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ABSTRACT. In this paper, we consider the magnetic Ginzburg-Landau equa-
tion with external potentials:

—Aav+ SV - D+ V@Y =0 n B,

VXV XA4+Im(hV ) =0 in RZ
Y] =1 as|z| = +oo,
where A > 1 is a coupling constant, u > 0 is a parameter, V4 = V — iA
and Ay = V4 - V4 are, respectively, the covariant gradient and Laplacian,
Vx is the curl operator in R? and V(z) is a potential of impurities. We
prove, by secondary Liapunov-Schmidt reduction method, that under suitable
conditions on V' (z) and a smallness condition on p > 0, the magnetic Ginzburg-
Landau equation with external potentials in R? has infinitely many multi-
vortex solutions.
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1. INTRODUCTION

The Ginzburg-Landau theory [20] is a central part of theory of superconductivity.
It gives a macroscopic description of a superconducting material in terms of a
complex-valued function ¢ (z) (named order parameters) and the vector field A(x),
so that |¢(x)|? gives the local density of (Cooper pairs of ) superconducting electrons
and B(x) =V x A(z) is the magnetic field. Here, Vx is the curl operator. In this
theory, equilibrium configurations of superconductors are described by a system
of nonlinear PDE called the Ginzburg-Landau equations. Since in the idealized
situation of a superconductor occupying, all space are homogeneous in one direction,
the Ginzburg-Landau equations can be written down as follows:

A
—Aap+ (WP -1)¢ =0 R
VxVxA+Im@®Vay) =0 inR?

(1.1)

where for a vector function A, V x A = 9145 — J; A1 and for a scalar function A,

V x A= (—0:4,0,A).
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It is well known that (1.1) is the Euler-Lagrange equation of the following
Ginzburg-Landau energy functional:

E\wA) =5 [ IVaUP + [V x AP+ (0P - 12 (12)
R2

which models the difference in free energy between the superconducting and normal
states near the transition temperature in the Ginzburg-Landau theory. As above,
in the Ginzburg-Landau energy functional (1.2), ¥ indicates the local state of the
material: If |¢)| &~ 1 then the material is in the superconducting phase while if
|t)| &~ 0 then the material is in the normal phase. A is the vector potential where
V x A is the induced magnetic field. The parameter X is a material constant, corre-
sponding to the ratio between characteristic lengthscales of the material: If A < 1
then the material is of type I superconductor while if A > 1 then the material is
of type II superconductor. A = 1 is the critical case of these two types. Experi-
mentally, type I and type II materials differ in their magnetic behavior. In type I
superconductors, magnetic fields are excluded from the bulk of the material except
for a very thin layer near the surface. In type II superconductors, magnetic fields
penetrate the material in vortex structures. In general, type II superconductors
can sustain magnetic fields much higher than type I superconductors without los-
ing their superconducting state. The existence of magnetic vortices and of type
IT superconductors was predicted in 1957 by Abrikosov [1]. We remark that the
Ginzburg-Landau energy functional (1.2) (and also the Ginzburg-Landau equa-
tions (1.1)) also arise in particle physics, as the energy of a static configuration in
the Yang-Mills-Higgs classical gauge theory on the plane, with abelian gauge group
U(1). For more details of the physical backgrounds of the Ginzburg-Landau equa-
tions (1.1) and the Ginzburg-Landau energy functional (1.2), we would like refer
the readers to [23,25,38,43] and the references therein.

It has been proved in [25] that finite energy solutions of the Ginzburg-Landau
equations (1.1) satisfy the boundary condition:

(|¢|a |VA¢|7 |v X A|) — (17070) as |l‘| — +-00.

Thus, their topological degrees which are also called winding numbers or vortex
numbers, are well defined in the following way:

deg (i) = deg(ﬁ’wﬂ_]{) !

= —/ d(arg(y)) for R sufficiently large.
2 |z|=R

It is worth pointing out that by the Stokes theorem, this degree of 1 satisfies

2rdeg(v) = V x A,
R2
so that deg(v) is also related to the flux quantization of the magnetic field B =
V x A. Except global minimizers of (1.2), other finite energy solutions of (1.1)
must satisfy deg(v) # 0, so that ¢ must have zeros. These zeros are often called
vortices of 1 and the presence of vortices in solutions is one of the most inter-
esting mathematical and physical phenomenon connected with Ginzburg-Landau
equations (1.1), which make it to be a hot topic in the community of nonlinear
PDEs in the past thirty years or so. The first non-trivial, finite energy, rigorously
known solutions of the Ginzburg-Landau equations (1.1) are the radially symmetric
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solutions, which are given by
(;5)\7]\7(%) = fA(T‘)eiNe; B)\,N(x) = NaA(r)VG,

where |N| > 1 is its degree deg(¢). We remark that the discrete symmetry ¢ — 1
and A — —A of (1.1) interchanges the negative degrees to the positive degrees.
Thus, we can assume the degrees of solutions to be nonnegative in what follows.
The existence of these radial solutions is established in [13] by variational arguments
(see also [30]). The uniqueness of these radial solutions is proved in [5] and [15], re-
spectively for A > 0 sufficiently large and X sufficiently close to 1 (including A = 1).
The stability of these radial solutions is also studied in the literature. It has been
proved in [21] that (¢x n, Ba,n) are all stable for A < 1 while for A > 1, (¢x,1, Ba1)
is stable and (¢ n, B, n) are unstable for N > 2. By considering the singular limit
(“extreme type II”) A — 400, which seems to be the major direction in studying
Ginzburg-Landau equations, non-radial vortex solutions of Ginzburg-Landau equa-
tions were first established in bounded domains for A sufficiently large. A significant
finding in these studies is that for A sufficiently large, the locations of vortices is
determined by some reduced finite-dimensional problem under some suitable as-
sumptions. Since it seems almost impossible for us to provide a complete list of
references for these studies, we refer the readers only to the books [11,31,37,38]
for their detailed introductions and references. The existence of non-radial vortex
solution of Ginzburg-Landau equations (1.1) for any value of A\, which seems to be
another major direction in studying Ginzburg-Landau equations nowadays, is not
very clear except the critical case A = 1. In this case, all solutions can be classified
by its vortices according to Taubes’ work [12,43]. A review of this theory can be
found in the book of Jaffe and Taubes [25]. For other cases A # 1, it is conjectured
in [29] by numerical evidence that for the non-magnetic Ginzburg-Landau equations
on the whole plane, non-radial solutions do exist, while the studies in [23] suggest
that for magnetic vortices, stationary multi-vortex configurations of degrees +1
occur with discrete symmetry group. The later conjecture was proved in [16] by
reduction arguments for large degrees and large number vortices. We also world like
to refer the readers to the paper [23], which reviews some mathematical aspects of
the Ginzburg-Landau equations of superconductivity and of particle physics, and
the very recent work [10], which considers the Abrikosov lattices, also for their
detailed introductions and references.

As mentioned above, type II superconductors can sustain very large magnetic
fields (over 10° Gauss). However, a major obstacle in the attempt to produce large
magnetic fields is the dissipation of energy due to the creeping or flow of vortices [48].
One way to overcome this problem is to pin down the vortices to particular locations
in the material. Since as pointed out in [17], the pinning down of vortices is achieved
by the presence of point defects, impurities, or inhomogeneities, or by a variation
in the thickness of the sample of superconducting material, to adapt this idea, the
Ginzburg-Landau equations (1.1) will be modified by external potentials as follows:

A
—ApY + §(|¢|2 — )Y+ pV(z) =0 in R?
VXxVxA+Im(pVay) =0 in R? (1.3)
|| — 1 as |z| = +oo,
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where p > 0 is a parameter and V() is a potential of impurities. The pinning phe-
nomenon was first observed from numerical evidence, in [16, 18], that fundamental
magnetic vortices(degrees of +1) of the same degree are attracted to maxima of
V(z). Such pinning phenomenon is rigorously proved in [39] by proving the exis-
tence and uniqueness of single-vortex solution of (1.3) for u > 0 sufficiently small
under some suitable conditions on V(z). Moreover, it is also shown in [39] that
within the standard macroscopic theory of superconductivity, a single-vortex so-
lution will localize near a critical point of V' (x) for p > 0 sufficiently small. The
effective dynamics of the parabolic version of (1.3) and dynamics stability of the
single-vortex solution obtained in [39] were studied in [11] and [24], respectively. Re-
cently, more pinning phenomenon has been observed in [33] by proving that under
suitable assumptions on the potential V'(x), multi-vortex solutions of (1.3) exist.
Moreover, these multi-vortex configurations can either be localized near multiple
critical points of the impurity potential, one to one, or one can pin an arbitrary
number of vortices to one critical point and near infinity, respectively. Effective
dynamics of multi-vortices of (1.3) was also considered in [14]. We remark that
the pinning phenomenon is also a hot topic for other nonlinear PDEs, see, for
example, [2—4,6,7,10,12,19,28,32 34,36,45,47,51] and the references therein.

In this paper, we shall find out more pinning phenomenon of (1.3). Before
we state our main results, we need first introduce some necessary notations. Let
(¢, B) = (f(r)e?,b(r)VH) be the fundamental vortex solution of the magnetic
Ginzburg-Landau equation:

A
~Aut+ S(0F - e =0 in B2,

VxVxA+Im(§Vap) =0 inR2 (14)
|| =1 as |z| = +oo,

m > 2 be an integer and z = (21, 22, , 2m) € R™. Then our main result can be
stated as follows.

Theorem 1.1. Suppose that the potential V(x) satisfies
(Vi) V(x) € L>®(R?) such that ||V|p~m@ey = 1 and V(z) ~ e~(=o0)lzl g
|z| = +o0 for some og € (0,1).
Then there exists pg > 0 sufficiently small such that for all 0 < p < po, (1.3) has
a sequence of solutions {(Vm, Anm)} where

(Y, Am) = (ﬁqﬁ(:ﬂm +£,iB(:cfzj) +D)

j=1 j=1
with ||(&, D)|| oo (cxr2y << 1 and ming; |z — 2] >> 1.

Remark 1.1.

