List of Formulas for Midterm 2 of MATH400-101-2019

Part I: Second order PDEs: general Formula
1. Wave Equation on the whole line:

Uy — gy = f(x,1), =00 < X < +00,
u(x,0) = ¢(x), ux,0) = Y(x),—00 < x < 400

D’ Alembert’s formula

1 1 x+ct 1 t x+c(t—5)
ux, 1) = 2 (plx = ct) + lx + ct)) + 5 Y(y)dy + fo ( S, s)dy)ds

x—ct 2c x—c(t—s)

2. Diffusion Equation on the whole line:

U — kit = f(x,1),—00 < x < +00,1> 0

Solution formula

u(x, 1) = fooS(x—y, Ho(y)dy +f f+mS(x—y,t— $)f(y, s)dyds
— 0 —00
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3. Wave Equation on the half line:

u(x,0) = ¢, u;(x,0) = (x),0 < x < +oo0

Uy — g = f(x,1),0 < x < +00,1> 0
u(©0,1)=0

Method of Reflection: extend f, ¢,y oddly to (—oo, +o0):

| #(x), x>0 v, x>0 | fx, 1), x> 0;
et = —p(—x), x <0 Veu = —(-x), x<0 Jen = —f(=x,0, x<0

X+t x+c(t—s)

l !
'pext(y)dy + 2_ f( fext(y’ S)d)’)ds
¢ Jo

x—c(t—s)

1
u(x, 1) = §(¢ext(x —ch)+ ¢ext(x +ct) + 2_C

x—ct
There is a similar formula for Neumann boundary condition.
Inhomogeneous BC: u(0, f) = h(?). Use V(x, 1) = u(x, t) — xh(z).
4. Heat Equation on the half line:

U — gy = f(x,1),0 < x < +00,>0
u(x,0) =¢,0 < x < +c0
u(0,1)=0

Method of Reflection: extend f, ¢ oddly to (—co, +00):

| #(x), x>0 | fx,0, x>0;
et = -¢(=x), x <0 Jer = —f(=x,1), x<0
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u(x, 1) = f S(x =y, Dexs(y)dy + f f S(x = y,1 = 8)feu(y, $)dyds
0

There is a similar formula for Neumann boundary condition.
Inhomogeneous BC: u(0, f) = h(?). Use V(x, 1) = u(x, t) — xh(z).
5. Wave equation in bounded interval

u(x,0) =@, u(x,0) =y(x),0<x <! (®)]
u(0,1) = u(l, 1)

Method of Extension: extend f, ¢,y periodically to (—oo, +00):

{ Uy —uy, =0,0<x<1,t>0

d(x), 0 <x <1 U(x), 0<x <l
Pext = —¢(—x),l <x<0; Yext = —lﬂ(—x),l <x<0;
B(x = 20), Wi+ 20),
1 x+ct
M()C, t) = §(¢ext(x - Ct) + ¢ext(x + Ct)) + 2_ l;l’ext(y)dy
C Jx—ct

Part III: Boundary Value Problems and Method of Separation of Variables

1. Method of Separation of Variations

Step 1: Find the right separated functions. Plug into PDE and obtain one Eigenvalue Problem (EVP) and one
ODE.

Step 2: Solve (EVP) and (ODE)

Step 3: Sum-up. Plug in the inhomogeneous BC and find the coefficients.

2. Standard Eigenvalue Problems

X”+/1X=0,0<x<l

2.1) Dirichlet BC: X(0) = X(/) =0

2, = m?
2

X, = sin(%x),n - 1,2,..
2.2) Neumann BC: X' (0) = X' () =0

(nm)?
Ay = 1_2’

2.3) Periodic BC: X(0) = X(1), X (0) = X (I)

X, = cos($x),n -0,1,2,..

B (2nn)?

An 2

2 2
X, = acos(%rx) + bsin($x),n =0.,1,2, ..

2.4) Summary of Robin boundary condition eigenvalue problems

X' +1X=0,0<x<1,
X (0) - apX(0), X' () + ;X)) = 0

Hyperbola:
1 1 1
+a+apal =(ap+ - )aj+-)—5=0
ap + a; + apail = (ag l)(az l) 2
divides the parameter space (ay, a;) into Five Regions. Depending on the regions, the number of negative or zero
eigenvalues can be determined.

Equation for negative eigenvalues:

_(ag + ap)y

A = —y?%, tanh(yl) =
Y (D) VT a0

, X = cosh(yx) + % sinh(yx)
Y



Equation for zero eigenvalue
ap+a;+apal =0,1=0,X=1-aqapx

Equation for positive eigenvalue

(ao + apps

A =P, tan(Bl) = B ag X = OB + % sinh(Bx)

3. Sturm-Liouville Eigenvalue Problem
(p(O)X) + ()X =0,0 < x <,

X' (0) = hoX(©0) = 0,X () + X)) =0
Lagrange’s identity: 1
fo [f(pg) —e(pf)1=(pfe - pf 2
1) all eigenvalues are real

2) A1 >0ifhy >0,k >0
3) Different eigenfunctions are orthogonal with respect to the weight function w:

I
f w(x) X, X, dx =0
0

4) eigenvalues are discrete and approach to infinity
A <h<..<A,<..,4, > +x

5) Expansion with respect to the eigenfunctions:

FO) =) AXa(0)

i Xofw(x)dx
i X2w(x)dx

3. Method of Separation of Variables for heat equation/wave equation
1) Diffusion equation without source:
u; = kuy,0<x <l

u(x,0)=¢
w0, =0,u(l,n) =0

oo

. nm
u(x,t) = Z ape sm(Tx)

n=1

where 1
2
an == f ¢ sin("Z x)dx
I Jo I

Similar formula for wave equation.
2) Diffusion equation with source:
Uy = Kty + f(x, 1),

u(x,0)=¢
u(0,1) = h(t),u(l, ) = k(1)



Expansion:

= Z:; 1y (£) sin(%x)
flt) = Zl £uld) sin(?x)

$(x) = Z; ¢ sin(%)

Then we need to solve 5
i, + Kty = 25 (h(0) = (1K) + (1)
Mn(o) = ¢n

3) Wave equation with source:
2
Uy = e + f(X,0),

M(.X, 0) = ¢v ut(-xv O) = ‘7//
u(0,1) = h(t),u(l,t) = k(1)

Expansion:

= ) sin(%x)
n=1
Fet) = Y filo)sin(T)
n=1
6 = ) ¢ sin()
n=1

W) = ) Y sin()
n=1

Then we need to solve
v, 2nrw n
Uy + € Aptty = = (h(D) = (=1)k(D) + fu(0)

4n(0) = G, 14,(0) = Yy
Part II1: Properties of Second Order PDEs
1. Classification of second order equations

A Uy, + 2a12uxy + axniyy + blux + bzl/ty =0

Type of PDEs: Elliptic, Parabolic, Hyperbolic
Change of variables to standard form
0x = a”ag + a126,7
C()y = a218§ + azza”
Then
&=anx+any
1 =apx+apy

2. Well-posedness of PDE problems: (a) existence (b) uniqueness (c) stability
2.1. Well-posedness of wave equations via d’ Alembert’s formula
2.2. Well-posedness of heat equation via heat equation formula.



3. For wave equation
_ 2
Up = C Uxx

Domain of dependence, domain of influence
4. The energy of wave equation

1 00 ) C2 +00 s
E(t) = 3 uy (x, Hdt + 5 ui(x, dx

dE
= -0
dt

The energy of diffusion equation

E®) = %f ) u(x, dx

dE

— <

dt
Uniqueness of wave and diffusion equations by energy method.
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