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b. pRopnRrrEs oF ENrrnp SolurioNs

l;1..,,9:"Oient 
bound. The follorving gradient bo'nd was proven byrvlocllca.

Proposition 5.1 , Suppose u ,LS a soLu"tzon to (I.I) zn JR,. TJt,en
(5 1) lVz(r)l' < zt ("(r)), z € R,
Proof. Define

G(r)::F(u(r)) - l1vr1r;1r, r €rR,,.,2

The standard gradient estimate for erliptic equation implies G(r) >-C > -oo) n € R' for some constant C.
Assume that there exists a sequencc {,i;,} snch that rrrf,6p" (_J(r) :

\T"-- G(r.) Wedeflne u,(r) .: ,,(r,, +: L;),r € R,, :rnd G,,(,r) ::G(r,,* r),r € 1R.". It is easy in'r"" that li,r"li6,_1e,,1 S, < oc and a
subs:quence of {2,.} has a iimit u- in ce"(R-).lt i.'.1.v to see that ,_
is also a solution to (1.1) and G_(z) ,:"F(r_(r)) _ jlVz""(z)lr, ,Z
IRn satisfies

G-(o) :,':ilf, G-(") : j5*q. G@)

Hence we may assume that G(0) : infrEp^ G(z) si'cc rvc othet.rvise'u,e
can replace uby u,o, We shall prove that G(b)'2 O.

St.raightforr,vard compi.rtations lead to

lVu(z)12 XClr1: Il,:r b;(r)G,,e)

+ xl:, (D7 =ru,, (r) u,,,,(r) )' - Dlr:, (u,,,, (r)] Vu (z ) l,

bi(r) : G,,o(r) + 2D!:ru,,, (r)u,,,,,\r ).

D!, ( rlt= 
1 
u,, (r),,r,,,, (r,))'

s DL, (Dl=r(r,,,,,,)')lv"l' s (r,,r:, (,,,.,,,)r)lVrlr,

rvhere

Since

we oDtaln

lvu(r)12 LG(r) : Di:rbi(r)G,o (r) < 0, r € R,
If lvz(0)l'- 0,r,ve conclucle immediately G(c) ) 0 ancl (b.1) holds.

^ 
If lVz(O)l' + O, by the strong maximum principle,0," ottui,, G(r):c sirLce G attains the maximum at interior. point z : 0, Assnrne

that Jirn,-- z(€") : .Ar1 :: mlx"u*.,(r) fb^nrrr" .,,,1,,,rrrcc {{,.,} W.
obtai:r that C : lim,,__ G(€,,) : tr(AI)'> 0,

Therefore we have proven G(r) > 0 for z € R',.

x
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5.2. A Symmetry Result.

Proposition 5.2. (caffareti-Gafafeto-segale) suppose u i,s a soLution
of (1 1) and

(b 2',t *lrrl, : F(z(z)), tr € R,,,,z

then u(r) - g(ar + b) for some a € S"-1, b € R'..

lToof Let u(r) : s-r(z(z)),2 € R'., i.c. g(u(r)) : z(r)
Then

ur,, : g'(u(r))u,",,
hence

lVzl2 : lg' (r(r))l'lVrl'
: 2lr(g(t:(r)))lVrl'
: 2F(z(z)) Vui2

By (5.2), rve get

(5.3) lvu12 : 1, a; € R".
Furthermore,

u,,,, : g,, (u(r))ul * g, (u(r))u,,,
Arr, : u,, (,u(r))lVul2 + g, (u(r)) Au

: F'' (g(u(r))) + e'(u(r))Al(r)
: F'(u(r)) + 9'(u(z))Au(z).

By (1.1), rve obtain

(5.4) Au :0, r € 1R",

(5,3)-(5.4) implies

u(r) : n,' r I b. t €lR' fol a € S",b € IR".