(a) By Theorem 1.1, one can pin down infinitely many vortices of (1.3) near
infinity under the slow decay assumption (V7).

(b)  Comparing with the pinning phenomenon of (1.3) near infinity which is ob-
served in [33], in Theorem 1.1, we do not need the the impurity potential V(z) to
be radially symmetric. Thus, we enlarge the class of impurities which can be used
to pin down vortices of (1.3) near infinity.
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For the convenience of the readers, let us now sketch our proof of Theorem 1.1.
Our plan in proving Theorem 1.1 is mainly to adapt the strategies in [33,46], which
can be traced back to [39], to pin down infinitely many vortices of (1.3) near infinity,
that is, solving (1.3) in the orthogonal direction and the tangential direction of
(1.3), respectively, by reduction arguments. Since we will deal with the non-radial

potentials which are not considered in [33, 6], some nontrivial modifications are
needed. We start the reduction arguments by constructing approximate solutions.
As in [22,33,39,46], we define approximate solutions by v, = (¢, A,y ), where
m
Yoy = et (Fe(@)+x(@)) H oz — 2;)
z i
and
m
Az = Z B(z — z;) + V(F(z) + x(x)),
j=1

with F,(z) = ZT:I z;-B(z—2;) and x € H?(R?). Here, - is the usual inner product
in R%. We also set
Me ={v.x | (z,x) € Zc} (1.5)
with
Ze ={(zx) | Qz) = minlzi — 2| > e”! and x € H*(R?)}.
i#j
For the sake of simplicity, we denote f;(z) = f(z — z;), ¢j(z) = ¢(z — 2;) and

Bj(x) = B(z — z;). For every v, , € M., we choose the tangent space of M. at
v,y as in [22,33,46], which is given by

T, Me= span{ny’X,T;’kX li=1,2,--- mk=12~¢€ HZ(RQ)}-
where
GEX = (7, Ox)0z,x = OxVzx [v= (1792, V)
and
ka L= afjfﬁk”z,x = =0, vzx + (zj - 92, . By, Ox)Vzx
(el F=@)+x(@)) H¢l(ij b))k, V x Bjeir), (1.6)

I#j
with ij¢j = ((ij¢j)1a(ij¢j)2) and 61L = (0,1) and 62L = (—1,0). It is
known in [21] that T};* € L*(R* C x R?). By our choice, we can roughly divide
the equation (1.3) near v, , into two parts: the orthogonal direction 7;2,)(/\/15l and
the tangential direction T,, M., where the tangential direction 7,, M. can be

Vz,x
further divided into the gauge-transformational direction

To, ML= span{ny*X | v e HQ(RQ)}
and the translational direction
%i,stT = span{T;’k?( |j=1,2,-- ,mk= 172}.

Since we want to pin down infinitely many vortices of (1.3) near infinity, we need
to keep the estimates in reduction arguments to be independent of the number of
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vortices. However, because the impurity potential V' (z) may be non-radial now,
the functional framework in [33, 39, 46], that is, solving (1.3) in L?(R%;R? x C), is
not very suitable. Indeed, if we work in L?(R?;R? x C) then by the well-known
estimates (cf. [25,30]),

[f(r) =1 <e™™" and [b(r) =1 Se™;
1f(r)] Se”™";

Im(9V 5¢) = B (|2])[1 + o(e™ ™) (17)
Vx B= K1 - 5 +0()],

where my = min{v/\,2}, 2 = (—sin6,cosf) and K(x) is the modified Bessel
function of order 1 of the second kind such that K(r) ~ #e”" as r — 400, the
error of v, , to be a solution of (1.3) will be of the form

e—lzi—l 1
i— 14+ O ——— . 1.8
2 as |Zj—2z|< <|Zl—2j|)> (18)

1
It is easy to see that such kind of error can not be uniformly for the number
of vortices. Thus, to keep the error to be sufficiently small, we need to enlarge
the distance of all z; and z;, which will make y — 0 in construction, in adding
the number of vortices, and thus, only arbitrary number of multi-vortex solutions
of (1.3) can be pinned down near infinity for fixed g > 0 sufficiently small if

we use this framework. Hence, our nontrivial modifications should begin with
Ju]
W20

Weo =300 e~ (1=9)lz=21 for a small o > 0, has been used to construct infinitely

the functional setting. We remark that the norm |jully = sup,cp> , where

many solutions of the scalar field equations in R (cf. [3,27]) and optimal number
of solutions of the Lin-Ni-Takagi problem (cf. [9]). Therefore, we shall adapt the
ideas in [8,9,27] to modify the functional setting in our study on (1.3). We also
remark that since the fundamental vortex solution (¢, B) do not decay at infinity,

we need to slightly strengthen the slow decay assumption used in [3] (see also [14])

to (V1) and modify the norm introduced in [8,27] to ||u|ly = sup,cp2 V[I,L*l, where

W; () = W, o (x) + e~ (177012l 5o that we can obtain a good error estimate of
v,y in the space generated by the norm ||u||;. To continue the reduction argument,
we need to establish a good linear theory. Our ideas to prove the linear theory is
standard (cf. [8,9,27]), based on blow-up arguments. However, since we want to find
infinitely many multi-vortex solutions, the main difficulty in establishing the linear
theory is to keep the estimates in the linear theory to be uniformly for the number
of vortices. To achieve this goal, we establish a basic lemma (Lemma 2.1), choose
good gauges for the approximate solution v, , and apply some cutoff technique to
control the decay property at infinity to be uniformly for the number of vortices.
When a good linear theory is established, the corresponding nonlinear problem
Fau(vzy + 1) =0, which can be expanded as

]'—A,,u(vg,x +n) = ]'—A,u(vg,x) + Lz,x(n) JFNA,#(Ug,xvn)a

can be solved in the orthogonal direction 7:,5%./\/15L directly by applying the con-
traction mapping theorem in the Banach space generated by the norm |ju|ly. After
doing these, we are in the position to solve (1.3) in the tangential direction 7, M..
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As pointed out in [33,40], since (1.3) is gauge invariant and the perturbations 7 are
in the orthogonal direction of (1.3), the gauge-transformational direction 7, MY
can be solved automatically. For the translational direction 7;3%/\/!?, we will use
variational arguments to solve it by considering a minimizing problem of the re-
duced energy functional about the locations of vortices, as that in [33]. However,
the crucial energy estimates used in [33] (see [33, Lemma 6.1]), which is essentially
established in [22], is also not very suitable to deal with the non-radial cases of
pinning vortices at infinity, since it still contains the term (1.8) so that it is still not
uniformly for the number of vortices. Thus, we shall establish some other energy
estimates to continue our reduction arguments, which is the crucial in our proof.
We start our energy estimates by expanding the reduced energy functional, which
is slightly different from that in [22,33,46]. We then use the secondary reduction
arguments, as that in [3,9], to obtain a good upper bound of the reduced energy
functional when the configuration z is splitting in minimizing the reduced energy
functional in a suitable configuration space. We remark that since the magnetic
Ginzburg-Landau equation (1.3) is actually a four-coupled system and it is gauge
invariant, the estimates are very complicated and we need to analyze (1.3) very
carefully and choose good gauges to control the errors very well in this secondary
reduction argument. When a good upper bound of the reduced energy functional
is established, then the slow decay assumption (V7) will help us to exclude the case
that the configuration z will split in minimizing the reduced energy functional in a
suitable configuration space, as that in [3,9,14]. To finish the reduction arguments,
we also need to drive a good lower bound of the reduced energy functional to kill
the chance that the configuration z will move to the boundary of the configuration
space in minimizing the reduced energy functional in this space, which need us to
find out the leading order term in expanding the reduced energy functional. This
leading order term in expanding the reduced energy functional is given by

m—1 m m—1
/ZVXB )V x By, —i—HfQZB —V0,))(Bm — V)
j=1 = j=1

and it looks like 372, d}]2; — 2| 2¢ 1772l as e — 0, which is good enough to kill
the chance that the configuration z will move to the boundary of the configuration
space in minimizing the reduced energy functional in this space by taking u > 0
sufficiently small. After doing these, the translational direction can be solved by
adapting the standard variational arguments.

This paper is organized as follows. In section 2, we estimate the approximate
solution to know how far it to be a true solution in the Banach space generated
by the norm |lul|y. We then establish the linear theory in section 3 and solve the
nonlinear problem in the orthogonal direction in section 4. The section 5 is devoted
to the property of the reduced energy functional, while in section 6, we will drive
the crucial energy estimates by the secondary reduction. In section 7, we finish
our reduction argument by solving a minimizing problem of the reduced energy
functional.

Notations. Throughout this paper, C and C’ are indiscriminately used to denote
various absolutely positive constants. a ~ b means that C'b < a < Cband a <)
means that a < Cb.
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2. APPROXIMATE SOLUTION

Clearly, (1.3) is variational in H (R?; C x R?) and its corresponding functional
is given by

A
Eunlt) = 5 [ IVAVE+IV 5 AP + F07 = 02+ aV @) (0 - )

where u = (¢, A) € H}

loc

(R?*; C x R?). Let us write Fi ,(u) = &} ,(u), that is,

Flw) = (= a0+ S0P = 06+ 4V (@), x ¥ x A= n(@Va0) ).
Then solving (1.3) is equivalent to solving F ,(u) = 0 in D' (R?;C x R?), where

D~1(R?;C x R?) is the dual space of C§°(R?;C x R?). As in [22, (92)], by a direct
calculation, we have Fx ,(vs ) = ([Fa,u(Vz3)]ws [Fau(vzx)]a), where

i €11 COSCEF RS PR
=1 =1 =

=2 [] Va6 - Ve +uV(z H%) (2.1)

g<l k#j,l
and
[P (vz,x)]a Z 1- Hfl Im( ¢ Vi, ¢;). (2.2)
Jj=1 I#j

To carry on the reduction arguments, we will start by the estimate of approximate
solutions v, = (¢, Az y) in a suitable sense. Let

Ze (A—o)|o—z;] (2.3)

j=1

where o < min{oy, 155, 721}, Then we have the following lemma, which will be

useful below.

100m,\

Lemma 2.1. We have [|W, o| 1 ®2) S 1 uniformly for z € M. and m € N.

