MATH 516-101, 2021-2022 Homework Six
Due Date: By 6pm on December 8, 2021

10pts each unless otherwise stated.
1. (20pts) Let u be a weak sub-solution of

—Za a’d,u) + c(x)u = f

where § < (a¥) < Cy < 400. Suppose that c(z) € L (By), f € L(By) where ¢ > 2. Show that there
exists a generic constant ey > 0 such that if [ By lc|2dx < €, then

supu’ < C([[w[|z2(sy) + 1 fllzo(s)

Byya

Hint: following the De Giorgi-Nash-Moser’s iteration procedure.
2. Show that u = log |z| is in H'(B;), where B; = B;(0) C R? and that it is a weak solution of

—Au+c(x)u=0

for some ¢(x) € L?(B;) but u is not bounded.
3. Assume that v € H'(Q) is a bounded weak solution of

— Z aj(a“@-u) =01in O
ij—=1

Show that u? is a weak sub-solution.
4. Let u € Hj(2) be a weak solution of

—Au = |u|" My in Qu =0 on O

where 1 < ¢ < . Without using Moser’s iteration Lemma, use the W?2P?— theory only to show that

u € L™ and then use Schauder theory to show that u € C%*(Q).
5. Assume that u is a smooth solution of

Lu = —aijuij =f inU
u=0 ondU
A barrier at 2° is a C? function w such that
Lw>1in Uw(z®) = 0,w >0 on OU

Show that if w is a barrier at 2°, there exists a constant C' such that

n+2

Dufa®)] < 0192 (20)
Hint: Since u = 0 on €2, [Du(2")| = [3%(2)].

6. Let u be a smooth function satisfying
—Au+u= f(x),|u] < ez in R"

where

|[f(@)] < Cel®
1



Deduce from maximum principle that v actually decays
ju(z)] < Cem 3
7. Let 2 be a smooth bounded domain in R". Assume that u is a smooth solution of
Ou—Au=01in Q x (0,7);ullgn = 0,u(z,0) =g
Prove the exponential decay estimate
lu(-, )l z2@) < € gl 2y, t = 0

where A; > 0 is the principle eigenvalue of —A with Dirichlet boundary condition.
8. (20pts) Let 2 be a smooth bounded domain in R", and {wy,}$, be an orthonormal basis of Hg(€2).
Show that the set of functions

F={o(t)=>_d"(t)wy | d*(t) € C([0,T]),m € N}
k=1
is dense in L?(0,T; Hy(9)).