I
tr

A generalization is the follorving

Proposition 5.3. Suppose u is a sohttzon to (0.1) wzttt

(5,b) F(u(r)) - i'"rlr:C )0, r €R,,

TltenC: F(M): F('nL), uh,erc i1 : sup".o,,,u(:r), rrr: inf,en^,u(r).
Furt,\ermore,

(5 6) u(r) : s^r(aL -t b), r € IR'.
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lr:o{ From last part of proof of prol.rositiorr b.3, r,vc l<rrorv C/ _F(*).
Define

F(A[):l

uo(r) :g" t("(.)), r € 1R',, a > AI.
0:_r S lm,ilrll,, we knon,,u"-(r) e 6.tz,o11p',t anc_l 0 <

€ R". We cornlntc

g',(u,(r))(ro),,, 
,

lg',(r"(r))l'lVr"l' : 2(F(g,(r"(r))) - p(*))lvu"l2
2(F(z(z)) - /"(o,)) lVu,l2, z € R',.

a> 41,

r- ttl\/?r l- 
-t'"dl

F(r(r:)) - F(A/r) <1,r€R''F(z(z)) - r(")

s'i,?,o(r))(r")l + g'^ (t t o (:r) ) (u,,),,,, 
"

gJ@"@))lr"l'+ 2(F (s"(u"(n)))

Since 9i(s) <
u"(r) < To, r

lt 
-

lv ",t2 
( -\ -tv ul \4/ -

:
Hernce for 1 >

\o /J

F\rrthermore

qLLL

Au:

Hennp h.,

(5 8)

Therefore for r
Ietl,ing a -+ A,tl,

(5 ,e)

: F'(gn(un(r)))lr"l,

(0.1), for any ci > i.1,

+ y/2(lr(u(r,)) - F(n))At.

n., F'(rr(.r t)rl jYu. 2,
/ \ 7' 

- 
'- 

L2(r(uQ)) - F(n rlt'z

_ l'(ir(rr)rF(.,)- F(,41rr rC D,
l21l:1tr(r')) - Flol]3 2' r rs

€ fl : {rlrn < tt < lt,l}, u € C2J,(A) n C'(IR") ancl
lve have

0, lVr.l' : 1, rr: € f),
n

Afr,'2:t\t,,i', /_ \'/ irLJ,

1,.',1

n-

wh.,ch gives

u,ri'r,, = 0,r € Q,Vi, j,
,L):e.r*b,a€Sn,

rn €rn)/ connected set. We also have

(5.r0) lVrl2 < 1, ]rl < 71s,1,:1) € 1R,,.

. 
\ve claiur R"\o non intersecting poirrts, Iires, prarrr:s a.cl rrvper.-

planes.

tr(cr))Ar.',,
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Suppose u(rs) : M0 If p e R"\O, tt,(7t) : 114.

27

Since Va,(p) : 0, ArL(p) : F'(lvl) < O, z(z) < hl,.r near p, then
!r : 0, i : 1,2,,.,,n,bi --0, i : \,2,...,n, ar:.cl b,n < 0 for some is.
Tlren if tl(z) : Jul, r € B,O,l(t), then rt: p.i tor , *tt b, ( 0

Since R."\Q is closed, then for any bouncled r:egion 1n,yii;nC6, ther.e
exists firiite r'any poirrts, lines, prarres, , hylr.rplanes srrcrr that thei.
union contains (R'\A) a Bn. (by compactness) 

-

^ 
B.y (5 9) and (5.10), we conclude that an1, colnectecl cornponenr,

o1 has diameter irr clirectiorr of d at nrost ?,1,r. o'tlie other hancl,
?{), a {arf b:Tvoro} must h.r,e disra't i. chrectioirr rTecluar \oT.1y1.
Then solving (*), *c have e1 : {,.r10 { u.r*b S Tu}, ,u(r) : 31y1(rL.t:+b)in Qr.

Similarly, we can shorv u(r) : 91t(ar + b),2 e e2. Further, d, :A,b: -2Ty *b. So.u(r): gno(a,r*b) in z e e2. Keep gorng, we can
conclucle u(r) : girt(ar * b), r € IR.". fl

n\._t,\r) tW - La1(ri _ p;)

5.ii. Monotonicity Formula.
re55arding the enelgl, of entire
Pohazaev identitiv.

n

+ \- 1..(r'. - - \2 r,' /.-t-t\*t px) o(lr - pl2) for r near p

We sirall shou' a rnonotonicitv formuia
solr-rtions irr balls. \\i: fir.st shor,r, the

Proposition 5.4, Let B,: {r € R"

f
(5 11) | (" - 2)lVzl2 + 2nF(u)ctr

ID

Proof. Lc:t

the,n

',lt'(r) : -nr-n-r

1.,(r):r-" [ (]Vrl, +2F(rL))dr,
JB,

a)r-c Aj, th,en

:,- I (lV"l'
J OA..

-2 | (V'u.,u,
J AB.

+ 2F(z))ds

)(Vrr.z)ds.

t,,
(lVrl' + 2F(u,))d"r t r-n 

/rr.Urr, + 2F(u))rts.