Proof. We re-denote z by z,, to emphasize its dependence on m. Let us fix r € R?
and without loss of generality, we assume |z — 21| < |z — z;| for all other j. Then
W, o(r) < We o(x), where 25 = {x, 29, ,zm} € Mcg. Since z;, € Mc,
Wee o(x) < Ween o(2), where 2% = {x,23%,--- 23", } 6 M has mﬁmtely
many points such that x is the center, every 7 points in z** will form a regular
hexagon and every side in regular hexagons is equal to 2—16 Clearly, W+ o(z) =
maxzepe W o(2). We choose one line, which cross & and is parallel with one
side of the regular hexagon centered at z, to re-label it as the zero line, and we
re-label the line which is orthogonal to the zero line to be the zero row. We next
re-label every z/* in A by z;% to denote the distance of 2" and x in regular
hexagons in this new coordinate. Clearly, s € Z. Moreover, When s is odd then
t=+( - %) and when s is even then ¢ = £j where j € N. Thus, it is easy to see

that [z — 2752 > 2|s|(5)? + min{(j — 1)%,j2}(52)? for all (£, ). It follows that

z**a <Ze_(1 032526 (1- U)S2s<]_



INFINITELY MANY SOLUTIONS 9

Thus, for every z € R?, we have W, ,(z) < 1, which is uniformly for z € M. and
m € N. It completes the proof. ([

Based on Lemma 2.1, we introduce the following norm:

u
lully = sup +2L,
xT

€R2 Wg*,o'

where W}, (z) = W, (2) + e~ (1770)1#| with W, , given by (2.3). Since

Sa-m-a-T1# = (I -1+0-1) - -

=1 1#] 1#]

(f; =DO_(ff = 1) + hot)

1#]

and

e~ (1=le=zjl~(1-0)lz—z] < e*%(ef(lfa)lw%jl + e~ (=o)lz—zly,
by (1.7) and Lemma 2.1, it is easy to see that

||]:/\,M(U§,X)||ﬁ S e = + - (2.4)

Therefore, if p, ¢ is sufficiently small, then Fy ,(v) = 0 in D71 (R?;C x R?) has an
almost solution v, = (¥, Az ) in HL (R? C x R?). Thus, to solve Fy ,(u) =0
in D71(R% C x R?), it is sufficient to write u = v, , + 1 and find 7, , sufficiently
small in a suitable sense such that Fy ,(vsy + 7:,y) = 0 in D™HR?; C x R?) for
wu, € > 0 all sufficiently small.

3. LINEAR THEORY
If we write £, = &Y ((vz,x), then for n = (§,D) € H?(R%,C x R?), it is known
in [21] that L, x(n)= ([‘Cg,x(’?)]w [ﬁz,x(n)]A)7 where
A A -
[ELX(U)]w = _AAé,Xg + 5(2|¢g,x 2 - DE+ 57/}2,)(6
+2iVa, .y - D +itp, ydiv(D)

and
[ﬁg,x(n)]A = -VxVxD+ |wz,x|2D + Im(vAg,sz,xf - wz,XVAi,xg)'
As in [21,35], we define the space
Ko = {(6.0) € HHRAC KR | (6, D). (inda, V7)) = 0.7 € )|

{(g, D) € H*(R*C x R?) | Im(3, &) — div(D) = 0}.

For n = (§,D) € H?*(R%* C x R?), div(D) — Im(¢, &) € H'(R?). Thus, by the
classical regularity theorem, the following equation,
—Ay+ W}g,x|27 = div(D) — Im(¢,,§) in RQ,

has a unique solution 77 in H*(R?). Tt follows that

ﬁ =n + (W’g,x’Yg,X: vq/g,x) € X&aX'
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Because (it 72, VY2, ) € To, , MZ, where
To, M= span{G,Zy’X | v e H2(R2)},

we have L, (1) = L. (7). On the other hand, it is also known in [21] that for
n=(§, D) e X, y, we have

£g,x(77) = Zgyx(n) = ([ﬁm(ﬁ)]w’ [L‘z,x(n)]A)a (3.1)

where

~ A1 A—1 -

[‘Cz,x(n)}w = _AAE,Xf + (5 + §)|wz,x|2§ + Twz,xf

A
+§(|¢z7x|2 - 1)5 + 2Z'VAE,XQ&,XD

and

[Ez,x(n)]A =—-AD+ |¢£,x|2D + QIm(vAE,X¢z,x£)‘
We define

T3 =150 G (3.2)

where (;(x) is a smooth cutoff function such that (;(z) =1 for |z — z;| < 2)-1

2

and ¢;(z) =0 for |z — 25| > %, and T is given by (1.6). Let
wh = {6D) K | (€ DT = 0.5k

and

YL, = {(5,D> € L N L*(R% C x B?) | (6, D), T5) = o,w,k},

where (-, -) is the usual inner product in L?(R?; C x R?). Then we have the following
linear theory.

Proposition 3.1. There exists eg > 0 such that for 0 < e < gq, the linear problem
ZE,X(U) = g has a unique solution in Xz{x for all g € sz with all m > 2, all
X € H*R?) and all z € M.. Moreover, |[nll. < llgllz, where [Inll. = |nll; +
V4, &l ®2)-

Proof. The ideas of the proof mainly come from [27]. We first prove the a-prior
estimate ||n]ly < |lg|ls for € > 0 sufficiently small which is uniformly for all m > 2,
all x € H?(R?) and all z € M.. Assume the contrary that there exist ¢, — 0 as
n — 0o, my € N, xn € H*(R?), 2" € M., and g,, € Y5 . such that [gn|l; — 0
as n — oo and ||,y = 1, where Ez”,xn (Mn) = gn, that is,

X

A1 A—1 -
gn,1 = _AAzn,Xn gn + (7 + 7)|1/}§"7Xn 25” + 711}2“7Xn£n
2 2 2
A .
+§(|'¢)§"7Xn 2 - 1)§n + QZVAin,X,L wg”,xn - Dy, (33)

and

Gn,2 = —ADp + |'l/’z”,xn|2Dn + QIm(VAin,Xn sz"L,xnfn)' (3.4)
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Let 7j,» be a smooth cutoff function such that 7;, = 0 in Bi(z}) and 3;,, = 1 in
R*\By(z}). Since 0;, are all smooth functions in RQ\B% (2}'), @jon = Fjnbjn are
also smooth in R?. Moreover,

IV@inllL=ze) S 105nllor@asy @) S 1- (3.5)
We define
€y = e ot X B0, and Ao =Y Bja, (3.6)
j=1

where Ej,n =0;,V0;, — V&, . Then by the gauge invariance, (3.3) is equivalent
to

Gni = —A& +2iAn - Ve, + idiv(An 0)En + |Asn o] ?En
A 1 T (0 5 ~ >\_1mn (0 —Cs =~
_"_(5 + 5) H 627,(\9],7; J,n) ingn + ? H 62 (ej,n _],TL) ‘]2,7’7,577,
j=1 j=1

Mn My Mp

>\ = . i(0; . —os
5L = Ve + 2y [T e @ [ frndi - Do
j=1 j=1j=1 I#]
+2> [ e S T frnfim(®jnV0;n — V0i0) - Dy, (3.7)
j=1j=1 1]

where gn 1=0n 1e_i(F1”+Xn+Z;n:n1 Wj,n)

(1.7) and (3.5),

and z, = (cosf; ,sind; ). By Lemma 2.1,

[Aze ol S Wi 4(z) S 1 (3-8)
and
Y T finlFnSn = ifjn (050 V 050 = VO;0)| S W () S 1. (3.9)
i=1 1

Let gy r be a smooth cutoff function in Bry1(y) for all y € R? and R > 0 such
that o, g = 1 in Br(y) and g, r = 0 in ]R2\BR+%(y). Then, by multiplying (3.7)

with gng% r on both sides and integrating by parts,

[ovar s 0 ReVE&) - Vounl+ Cllml + PR
Br(y) Bry1(y)
+| 0y.rAzn 0 Re(VELE,)]
Br+1(y)
1 ~
S 3l V€2 Voy.r| + CInall? + llgnll?) R?
Br+1(y)
1 ~ ~
+§\ 0y.RAn 0 V€
Br+1(y)
< (a3 + llgal?)R2. (3.10)

Here, we have used the fact that

|div(Azn0)l < D 1(AFn)8nl S 1, (3.11)
j=1
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which comes from the well-known facts that div(B) = 0 in R? and A9 = 0 in
R?\{0}, and the assumption &, — 0 which leads to AY; , A, = 0if j # k for n

sufficiently large. Now, by (3.10), (3.11) and multiplying (3.7) with Ag on both
sides and integrating over Br(y) for all y € R? and R > 0,

/’ AGP < /‘ Re(i o - VEAE) + (11l + lgnll2) B2
BR(y) BR(y)

n / Re|div(An 0)En AG,|
Br(y)

1

< 5 [ NGl + )R (312)
Br(y)

Thus, {€,} is bounded in H} _(R%,C). On the other hand, by (3.4), it is easy to see

that {D,,} is also uniformly bounded in H? (R? R?). By the Sobolev embedding
theorem, we may assume, without loss of generality, that 7, = (&, Dn) — 19 =
(€0, Do) weakly in HY (R* C x R?) and 7, = (&5, D) — 10 = (€0, Do) strongly

loc
in 2% (R?;C x R?) as n — oo for some a € (0,1). Moreover, since the estimates

in (3.10) and (3.12) is independent of y, {V&,} is bounded in L>*(R?). Let us
now go back to (3.4) and (3.7). By multiplying (3.4) and (3.7) with &, and D,
respectively, these two equations in R?\(UJy Br(2}')) can be re-written as
g —20 *
=AIDy]? +2(1 = )IDnl* S (lgnlly + €77 (W 5 (2))?
and
c 9\i& —20 *
—Algnl* +2(1 = Z)I&l” < (lgally + €77 (W o (2))*.

