVe) - (V*w) da
RQ

where we integrate by parts in the last equality. Thus, for t € (t9,T), where t; € (0,T) is
fixed,

5 11+ [ 19l ar = 5 e~ [ [ 090 (940)(r) dsar
< 5 It} + [ 1T, [V, ar

IN
I

2 ¢ nVe VEuw( 2
;”w%)””/%(”( vowl; , IV )||2>d7.
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By (6.1) and (6.2),

sup [[nVell, < sup |nfl, [[Velly S sup ||nlly [Inlly;
te(to,T) t€(to,T) t€(to,T)

1/2 1/2
< sup |nf, Inl}? Inll}* < C

te(to, T

and HVLwHQ < [[Vwl,. We have

C?
lw(®)ll5 + /IIVw (7)ll3 dr < IIw(to)IlerfT

Therefore, we conclude that for any tg € (0,7)

sup [|[Vu(t)]l, < oo
S [Vu(®)ll, (6.3)

if T < 0.

Step 4. By (6.3) and the boundedness [|ul|, in Lemma 4.1 where the bound is independent of
time since M = 8m, we have for 1 < ¢ < oo and ty € (0,7)

sup Ju®)l, < sup_ [u(®)]y/? | Vu®)]y? < C (6.4)
te(t07T) te(to,T)

by the Sobolev’s embedding theorem.
For 7 € (0,T — tg), where ty € (0,T) is fixed,

to
u(to +7) = ef*Pu(r) — / ello=9)ApY . [Ve(s+ 1)@ Ve(s+7)+u(s+7) @u(s + 7)] ds.
0

Then

1

futto + Dl < e, +€ [ o = )4 (I¥els + G + futs + IE) ds

_1 2
Sto luolly + 1§ sup (Jln(s + 7)1 + futs + )11

s€(0,to)

_1 1
Sto luolly +5_sup ()7 ()3 + lu(e)1)

oe(r,T

<C

by (6.1) and (6.4). Note that the bound is independent of 7 since ||u(to + 7)||, is bounded as
7 — 04. Thus, we conclude for any ¢y € (0,7)

sup |ju(t)|l < o0
o l[u(®)]] (6.5)
it T < oo.
Step 5. From Lemma 2.8, we have for any to € (0,7)
1 2
sup [[Ve(t)|o S sup [ln@IF [n(@)]i <C (6.6)
te(to,T) te(to,T)

by (6.2). For 7 € (0,T —tg), where to € (0,T) is fixed,

n(to +7) = eon(7) — / Tl [n(s + 1) Ve(s + 7) + nls + )uls + 7)) ds.
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Then
[n(to + 7)o

< et 2n(r)| + c/o “(to = )5 (n(s + 7)Ve(s + 1), + (s + Pyuls + 7)) ds

St lIn(lly +t5 | sup (IVe(0)]l + llu(o)ll) | sup n(o)l,

oe(r,T) oe(r,

<C

by (6.6), (6.5) and (6.2). Note that the bound is independent of 7 since |n(to + 7). is
bounded as 7 — 04. Thus, we conclude for any o € (0,T)

sup ||[n(t)| < oo
o) 67)
if T' < co. The proposition follows from (6.5) and (6.7). O

Proof of Theorem 1.3. Let T, be the maximal existence time of (n,u), and suppose T,,, < oo
by contradiction.

For the subcritical case M < 8w. Let T' < T, be fixed. From (iv) of Theorem 3.2, n(T") and
u(T) belong to H?(R?). According to [12, Theorem 1], solutions exist globally in time, which
contradicts the definition of T,. Moreover, (1.6) is a consequence of [412, (1.3)] and a use of
Sobolev’s embedding.

For the critical case M = 8, we first claim that n(t) — fig in L*/? and u(t) — @ in L? as
t — T,,— for some (R, ip) € L*/3 x L2. Indeed, for fixed to € (0,T,), since

VEn(t) = VFet10/28 5t /2) — /tt VEVet =98 (n(s)Ve(s) + n(s)u(s)) ds

=: VFe(t—t0/D8 p (4 /2) + I,
where, by [65, (3.1)],

HV"'e(t_tO/z)A n(to/Z)H4/3 < Cty "7 In(to/2) /3
and

k+1

lly5 < C / (t — )"0~ n(s) (Ve(s) +u(s))], ds

S0 [ =9 o)y (Ino)llgs + Il ) ds

in which [[n]|, 5 and ||lu[, are uniformly bounded in time by Proposition 6.1, we obtain for
0 < k < 1/2 that

VEn(t
to;ySmeH n(t)]]5 < 00,

and thus, using [65, (3.2)],

e An(7) — ”(7')H4/3 <C(t—1)k? ||an(7-)||4/3 -0

as 7,t — T,,,—. Therefore, no(t) — fg in L*/? as t — T, —. Similarly, since

|2 um) — )|, < Ct =M VuE)l,
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in which sup,e, ) [Vu(t)|, < oo by (6.3), we also have ug — o in LY ast — Tp—. It
is obvious that 79 € L' N L*3 and 4y € L?> N L*. By Theorem 3.2 and Remark 3.1, there
exists a unique mild solution (72, @) on [0,7p), To > 0, with initial data (g, o), satisfying
i € BC([0,Ty); L* N L*/3) and @ € BC([0,Ty); L? N L*). Define (7, 4) by

R n(t), 0<t< Ty,
at) =9 -
At —Tp), T <t < Ty + To,
t 0<t<Ty,
() = 3 40 -
it — T)n), T <t < Ty +Tp.

Then (7, %) is a mild solution on [0, T, 4+ Tp), contradicting the choice of T;,,. This proves the
global-in-time existence. Finally, the L>-boundedness (1.6) follows from Proposition 6.1. O
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