Here, we have used (1.7) and Lemma 2.1. Now, by the maximum principle,

& —oR c
1€l +[Dnl < (llgnlls +e + 192K ||€nHL°°(aBR(z;))

+ max I1Dnll Lo @Br(zp)))Win o (3.13)

in R*\ (U}, Br(2})). Since ||,y = 1, without loss of generality, we must have

lgg>7§l7l(\\§n||u,BR(zj,n) + |1 Dnlly,Br(z;m) 2 1s

which implies that there exists z;, , such that

1€nll8,Br (2500 + 1 Dnllt, Br(z, 0 2 1 (3.14)

Here, R > 0 is a sufficiently large constant and the norm | - |
Br(2j,,) which is similar to that of || - [|3. Clearly,

fin = (& Dn) = (- + 211), Du((- + 211))) = flo = (0, Do)
weakly in H? (R?; CxR2), i, — 7o strongly in C}-*(R?; C xR?) for some o € (0,1)

loc
and 7, — 7o in R? as n — oo. Because €, — 0 as n — oo, we have Q(2") — +o0

as n — oo. Thus, by (1.7) and lemma 2.1,

#,Br(z;.) 18 defined in

Apno(-+27) = b(r)VO — V(30) and Voa,  Pan oy, (- +21) = Vi
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for all z € R?, where 7 is a cutoff function such that ¥ = 0 in B1(0) and ¥ = 1
in R%\ By(0). It follows from (3.8), (3 9) and (3.10) and the Lebesgue dominated
convergence theorem that 7y = (e ”950, Do) satisfies the following equation:

D N RN W R oo
—Apdo+ (5 + )66 + T&O + 5<|<z>\2 — 1) +2iV¢Do =0,
—ADy + |¢* Dy + 2Im(V &) = 0
We claim that (20, Dy) € L2(R2;C x IRQ) Indeed, for every z € RQ\BR( 7 ), since
Q(z") = +ocasn — o0, x € R2\( " Br(z}))) for n sufficiently large. It follows

from 7j,, — 7o strongly in C.% (R?; (C x R?) as n — oo and (3.13) that in R?\ Bg(0),
either

ol + [ Do| S e~ 171!
if [27'| = +o0 as n — oo or
€| + | Do| < e~ (=lel 4 o= (1=0)lz—20
if |27 < 1. Thus, (€, Do) € L2(R2;C x R2) and it is known in [35] that
(€77, Do) = a1 Tt + 02Ty,
where
Ty =((Vedh,V x Ber) and T = ((Vpd)s, V x Beg).

Since

My
Tj%l,’k?xn — (ei(an"an) H ¢l(ijn ¢jn)k,v % Bjnekl)
1=1;1#£]

and ((&,, D,,), NJ;“’,CX"> =0 for all k = 1,2, we have

/RzRe(fn (-+27) He Pom=Sin) H FC+ 28 (VBo)kG, (-+ 27.))

I=1;1#;
+Du((-+21)) - V x Bef G, (- +21) = 0.
Note that
| Re(&n( He’“"]"’“J"Hfz +27 ) (VBo)kGs, (- + 27|
I#j

< |§n('+zjn)||(v3¢)k)|
and fi(- +2}) — 1for I # jn, (j,(-+27) — 1 as n — oo, by the Lebesgue
dominated convergence theorem,
<041T1 + a2T2,Tk> =0 forall k= 1,2.

It follows from (T3,7T5) = 0 that a3 = az = 0, which contradicts (3.14). Thus,
we have proved the a-prior estimate [|n||y < ||g|ls for € > 0 sufficiently small which
is uniformly for all m > 2, all Y € H?(R?) and all z € M.. We next to prove
the desired a-prior estimate |||l < ||g|ls. For this, we only need to further prove

the estimate ||V, £|lr~m2) S llglly by £2x(n) = g. By the gauge invariance of
the operator V4, we only need to prove that ||V 7 |[zer2) < [lglls, where £ is
defined similar to that of (3.6). Let us go back to (3.12). By [|nlly < |lglls, we could
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obtain ||E||H2(Bl(y)) < |lglls via the estimates in (3.12) for all y € R%. Then, the
desired estimate comes from the Sobolev embedding theorem and (3.8). It remains
to prove the existence and the uniqueness of 7 to the linear problem Z, , (1) = g.
By the a-prior estimate, we know that the linear operator sz is injective from
X7, — L®(R? C x R?). On the other hand, we can rewrite L, to be

Zg,x(n) =T x (5 + ’Cg,x(&D)aD + yz,x(va)>=

where T, , is an operator from H?(R?;C x R?) to L?(R?;C x R?) given by
Tox(&D) = (Tzx1(6): Tex2(D))
1
= (- A&+ G sl

A—1 -
+2 02 & -AD + |¢Z,X|2D)
and,

Kon(€D) = ( (e l? = 1€ + 2NAZ,sz,XD)
and

Vel D) = T (20m(Ta 029))

are two operators from H?(R%* C x R?) to H*(R* C x R?). Since V4, .y €
L*(R%C), [ty |> — 1 € H'(R?), we can run the above arguments for the com-
pactness to show that IC,, and ), , are all compact. Moreover, since A > 1
and |4, | — 1 as |z|] = +oo, we also know that 7., is a bijection by the
Riesz representation theorem. Thus, 7; o L, is a Fredholm operator with
index 0 from H?(R?% C x R?) to H?(R? (C x R?). Since for all v € H?(R?),
My = (i'W/’z,)ov’Y) # Xons Lox(ny) # Lox(ny) = 0 for all v € H*(R?). Thus,
by XZX C H?(R?%,C x R?), YZLX C L*®(R?%;C x R?) N L2(R%,C x R?) and the
Fredholm alternative, £, is also surjective from X, — Y& . Therefore, the
linear problem ZZ ~(n) = g has a unique solution in X \ for all g€ Y y ife>0
sufficiently small, which is independent of m > 2, x e H 2(R?) and z E M. Tt
completes the proof. O

4. NONLINEAR PROBLEM

So far, we have established a linear theory which looks good to continue the
reduction arguments. Let us now consider the nonlinear problem Fy ,(v;,+n) =0,
where F ,(u) = & ,(u). By expanding F) ,(u) at the approximate solution v, ,,
we can rewrite Fy , (v, + 1) as

}—)\,u(vz,x +n) = }—)\,u(vg,x) + ﬁz,x(n) JFNA,#(”LX, n),
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where Ny (v, 1) is the nonlinear part given by

A o
Navanot) = (50208 + Tor +1EPIE + IDP (b +)
+i[(divD)§ + 2DV 4, &) + pV (2)E,

CIm(EVa, €) + D(Re(TrE) + |£2>)

with n = (&, D) (cf. [16, (3.14)]). Thus, the nonlinear problem now reads as
FanVz,x) + Lzx () + Nau(vz,m) = 0.

Proposition 4.1. Let ¢, > 0 sufficiently small which are independent of m > 2,
X € H*(R?) and z € M.. Then the nonlinear problem Fx ,(vs\ +1n) =0 in Y1

has a unique solution 1, in X1 such that |1z« < (77" + ). Moreover, the
map: z — Ny, 15 smooth for z € M..

Proof. The main ideas of the proof also come from [27]. Let us consider the equation
Frpu(vzy+m) =0in Y;X for n € X;X. As pointed out before, the equation now
reads as

Lo (n) = =(Fru(vz) + Nau(vzxs) +Za*”‘ (4.1)

where
0‘?:1):(77) = (Fan(vzx) +N>\,#(U£7X777)’sz,}3<>' (4.2)

By (2.4) and Lemma 2.1, we know that F ,(vz,y), given by (2.1) and (2.2), belongs
to L= (R?;C x R?) N L?(R?;C x R?). On the other hand, let us define the Banach
space

Rex = {77 = (& D) e Xz, | lnll < +O<>} (4.3)

Forn= (&, D) € sz we have div(D) = Im(¢,,£). Thus, the nonlinear part now
reads as

A o
N)\,u(vg,xan) = (2(21/&,)(5 + ¢g,x§ + |£|2)€ + |D|2(¢§,X + 5)
ilIm(D, )¢ + 2DV a. €] + uV ()¢,
Im(EVa. €) + D2Re(Tre) + |52>). (1.4)

It is easy to check that Ny (0,1, 1) € L°(R2; CxR2)NL2(R%; CxR?) forn € X, .
Since it is known in [13,21] that 75X € L®(R%,C x R?) N L3(R?;C x R?), by
Proposition 3.1, we can rewrite the equation (4.1) to be the following fixed point
problem in §A§£7X:

0= L3 (= (Fau(vzy) + Nau(vzm) + Zaf’x (4.5)
Let us consider this fixed point problem in the ball

< _l-o
Bo = 1= (& D) € Xape | Inlle < M(e™ % + 1) ¢,
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where M > 0 is a sufficiently large constant. By Lemma 2.1, it is easy to check
that -

IV e (Vzoe )l S (€77 + )
for n € B, y,, with p,e > 0 sufficiently small which are independent of m > 2,
X € H?(R?) and z € M.. It follows from (1.7), (2.4) and Lemma 2.1 that

XIS e +p (46)
for n € B, y,u- On the other hand, by Lemma 2.1, we also have
_le
[N (Vzp M) = Nz m2)lls S (€772 + )l — mal (4.7)

for n1,m2 € B,,y,u- Thus, applying the a-prior estimates in Proposition 3.1, it is
standard to use the contraction mapping theorem to solve the fixed point prob-
lem (4.5). We remark that thanks to Proposition 3.1, u,e > 0 sufficiently small
are independent of m > 2, y € H*(R?) and z € M.. It remains to check the
smoothness of the map: z — 7. For this, we consider the map from C™ x Xz,x

to il}g,x given by
G(z,m) = Faulvex +1) — ZO‘

where

~

Tr= {1= (D) € L2 E:C xR |l < +o0 .
Then, G(z,7,,5) = 0. A direct computation yields that
G (2 nz,x)[e] = L2x(0) + Rem  ( Z O‘] n (zx: 0 7, kX

for all ¢ € Xg,xa where

j’?(nzm 0) = <877N>\7H(U£7X’77)[Q}7Tj§,}cx>

and Rem; y(0) = ((Rem;,x(0))y, (Remzy(0))a) with
(Remz(0)y = iIm(¥s&ax)o1 + 21V, 01 Dy + 1Dz x 291

A S 1
+§(2Re(¢§,x€§7x) + |§5,x|2)91 + §¢g,x§g,x91
A 1
+§(2¢z,x§z7x + §§,X)§1 - iqu,xfzx@l

+2i(Va, &ex — iaxDzix — Wz Dzx) - 02
and
(Remzy(0))a = (2Re(zx&xx) + €21 [%)02
F2Im((i€5 Az x +1&2xDzx + 02Dz x)or)
+Im(VE, yo1 — Voi&sy)-
Since 1,y € By, it is easy to check that

_1l—0o
[Remzy(0)ls < (€772 + )l
and

105N vz el S (€75 + mllells-
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Thus, by choosing u, e > 0 small enough if necessary and applying Proposition 3.1,
we know that

106 (2, nzx)ellls Z [lell«

for all o € ngx' Since it is known in [13,35] that (¢, B) is of class C? in R2
G(z,m) = Fapulvex 1) — 254 ai’,f(n)fﬁ? is of class C! for the parameter 2.
Thus, applying the implicit function theorem to the equation G(z,n) = 0 yields
that the map: z — 7, , is smooth for z € M.. O

5. THE REDUCED FUNCTIONAL
So far, we have solved the equation
Fauvzx +1zx) =0

in Yj-’x for a unique 7,y € B, y,u, that is,

Lo (zx) = = (Fau(vzx) + Nau(vz,x:mz,x)) + Z O‘i/z((nz,x)Tka- (5.1)
7.k

Thus, to complete the reduction arguments, we need to solve the remaining problem
ai’,?(néx) =0forallj =1,2,--- ,mand k = 1,2, which is a nonlinear and nonlocal
system. Since (1.3) is variational, we shall use variational arguments to solve this
system. Let

IA,;L(& X) = 5>\,;L(Ug,x + nz,x)'

Proposition 5.1. Let the same assumptions of Proposition 4.1 be satisfied. Then
Ty.(2,x) is independent of gauges x € H*(R?).

Proof. The ideas of the proof come from [33,46]. Clearly, the conclusion fol-
lows immediately from 0,7y ,(z,x) = 0 in the dual space of H?(R?). To prove
OIx,u(z,x) =0, it is sufficiently to show that

Vex T Mzx = (Wzx + & Azx + Day)
(elx(lﬁg,o + 5370)7 Ag,O + Dg,O + vX)a

since &y ,(u) is gauge invariant. Let us define
Mz = (€%€0, D2 0)-

Since y € H2(R?) and (£,0, D, o) € X, which is given by (4.3), by the Sobolev
embedding theorem, 7, , € H?(R?;C x R?). By direct calculations,

Im(@é,ogg,o) = Im(¥§7xeixfg,0)

and

~2.0 ~
<n§,0aTj%k> = <n§,X’T;kX>a
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where fjékx is given by (3.2). It follows from 7. o € XJ, that 7., € X{, . Moreover,
by (2.1) and (4.4),
Fau(vz,0) + N (V2,55 12,0)
= ((Fxn(vz,0))y: (Fau(vzo))a)
(N1 (02,0,12,0)) w5 (N, (02,0, 72,0)) 4)
= (e_ix(}-hﬂ(vg,x))w’ (Fau(vzyx))a)
(€T XN (V2,1 Tz )y N (02,3 T2,x)) 4)

and

Lo00120) = ((Lao(20))es (£20(120))4)

= (efix(ﬁz,x(ﬁgx))wa (Lax(?/?\z,x))A)a

where £ (n,.0) is given by (3.1). Thus, by (5.1) and 7,0 € B.0,u, we have
Fau(zy +1zy) =0in Y&, and 7,y € Bz,y,u. By the uniqueness of 1.,y in B
we must have n, , =17, . It completes the proof. g

By Proposition 5.1, we can fix x = 0 in Z ,(z,x). As in the proof of Proposi-
tion 3.1, we define w; = 7;0;, where 7; be a smooth cutoff function such that 7; = 0
in Bow (%) and 7; = 11in R2\B%+1(zj). Since §; are all smooth functions in

4 4

R?\Bj (2;). @; are all smooth in R? for ¢ > 0 sufficiently small. Let
720 = (€% €0, D0),

where x* = —F, — 3", &;. Since it is known in [13,35] that B(z) = b(|z|)Vé
is of class C? in R?, by (1.7) and the equation satisfied by b(r) (cf. [21, (12)]),
720 € H*(R?) and by Proposition 4.1, 7, o is of class C* for z. We define

\7&#(5) = 8/\)“(5370 + 77570)7

where :175,0 = (QZE,O, szﬁ) = (HT:] ei(ej_a)j)fj, E;”:l(ijej — VGJ)) Then, jA:H(é)
is of class C" for z.

Proposition 5.2. Let the same assumptions of Proposition 4.1 be satisfied. If
0
VIru(2°) =0, then aik’x(ngo’x) =0forallj=1,2,---,m and k =1,2.

Proof. Let V7 ,(2°) = 0. Then

0= 82.7‘,1« JA,M(EO) = <-7:>\,;L(1~}g°,0 + ﬁzoﬁo)’az.f,kazo,o + azy‘,kﬁzo,@

for all j, k. As pointed out in the proof of Proposition 5.1, we have 7,0 = 1, y~.
Thus, by Proposition 4.1,

0 = <]:>\7N(U50,X* + n&”;x*)v 8Zj,k53070 + azy',kﬁzo,0>

ZO7 * ~_0 * — .
= Z alfvs X (7750796* ) <Tl£; X , (9ij)€1)£070 + (9Zj)k77zo’0> (52)
l,s

for all j, k. By direct calculations, we also have

azj',lago,o = <(62j,1f1720,0)17 (823“1//520,0)2>
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and

azj,zﬂzo’o = ((8,%.’2:(\)120’0)17 (azj12520’0)2>,

where

(02,0001 = ei(ej_aj)Hei(Gl_al)fl,o[
I#35
. —sin@; (1 =7,
Fifjof o ¥5,0)
T'jy()

7
fj,O cosfjg

— 05,07} 0c08050)],

b — s
~ 3,0 — V5,0 : 2
(02;,0200)2 = (=——=)"(=sinbjocosb;o,cos0;p)
5,0
bjo— .0, 9
+————"=(sin 0,9 cos 0,0, sin" 0, o)
5.0
~I 2 :
—93-70%»’0((:08 0;.0,sin6; 0 cosbj )
=~/
Y50, . .
+-—2=(sin 6,0 cos 00, sin? 6;.0)
75,0
=~/
05,075.0

35,0

) .
(sin” ;,0, —sinf; o cos ;o)

and

m
(02,,0:00)1 = (05 =5;) H ei(elfaz)flyo[fjf_yo sin ;o
I#j

. cosB;o(1 —7j.0 - .
+ifj0(—F—— 0= %0) _ 0,075,05i005,0)],
T‘j’o
~ bj0 — 5,0 . .
(0:,,0200)2 = (F—= . 22Y (—sin? 0., sin.0;,9 cos 0 0)
4,0
bio — ™
+M (—cos?0;9, —sinb;ocos ;o)
72 :
7,0

~1/ . -2
*ej,O’Yj,O (sinf; o cosb; o,sin” ;)
=~/

75,0 .
——=(cos® 00,8100, 9 cos 0; o)
3,0
0,07
7,075,0 .
——2= (—sinb; o cos b, cos? 6;.0)
75,0

Recall that

~ZO7 * NZO, * ~£O7 *
les o= <(Tl,s X )1, (Tl,s X )2>7 (5.3)
where

(T7, )1 = =0 TT /O fy(fla? — i fi(biV 0, — V6))sG
t£1
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and (fl{X)Q =V x Bie£ (. Thus, by symmetry, <sz2>< 02, U0,0) = 0 for s # k.
Moreover, by (1.7), Lemma 2.1 and the choices of cutoff functions,

~_0 * —
| Z <Tl£,s7x >aZj,kvzo,0>|

lLs;l#j
bjo =70 | b0 =70
S / ZCl(fl/,ofJ/',o+|v><Bl,0|| Pt A (H =)'
R? |7 75,0 75,0
< Y etz
I#j
< 6—0’871
On the other hand,
~_0 *
<Tj£71’X ,5zj71v5070>
: (1 =750)f70(1 = bjo0)
= / T £20l(£} )% cos 6,0 + sin® 6,0 : r%’ -
R2 bt 7,0
=~/ 2
. V505050 — 1)
—0;,0sin6;cosb; o e - ! 1¢i0
7,0
bio — 7 bio — 7
+/ [(M)/ COS2 9j70 -+ M Sin2 9j70}v X ijijo
R2 35,0 750
ﬁ’.
—|—/ [—9]'70?;/0 sin 9]'70 COS 9]'70 + 30 sin2 0]',0
R2 ' 5,0
0,07,
+]77m sin 0j70 COSs 0j70]V X Bj,OCj,O-

75,0
It is known (cf. [21]) that 1 — b(z) > 0, thus,

1—F;0)f20(1 b,
i 9%0( %,O)f;,o( 5,0) >0
T30

On the other hand, by a direct calculation, we know that

bio b v,

_ Y30 5,0\ 73,0

VXBJ'70—72 +(7 ) =
75,0 75,0 75,0

It follows from the choices of cutoff functions and (1.7) that

bjo— ;0 bjo =70 .
/2[( Js 7]7 )/ C082 9j,0 + Js r2 7], Sll’l2 HJ,O]V X Bj70€j,0
R

75,0 3,0

1 bj() , bjo 2 _l-o
= S[(22) + 2210+ Ofe™ ).
L 362 HePGa+ 0 )

Thus, by the choices of cutoff functions and (1.7) once more,
b b 2+]“2(1—17) 1o

20 x* ~ 1 _

(T30 502, Tx00) = 5/]&2[(}‘/)%[(;)%72} T+ 0 ).
Similarly, we also have

=20 x* ~ 1 b b f2 1-0 _l-o

(527 5 02,200,0) = 5/]1%2[(1”)2 +) + 5P+ %} +0(e” ).
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Since <T I 7z0) =0 for all [,s, <TJ%Z’X*,77EVO> =0 for all I, s. Thus,

~_0 * .
<le,s7x ’8zj,k77£0,0> <azj kTZ ’ 77750,0>

for all I, s. Since 7,y in B; y 4, by (5.3) and the choices of cutoff functions, we can
compute as before and obtain

~ bzo ot
| Z 8z7kT£Xa77200‘</ ZClijO flO+ )56 7€
l,s;l#j I#35

and

~,0 x ~ _1l—0o
|<82j,ij%s’X 7775070>| 5 ‘|77§070||L°°(R2) S e 2 +:u

for all j, k, s, where we have used (1.7). Therefore, by choosing ¢, u > 0 sufficiently
small if necessary, we can see that the system (5.2) is diagonally dominant, so

0 *
that it is uniquely solved by a7 /)X (n20,5+) = 0 for all [,s. Note that by gauge
0 * 0
invariance, we have a7 /X (10 y+) = af /X (10 ) for all j, k. Thus, we also have

;Z’X(nzojx) =0 for all [, s, which completes the proof. |

6. SECONDARY REDUCTION AND CRUCIAL ESTIMATES

So far, by Proposition 5.2, we have reduced the problem (1.3) to find critical
points of 7y ,(z). Thus, let us now consider the following minimizing problem:

p— m
em = i Jrulz")-

Then the equation (1.3) can be solved if the above minimizing problem has a solu-
tion in the interior of M., where M. is given by (1.5). We shall drive some energy
estimates to prove that 7 ,(z) has critical points in M, for e,y > 0 sufficiently
small. We recall that

j&#(é) = EA,/L(5570 + 775,0)-

In what follows, we shall establish estimates of e,,, as that in [8]. Since e,, is related
to m, the number of vortices, we re-denote v ¢ + 7,0 by U;m + ;= for the sake of
clarity.

Proposition 6.1. Suppose that z™ € M, such that

~ min |zm — zj| >>1 and |zp| >> 1,
j=1,2,--- ,m—1

then we have
Tou(2™) < Tnpw(@™ 1) + Exo(9, B)
for fixed e, p > 0 sufficiently small which are independent of m and z™

Proof. We recall that v,m +1,m = (1/sz o+§zm 2m 0+D,m ), by direct calculations,

\7&# <§m) = 5)\# (62’",0) + O}\ (52"% 775’”) + Oi (’7&’” ) ﬁz’”) + Oi(gy” ) 772’") (6-1)
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where
’Uzm s ’I’]Zm )

/ (R6 A - ’l[]zm . (vgim,ogim — i¢£71L7ODE"YL — iEEMDE"L))

(V X Ay 0)(V X Dy

R2
A
v / e of? — 1)Re(Tm o) + Een ),
RZ
2/~ o~ 1 e .
O)\ (UE"L’ 7]57") 5 (|ngm ng'm — Z’l/}ivrt70D£'nL Zfzm zm
R2 =0
1 A ~— -
"’5 |V X D5m|2 + Z(QRe(wzmﬂfz’") + |£§m|2)2,
]R2
and
3~  ~ _ M - = =2
O, (Uzm,1zm) = 9 /}R2 V(z)(2Re(zm 0&zm) + [E2m 7).

For the term &y ,,(Uzm 0), by (1.7) and [22, Lemma 12],

Erulizns) = 5 / 2 vﬁfm . f[ffl iwj -
|V>< iBj Hf2—1
=
e L
= BT+ E000 B+ 5 [ V@) -1

2
m—1
U + O e 20mImalzi=znl), (6.2)
j=1
where
m—1
Unm = / (Y V xBj)V x By,
R2 T
m m—1
+ [ TLACE (B = V6, (B - V6,)
R*:1 541
m—1

f7 = 1)|Bm — Vlp,|?

m— m—1
+/ H Z |Bj — V6;]?) (6.3)
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By (1.7) and [22, Lemma 12],

m—1

Unm| S D e Umodlzmaml, (6.4)

j=1

For the terms O} (Uzm ,7zm) 4 O3 (Vzm , zm) + O3 (Ugm , 7zm ), by the fact that

div(Dzm) = Im(zm o&zm)
and integrating by parts, we observed that

O3 (Uzm, Tizm) + O3 (Vgm , Tzm ) + OF (Vzm , zm )

~ ~ 1, ~ ~ M= ~
= <]:)\7M(U5’”)777§m> + §<[' (772”) 775’"> +/RZ( o NA,H(Ugmat)dt)

where, for the sake of simplicity, we re-denote Z£m7_x* = Em. Thus, by denoting
Pzm = (Gzm, Cam ) = Ngm — Tym—1,
we have
Oi (557’” 773"") + Oi (5§naﬁgm) + Oi (5£m, ﬁgm)
= (Fau(zm) = Fapu(Ogm-1), fzm-1) + (Fau(Vzm) — Fxu(Ozm-1), 0zm)

1 ~ ~ ~
<]:>\,M( Vym— 1) ‘Pg”‘) + §<L‘m,1(<p§m), ‘Pgm> + <£m71(77§"*1)a ‘Pg”‘)

)i en) + [ ([ ) = A )

R

ﬁimfl +pzm
+ / ( / Ny (e, ) + Ty (21 = Ex (T,
R2

';iim—l
where gm(ﬁz’") = (ﬁm(ﬁz’")a ém(ﬁzm)) with

wm(ﬁzm)
= (%(bmvem — Vi,) - Vgim + 6, VO, — V@m|2§;m

m—1
+2 37 (0 V0; — V) - (03 Vs — Vo)) Em
j=1
ml 1 + 2\~
o0t

(H 21(9v—w])f f2 26(0 —Wm) _ )Eg
2 Z

m—1m—1

+2i((frme O =) N [T e T £ (fia? = ifu(b V0, = V6;) - Do)

j=1 j=1 J#l

+2ie!Om=m)( H W05 =99 f( —ifm(bmvem—wm))-pzm)) (6.5)

Jj=1
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ém(ﬁzm)
m m—1
= QIm( H o105 =;5) H fi(fh a8 +ifom (b VO, — V()m)é;m>
j=1 =1
+2Im(<fmel<9m“m> =) [T @) T £5(fhaf + it v, - wmfzm)
j=1 J#l

_H F3 (= 1)Dam. (6.6)

By (1.7), Lemma 2.1, Proposition 4.1 and [22, Lemma 12],

‘<}—)\,u(5§m) - ]:/\,u(%g’”*l)vﬁy"*lﬂ

Nym—1 » »
L M) = M s )

m—1

< )(Z e~ (1=a)lzi—2m| 4 Me—(l—do)\zml)
and
[(Fau(@zm) = Fau(Uzm-1), zm)|
m—1
< e 2A=lzi=zml 4 e=20=00)lzml L1 |12,
=1 B
Since G, (7,m) is linear for 7,m, we have
(G (zm ), Mzm) = <gm(ﬁgm‘1)vﬁgm‘1> + <gm(7~7§m—1)v zm)

+<gm(90§m)a ﬁgm*1> + <g7n(%0gm)a ‘Pgm>,

which together with Lemma 2.1, (1.7), Proposition 4.1 and [22, Lemma 12], implies
that

1, + ~ ~

5 Ermr (@2 @)+ (G (), o)

2

—1

S (€T (Y e Ol e 0ol o
J

3

I
=
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By (5.1), Lemma 2.1, Proposition 4.1 and the Taylor expansion,
<}—/\,u(5z’”*1)a 3057"> + <£’m—1(ﬁz’”*1)v %Ozm>
ﬁinlfl +pzm _
vl N @, 0))
R2 Jqg

2m—1

~£m:1}7X:n7 N e
= { g l(ngm_l)Tj,k
Jk

ﬁ£m71+tp£m _
_<N>\7u@zm*17ﬁzm*1)a‘Pgm> + /2(/~ N/\,u(vg’"vt)dt)

R N, m—

*
T Xm—1

 Pzm)

nlflv_xtni
Lzm) + Oz )

B P ~z

= < Olj’k ! (T]£7'L71)Tj,k:
J.k

+<N>\,u(5§m’ﬁgm—l) - NA,#@;’”””@’"*)» 905’">-

By Proposition 4.1, (1.7), Lemma 2.1 and [22, Lemma 12],

|<N>\,# (537"3 ﬁg””*l) - N)\,M(ggm'*l ) ﬁgm*1)7 505’">|

m—1
l1—0o
S (eTF AP O e ) o o |G
j=1

We recall that ¢ m = 7j,m —17,m-1. Then, by the orthogonal conditions satisfied by

7zm and 7,m-1, and (1.7), (4.6), Proposition 4.1 and [22, Lemma 12] once more, we
have

m—1 _ % . ~ m—177 x
65 T e (T T )|

m—1

_1l-o ~z X1~
< e (T e
S @ F Gl [ 1= Fall(Ta,00d
< (e T 4 p)2em (1l

which implies that

m—1

2T X~ 2 =X — _1l-o (11— L
IS, T ) (T, T )| S (e 4 p)? Y e Ul
7,k

Jj=1

m—1 *

Therefore, inserting the above estimates into (6.1) and by (6.4), we will arrive at

Fale™) = Pl Enol6. B+ | VESE 1)
m—1

+O(llpzm 1 F1 (g2y) + O(Z e~ (1=0)lz—=2ml)

j=1
—i—O((e_l;TU + p)2e(mo0)lzmly, (6.7)
Here, we remark that this estimate is obtained by taking

min |z, —zj| >>1  and |z, >>1
j=1,2, ,m—1
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for fixed e, u. In what follows, we shall use the secondary reduction argument to
estimate the term || m ?{I(RZ)’ as that in [8]. We recall that 7, = 7,0 and

775,0 = (eiix;gg,(); Dg,O) = (gg,Oa Dg,O),

where 7, = —F, — Z _,w;. We divide ¢,m by

_ am oz =X 1
e = D BT T + o,
4k

where (cpzm,T* _Xm> = 0 for all j,k. By the orthogonal conditions satisfied by
7zm and 7],m-1, Proposition 4.1, (1.7) and [22, Lemma 12],

B S Mol [ 1= £all(V,6
S (e 4 p)em 1l =zl (6.8)

forj:LQ,"'am—laﬂdkzl,Qand

Bral S @ F ) [ Wi (V6,000

A

( - 25 _|_'u Z e (1 U)‘Zm Zjl +e_(1_‘70)|2m|)_ (69)
7j=1

It follows that

Z =X
||Z 7,k ]k; ||H1 Rg)

-1
< (e )Y e 20mlzm ezl 4 o= 2(1-00)lzmly (6.10)
=1

<.

To estimate gaé‘m, we recall that by gauge invariance, 7, satisfies the following
equation:

Lo (am) = —~(Fau(@am) + Nau @ lam)) + 3 @075 () T2, 750,

7.k
Thus, gaé‘m satisfies
Em((pé_m) = (]:)\,M(ﬁszl) +N)\,u(5gmfl7ﬁ§'mfl))
—(Fau @) + Ny @, 7)) + D 657X (i) TE 5
Jik
~2" T =X 2" X
aj,k l(nzm 1)TJ k '

S BB Ln(TE ) — (@ (fgm1), G (fgm—1)), (6.11)
1k
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where

m

m
= 7Ag£m,7x%§£m Hf Gm + = H f2 — 1)g£m

le

A1 17 265 e2_
T H 62 (65 J)szgzm

+2zZHel<9 iED T A fja) —if;(b;V0; — V0;)) - Cam,

Jj=15=1 I#35
[Lon(pzm)] A
= —AC.n + [ f7Cerm
j=1
+2Im(> [ e T filf)a§ +ifi(6;V0; — VO;)czm)
j=15=1 l#j

and (ﬁm<ﬁ£mfl)7ém(ﬁém71)) is given by (6.5) and (6.6). We claim that

lozm 71 2y S Nlgzm 172 2y (6.12)

for €, u > 0 sufficiently small, where g,m is the right hand side of (6.11). Indeed,
we assume the contrary that there exist €, — 0 as n — oo, m, € N and 2™ €
M, such that ||gzmn H%?(W) — 0 as n — oo and ||¢Zn, ||?{1(R2) = 1. By similar
arguments as that for (3.10) and using the fact that R? is paracompact, we can
show that

||<Pémn |?{1(]R2) S ||<P5Lmn ||2L4(]R2) + on(1). (6.13)

Indeed, by similar arguments as that for (3.10), we have

/ IV (e ) P [ )2
Bi(y)

[ ) B 1@ P+ [ g P
B> (y) Ba(y)

) :
([ o) 4 ([ € 1) 4 [ g
B2 (y) B2 (y) B2 (y)

and by the second equation of (6.11) and (1.7), we also have

/ V(G )12 + | () -2

Bi(y)

/ (G ) -2 4 [(Cama ) |2+/ |garen |2
Bs(y) Ba(y)

1
([t )+ (Lt 1) 4 [ g
B2 (y) B2 (y) Bz (y)

N

N

A

A
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where @5, = ((szmn)t, (Coma)t). Then, by the fact that R? is paracompact,
R? C Uj=1 B2(y;) such that for every = € R?, it is only covered by uniformly
finitely many times. It follows that

3

||<P2mn ||?{1(]R2) S Z ||<P§Lmn H?{l(Bl(yj))

N
(]2
VR
S
g
0
3
3
S
N—
o=
+
NgE
7N\
S
Y
S
3
3
3
[
S
N——

j=1 j=1
[o ]
+3[ lgend
j=1 B2 (y;)
< 2 2
~ ||<Pgmn L4(R2)+Hg£m" L2(R2?)>

which is the desired estimate (6.13). Thus, by combining with similar arguments as
that for (3.12) and the Lions lemma ( [26, Lemma I.1], see also [19, Lemma 1.21]), w
can show that there exist {y, } such that ¢5., (+yn) = ©o # 0 strongly in cb a(Rg)

loc
as n — oo. If |y, — z;:"| < 1 for some {zm"} up to a subsequence, then wimn (-+
~,m

;”") — . # 0 strongly in 2% (R?) as n — oo. Since ((pi'm,,”Tjjk"ﬁxmn» =0 for

all j, k, we can obtain a contradiction by applying similar arguments as that used
in the proof of Proposition 3.1. Thus, |y, — z]m”| — 400 for all j. In this case, by

(1.7), (3.4) and (3.7), ¢o satisfies the following equation:

A1 A—1-
—A§0+(§+§)§0+ 5 §o=0,
— ADg + Dy = 0.

It is still impossible since ¢ € H(R?;C x R?). Therefore, it remains to estimate
192 172 g2y By (1.7)-(22) and [22, Lemma 12], we have

m—1
[ Fopu(Vzm—1) — Fx u(Vzm) ||L2 R2) S e 21mo)lem =zl 4 M2@_2(1_00)|ZM|-
Jj=1

By (6.10), Proposition 4.1 and similar estimates in (4.7), we have

HNA,# (637“—1 ) ﬁgm—l )) - NA,u(ﬁz’” ) ﬁz’”)

|2
L2(R?)

S NA@zm-1,7m=1)) = Na(@zm, om—1) |12 z2)
N @z, 1)) = N (U, T ) 2 2)
S T A e o e
j=1
+(e7 2 + M)2ejf2(lfao)lzm\
S (e +u)2m716‘2‘1“’)‘z’"’”‘zf" + (7 + ) 32z

1

+(e™ T 4 )20kl

.
I
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where
Naltane) = (52020 + T + € + IDP (W +9
+illm(y,, )6 + 2DV a, &,

CIm(EVa, )+ D(2Re(TorE) + |52>).

Thus, by (4.2), the choice of cutoff functions and similar estimates as used before,

m—1

2™ X e 2T X 2T X~ =2 =X
I Z (O‘ik X (ngm)T;k * T %k l(nzm‘l)Tj,k I)H%WR?)
Jyk;i=1
m—1 m * m—1 *
~z" = ~ ~Z T Xm—1 [~
< Z 65 (1am) — & H(gm-1) 2
Jikij=1
S HN)\,;L(Fﬁgmflaﬁgmfl)) 7-/\/-)\,#(62’”7775’”) |%2(R2)
| Fr (Tzm—1) = Fapu(0zm )1 72 g2y
m—1 2
~ ~ ~ =2 —xE, AR T X
N u (Tt o))+ Fap(@amn) D (T 7 = Ty %
Jyk;g=1
m—1 i
S D et ma g (0 4 ez )

1

<.
I

1

+(ei 2_: +,U;)2672(1760)‘Zm‘.

Since it has been established in [22] that

| (T ™ gy S 2l
I#j

By the choice of cutoff functions and Lemma 2.1, we know that
1L (T ™)1 g2y S 1
for all fixed j. Thus, by (6.8) and (6.9), we have
1D B7Ln (T )72 me)
3k
-1

< (e )Y e 20-lE ] 4 o2(1=00)lzmly
1

3

<.
Il

For the term (o, (7;m-1), Gy (7]ym-1)), by Lemma 2.1, (1.7) and Proposition 4.1,
we can obtain the following estimates by the similar arguments as above:
~ 1— -1
||(?%m(77§m—1)7Gm(ﬁzm—l))H%g(Rz) ,S (e_T + M)2 6—2(1—0')'2771_2]‘
j=1
+(67127750 —+ u)2672(17‘70)|2m|.

3
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It remains to estimate the term H&;z.;:’*X* (ﬁgm)fﬁzﬁx; 172 (g2)- By Lemma 2.1 and
(1.7)-(2.2),

m—1

| P (Usm)| < Ze (1=)lz=2;] 4 pye=(1=00)le|,

j=1
On the other hand, we recall that

"]:]ignl = ﬁim_l + sﬁgﬁm = ﬁém—l + Z /B;T’Lk.Tik T Xm + @ém.

gk
Thus, by Proposition 4.1 and (6.8),
m—1
W (Ozm, zm) | S —w + p)( Z e~ (=lle=zl | g=(1=0o)lzl 4 |§0zm )
j=1
m—1
+(e” Ze (A=o)lzm =zl 4 g=(1=00)lzmly,
j=1
Thus, by (1.7), (4.2) and [22, Lemma 12],
m—1
|a?7k7_X7rl (ﬁzm)‘Q < e~ 2(1=0)|2m —2; + (€7i +M)2672(1700)\zm|
j=1

_1l—0o
He = + ) lleznllin
Therefore, by (6.12),

m—1

— —(1—0)|zm—z; —(1—00)|2m
e sy = O( (e + (X e tiolen =l 4 =-emlen))

j=1
for €, > 0 sufficiently small which are independent of m and z™. Thus, by (6.7),
we have

j)\,u(ém) = \7)\,/1,(57”_1) +5)\ 0(¢7B)

-1

5 [ v - ~=len =l
2 R2

j=1
+O((e7 % + p)2e” o0zl (6.14)
Since by the slow decaying condition (V7) and (1.7), it is easy to estimate
V(z)(f2 -1) < —e~(1=o0)lzm]
R2
we obtain the conclusion by (6.14) and o < oy. O

7. CRITICAL POINTS OF THE REDUCED FUNCTIONAL

So far, by Proposition 5.2, we have reduced the problem (1.3) to find critical
points of 7\ ,(2), and by Proposition 6.1, we have established a good estimate for
€m, Where

em = anlrél/r\l/[ Inpu(2™). (7.1)
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Since our above arguments do not include the case m = 1, which is the start point
of our iteration arguments for the general case m > 2, we shall first consider the
case m = 1. Since in this situation, we only have one vortex, we will re-denote z'
by z. Moreover, we point out that M. = C in this case. Thus, for m = 1, we
actually consider the following minimizing problem:

e1 = Iznelél I u(2). (7.2)

Proposition 7.1. The minimizing problem (7.2) has a solution Z' for pu > 0
sufficiently small.

Proof. The ingredient of this proof is essentially contained in our above arguments,
so we only sketch it here. The approximate solution in the case m = 1 is given by
Uz = (Yzx, Az x), where

Vo = @@ g — 2y and A, = Bz — 2) + V(F.(z) + x(z))

with F,(z) = z - B(x — z). Since u = (¢, B) is the fundamental vortex solution of
(1.4), the error of this approximate solution is given by

Fan(Vzp) = ([Fau(vz )]y, [Fau(vzp)la) = (1V(@):,y, 0).
By (1.7) and the assumption (V),
||]:>\7M(Uz,x)H%Q(RQ;CXW) St
We now consider the linear problem [Zz,x(n) = g in H?(R?;C x R?), where g €

L?(R%;C x R?). Then by similar arguments as that used for (6.12), we can prove
the following a-priori estimate:

[nll 2 @2;icxr2) S ll9ll2m2oxR2)) (7.3)
where 7 € X} and g € L?*(R?; C x R?) such that

(&, D), Ti*) =0

for k = 1,2 with g = (£, D). Here, with a bit of abuse of notations, we use szx
to denote translational zero modes of the equation (1.4) at v.,, as that of T7;.
As in Proposition 4.1, the nonlinear problem F , (v, + 1) = 0 can be solved now
by the contraction mapping theorem with the help of (7.3), that is, there exists a
unique 7., € X7, such that
2 ~
Fau(Vz,x + 0zx) = Zai’x(nax)TkZ’X
k=1
where

O‘Z’X(n) = (Fau(vz,x) +NA,M(UZ,xv77)vTICZ’X>~
Moreover, 1, is smooth for z and [|7:,x |32 me.cxpey S 4% Now, let {z,} be a
minimizing sequence of e;. We claim that {z,} is bounded for p > 0 sufficiently
small. Suppose the contrary that |z,| — 400 as n — oo up to a subsequence.
Without loss of generality, we assume that |z,| — 400 as n — co. By the Taylor
expansion, we have

Buld) = Evo@B)+ 5 [ Va2 -1)

(P (02.0), 12,00 + OInzx 22,0 xm2y)-
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Therefore, by (1.7), the assumption (V;) and [22, Lemma 12], we have
Iulzn) = Exolo,B) — ge_(l_%)lz"l +O0(p?),

which implies e; = €y 0(¢, B) + O(p?). On the other hand, we choose |2.| = %
Then by the Taylor expansion once more and taking ¢ > 0 sufficiently small, we
can use (1.7) and [22, Lemma 12] to show that

jA,;L(Ze) < 5A70(¢7 B) - 56

S+ o).

Since e1 < Ji,u(2e), we must have e < p, which is impossible for p >
0 sufficiently small. Thus, {z,} is bounded and z, — 2" as n — oo up to a
subsequence. It follows from Proposition 5.2 that e; is attained by Z* for u > 0
sufficiently small. ([l

Let us now solve the minimizing problem (7.1) in the general case m > 2.

Proposition 7.2. The minimizing problem (7.1) has a solution 2™ in the interior
of M for e, > 0 sufficiently small which are all independent of m and z™

Proof. The conclusion for any m > 2 will be proved by iterations. By Proposi-
tion 7.1, the conclusion holds for m = 1. Suppose that the conclusion has been

already true for m = 1,2,--- |k — 1 and then let us consider the case m = k. We
consider a configuration
E k=1 k-1
:{Zl yRg 5ttt Zk 17Z]<;}EM5,
where ’g\k_l is the minimizer of e;_; and

| —zg| >>1 and |z| >> 1.
1<]<m 1

Then by Proposition 6.1, we have
ex < ex—1+ Exole, B) (7.4)

for £, > 0 sufficiently small. As for the case m = 1, we can prove that {z*} is
bounded. Otherwise, without loss of generality, we may assume that |z,’§n| — 00 as
n — 0o. Let us go back to (6.3). By [22, Lemma 12] and (1.7), we have

m— m—1
/f2 Hf2—1|B — VO |? + (f% - H Z|B vo,|?)
m—1 1 1 = =
_ . ~l2j—zm|
- O<Zdﬂ<|zj—zm|> ‘ )

J=1

for € > 0 sufficiently small. On the other hand, by (1.7) and Lemma 8.1, we have
m m—1
/ ZVXB VX B+ [[ £70>_(Bj = V0;)) (B — V)
j=1 j=1 j=1

m—1
v 1 —lzj—zm|
E dj|zj — zm|2e” 17 Fm

Jj=1
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for € > 0 sufficiently small. Thus, using these two new estimates in (6.2) and using
the assumption |z,’jn\ — 00 as m — o0, we can rewrite the estimate (6.14) for 2 as
follows:

m—1 1
. 1 \® .
CL Z j)\’#(gﬁ 1)+5>\’0(¢’B)+O(Zdj <M) e | J m)

j=1 J m

m—1

+ 3 dilp — bR (1) (7.5)
=1
> ex—1+Ex0(9, B) +on(l).

It contradicts (7.4). Thus, {z*} must be bounded. Without loss of generality, we
may assume that zF — 2F as n — oo. Tt remains to prove that zk belongs to the
interior of M. for k > 2. Suppose the contrary that 2 € OM.. Then without loss
of generality, we may assume that |2§ — ZF| = e~!. Similar to (7.5), by (6.14), the
energy estimate for z* now reads as:

s sk—1_ ~k—
e > \7)\’”@1@71) +Exo(o, B) + O(Zdﬂgé?l _ /Z\:cn—1|_%e_‘zj -z 1|>
j=1
Ul sk—1_ ~k—
YT A e o)
j=1

> e 1+ Enole, B) +dfe % +0(u)

1
€

for £ > 0 sufficiently small. Hence, by (7.4) and taking p << e~
contradiction. Therefore, we must have zk belong to the interior of M. and thus,

, we will obtain a

2" is a critical point of Inpu(2™) for e, u > 0 all sufficiently small. It completes the
proof. ([

We close this section by the proof of Theorem 1.1.

Proof of Theorem 1.1: It follows immediately from Propositions 4.1, 5.2 and
7.2. O

8. APPENDIX: A USEFUL ESTIMATE

Lemma 8.1. Let w € H*(R?) such that w(|z|) ~ |z|"2e~ 1" as |z| — +o00. Suppose
e1 € R? such that |e;] = 1. Then as R — +o0,

/ w(z)w(x — Rey)dw ~ R7e™ R
R2
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Proof. The proof is almost same as that of [50, Lemma 4.1], we give it here for
reader’s convenience. Without loss of generality, we assume that e; = (0,1). Thus,

/}R2 w(z)w(x — Rey)dx

= w(x)w(x — Rey)dx w(x)w(x — Rey)dx
/WM}()( iz [ (e)w(z — Rer)

{lz—Rei|<M}

+/ w(z)w(x — Rey)dx + / w(z)w(x — Rey)dx
{M<|z|<F} {M<|z—Re1|<§}

+/ w(z)w(x — Rey)dx
{lz|>F}3n{|lz—Re1[>F}

for R > 0 sufficiently large, where M > 0 is a sufficiently large constant such that
w(|z]) ~ |z|~ 2717l for |z| > M. For f{lx\<M} w(x)w(x — Rey)dz, we estimate it
as follows:

/ w(z)w(r — Rep)dx ~ / w(x)|z — R61|_%e_|‘”_Rel‘dx
{lw|<M} {lz|<M}
1

S Rfie*R/ w(z)el®d
{lz[<M}

as R — 4o0. For f{‘m Rer|<hy W w(z)w(x — Rey)dx, the estimate is similar to that

of f{\IISM} w(@)w(z — Rey)dz. For f{\ [> 2} {|z—Res|>2} W w(z)w(z — Rey)dr, we
estimate it as follows:

/ w(z)w(x — Rey)dx
{lz[>F}n{lz—Re1|>F}

/ R (|‘r||x_R€1|)7%67|r|6*|I*Rel|dx
{lz|>&}n{|lz—Res|> L%}

< R™ 1% / e "radr

~ e
as R — +o0. For f{M<‘m‘<E}w(ac)w(x — Rey)dz, we denote z = (2/,21). Then
)
= |z|cos p and 1 = |z|sin p. It follows that
R
|t — Re1| — R > —x1 forze{M < |z| < 5}

On the other hand, we observe that

72R1’1 + |.T|2

Rey —a| - R= 2 T2
[Rer =] |Rey — x|+ R

Thus, if |[Re; — x| — R < 0, then |Re; — x| + R < 2R while if |Re; — x| — R > 0,
then |Re; — x| + R > 2R, which implies that

2 R
|Re; — x| — R<fx1+% forxG{M<|x|§§}.
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Then by symmetry, we can estimate the upper bound of f{M<|m\<E} w(z)w(x —
>3
Rey)dz as follows:

/ w(z)w(x — Rey)dx
{M<|z|< 5}

/ w(z)w(x — Rey)dx
{M<|z|<Eyn{0<p<n}

s R s R
RféefR(/z /2 ef(rirSinp)T%dep—F /2 /2 ef(T*’"COSp)r%drdp)
o Jm o Jm

2 / ef(rfrsinp),r.%drdp

A

emam(cose)’py drdp

A
=
S— S— o\w S—
=

™ R
D 2 2 _1 2sinpy2 1
= R z2e R / e 2P ) 13 drdp
M
s id
1 2 4 _ 2 1
< R z2e B / e "P rzdrdp
2M
T2
R
—_1 _R 4 oo —y?
~ R ze dr e Y dy
2M 0

For the lower bound of I{M<\z\§§} w(x)w(z — Rey)dz, the estimates is similar to

that of the upper bound:

/ w(z)w(x — Rey)dx
{M <]

<3}
_1 _1 el
~ R ze R/ x|~z (=l+ 2w —e) gy
{M<|z|<F}
jus id N
4 2 .
> Rfée*R\/ / 67(T+§7R7TSIHP)T%dep
0o Jum
jus R
1 4 2 _ 2 1
2 R ze R/ / e 2 COS P2 drdp
0o Jum
jus id
1 4 2 _ 2 1
> R ze e 2T CS P2 drdp
o Jy

vl

+oo 5
dr/ e YVdy
M 0

2
=
o

=

.

The estimate of f{lw—Re1|<M} w(x)w(x — Rey)dx is also similar. Thus, the proof is

completed. [
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